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Week 1, lecture 1

1. INTRODUCTION
1.1. Definitions.

Definition 1.1.1. A ring is ...
A ring R is commutative if xy = yz Va,y € R.
R is a division ring if (R\{0},-) is a group.
R is a field if it’s a commutative division ring.

Definition 1.1.2. A left R-module is an abelian group M and an action map R x M — M such that
lgm =m, (x+y)m =zm +ym, x(m+n) = zm+zn, x(ym) = (zy)m Ym € M, z,y € R. A right
R-module is similar except the last axiom reads xz(ym) = (yx)m, also written (my)z = m(yx), with
element of R written on the right.

Example 1.1.3. Each R is a left/right module over itself by left/right multiplication, denoted grR and
Rp.

M, (R) is a ring with usual addition and multiplication of matrices. Column/row vectors form a
left /right M., (R)-module.

Definition 1.1.4. A ring homomorphism is a function f : R — S such that
fle+y) = f@)+ fy), fley) = f@)f), f(Ar)=1s.
An isomorphism is a bijective homomorphism.

Notation. R x S = {(r,s) : » € R, s € S}. This is a ring with the obvious trivial addition and

multiplication.
1
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Example 1.1.5. i1 : R— R x S :r~ (r,0) is not a homomorphism since
i1(1r) = (1r,0s) # (1r, 1s) = Lrxs,
but it satisfies the first two conditions.
m:RxS— R:(r,s)—ris.
Week 1, lecture 2
Definition 1.1.6. A C R is a subring of R if A is a ring under the same operations, i.e.
lr €A, zy,z —y € AVe,y € A.
Example 1.1.7. Centre of R: Z(R) :={z € R: xy = yx Yy € R}.
Centraliser of X CRin R: Cr(X) ={y € R:zy =yx Yz € X}.
Definition 1.1.8. A left (or right) ideal of R is an additive subgroup L < R such that
za (or ar) € LVa € L,z € R,

denoted L <! R or L <" R.
L is a two-sided ideal (or simply ideal) of R if it’s both a left and right ideal, denoted L < R.
If I <R then R/I ={x+1:z € R} is aring, called the quotient ring, with the following definitions:

(+D+y+D)=(x+y +1
(x+D)(y+1)=xy+1
lryr=1r+1
Example 1.1.9. For x1,...,x, € R, one can generated an ideal
(1,...,2pn) = Rt1R+ -+ Rz, R ={riz1s1 + - + rnxnsy : 14, 8; € R}.
If R is commutative, then
(x1,...,2n) = Rx1+ -+ Rayy, = {rixz1+ - + rpxy i r; € R}

Lemma 1.1.10. Let S be a ring and R = M,,(S) with E;;, a matrix with 1 on the ¢, j position and 0
elsewhere. Then (E;;) = R.

Proof. Let I = (E;j;). One has
Err = Ep;EijEjr €1

1R:E11+"'+Enn€I
r=xlp€elVreR

O
Definition 1.1.11. A principal ideal domain is ...
A unique factorisation domain is ...
Every PID is a UFD.
Lemma 1.1.12. If Ris a UFD and zy,...,z, € R with m = lcm(x;), then
(1) 0N (zn) = (m).
Proof.
(1) N--N(xy) ={a:z;|aVi}={a:m|a} = (m).
O

Lemma 1.1.13. If Ris a PID and xy,...,2, € R with d = ged(z1,...,z,), then
(1) + -+ (zn) = (d).
Proof. Cid|z; Vi = d| (a1 + -+ + anzy).
DO: Since Risa PID, 3z € R: (z1) +--- + (x,) = (2). We want to show (z) 2 (d) <= =z |d. But
(2) D (x;), 50 z | &y = z|ged(x;) =d.
(I

Remark. This indeed fails for UFDs. Consider R = Clz, y], then ged(x,y) = 1, but
(@) + ) = (@,y) #(1) = R

Theorem 1.1.14 (Isomorphism theorems for rings). If f: R — S is a ring homomorphism, then
(1) ker f <R,



MA377 RINGS AND MODULES 3

(2) im f < S,

(3) f decomposes as

R——» R/ker f = im f¢ S.

Week 1, lecture 3

1.2. Chinese remainder theorem.

Theorem 1.2.1 (Elementary form of Chinese remainder). The system

z = k1 modn;

z = k; mod n;

where ny,...,n; € Z are relatively prime and k1, ...,k; € Z, has a solution, and any two solutions differ
by a multiple of ny - - - n;.

Proof. Consider
f:Z—=7Z/(ny) X xXZ/(ng)
= (x4 (n1),...,x + (ny)).
By Lemma 1.1.12, ker f = (nq) N+ N (ng) = (nq---ng). By the isomorphism theorems,

Z[(ny---ng) ?imf%Z/(nl) X oo X L[ (ny),

but both Z/(ny ---ny) and Z/(n1) x - - - x Z/(ny) has |ng - - - ne| elements, so it’s an isomorphism. Therefore
W eZ: f(z)=(k,..., k).

If y is another solution, then f(x —y) = f(x) — f(y) =0, i.e. x —y € ker f = (ny -+ ny). O
Example 1.2.2. Consider the system
z=1mod7
xr =T7mod9
x =3mod 11

Note that by f in the proof,
7x9=63~ (0,0,8)
7x11 =177~ (0,5,0)
9x11=99 — (1,0,0),
and one needs f(z) = (1,7,3), but
(1,7,3) = (1,0,0) 4+ (0,7,0) + (0,0, 3)
=(1,0,0) +5 x (0,5,0) — (0,0, 8)
= f(99) +5 x f(77) — f(63)
= f(99+45x 77— 63)
= f(421).
Definition 1.2.3. Let I, J < R. I and J are coprime if I + J = R.
Lemma 1.2.4. If I1,..., I, < R, then
f:R— R/I1 x---x R/I,
= (x+ 1., e+ 1)

is a ring homomorphism with kernel Iy N--- N I,,.

Theorem 1.2.5. If I, ..., 1, are pairwise coprime then
f:R/(ILn---NIL,) = R/l x ---R/I,

is an isomorphism.
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Proof. 1t suffices to find, for each ¢, a; € R: f(a;) = e;, since then f would be surjective:
(x1+1,...,¢en+ L) = (@1 + L)er + -+ (zn + Ln)en
= f(z1)flar) + -+ f(@n) f(an) = f(z100 + -+ + Tnan).
Let’s now find a;. Note that Vj # i, I; +1; = R > 1,50 3b; € I;, ¢j € I; : bj +¢; = 1. We claim
ai:H#icj. Indeed, ¢; =0 in [; and 1 in I;. O
Example 1.2.6. In the same example as above, note that 7 x 9 x 11 = 693 and we can write
28 —27=45—-44=-21+22=1
where 28, —21 € (7), —27,45 € (9) and —44,22 € (11). Hence
a; = (—27)(22) = =594 = 99 mod 693
as = (28)(—44) = —1232 = 154 mod 693
as = (—21)(45) = —945 = 441 mod 693
Week 2, lecture 1

1.3. Isomorphism theorems. With a left/right R-module we can convert R into its opposite R°P by
swapping the multiplication. Then a right R-module is a left R°P-module, and vice versa.

Definition 1.3.1. For a R-module pM, N < M is a submodule if it’s an abelian subgroup and
Vre R,x e N:rz e N.
Note for g R and Rg, submodules are precisely left /right ideals.

Definition 1.3.2. For gM > rN, the abelian quotient group M/N is called the quotient module, with
multiplication defined r(z + N) = rz + N. This is well-defined since
4+ N=y+N —= z—yeN

= r(z+N)=re+ N=r(y+(x—y)N=ry+r(z—y)+ N=ry+ N =r(y+ N).
Other axioms follow from those for g M.

Example 1.3.3. If L < R then R/L is a left R-module.

Definition 1.3.4. A homomorphism of R-modules ¢ : gM — gN is a homomorphism of abelian groups
and @(rm) =rp(m) Vr € R,m € M.

For left R-modules, we write homomorphism on the right: (rm)e = r(my) = rmy to keep in line
with the can-get-rid-of-bracket perspective of associativity. For right R-modules we then simply write
p(mr) = p(m)r = omr.

Theorem 1.3.5 (1st isomorphism theorem). If R-modules ¢ : gM — rN is a homomorphism of modules,
then

(1) keryp < gM,

(3) ¢ decomposes as

M —"— M/ker ¢ = S im fCt s N
m +—— m + ker o —— me
T

Proof. All statements hold on the level of abelian groups by isomorphism theorems for groups. It remains
to see the R-module structure through.
(1) Let m € kerp, r € R. Then (rm)p = r(mep) = r0y = Opr, so rm € ker ¢, so indeed ker p < g M.
(2) Let € imp, r € R. Then 3m € M : mp = x. Then rz = r(my) = (rm)y € im g, so indeed
kerp < gpN.
(3) We need to check all 3 maps are homomorphism of R-modules.
e (rm)m = rm + ker o = r(m + ker ¢) = r(mm).
o (r(m+kerp))p = (rm+kerp)p = (rm)e = r(mp) = r((m + ker 9)p).
o (rz)t=rx =r(x).

Proposition 1.3.6 (2nd isomorphism theorem). If pM, K < gpN then
M+K _, K
M  MNOK
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Proposition 1.3.7 (3rd isomorphism theorem). If pK < pM < rN then
N/K N
M/K M’
Proposition 1.3.8 (Correspondence theorem). Let pM < rN. Denote the set of all submodules of N
by S(N) and the set of all submodules of N containing M by S(N, M). Then
m:N—= N/M
n—=n+m
gives a bijection
S(N,M) + S(N/M)
RMSRAS RN|—>7T(A)
7T71(B) i pB < RN/M
Notation. Hom(grM, pN) = {homomorphisms ¢ : M — N}. This is an abelian group.
Endg M = {homomorphisms ¢ : M — M}. This is a ring.

Week 2, lecture 2

Example 1.3.9. Let R be a (noncommutative) ring, A = M,(R), B = My(R), two rings and V = R*?,
which is just an abelian group. Then 4V is a left module and V3 is a right module, and there’s no natural
choice for V to be a right A-module or a left B-module.

Now consider £ = End4 V. Our convention turns V into a right E-module, and there is a ring
homomorphism

p:B—E,
y= (v = ).
Similarly, if F' = End Vg then V is a left F-module and there is a ring homomorphism 1t : A — F. In fact
they are isomorphisms, the proof is left as an exercise.
Lemma 1.3.10 (The a = b =1 special case). Endg R = R.

Proof. Consider
¢:R—EndgR,

T Qg 1T T,

© is well-defined since ¢, is well-defined. Also, (sr)p, = srx = s(ry,), so indeed ¢, € Endgr R. Also,
Touty = 1@ +y) = 1o+ 1y = 105 + 10y = 7(0x + @y)s T0zy = T7Y = (r2)py = T(Prpy), and
r¢1p, =71 =7 =7rlgndg R, S0 ¢ is indeed a homomorphism.

Suppose ¢, =0, i.e. 7o, =0Vr € R. Then forr =1, 0 = 1p, = lz =, so kerp = {0}, i.e. ¢ is
injective.

Now pick f € Endg R and let © = 1z f. Then Vr € R, rp, =rx =rlgf =rf. So f = ¢,, and ¢ is
surjective. (Il

2. BAsIS

2.1. Free module.
Notation. Let gM be a left module and X a subset of M. Then

Fun(X, M) := {functions X — M}.
This is a left R-module, with a submodule

Funy (X, M) = {f: f(z) =0V but finitely many = € X}.

Definition 2.1.1. A subset X Cr M spans M if Ym € M,

df € Funs(X,R) : m = Z f(a)a.

acX
X is linearly independent if Vf € Funp (X, R),
> fla)a=0 = f(a)=0Va € X.
a€X
X is a basis for M if it spans M and is linearly independent.

Definition 2.1.2. M is free if it admits a basis.
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Example 2.1.3. (1) Let R=7 and M = Z/nZ. Then {1 + nZ} spans M but M is not free, since
nr=0Vr e M.
(2) @ C M is linearly independent for any M, since Fun(@, R) only has one element & which is
identically zero, and summing over nothing gives zero.

(3) Let R be aring, M = gR, and X = {a}. Then
X is linearly independent <= (ba =0 = b=0)
X spans RR <= (3b:ba = 1g)
Week 2, lecture 3
Lemma 2.1.4. V set X and VR, 3 a free R-module M with a basis of cardinality |X|.

]-R a=1b

O atb This gives us a

Proof. Let M = Funy(X, gR). Then Va € X, §, € M where 6,(b) := {
basis. Indeed,

e For f e M, list all 21,...,2, € X : f(x1) # Og. Then

f= f(xl)éo:l +ee f(xn)(sﬂﬂn'
So it spans M.
o If 110, + -+ 4+ 1rpdy, = Op then

OR = (7’1511 + -+ Tn(sxn)(xz) = ridm’i (l’z) =7 VZ7

$0 {0z,,...,0,, } is linearly independent.

|
Lemma 2.1.5. Every g M is isomorphic to a quotient of a free module.
Proof. Pick M C M that spans M (e.g. X = M). Then

¢ :Funp(X,R) - M
frer ) fla)a
aeX
is surjective. By lemma above, Fung (X, R) is free, and by 1st isomorphism theorem,
M = Funy (X, R)/ ker .
|

Definition 2.1.6. A partially ordered set (or poset) is denoted (P, =) where < can be viewed as a
subset of P x P. If (x,y) €< we denote it as x < y. The < satisfies that it’s reflexive, antisymmetric
(x Xy,y Rz = z =y) and transitive.

A vpartial order < is linear order if Vx,y € P, either x <y or y = .

A chain is a subset X C P such that (X, <) is a linearly ordered set.

a € P is a mazximal element if Vb € P, a <b — a =0b.

a € P is an upper bound of a chain X if Vb € X, b < a.

Lemma 2.1.7 (Zorn’s). Let P be a nonempty poset. If every chain in P has an upper bound then P
contains a maximal element.

Theorem 2.1.8. Let D be a division ring and pM a module. Then

(1) M is free.
(2) V linearly independent X C M, 3 basis B 2 X.
(3) V spanning @ C M, I basis B C Q.

Proof. (1) This follows from (2) by taking X = &.
(2) Consider poset P = {Z C M : Z 2 X and Z is linearly independent} with < = C. Then
X € P. Pick a chain C C P and consider Z = (Jy Y. If Z € P then it’s obviously an upper
bound of C. Now by construction, Z O X. Now if ay,...,a, € Z, clearly 3Y € C : a; € Y,
so riay + + - + rpan = 0py would imply a; = 0. Thus, by Zorn’s lemma, there is a maximal
element Z € P. We claim Z spans M, and therefore is a basis. Suppose for contradiction
Ja € M : a ¢ span(Z). Then {a} N Z 2 Z and is linearly independent. Indeed, if

ra+ria; + - rpa, =0 and r # 0,
—_——
€z
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then a € span(Z), a contradiction, so » = 0 and ra; + -+ rpa, = 0. Since Z is linearly
independent, a; = 0. So {a} N Z € P, contradicting maximality of Z.
Week 3, lecture 1
(3) Consider poset P ={Z C M : Z C @Q and Z is linear independent} with < = C. It’s nonempty
since @ € P. Similarly to above, a chain C' in P has an upper bound X = J . A, which spans
M by the same argument.
|

2.2. Embark on Artin—Wedderburn theory.

Definition 2.2.1. g M is simple if M # 0 and Vg N < gM, either N =0 or N = M. i.e. simple modules
have exactly two submodules.

Example 2.2.2. (1) Z/mZ as a Z-module is simple iff m is prime.
(2) gR is simple iff R is a division ring.
Proof. <«: Let rL < pR such that gL #0. Then VO£ z € L, lg =z 'z € L, so
r=r-1gp € LVr e R,

ie. L =R.
= :Letz € R, v #0. Then Rz = {rz : v € R} <' R, so pRx < gR, and since Rz # 0 and
rR is simple, one has Rx = R, and since 1p € R, 3y € R : yx = 1. Similarly, Ry = R so
JzeR:zy=1,s80 2 = (2y)r = z(yx) = z and y is both left and right inverse of x.
([l

Notation. £(R) = {L: L <' R}. This is a poset under C. Maximal left ideal is then a maximal element
in (L(R)\{R}) and minimal left ideal is a minimal element in (L(R)\{0}).

Lemma 2.2.3. L <! R is maximal iff R/L is a simple left R-module.
Proof. By correspondence theorem,
{L,R} ={M : L & M <' R} + nonzero submodules of R/L.
O

Remark. Given g M > m, we have a homomorphism of R-modules ¢,, : pRR — M : r — rm. Indeed,
©m/(sr) = srm = s@n,(r). We call the kernel ker ¢,,, = {x € R : xm = 0} the annihilator of m, denoted
Ann(m). 1st isomorphism theorem says Ann(m) <! R, and im ,,, = Rm = R/ Ann(m).

Lemma 2.2.4. If M is simple with x € M, = # 0, then Ann(x) is a maximal left ideal and
M = R/ Ann(z).

Proof. One has x € im p,,, so im ¢, # 0. By simplicity of M, imp, = M. M = R/ Ann(z) then follows
from 1st isomorphism theorem. Maximality of Ann(x) follows from correspondence theorem. |

Week 3, lecture 2
Theorem 2.2.5. A nonzero ring has a maximal left ideal.

Proof. Let R be a nonzero ring and consider poset P = {L <! R: L # R} with < = C. One has 0 € P
so P # @. Let C C P be a chain. Define I = J, . L. Clearly I is an additive abelian subgroup, since
for z,y € I then = € L, and y € Lo, but C' is chain so WLOG L; O L, so

zy2yel, = x—yel, = xz—yel.

We claim [ is in fact a left ideal. Indeed, for x € I, one knows x € L € C, and Vr € R, ro € L, so rx € I.
Note that I # R since 1 ¢ L VL € C. Therefore I is an upper bound for C, and by Zorn’s lemma P has
a maximal element J, which by definition is a maximal left ideal. O

Corollary 2.2.6. A nonzero ring admits a simple module.

Proof. Let I <' R be a maximal ideal of a nonzero ring R, which is guaranteed by theorem above. Then
R/I is a simple R-module by 2.2.3. a

Proposition 2.2.7 (Schur lemma I). If ¢ : gM — gN is a homomorphism of simple modules, then
either ¢ = 0 or ¢ is an isomorphism.

Proof. Note ker p < pM and im ¢ < rN. By simplicity, ker ¢ € {0, M} and im ¢ € {0, N}, i.e. there are
4 possible cases.
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(0,0) This is impossible, since imp =0 = kery = M.
(0, N) This implies precisely  is an isomorphism.
(M,0) Tt follows ¢ = 0.

(M, N) This is impossible, since kerp = M = im g = 0.

Corollary 2.2.8 (Schur lemma II). If g M is simple then Endg M is a division ring.

Proof. By Schur lemma I, if g M is simple then every ¢ € Endg M = {homomorphisms ¢ : pM — pM}
either is 0 or has an inverse. O

Example 2.2.9. R=R[z], M =R? X = 1 711 . M is an R-module with f(z)v := f(X)v. Consider

a submodule N < M, then for Vo € R, al € R, so alN C N, hence N is a vector subspace. But dim N =1
is impossible, so M is simple. Suppose it is, then Vv € N : v # 0, v = aw, i.e. v is an eigenvector of X,
which has no real eigenvalues, an absurdity. Now we have Endr M is a division ring, and note that

EndpM ={f: M — M : f(zv) =xf(v)} ={Y € Mo(R) : XY =Y X} = Cpppr)(X)
z{aI—l—;bXQ:a,beR}é(CviaX»—>1—|—i.

Theorem 2.2.10 (baby Artin-Wedderburn). The following are equivalent for a nonzero ring R.
(1) Every left R-module is free.
(2) R is a division ring.

Proof. 2=-1: This is Theorem 2.1.8.1.
1=2: By Corollary 2.2.6, 3 a simple R-module M, which is free by assumption, i.e. admits a basis
B C M. Pick z € B, then Rz < M by simplicity has to be M, so M = Rx = R/ Ann(x) by
Lemma 2.2.4. But rx =03y = 7 = Og since z is in a basis, so Ann(x) = 0, hence by Lemma
1.3.10, M = R = Endgr R = Endr M which is a division ring by 2.2.8.
|

Week 3, lecture 8

2.3. Algebra.
Definition 2.3.1. An algebra is a pair (A,F) where A is a ring and a F-vector space such that
1) z4+y= x+y Va,ycA,
n ring in vector Space

(2) (ax)y = a(zy) = z(ay) Vr,y € A,a € F.

Remark. Notions about a ring are extended to algebras like so:

(1) An ideal of (A,F) is an ideal of A that is also an F-vector subspace.

(2) A subalgebra of (A, F) is a subring of R that is also an F-vector subspace.

(3) A homomorphism (A,F) — (B, F) is a ring homomorphism A — B with F-linearity.

(4) A module over (A,F) is a module over A with the action being F-linear.

(5) A submodule of a module over (A, ) is a submodule of the module over A and a F-vector subspace.
(6) A homomorphism of modules over (A,F) is a module homomorphism with F-linearity.

Lemma 2.3.2. Let R be a ring and F a field. Then there is a bijection
{algebras (R,F)} + {ring homomorphisms F — Z(R)}.

Proof. For an algebra (R,F), define ¢ : F — Z(R) : a — alg. (Verify this is indeed a ring homomorphism.)
Then by definition, (alg)r = ax = a(xl) = z(alg) Vz € R, so imp C Z(R).

For a ring homomorphism ¢ : F — Z(R), define F x R — R : (a,z) — ¢(a)z = ax. Then
(aB)(z) = p(aB)x = p(a)(p(B)x) = a(Bx) (verify similar statements for (a 4+ 5)(z) and a(z + y)) and
a(zy) = p(a)zy = (p(a)x)y = (ax)y and since p(a) € Z(R) it’s also z(ay).

It remains to verify they are indeed inverse bijections:

(R,F)
—¢:F—>Z(R):a— alg

— azr = p(a)r = algr = ax
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and
¢:F— Z(R)
= ax = p(a)x
= p(a) =alg =¢(a) -1 =p(a).
|
Remark. (1) By the structure of a field, the following ring things are automatically algebra things:

ideals, modules, submodules, module homomorphisms (ingredients in 1st isomorphism theorem).
e.g. Suppose M is a module over algebra (A,F) and N is a submodule of M for the ring A. Then
VaeF, ne N, an = (alg)n € N since als € Z(A). So N is a subspace and hence a submodule
of the algebra (A,TF).

(2) Subrings and ring homomorphisms are different. Consider the algebra (C,Q), then Z[i] < C is
not a subalgebra. Also, for the algebra A = (C,C), p: A — A:x+ T is a ring homomorphism
C — C but not an algebra homomorphism since it’s not C-linear.

Definition 2.3.3. Let (A, F) be an algebra with a F-basis eq,...,e, of A. Then one can write for each

ii=1,....n
_ k
€€ = cl-jek,
k

where ci—“j € I, called structure constants, determine and are determined by the algebra structure of (A, F).

Example 2.3.4. The quaternions H = R* with basis 1, 7, j, k has the structure constants table:

1 i Kk
11 i 4 &
ili -1 k —j
ili —k —1
klk 5 —i -1

Week 4, lecture 1

2.3.1. Polynomial. The video recording was completely black! See notes given by Dmitriy. The following
is the best I can manage:

Proposition 2.3.5. If n > 1 then dimp F (21, ..., 2,) is countable.

Proposition 2.3.6 (Universal property). Let (A,F) be an algebra. Then Vas,...,a, € A, 3! homo-
morphism of algebras ¢ : F{x1,...,2,) = A: o(x;) = a; Vi.

Proof. Define ¢ by 21 ---x, +— a1 - - a, and extend by F-linearity, so that it’s an algebra homomorphism.
Suppose @ : F(21,...,2,) = A is another such homomorphism, then ¢(z;) = ¥(x;) = a; and by properties
of homomorphism and linearity they must then be the same map. O

2.3.2. Noncommutative Nullstellensatz.
Definition 2.3.7. Let (A,F) be an algebra with o € A. Consider the algebra homomorphism
Yo Flz] > Az — .

Since F[x] is a PID, ker f is generated by one element p,(x), called the minimal polynomial of a. One
says « is transcendental if u, = 0 and algebraic if o, Z 0.

Example 2.3.8. A = M, (F) > a, then all « are algebraic by Cayley—Hamilton theorem.
If dimg A < 0o then 1, a,a?,... are linearly dependent, so all o are algebraic.

Lemma 2.3.9. If (D,F) is a division algebra, then Va € D\{0}, po(z) € Fz] is irreducible.

Proof. Suppose pq(x) = g(z)h(x) with 0 < deg g < deg 4, but then since () =0 and D is a division
ring, WLOG g¢g(«) = 0, contradicting minimality of 1. O

Week 4, lecture 2

Theorem 2.3.10 (Amitsur—Schur lemma). If (A,F) is an algebra with dimp A < |F| and M is simple
A-module, then any d € D = End4 M (also an T algebra) is algebraic over F.
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Proof. Note that
dimp D < dimp M < dimp A < |F|.

Indeed, since M is simple, Vm € M, m # 0, M = A/ Ann(m) (Lemma 2.2.4), so dimp M < dimgp A; now
pick m € M, m # 0 and consider «,, : D — M : x — ma. This is injective: suppose a,,(x) = 0, but
M = Am by simplicity, so Vm € M, Ja € A: m = am. Then mz = a(mz) = aa,,(x) =0, so z = 0p.
Now let d € D. Note F = Flp < Z(D), and if d € F then d = alp for some o € F, so minimal
polynomial of d is simply z — a, hence algebraic. Suppose now d ¢ F. Then d — o ¢ F Va € F. This

implies (d — a) = ﬁ are linearly dependent over F, hence 3v1,...,7, all # 0 such that

ot T = 0.

’Yld—al d— ap

1

Now note that o; € F, so all (d — «;) commute, hence (d — a;) ™" commute as well, since

1 1

TYy =Yyr — Yy = a:flxy = xilyx — yr = zilyzzz:vf = xily

1= y~1z=1. We can therefore multiply

and doing the same trick for y one yields z =y~
(d—ag)(d—az) - (d—ap)
on both sides and get
y(d—az) - (d—ay) +7(d—a)(d—az) - (d—a,) +- +yd—ar) - (d—a,_1) =0.

In other words, if we let
n n
. szl(z —ay)
f(z) = ;% z — oy
then f(d) = 0. One has d is algebraic as long as f # 0. And indeed f # 0, since

flar) =m(an —az)(an —az) - (a1 —an) # 0.
O

Corollary 2.3.11 (Noncommutative Nullstellensatz). If (A4, C) is an algebra with A finitely generated
and M is a simple A-module, then End4 M = C.

Proof. Suppose A is generated by ai,...,a,. Then C(zq,...,z,) — A : x; — a; is surjective. By
2.3.5, dim¢ A is at most countable, so by theorem above, any d € End4 M is algebraic over C and let
fa(z) € Clz] be its minimal polynomial. By 2.3.9, it’s irreducible, but since C is algebraically closed, fq(z)
must be of the form az — 8 where o # 0. It follows that d € C. |

Corollary 2.3.12 (Weak Nullstellensatz). Let I < C[zq,...,x,] be a proper ideal. Then 3(a;) € C™ :
vfel, f(a,...,a,) =0.

Proof. Adapt proof of Theorem 2.2.5 with P now being the poset of all left ideals J < R such that
J DI and J # R. The maximal element L the argument produces gives a simple C[z1, ..., z,]-module
M = Clzy,...,z,]/L (2.2.3). Now each w; defines z; : f + L ~ =;f + L € Endgg,,...,) M, and by
corollary above, Endcys, ..o, M = C, so let ; = a; € C. Let h(zy,...,7,) € I C L and consider

h: f+L—hf+ L. Since h € L, B is identically zero, i.e. h= 0, but on the other hand,
h=hTT,...,7n) = h(ai, ..., a,) € C,
the desired is thus proven. O

Week 4, lecture 3

3. DIvISION

3.1. Quaternion. By writing down the fundamental formula for quaternions 2 = j? = k? = ijk = —1,
Sir William Rowan Hamilton defined, in modern language, the quotient algebra

H =R (x1, z2,23) /I where I = (1+$?,1+$%,1+$§,1+$1!L‘21‘3),
and ¢, 7,k are then 1 + I, zo + 1, x5+ 1.

Proposition 3.1.1. Products of i, j, k are as the table in 2.3.4.
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Proof. The diagonal is immediate from the formula. Now
—i = —tijk=—jk = jk=i
—k=ijkk=—ij = ij=k
and similarly for the rest. O

Proposition 3.1.2. 1,i,7,k is a basis for (H, R).

Proof. Clearly 1,1, j, k generate H and any product is a linear combination of 1,4, j, k. It remains to show
they are linearly independent. Consider an algebra homomorphism f : R (x1, z3,23) — M3(C) given by

.0

T — ((Z) z) = A
0 1

To > (_1 O) = A2
0 i

T3 +—r (’L é) = A3.

We claim I C ker f. Indeed AT = A3 = A3 = 1) so 1+ a7 € ker f, and A1 A3 A3 = =1,y s0
1+ 12923 € ker f. Hence f : H — M5(C) given by i — Ay,j — Ag,k — Az is a well-defined algebra
homomorphism. Since I, A1, Ao, A3 are linearly independent over R, so are 1,14, j, k. O

3.1.1. Quaternions form a division ring.

Definition 3.1.3. Similar to complex numbers, quaternions can be divided into their real part and
imaginary part, i.e. one can write X = a + = where o € R and z € span(i, j, k) = Hy. Conjugation is
defined similarly as well: X* := o —x, e.g. (34 5i—77j)* =3 — 5i + 77j. One also has

q+q o~ q—q"
= X = .
2 2
Define and notate the norm as ¢(X) = X X*. Notate the usual Euclidean distance by |z| = \/q(x).
Theorem 3.1.4. If o, f € R and x,y € Hy then

(a+z)B+y)=af—z-y+ay+pr+zxy.
—_— ——
€R €Hp

RX

Proof. One has
(a+2)(B+y) =af +ay+ fr +xy,
0 it remains to show xy =z x y — x - y. Write z = ai + 8j + vk and y = ai +Bj + 7k, then

zy = —(ad + BB +7) + (BY — By)i + (va — a7)j + (af — Ba)k

=—r-yt+xrxy.
O
Corollary 3.1.5. q(X) = q(a + Bi +vj + 0k) = o + % +~2 + 62
Proof. Write X = a4 v. Then by definition,
(X)=(a+v)(a—v)=a®—v- (V) —av+av—vxv=a’+v-v,
which is what’s desired. U

Corollary 3.1.6. (¢p)* = p*¢*.
Proof. Write p=a + z and ¢ = 8+ y. Then

(gp) ' =(af—z-y+Prtay+tyxa) =af—z-y—pPr—ay—yxcz
and

(a—z)(B-y)=ab—(-2) (-y) —ay — bz + (—z) x (-y),
the desired then follows from (—z) x (—y) = —y X * = & x y (the other parts don’t care about orders). O

Corollary 3.1.7. |pq| = [pl|ql-

Proof. |pq| = (pq)(pe)* = paq*p* = plalp* = pr*q| = |pllql- 0

Proposition 3.1.8. H is a division algebra.
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Proof. Let q € H, q # 0. Then |q| # 0, and since q¢* = |q|, one has ¢~ = mq*. a
Week 5, lecture 1

3.1.2. Multiplicative group of quaternions. The group H* = (H\{0}, ) has subgroups R} = {o : a > 0}
and U(H) = {z € H: |z| = 1} (the 3-sphere).

Proposition 3.1.9 (Polar representation of quaternions). H* = R} x U(H).
Proof. Define f(a, X) = aX. This is a group homomorphism:

fl(a, X),(8,Y)) = f(aB,XY) =apXY = aXBY = f(a, X) f(5,Y).
f is injective: indeed, let (o, X) € ker f. Then aX =1 and X = o~ ! € R, and since |z| =1, x = +1,
but a > 0, so (o, X) = (1,1).
[ is surjective: indeed, pick X € H* and one can write X = |X| - |X]|~'X where |X| € Ry and
NXI~EX] = [ X]7HX] =1, de. [ X]|71X € U(H). 0

Proposition 3.1.10. For X € H*, the following hold:
(1) X2 e R < X € RUH),,
(2) X2€eRsy &= X €R,
(3) X? € Rep < X € Hy,
@) |X|=2 <= X =-1,
(5) |X]|=4 <= X €Hp and |X| = 1.
Proof. (1) Write X = o+ 2. Then X2 = (a? — z - 2) + 2ax + = X x, hence IX = 2az, so
0
X =0<«= a=0orz=0 << X €Hyor X €R.

2, 3. Now suppose X € RUH), then X2 =a? —z-z. Note a =0 or z = 0. So
X?2>0 = =0 <= XecRand X’ <0 < a=0 < X € H,.

4. X?=1 < z=0and o®=1,s0 a==+1,but |I|=1s0 a = —1.
5. By above, | X| =4 = X2 = —1 and this is equivalent to o = 0 and |z| = 1.
(|

Proposition 3.1.11 (Quaternionic Euler formula). Write X = a+ Sx where «, 8 € R and « € U(H) NHy.

Then

e® = e%(cos B + xsin ).

Proposition 3.1.12 (de Moivre’s formula). If z € Hy N U(H) and n € N then

(cosa + zsina)™ = cosna + x sin na.

Proof. (e**)" = emo®, O
3.1.3. Orthogonal matriz and transformation. Recall that for (01 e cn) = A € R"*" the following
are equivalent:

(1) ATA=1,,

(2) c1,...,cp is an orthonormal basis,

(3) x +— Az preserves dot product, i.e. (Az)- (Ay) =z -y Va,y € R,

(4) =+~ Ax preserves distances, i.e. |Az| = |z| Vz € R".

We are going to see that C gives nice description of orthogonal transformations on R? and H gives these

of those on R? and R*. Specifically, a unit vector v, = Z?; g) (which can also be described as a complex
. . 9. . __ [cosa —sina
number) determines two orthogonal transformations of R*: R, = (va Vo /2) = (sina cos and

Sa = (va Vo /2) = <2?§3 _SICI(I)SO) which have determinants £1 respectively.

Proposition 3.1.13. {S,, R, : a € R} is precisely the set of 2 x 2 orthogonal matrices.
Proposition 3.1.14. Rotations on R? are given by left multiplication of z € C, |z| = 1.

Proof. This is clear by writing such z as cos«a + isin a. O
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3.1.4. 3D rotation. To specify a 3D rotation, we need a directional axis and an angle and use Euler’s
angle-axis notation R, ).
Week 5, lecture 2

Lemma 3.1.15. If f € R[z] is monic and irreducible, then either f(z) —z — a or 2% + ax + 8 with
D=a?>-48<0.

Proof. One has 3X € C: f(A) = 0. If A € R, then (z — A) | f so f =z — A by irreducibility. If A ¢ R,
then f(A\) =0 and (z — A)(z — \) | f(z) where (x — \)(z — \) = 22 + az + 3 with D < 0 and again by
irreducibility f(z) = 22 + az + 8. a

Corollary 3.1.16. Let Vg be a vector space with dimg V' odd and L : V — V a linear operator. Then L
admits a real eigenvalue.

Proof. Write the characteristic polynomial x,(z) of L as +f1,..., f, where f; are all monic and irreducible,
but deg x is odd, so there must be one f; = x — «, where « is the desired eigenvalue. (I

Recall Sylvester’s theorem from MA251.

Lemma 3.1.17. If L : R® — R? is special orthogonal (det L = 1), then 3 orthonormal basis in which the
matrix of L is

1 0 0

0 cosa —sina

0 sina cosa

Proof. L admits eigenvalue o € R by previous lemma, so Lz = ax for some z € R3\{0}.
Since |z| = |Lz| = |a||z|, « = £1. Now Lzt C z*. Indeed, let y € a*, then -y = 0, and
0O=x2-y=Lx - Ly=+x- Ly, so Ly € z*. Consider the two cases.
(1) a =1, then L|,1 : 2+ — 2 is orthogonal of det = 1, so L|,+ = R,, and in an orthonormal basis
mx, Y, 2, L has the desired form.

(2) @ = —1, then L|,. : + — z* is orthogonal of det = —1, so L|,. is reflection <(1) _01) and one

has orthonormal basis y, HTle’ z such that

1 0 0
L=|0 -1 0
0 0 -1

-1 0
where < 0 1) =R,.

We now bring quaternions in by identifying R? =2 Hy > = and rotation as Ry o

Lemma 3.1.18. Yw € Hp,

Ry.o(w) = e2%we™ 27,

Proof. Pick any y: x-y =0 and |y| = 1. Define z := x x y. Then z,y, z behave exactly like 4, j, k, so it
suffices to check the lemma on the basis x,y, z. Now a priori one has

Ryo(z) =2, Rza(y) =ycosa+zsina, R;q(z)=—ysina+ zcosa,
and let’s check the case for z:

o, _ag «Q e (6% e
ezvze 27 = (coS— +xsin— ) z|(cCcosS—= —xsin—
2 2 2 2

= (seosy mwsing) (cos g —wsin)
= | £ COS B Y s D) COSs 5 I Ssin B)

—zcos2g— cosgsing— singcosg—zsin2g
- g YOS Ry YIS o8y 2
9 _204) a . o«
=z (cos®* = —sin“ — ) — 2y cos — sin —
( 2 g) TG EY

= zcosa — ysina.

The remaining two are left as enjoyment. O
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Theorem 3.1.19.
e : UH) — SO(Hp) = SO3(R)
s (20 zzat)
is a surjective 2-to-1 group homomorphism.
Proof. Check ¢ is indeed a group homomorphism:
* p(x) € SO(Hp) since |zza™!| = [z]lz]|=~] = |z] ¥z € Ho.
o p(ay)(z) = (ay)z(zy) ™" = z(yzy~ )z~ = (@) (0 (y)(2))-
Now 3.1.17 says L = R, o and 3.1.18 says L = ¢ (e%‘”) € im ¢, so  is surjective.
If z € ker p then xzz~! = 2, i.e. 2 € Z(H) = R so z = £1, hence in particular |ker ¢| = 2. O

Week 5, lecture 3

3.1.5. 4D scroll. Rotations in 4D can be understood by identifying R* = H. For x € U(H), define
L, :zw— zzand R, : z— zx, called left scroll and right scroll, which are clearly orthogonal. They are
also special orthogonal (see Lemma 3.1.19 in Dmitriy’s notes). Analogously,

Theorem 3.1.20.
p:UMH) x U(H) — SO(H) = SO4(R)

(,y) = LRy
is a surjective 2-to-1 group homomorphism.

Example 3.1.21. Counsider f : 1+ ¢ — j +— k+— —1 € SO(H). Write it in the form as in previous
theorem:

(1) We need to fix 1 by
L_if:1=(=i)i=1,i— (—9)j=—k, j—(—Dk=j, k— (—=i)(-1) =1.
(2) Identify the axis of L_; f|m,, i-e. the vector that’s fixed, which in this case is j.
(3) Find the angle: let (k,i,7) = (z,y, 2) be the positively oriented basis in R® and one can see it’s a
rotation by 7 /2, hence

(4) Assemble:

where ie1/ =i ( j. Let’s check this on j:

1 1 1
it k)= m =) =+ k)G +1
(J5i+ 54)d (75~ 757) =i+ 06+
1 1
= SGj+i+hj+k) = (k+i—ith)=F.

e
S
S
S
S

2

3.2. Division algebra over R, C.
Proposition 3.2.1. C is the only finite dimensional division algebra over C.

Proof. Let D be such algebra and a € D. Lemma 2.3.9 says p,(z) € C[z] is irreducible, but then
pa(z) = 2z — a where a € C, so a € C. O

Proposition 3.2.2. If D is a division algebra over R and dimg D is odd, then D = R.

Proof. Pick a € D, and left multiplication L, : D — D admits a real eigenvalue a, so L,(z) = ax for
some z € D, z # 0, but then ax = ar = (a—a)r =0 = a—a=(a—a)zz"! =071 =0, so
a=aeclR. (|

Definition 3.2.3. For a finite dimensional algebra (A, F), define the (algebraic) trace as
Tra:A—=TF:a— Tr(L,),
the trace of matrix of left multiplication.
Example 3.2.4. z+ yi € C, then (z + yi)l = z + yi and (z + yi)i = —y + x4, so in the basis 1,4, Lyt
is given by (5 _xy>’ so Tre(x + iy) = 2.
Similarly Trg(a + x) = 4a.
Lemma 3.2.5. If (A,F) is a finite dimensional algebra, then
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(1) Tra : A — F is a linear map.
(2) Tra(aly) = adimp A Vo € F.

Proof. (1) This is clear after writing Trs : A — Endy A — F where the two arrow are linear.
(2) Also trivial since L, = « id 4.
O

Corollary 3.2.6. A =F ® Ay where Ay := ker Tr 4.
Lemma 3.2.7. If a € A then p,(z) is the minimal polynomial of L.
Proof. Note that

Lpn(z)=a"x=ga---ax = (L))" (),
so for any polynomial f(z), f(La) = Lg(a). Now

fla)=0 = f(La) =Lo=0
and
f(La) =0 = 0= f(La)(14) = Ly(a) = fa)1 = f(a),

so L, and a satisfy the same polynomials. (Il

Week 6, lecture 1

Lemma 3.2.8. Let D be a finite division algebra over R and a € Dy = ker Trp. Then a2 € R, a® <0
and a2 =0 < a=0.

Proof. (1) By 3.1.15 and 2.3.9, the minimal polynomial of a is
hal@) = 22 +az + B

with D = a? — 43 < 0. Also pq = pur,, where L, : D — D is a linear map with eigenvalues the
roots of fiq(z) and xz. () = pa(2)2 9™ P Denote n = dim D (which is even), then one can write

xr, (2) = 2™ = Tr(Ly)z" ' 4+ - = 2" + %dx"—l +n

so —Tr(L,) = Za. But Tr(L,) = Trp(a) = 0 since a € Dy. It follows o = 0, a® + 8 = 0 and
—43=D<0,s0a?=—-F €Rand a® <0.
(2) Obvious since D is a division ring.

O
Definition 3.2.9. Equip Dj with euclidean form
q:Dyg—R
ar —a’>0
and
T: DO X D() — R
1
(a,b) = 5 (ala +b) —g(a) — (b))
1 1
=3 (—(a+b)*+a*+b%) = —i(ab—k ba)
Lemma 3.2.10. (Dg,7) is a finite dimensional euclidean space.
Proof. Note 7(a,b) = —%(ab+ ba) is symmetric bilinear and
a#0 = 7(a,a) = qla) = —a® € Ryy.
O
Lemma 3.2.11. If ey, ..., e, is an orthonormal basis of Dy then e? = —1 and if i # j then eiej = —eje;.
Proof. First note e? = —q(e;) = —1. Then
1
0="1(e;,e5) = —i(eiej +eje;),
S0 €;,€5 = —€;6€;. |

Corollary 3.2.12. Suppose i < j < k, then e, = £(e;e;) 7L
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Proof. Let u = ejeje, then u? = €;€j epe; €56, = e;ej e epepe; = eje;e;e; = —eje; = 1. Then
N~ ~— N~
—€i€k —ege; —eje; -1
u? — 1= (u—1)(u+1) =0, and since D is division, u = +1, i.e. e;eje, = £1, which gives the desired
after rearranging. O

Theorem 3.2.13 (Frobenius). A finite dimensional division algebra over R is isomorphic to R, C or H.

Proof. Consider values of n = dimg D.
(1) n=1, then D =R.
(2) n =2, then e; is a basis of Dy with €? = —1, s0 D = C via i + e;.
(3) n =3, then D =R by 3.2.2.
(4) n =4, then eq,eq,e3 is a basis of Dy, so D 2 H via i — e1,j +— ez, k — ejes.
(5) m > 5, then Jeq, eq, e3,e4, but e3 = +£(ejez) ™! and eg = £(ejez) ", so e3 = +ey, contradicting
linear independence of a basis.

|
Theorem 3.2.14. A countably generated division algebra over R is isomorphic to R, C or H.

Proof. Consider such D. The Amitsur trick (2.3.10) tells us any d € D is algebraic over R. But since D is
division, Vd € D\R, pg(z) = 22 + ax + 8 with D < 0 again by 3.1.15 and 2.3.9. So now suppose D # R
and pick a € D\R, then a? = —a,a — f3,, so R(a) = C. If R(a) = D we are done, so suppose R(a) # D
and pick b € D\R(a). One has
trass(x) = (a + D)% 4+ auqpla +b) + Bayy = a®> +ab+ba +b* +--- =0,
SO
ba = — (a2 +v2+ab+ Qatb(a+b) + Ba+b) .
This implies R (a, b), the subalgebra generated by a, b, is spanned by 1, a, b, ab, so
3 <dimR{a,b) <4,
but R (a, b) is a division algebra since Vd € D,
d~' =871 (d+ aa),
so R {a,b) = H by Frobenius. If R (a,b) = D we are done, so pick ¢ € D\R (a, b) and consider R {a, b, c).
Similarly, it is division and is spanned by 1, a, b, ¢, ab, bc, ac, so
5 <dimR{a,b,c) <7,
contradicting Frobenius. O
Week 6, lecture 2
3.3. Finite division ring.

Proposition 3.3.1. If R is a commutative ring and I < R then I is maximal iff R/I is a field.

Proof. = Pick 0 # z + 1 € R/I, then z ¢ I and J := Rz + I 2 I, so maximality of I tells us
J=R>1,ie. Jye R z€l:1=ay+z but then 1+71 = (z+1)(y+ 1), hence y + I is the
inverse of x + I.

< Tt follows 0 and R/I are the only ideals and in particular they are the only R-submodules of R/I.
Correspondence theorem gives us a bijection between submodules of R/I and submodules of R
containing I. Hence there are only two submodules of R containing I and they can only be R and

I, which is equivalent to that I is maximal.
O

Corollary 3.3.2. If R is a PID and I = (r) < R, then the following are equivalent:
(1) r is irreducible,
(2) I is maximal,
(3) R/I is a field.

Proof. e 2 < 3: This is 3.3.1.
e 2 — 1: We write r = 2y and we want to show z or y is a unit. Note (z) contains I, so by
maximality either
(1) (x) =R>1, hence 3z € R: xz =1 so x is a unit; or
(2) (x) =I>r, hence Iz: & =rzsor =xy = rzy and since R is a domain zy = 1 so y is a unit
o1 = 2: Pick JIR:J DI ThenJ=(z)>r,soJy:r=uxzy. Since r is irreducible, either
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(1) x is a unit, hence J = R.
(2) yis a unit, hence z =ry~t so J = (x) = (r) = I.
O

Recall that if IF is a field then F[z] is a PID and R = Flx]/I where I = (f(z)) is a field iff f is irreducible.
Lemma 3.3.3. If F is a field and deg f = n then for any z € F[z]/(f(x)),
Alh(z) € Flz]<n-1:2=h+1.

Proof. Write z = g(x) + I, then g(x) = q(z) f(x) + r(x) where degr <n — 1, so z =r + I. Now suppose
z=r+I=s+1I thenr—selwithdeg(r—s)<n-—-1,s0r—s=0 = r=s. O

Example 3.3.4. Consider A = Q[z]/I where I = (2® — 222 + 1). By Eisenstein’s criterion x® — 222 4 2
is irreducible, so A is a field. 23 is now 222 — 2 and by previous lemma 1,z, z? is a Q-basis of A. For
example,
(z+12 =2 4+322+32+1=202-2+322+3z+1 =522 +3z -1,
ot = x(20% — 2) = 22% — 22 = 2(22% — 2) — 20 = 42 — 22 — 4,
25 = x(40? — 22 — 4) = 42’ — 207 — 4o = 4(22% — 2) — 22" — 4z = 62 — 4w — 8,
and
29 = a32% = (202 - 2)2 = - .

In general, one has the multiplication table

2

‘ 1 T x
1 1 T 22
T | x z? 222 — 2
2

22| x? 222-—2 4x2 -2z —4

and the left multiplication by z and z2? are

00 —2 0 -2 —4
L,=(10 o], Le=[0 0 -2
01 2 1 2 4

with traces

and Trs(1) =dim A = 3.
Week 6, lecture 3
Example 3.3.5. F3 =Z/(3) is a field of 3 elements.

Note that Z/(9) is not a field since 3 - 3 = 0z,(9). So how do we get a field of 9 elements? It is
Fg = F3[z]/(f(x)) where f is monic, quadratic and irreducible, so that 1,z is a F3 basis of Fg. Since
f(x) is of the form z2 + --- and one needs f(0), (1), f(2) # 0 for f to be irreducible, so f can only be
22+ 242, 224+ 1or 22+ 22+ 2. The 9 elements of Fy can therefore be explicitly written down as: 0,1, 2,
two roots of 2 + x + 2, two roots of 22 + 1, and two roots of z? + 2z + 2.

Lemma 3.3.6. If F is a field and G < F* with |G| < oo, then G is cyclic.

Proof. Suppose |G| = n. By the fundamental theorem of finitely generated abelian groups,
chkl XCk2 Xoee XCk:m

where ky, | km—1 |-+ | k1, km > 1, and n =k -+ ky,. Then Vg € G, g"» =1, i.e. every g € G satisfies
f(g) = 0 where f(z) = 2% —1, so

[[z—9) @

since F[z] is a UFD, so

hence m = 1. O

Proposition 3.3.7. Any finite field is isomorphic (as a ring) to I, [x]/(f) where p is prime and f(z) € F)[z]
is irreducible.
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Proof. Let F be a finite field. Consider ¢ : Z — F : n+— nly. Note ker ¢ = (p) and so
imp=2Z/kero=F, <F

by 1st isomorphism theorem. In particular, F is an IF,, algebra. By 3.3.6, F* is cyclic, solet z € F : (z) = F*.

One has a F, algebra homomorphism v : Fpy[z] — F : f(z) — f(z). Since powers of z span F, v is

surjective, so F = F,[z]/ ker ¢, and since F,[z] is a PID one can write ker ¢ = (h). By 3.3.2, since F is a

field, h is irreducible. O

Summary:
(1) For any prime power ¢ = p™, 3 a field of size q.
(2) Such a field is unique up to isomorphism.
(3) This field is Fp[z]/(f) where deg f = n but such f is not unique.

Proposition 3.3.8 (Chinese remainder theorem for Flx]). Write f = h{* --- hi» € F[z] where a; € N and
h; distinct irreducibles. Then Flx]/(f) = F[z]/(h]') % - -+ x F[x]/(h%n).

Lemma 3.3.9. If R is a division ring then
(1) Z(R) is a field,
(2) R is a vector space over Z(R),
(3) (R,Z(R)) is an algebra.

Proof. (1) Z(R) is a subring so it suffices to show it’s division. Let z € Z(R), then 327! € R, and
for y € R one has 2y = yx, so yz ' = 2 tayz~! = 27 lyzr~! = 271y, hence 27! € Z(R).
(2) follows from (3).
(3) id: Z(R) — Z(R) gives the algebra structure.

(]
Corollary 3.3.10. If D is a finite division ring then
(1) Z(D) =F, for prime power g,
(2) n = dimy D is finite,
(3) [P =q"
Proof. (1) Note Z(D) is a finite field.
(2) D is finite.
(3)
a1
[Tl = e eFy |l =q"
an
]

Lemma 3.3.11. If D is a division ring then each centraliser
C(z)={a € D:ax=zxa}
is a Z(D)-subalgebra.

Proof. First note 0,1 € C(z). Now if a,b € C(x) then (a — b)x = ax — bx = xa — 2b = x(a — b) and
abz = a(xb) = (za)b so ab,a — b € C(x), hence C(x) is a subring. Also Z(D) C C(x) so C(x) is closed
under scalar multiplication by o € Z(D). Finally if a € C(x) then

1 1 -1

=a “azxa L -1

ar =ra — Ta =alzaa =a z,

i.e. a=t € C(z), hence C(z) is division; so it is a Z(D)-subalgebra. O
Week 7, lecture 1
3.3.1. Finite group action. Recall
Definition 3.3.12. One says a finite group G acts on a finite set X if one can specify a map
GxX—=X:(g,z)— 9%

such that 'z = z and “hz = 9"z,
For x € X one has the orbit
orh(z) = %z = {92 : g € G}
of x and the stabiliser
stab(z) = G, = {g: 9z =z}
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of z.

Proposition 3.3.13 (Orbit-Stabiliser formula).

G|
b = |G : stab =

orb(x)] =[G stab(a)| =
Proof. There exists a bijection orb(z) +» G/ stab(x). O
Proposition 3.3.14 (Class equation I). Let G act on X and x4, ..., z, representations of different orbits.
Then

X| = b(x;)| = _—

=1 i=1

Proof. Tt follows from that X = orb(x;) U--- Uorb(x,) and 3.3.13. O

Definition 3.3.15. The fived point set is X = {x : 92 = x Vg} = {x : |orb(z)| = 1}.
Corollary 3.3.16 (Class equation II). Let yi, ...,y be representatives of orbits of size > 2, then
~ |G|
1X| = |XC|+) ———.
; Istab(yi )|

We already know if D is a finite division ring then Z = Z(D) is a field of size ¢ = p™ where p is prime
and |D| = ¢"™ where m = dimyz D.

Now consider G = D* (so |G| = ¢™ — 1) and let G act on D (called an inner automorphism) by
conjugation: 9d = gdg—!. This is indeed an action: 'd = 1d1~' = d and

hd =9(hdh™') = ghdh ™ g™ = (gh)d(gh)~" = (M4,

The stabiliser of x is
stab(z) = {g € D* : gzg~! =2} = O(x)*
and note that the fixed point set is D¢ = Z(D) = Z.

Proposition 3.3.17. In the notation above, 3ds,...,dy € Z* : d; | m,d; < m Vi and

k
=g+
=1

Proof. It m = 1 then D = Z and we take k = 0 (empty set of d;’s). The desired is then a tautology:
q=dq.
Now suppose m > 1 and let ¥, ..., y; be representatives of G-orbits of size > 2. By 3.3.16,

k
|D| = |D%| + Z &l
2 Jstab(y,)]

and by previous observation, this implies

k
PSP o it
22 10Ty "]

where C(y;) is a division algebra over Z by 3.3.11, hence |C(y;)| = ¢% where d; > 1. Also

q" —1
qt -1

lotb(y;)| >2 = C(y;)) S D = d; <m.

Finally, since D is a vector space over C(y;), define C(y;) x D — D : (a,b) = ab and let a; = dim¢,,) D,
then
1D = 1C(y:)

and in particular d; | m. O

“ = "= (") = dia; =m,

Lemma 3.3.18. If d | n then (z¢ — 1) | (2™ — 1) in Z[z].

Proof. Write z = 2%, then
e Z/d 1
zd—1 z-1

:Zn/d—l+zn/d—2+”._~_1.



20 DMITRIY RUMYNIN

In Clz], let o = e* " so that g, - - ., an_1 are all nth roots of 1 and one can write
2" —1=(x—ap) - (x — an_1)-
Lemma 3.3.19. Let di, = ged(n, k). Then

(1) o = dﬂkw
(2) ay is g-th primitive root of unity.
(3) If dj, = 1 then «y, is nth primitive root of unity.

Proof. 1 implies 2 which trivially implies 3, so let’s prove 1.

kn
(o) = ag* = (af)% =1,

so || | 7. Now suppose |ag| = m < Z-, then

n
dy,

So fax| = - O

km

m n k
o =1 = o] :1:>n|km:>£|d—km:> | m.

Week 7, lecture 2

3.3.2. Cyclotomic polynomial.

Definition 3.3.20 (Cyclotomic polynomial).

where o = e i,
Proposition 3.3.21.
a”—1= H¢d(x) € Clz].
d|

Proof. (z — a”) appears once in both sides since 2" — 1 =[[;_, (z — o*) and (z — o¥) appears in ¢q()

where d = |a*| in C*. O
Example 3.3.22. If p is prime then

P -1 2P -1

xr)=—=

W= w1

Proposition 3.3.23. ¢, (z) € Z[z] and is monic.

=P P24 41

Proof. One proves by induction on n using 3.3.21. If n = 1 then ¢;(x) =  — 1 so done. Now suppose the
statement is true for all values < n. Then

" —1=¢n(z)- H ba(x)
d|n,d<n
S
=1 ()

where f(z) € Z[z] and is monic by inductive hypothesis. Now from the above one can write
(z" + ) = (axa+...)(zb+...)

so z" = az®*T® hence o = 1, i.e. monic. Now the division

" —1

)

can be thought of as the rewriting rule 2® ~ 2® — f(z) € Z|x])<p—1 applied repeatedly to z™ — 1. The fact
that the result is € Z[z] simply follows from that z* — f(z) is integer-valued. O

Pn(x) =
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3.3.3. Unabomber theorem.
Theorem 3.3.24. A finite division ring is a field.

Proof. Suppose such D is not a field. Z(D) is a field, |Z(D)| = q and |D| = ¢"™ where m > 2. Rewrite
3.3.17 as

k
_ . m " —1
(%) g—1=gq —1+;qdi_1

and consider ¢,,(q) € Z. Since ¢,,(2) | 2™ — 1 by 3.3.21 one has ¢,,(q) | ¢™ — 1. Also ¢y, (2) 1 2% — 1 so
bm(2) | =L, hence ¢ (q) | %, ie. ¢m(q) divides the RHS of *, so ¢.,(q) | ¢ — 1. Now

241
om@)= I (a—e)

k|m,ged(k,m)=1

but note that

27k ;
‘q—e m U

> |q — 1| Vk
since m > 2, an absurdity. O
3.4. Laurent series.

Definition 3.4.1. Given a ring R one has new rings R[z] < R[z] < R((x)) where the last one is defined as

R(z)) = {Z akxk}
k=N

where N is allowed to be negative, called the Laurent series. (The series infinite in both directions
R[z,z~!] do not form a ring.)
Addition is defined by

o o o0
Z apx® + Z bt = Z (ag + bk)xk
k=N k=M k=min(N,M)

and multiplication is defined by
az® - bz™ = abzkt™

extended by “infinite transitivity”

oo oo oo
E akxk . E bkxk = E ckxk
k=N k=M k=N+M

where

C = Z aibj.

it+j=k

Note that although R[z][y] = R[y][z] naively, it’s not true that R(z))(v)) = R(v))(z)):

0 o) 00
Yo @)= Y ey =) ("
k=—o0 n=0 n=0
[ — —_———
ER((«)(v) ER(y) (=)

since you are not allowed to sum from —oo.
Week 7, lecture 8

Lemma 3.4.2. t = ap2™ + - - - € R((z)) where a,, # 0 is invertible in R((x)) iff a,, is invertible in R.
Proof. «: Write t 7! = z_,27" + z,nﬂx_”“‘l +.-- andsolve t - t~1 = 1:
AnZ—p = 1
AnZept1 + Gny12—n =0

ApnZ_py2 + Qpy12—ni1 + Apy2zn =0
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which can be solved recursively if a, ! exists:

-1

Z_n=a,
_ —1 _ -1 —1
Zn41 = —Qp On412—n = —Qp An410y,
—1 -1
Z_p42 = —Qp Op412—n41 — Gy Any22-_n

—1 —1 —1 —1 —1
= Qp Ap41Gy, On41A,  — Ay Ap420a,

Corollary 3.4.3. If R is division then R((z)) is division.

This gives us division algebras H((z)), H((z))((y)) and so on.
Consider C((z,0)) which is equal to C((z)) as abelian groups but with extra rule zae = @z where « € C,
ie.
afBz"tm n is even
az" - B2 =< _
afBz"tm n is odd

extended by infinite transitivity. It’s also a division ring. Note that
ZH(«) =R(=),  Z(C(z0)) =R(=*)

which are isomorphic via z +— 22, but H((z)) % C((z,0)) as rings.

4. SEMISIMPLICITY
4.1. Direct sum.
Definition 4.1.1. For R-modules M;, i € I, their direct product is
[ 1M = {(ms) : m, eMi}:{f:I_)mMi3f(i) GMi}

and their direct sum is

@Mi = {(ml) € |_|Ml : for all but finitely many i, m,; = 0} = {f I — UMi s |supp(f)| < oo}
where

supp(f) = {i: f(i) # 0}.
It follows that if |I] < oo, @Mi = |_| M;.
i€l iel

Example 4.1.2. Let M; = R be a Q-module and I = N. Then

|—|Mi = {(ao,a1,...)} all sequences

and
@Mi = {(ag,a1,...)} eventually 0 sequences, i.e. AN :Vn > N, a,, = 0.

These are characterised as “external” producing new modules from existing ones. On the other hand,
if M is a R-module with M; < M, ¢ € I, the question of when we can say M is a direct sum of its
submodules is characterised as an “internal” one. In this situation we have a homomorphism of R-modules:

p: EB M; - M
i€l
(mi) — Z m;
i€l
which is well defined since the sum ), m; is finite.
Definition 4.1.3. Define the sum ), ; M; == im ¢ in the above notation.
In particular, if ¢ is surjective then M =} ., M;. If ¢ is injective then P, ; M; = im p. In this case

we identify Y M; with @ M; and call )~ M; the internal direct sum.
If o is bijective then @@ M; = M. In this case M is a direct sum of its submodules M;.
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4.1.1. Peirce decomposition. In this section we consider how to decompose M into My @ --- ® M,.

Example 4.1.4. Let M = V be a 2-dimensional vector space over F. How do we get V- = U®W? If we have
we have 2 projection operators p: V - U -V :u+w—u—uandqg: V -W >V iu4+wr— w— w.
Both p,q € Endp V. Note that p+ ¢ = idy = lgnas v, P> =p, ¢ = q and pg = gp = 0. This is a system
of orthogonal idempotents.

Claim: idempotents e € Endp V' are projection operators.

Indeed, €2 —e =0 = p.(z) | 2(x — 1) = e is diagonalisable with 1,0 on the diagonal = one
can let V be the 1-eigenspace of e (i.e. ime) and W be the 0-eigenspace (i.e. kere).

Therefore, in the previous example, U = imp = kerq and W = ker p = imgq.

Week 8, lecture 1
Let’s define properly.

Definition 4.1.5. R > e is idempotent if e? = e.
Idempotent e, f are orthogonal if ef = fe = 0.
Vi, €2 = ¢;
€1,...,6n is a full system of orthogonal idempotents if ¢ Vi # j, e;e; = eje; =0 .

er+--+e,=1

Example 4.1.6. (1) For R=Ry x -+ x Ry,e; .= (0,... 1

~—
ith position

(2) If e € R is idempotent than f =1 — e is as well since f2=(1—-¢€)?=1—-2e+e?=1—¢=f,
and ef =e(1 —¢e) =0 and fe =0, so e, f form such system.

,---,0) form such system.

?

Proposition 4.1.7. If M is a R-module then there is a bijection between
{decompositions of R-modules M = My @& My @ --- & M,, with all M; # 0}

and
{full systems of orthogonal idempotents in Endg M}.

These are called Peirce decompositions.

0
mq :
Proof. 1=2 Definee; : M — M; — M, ie. m = — | m; |. Then it’s trivial that
My, :
0
i. e; € Endg M,
ii. e? = e,

iii. e;e; =0 for i # j,
iv.ei1+---4+e, = ]-EndRM'
2=1 Define M; = ime; = Me;. Since e; is a homomorphism of R-modules, ime; is a submodule. It
remains to check ¢ : @, M; — M is bijective:
i. 1 is surjective: let m € M so that me; € M;, and

mey
ri)mel+~~-+men:m(el+~~~+en) =ml=m.
men,
miex
ii. 1 is injective: let x = : € ker ¢, then 0 = ¢(x) = mie; + -+ + mpe,. Multiplying
Mpen

this by e; gives
0=myeie; + -+ +mpeye; = mye;

by orthogonality, hence x = 0.
Finally, they are inverse bijections by construction. O
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4.1.2. Primary decomposition (example of Peirce decomposition). Let A be an abelian group under +
such that 3N : Vz € A, |z| < N, i.e. order of an element is bounded. Let n = lem{|z| : z € A}. Note
that A is a Z-module with

E=Endz A>7Z/(n) ={z— ka}

where k is the natural image of quotient map Z — Z/(n). Now if one decomposes n into p{* - - - p;* where
p; are distinct primes, then Chinese remainder theorem gives

Z)(n) =Z/(p") x -+ x L/ (p*) < E
which gives a full system of orthogonal idempotents
e;=(0,...,14+ (p{*),...,0) € E
and the Peirce decomposition of the group
A=Ae; & P Aeyg,
called the primary decomposition.
Claim 4.1.8. Ae; = {z € A: |z| = p* where b; < a;}.

Proof. C: Write = ye; and note that p'z = pi'ye;, = y(pi'e;) = yOp =0, so |z| | p}.
D: Write x = zlg = xe1 + - - - + xe; and note that

(%) 0=pliz=plize, + -+ plizey,
since |ze;| = p?-j, one has for j # i, ze; #0 = p?ixej #0, ie.
for j # i, plize; =0 = xe; = 0.
But * is a direct sum decomposition, so all p?" ej =0, hence ze; = 0Vj # i, therefore x = ze; € Ae;.
|
Week 8, lecture 2

4.1.3. Primary decomposition on a vector space. Let V be a finite dimensional vector space over F and
T :V — V alinear operator. Suppose x7(z) = (2 — a1) -+ (2 — ) with a;; € F. Consider the minimal
polynomial pr(z) = (z — 1) -+ (2 — )™ with i # j = B; # B; and a; > 1. Let R = Flz] so that V
is a left R-module via - v = T'(v). We then have a homomorphism ¢ : F[z] = Endg V : 2 — (v T(v))
with ker ¢ = (u7(z)). Therefore by 1st isomorphism and Chinese remainder theorems

i 2 F2]/(ur(2) 2 FLE1 /(2 — B1)™) x - x B2/ (2 — Bo)™)
and one gets a full system of orthogonal idempotents eq,...,e; € Endg V where
e;=(0,...,14+((z = B:)*),...,0)
with a corresponding Peirce decomposition
V=Ver® - ®Vey,
called the primary decomposition of V with respect to T'. See Dmitriy’s notes for a proof of
Vei={veV:3a>1:(T-3)*v) =0},

where the right hand side is called the generalised eigenspace with eigenvalue §;. This implies generalised
eigenvectors for distinct eigenvalues are linearly independent.

4.1.4. Peirce decomposition and matriz. Let R be any ring. One has Endg R = R (1.3.10) and submodules
of grR are left ideals. One therefore has

Proposition 4.1.9 (4.1.7 where M = R). There is a bijection between
{full systems of orthogonal idempotents in R}

and
{decompositions R =L; & ---® L, }

where L; are left ideals.
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Now for a full system eq,...,e, € R and gM a left R-module, one can write
elM
n 821\4
M = EB eM=1] ".
i=1 :
en M
and with R itself one has
" e1Req e ei1Re,
R= @ eiRe;j = eiRej
i,j=1 enRep A e, Rey,

where e;Re; are distinct abelian groups. This is called the double Peirce decomposition.

Theorem 4.1.10. (1) If R is a F-algebra, all e;Re; and e; M are vector spaces over F.
(2) Each e;Re; is a nonzero ring.
(3) e;M is a e;Re;-module.
(4) Multiplication in R and R-action on M satisfy standard “matrix rules”™

i1 - Tin S11 *r Sin

Tn1 e Tnn Snl T Snn

where Tijs Sij € eiRej, and

1o T\ [ma "
_ (z mm) |
Tnli **° Ton My, i=1
Proof. (1) Let « € F, x € e;Re;. Then one can write = = e;ye; with y € R, and

ar = aeye; = e;(ay)e; € e;Re;,
so e;Re; is a F-vector subspace. Similar for e; M.
(2) Note (e;ze;)(e;ye;) = e;(xe;y)e; € e;Re;, so it’s closed under product. Also 1.z, = e; # 0, so
nonzero ring (but not a subring or R).
(3) One has
(esrei)eim = ei(re;m) € e;M, and e, e, eim = e2m = e;m

(4) By definition,
(rij)(siz) = (Z Tz‘j) (Z Sij) = > rijSkm

i,5,k,m
where e
0 ifj#k
TiiSkm = €;T€;€LSEy = o
werm v m eirejse, ifj=k’
SO

E TijSkm = E Tiijm:E E TijSim

i,5,k,m 1,5,m ©,m J
Similar for R x M — M.
O

Week 8, lecture 8

Lemma 4.1.11. Let e, f,g € R be 3 idempotents.
(1) eRf =2 Homp(Re, Rf) as abelian groups.
(2) This & commutes with compositors, i.e.

(. B) af
Hompg(Re, Rf) x Homg(Rf, Rg) —— Hompg(Re, Rg)
1~ ~1
eRf x fRg eRg
(a,b) ab

is commutative.
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This is a generalisation of the ring isomorphism Endz R 2 R (which is the special case e = f = 1).

Proof. (1) Consider the homomorphism of abelian groups
¢ : eRf — Hom(Re, Rf),
exf — (se > sexf).
This is
injective: let exf € ker, then ey(exf) = e2xf = exf = 0.
surjective: consider ¢ : Re — Rf. Then
p(re) = p(re’) = p((re)e) = rep(e)
and
ple) = p(e?) = eple)

S0 p(e) = eRf and ¥(ip(e)) = ¢.
(2) Let (a,b) € eRf x fRg and write a = exf. Then a = e?zf? = e(exf)f = eaf and similarly
b= fbg. So one can see

(a:z— zeaf,B:y— yfbg) —— af : © — zeafbg

| |

(caf, fbg) eafby.

4.2. Semisimple module.
Definition 4.2.1. M is semisimple if M is a direct sum of simple (sub-)modules.

Remark. (1) The sum is not necessarily finite.

(2) The sum can be empty. This gives a zero module, which is semisimple.

(3) If R =T is a field then gF is the only simple left R-module, and since every vector space has a
basis, every R-module is semisimple.

(4) If R = F[z], then a simple R-module is R/L where L is a maximal left ideal by 2.2.3, and we
know L is of the form (f(x)) where f is irreducible. In particular, if F is algebraically closed, then
all simple modules have the form R/(x — «), i.e. 1-dimensional.

(5) In the case of the considered object in section 4.1.3, V' as a R-module is semisimple iff T is
diagonalisable.

Definition 4.2.2. For g M, the socle of M is
soc M = Z S.
S<M, S is simple

Example 4.2.3. Consider an abelian group A as a Z-module. The simple Z-modules are Z/(p) where p
is prime, and the simple submodules of A are {Zz : z € A, |z| = p, p prime}, so
soc A = Z Zx = {x € A: |x| is square free}.

|z| is prime

Example 4.2.4. Let F be an algebraically closed field and V' a F[z]-module. Simple submodules are then
{Fv : v is an eigenvector of T'} and soc V' = span{eigenvectors}.

Lemma 4.2.5. (1) M is semisimple iff M = soc M.
(2) More precisely, if M =3, _; S; where S; are all simple, then 3J CI: M =@, ; S;.
Proof. (1) = trivial since
M= @ L, — socMQZLi:M.
i€X, L; simple

«: follows from 2.
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(2) Consider the poset P :={J CI:> . ;S = D,c;5} under C. Since @ € P, one has P # &
and so can apply Zorn’s lemma. Consider the chainC:J; C Jy; C---C Jy C--- in P and define
Y = UJeC J. It’s clear that once Y € P, it is an upper bound of C and thus by Zorn’s P has a
maximal element J. Examine the map

@y:@si—)ZSi

i€y i€y
(Si) — Z S;
which is clearly surjective, and it’s injective iff ) ., S; is direct iff Y € P. Let x € ker ¢, and
write x = (z1,22,...,2n,0,...,0). Then 1,2,...,n € Y, and since there are only finitely many
positions, 3J € C: 1,...,n € J. But ¢  is an isomorphism by construction, so z; = --- = x,, =0,
hence x = 0.
Week 9, lecture 1

Remark. If V is a F-vector space, then there exists a basis {e; : ¢ € I'} which gives a decomposition
into 1-dimensional subspaces pV = @iel Fe;. Now note that Fe; = yF: this leads to the idea of a
free module. Also, Fe; is simple, so this also leads to the idea of semisimple module. The proof of
4.2.5 now proceeds.

Now let N =3, Si =@, ; 5 where J is the maximal element the argument above yields.
If N = M then we are done. If not, 30 € I : Sy & N (so 0 ¢ J) and since Sy is simple one
has So NN = {0}. Let J := J U {0}. Consider ¢ : Dic7Si — >e7Si = So+ N and let
x € kery. Write x = (zg, z1,...,2n,0,...,0) where z¢g € Sp. Then 0 = ¢(z) =x9+ -+ + p, SO
o= —(x1+w2+-+2,) € SoNN = {0}, hence xg = x1+---+x, =0. But >, ; S = P, ; S,
so 1 = -+ = x, = 0. Therefore 9 is injective and hence an isomorphism, and thus Je P, which

contradicts maximality of J.
O

Corollary 4.2.6. A quotient module of a semisimple module is semisimple.

Proof. Suppose M is semisimple and write M = €,; S;. For a submodule N < M, consider M/N and
the quotient map ¢ : M — M/N. Then M/N =3, ; ©(S;), and since S; is simple, (S;) = S; or 0, so

M/N = Z ©(S;)
i€l, p(S;)=S;

and by 4.2.5 one has M/N is semisimple. O
Comparing with quotient modules, submodules are harder: e.g. R? = Re; @ Rey = @, ., S;, but

R (1) # @, Si for any J C I. We need something more.

iel

Definition 4.2.7. g M is completely reducible if VN < M, AK < M : gpM = grN & rK. Such K is the
direct complement to N.

Lemma 4.2.8. If N < M, then any direct complement K is isomorphic to M/N as modules.

Proof. Consider quotient map ¢ : M — M/N and restrict to K: ¢|x : K — M/N, which is injective
since if x € kerp|x C kerp = N then z € N N K = {0} and surjective since if m + N € M/N then
m=n+k where n € N,k € K, so ¢p|g(k) =¢|gk(m—n)=m—-n+N=m+ N. O

Lemma 4.2.9. A submodule of a completely reducible module is completely reducible.

Proof. Let N < M with M being completely reducible and let K < N. We need to find a direct
complement for K. By assumption M = K & P for some P. Consider 7 : M — K, projection along P.
This induces a restriction 7 := 7|y : N — K with im7 C im7 = K, but n(k) = k Vk € K so K CimT,
hence im7 = K and by the 1st isomorphism theorem one can write N = im7 @ ker 7 = K @ ker T where
ker 7 is the direct complement we are looking for. (]

Week 9, lecture 2

Lemma 4.2.10. A nonzero completely reducible module contains a simple submodule.
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Proof. Let M be such a R-module and x € M with x # 0. Consider homomorphism
g rRR— M
T rT
and note that Rx = R/ Ann(z) < M by remark before 2.2.4, so Rx is completely reducible by 4.2.9. Now
Ann(z) C L, the maximal left ideal, so one can consider the surjection
¥ :Rx —» R/L
r+ Ann(z) —r+ L

where R/L is simple by 2.2.3. Let P be the direct complement of ker¢ < Rz, i.e. Rx =kery @ P. But
Rz = ker v @ im where imyp = R/L, so P is simple. (I

Theorem 4.2.11. M is semisimple iff M is completely reducible.

Proof. <: By 4.2.10 one has soc M # 0. If M = soc M we are done, so suppose M # soc M, then
dJP < M : M =socM @ P with P # 0. But P is completely reducible, so again by 4.2.10 there is
a simple S < P, but this means S Z soc M, an absurdity.
=: Write M = @,.;5; > N and we need a direct complement for N. Consider quotient map
¢: M — M/N. Since S; is simple,

0
pts)= s g

SO

M/N = Z ©(S3),
i€l, ¢(S:)#0
and by 4.2.5 one has 3J C I : M/N = @, ; ¢(S;) and ¢(S;) = S; for i € J. Then

M=Na (Zsl).

icJ

Indeed, consider

ViN® (ZS) — M.

icJ
1 is surjective: let m € M then M/N > m+N = o(m) = p(z1)+- -+ ¢(x,) where z; € S;,i € J,
$0
m-—x1—...—Tp €N
and hence

m=y+x+---+z, €imyY
for some y € N.
¥ is injective: let (m,x1 + -+ + x,) € ker¢) where m € N, z; € S;,i € J, then
m+xy+---+x,=0
and so
P(@1) + -+ @(zn) =0
since ¢(m) = 0, which follows from that ), ; ¢(s;) is direct, so 21 = --- = x,, = 0 and hence

m = 0 and therefore (m,zy + -+ + z,) = 0.
O

Corollary 4.2.12. A submodule of a semisimple module is semisimple.
4.2.1. Radical.

Definition 4.2.13. A submodule P of M is cosimple if M/P is simple.
The radical of M is
rad M = m P,
P<M, P is cosimple
Recall for M/N one has the bijective correspondence
{P<M:PDN} & {Q<M/NY,

and for M /N to be simple it means both sets only have two elements, N, M and 0, M/N, so N is maximal.
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Example 4.2.14. ;Z has no simple submodules, and the simple Z-modules are Z/(p) where p is prime,
sosocZ =3, =0andradZ=(),Z/(p) ={n:p|n Vp}=0.

Example 4.2.15. Consider M =Z/(n) and R = Z. For n € N, recall we also had a definition for radical
of n: radn = py - - - pi, with n = p{* ---pp* where a; > 1 and p; are primes, e.g.
rad 12000 = rad 3 x 2° x 5% = 3 x 2 x 5 = 30.

A submodule Rz of M is simple when [z| = p;, so = > and

soceM=2" 4.4z =z " g7 "
D1 Dk P1- Dk radn

which also gives
soc M =Z[(p1) & - & Z/(px) = Z/(rad n),

and by 4.2.5 M is semisimple iff n = radn, i.e. n is squarefree.
Similarly, a submodule Rz is cosimple if M/Rx = Z/(p;), where an obvious choice for x is p;, and

rad M = ﬂZ(pi—&—(n)) ={xeM:Vi p;|z} =Zp1---py =Zradn,
Pi

so M/rad M = Z/(radn) = soc M, which is semisimple. This implies if rad M = 0 then M is semisimple.
Let’s see this in more generality.

Lemma 4.2.16. If M is semisimple then rad M = 0.
Proof. Write M = @,; S;. For i, let

Pi = @ Sk,

keI\{i}
so that M/P; = S, is simple, i.e. P; is cosimple. But then rad M C (), P, = 0. O

Definition 4.2.17. rM is artinian if any descending chain of submodules terminates, i.e. for any chain
Ph>P,>--->P, >+, AN : Py = Pyy1 = ---. Aring is left artinian if gR is artinian.

Theorem 4.2.18. If g M is artinian then M is semisimple iff rad M = 0.
Week 9, lecture 3

Proof. By 4.2.16, it remains to prove the = direction. Since rad M = 0, 3 cosimple submodules

P,...,P,...:PN---NP,N---=rad M = 0.
This induces a descending chain

POPNPDOPNPNP;D---
which, by assumption, must terminate at some P, N---N P, = 0. Consider
v:M—>M/P&---®&M/P,

semisimple

me (m+ P,...,m+P,),

whose kernel is precisely PyN---N P, = 0, hence 1 is injective and M is a submodule of M /Py @®---®M/P,,
therefore M is semisimple by 4.2.12. |

We are finally strong enough.
4.3. Semisimple ring.

4.3.1. Artin—Wedderburn theorem.

Theorem 4.3.1 (Artin-Wedderburn). The following are equivalent for a ring R.

(1) Every left R-module is semisimple.
(2) rR is semisimple.
(3) 3 division rings D1,...,Dy : R= M, (D1) X -+ X M, (Dy).

Proof. 1=-2: trivial.
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2=1: Let gM be a left R-module and X C M a generating set. Consider

semisimple

v: PrR - M
X

(ai)iex Z a;t,
icX
so M is a quotient of a semisimple module, hence by 4.2.6 M is semisimple.
3=2: Note that D" is a simple R-module, since M, (D;) acts on it by matrix multiplication, so that
every nonzero vector can be mapped to another. Now

* 0 -+ 0 0 = 0
* 0 - 0 0 0 .
My, (Di) = | . . el . . @®--- = (DM
* 0 --- 0 0 = 0
=D =D

so pM,,,(D;) is semisimple, hence R is semisimple as well.
2=-3: Write pR = @,; i where S; is simple. Then
lg=x1+---+z, x; € S;,all x; #£0
(note that n is finite) and any r € R can be written as
r=rl=rx+- - +rz,,
so effectively pR = S1 ® - -- @ S,,. Therefore 3 idempotents e1,...,e, € Endg R = R yielding this
decomposition, i.e. S; = Re;. We now change the order:
RR=51® - @5, ®
Sa1+1 D+ D Say+a,D

Sa1+”'+ak_1+1 D---D Sa1+"'+ak

so that every module in a line are isomorphic and modules in different lines are not. Now apply

double Peirce decomposition
n

R= @ eiRej

1,9=1
and let D; := End S;, which is a division ring by 2.2.8, and by 4.1.11
R Hom(Re.. R 0 if 4, j are in different lines
eifte; = Hom(Re;, Re;) = {Diqﬁm if 7,7 are in the same line

for some fixed isomorphism 1); ; by construction, and hence

R=|[0[D2] 0 |-~ |0 >p (D)) x- x My, (D).
0o |’

O
Note that the 3rd statement does not mention any sides but 1st and 2nd are left. The corollary is then
Corollary 4.3.2. rR is semisimple iff Ry is semisimple. In this case one says the ring R is semisimple.

4.3.2. Semisimple algebra. If (R,F) is an algebra and a semisimple ring, then R = M,,, (D1)x---x My, (Dx)
where all D; are F-algebras. Our knowledge so far (recall 3.2.1, 3.2.14, 3.3.10) allows us to write the
following.

Proposition 4.3.3. (1) A countable dimensional semisimple C-algebra is isomorphic to

k
H M, (C).
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(2) A countable dimensional semisimple R-algebra is isomorphic to
[[7..(D;)  where D; € {R,C, H}.

(3) A finite dimensional semisimple Fy-algebra is isomorphic to

k
H Mm (ani ) :
i=1

4.3.3. Maschke’s theorem. Let G be a group and F a field of characteristic p. Define the group algebra

FG = Z ogg:og €F with multiplication agfh = afSgh
geG
Theorem 4.3.4. The following are equivalent for a group G and a field F of characteristic p.
(1) FG is semisimple.
(2) G is finite and p t |G|.
Remark. 2=-1 is called Maschke’s theorem.

Proof. 1=2: Let R = FG. Consider F as a trivial R-module with Voo € F, g = a Vg € G. So 3
surjective homomorphism

PY:prR—F
g—1

Since R is semisimple and keriy < gR, one has g R = kery @ P for some P and hence pP = RF.

Sodr € P: P =TFz. Write z = dec agg. Since P =T, hx =z Vh € G, ie.

> aghg=> a,9 VheG,

geG geG

it follows that all oy are equal and # 0. Therefore G has to be finite because if it’s not then
T = ) ,ec g which is not well defined. Now suppose |G| = n and p | n, then z € FG and
Y(x) =na =0, ie x € kerv, a contradiction to the direct sum.

Week 10, lecture 1

2=1: We will show every FG-module is completely reducible and then apply 4.2.11, 4.3.1 and 4.3.2. Let
raM > pgN and the goal is to find a direct complement for N. One can write M = N & K as F-
vector spaces. Consider the corresponding projection p : M — N — M which is idempotent. Let
« € F satisty |G|a = 1 (one can think of o as ﬁ) Define p € Endp M by z — a Y 9(p(g~"2)).

Since N is a submodule, imp C N. Now for any 2 € N, g~ 'z € N and so

pla)=ad gplg™'x) =ad glg'z) =a|Glz =z,

geG geG

soimp = N and p? = P, i.e. p is idempotent. Moreover, for g € G and y € M,

Play) =ad hphgy)=a DY ki(p(key))

heG k1,k2€G:k1ka=g
=a ) gh(p(h™'y)) = gh(y),
heG

so p € Endg M, hence one can write M = imp @ kerp = N @ kerp, where kerp is the direct
complement we are looking for.
([l

Example 4.3.5. Consider FC,, where C,, = (x | 2™ = 1), which can be written as F[y]/(y™ — 1). If one
writes y" — 1 = fi'* -+ f* where f; € F[y] are irreducible and a; > 1, then using Chinese remainder

theorem one has
FC, = Fly]/(fi") x - x Fly]/(fa"),
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which is semisimple iff
ap = =ap=1
<= 2" — 1 has no multiple factors
— ged((z"—1),z"-1)") =1

<~ pin,
which is what Maschke’s theorem tells us as well.
If F = C then
n—1
Z—1= H (2—6%2)
k=0
SO

n—1
~ B 277;1c n
cC,, = kl;[OC[z]/ (z e ) cn,

IfF=Q then 2" —1= Hdm ¢a(z) where ¢q4 is the cyclotomic polynomial. So
Cn = [t/ (60 = [TQ (V7).
d|n d|n

Example 4.3.6. Consider RQs where Qg = {1, +4, +j, £k} < H*. 4.3.3.2 applies. Now note that for
each Artin-Wedderburn factor M, (IF) there is a different surjective R-algebra homomorphism

given by projection
n:RQs — H
+i— £
+j— +j

or

05 : RQs - R
1€
j—=4
where €, € {£1}. Since there can be 2 x 2 = 4 different 6. s and just one 1, we conclude

RQs ZR xR xR xR x H.
Proposition 4.3.7. If

M =P s =N,
i=1 j=1

where S;, N; are simple, then n = m and Jo € Sym,, : S; = N, ;).

Proof. We prove by induction on n. If n =0 then M =0som =0=mn. If n =1 then M = 5] is simple
so m =1 and S; = N;. Now suppose the statement is true for values < n — 1 and consider projection
w: M — S, along @7.1:11 Si. Then

Zw where m(N;) is either 0 or IV,
j=1

but S, is simple, so it has to be that S,, = N,, for some jo € {1,...,m}. One then has that .. N; is

a direct complement of S,,, so

J#jo

n—1
& =Ps
J#Jjo i=1

and by inductive hypothesis, n — 1 =m — 1, so n = m; and 3 e Sym,,_q :S; = NE(i)' Together with
Sy, = Nj, this completes the proof. |

Corollary 4.3.8. For a semisimple ring R = [[ M, (D;), the division rings D; and a; are unique up to
permutation.
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4.4. Jacobson radical.
Definition 4.4.1. x € R is nilpotent of In : 2" = 0, quasiregular if 1 + z is invertible.

Example 4.4.2. Let F is a field and z € M, (F), then z is nilpotent iff 0 is the only eigenvalue, and
quasiregular iff —1 is not an eigenvalue of x. In particular, nilpotent implies quasiregular in this case.

Week 10, lecture 2
Notation. J(R) =rad gR.

Definition 4.4.3. An ideal I is nilpotent if In : I™ = 0, nil if every « € I is nilpotent and quasiregular if
every x € I is quasiregular.

Lemma 4.4.4. Nilpotent ideals C nil ideals C quasiregular ideals.

Proof. That nilpotent ideals C nil ideals is obvious (3n : I"™ = 0 means In : any product of n elements of
Iis0).
It remains to show that a nilpotent element is quasiregular, but
=0 = (1+2)(l—-z+2%— - +(=1)"" 2" =1
O

Example 4.4.5. R = C[z] < C((z)). Set J := (z) = {a1z+ -+ + apa™ + --- }. Then J is quasiregular:
write

Joz=apz"+--- where a,, #0, n > 1
then -
(1+2)71 =) (—1)kk
k=0

J is also maximal since R/J = C, a field. We will later see that this implies J = J(R).
Note that J is not nil; in fact R is a domain.

Example 4.4.6. S = Clxy,72,...], [ = (2%,23,...), R=S/I, 7; =2; + I, J = (T1,%32,...). Then J is
trivially nil, so quasiregular. Again R/J = C so J is maximal, hence J = J(R).
Note that J is not nilpotent since Z1%3 - - - T, # 0.

Proposition 4.4.7. If I,J < R and I" = J™ =0, then (I + J)"™™ = 0. In particular, the sum of two
nilpotent ideals is nilpotent.

Proof. (I 4+ J)* is the R-span of elements of the form
H(ﬂUz +yi) = Hxi + terms with y;
i=1 i=1

where x; € I, y; € J, hence (I + J)* C I* + J, and so
I+ )"t =T +)™")™C ™"+ )™ CJ™=0.

Conjecture (Kothe). If I,.J <! R and I, J are nil, then I + J is nil.

Theorem 4.4.8. For a ring R, J; = --- = J7 where
(1) J; =rad gR,
(2) J2 = I‘adfiR7
B Js= () L

Lt R

—max

A

I<n R
(5) Js = {x € R:V simple M, M = 0},
Js = {x € R:V simple Mg, oM = 0},

)
(7) Jr is the largest 2-sided quasiregular ideal.

(4) Ja

Week 10, lecture 8

Proof. (1) Jy C Js: let x € J; and gM a simple left R-module. Vm € M, Anng(m) is maximal, so
x € Anng(m), hence xm =0 = 2M =0 = z € Js.
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(2) J5 C Js: let x € Js and L<!  R. Then R/L is a simple R-module, so xR/L = 0 and in particular
z(1+L)=0+L,sox € L and hence x € Js.
(3) Js is quasiregular: let x € J3. Note that R(1+ x) = R, since if R(1 + z) # R, then 3L <! . R
which contains R(1 + z) and in particular 1+« € L and since z € ﬂ L one has z € L as
Ll R

well, therefore 1 € L and so L = R, a contradiction. Hence 1 + z has a left inverse 1 + z, and

1+2)(14+2)=1

z+r+2z2=0
z=—1+2)x e Js
so z also has a left inverse. Denote it ¢, then
t=tl=t(14+2)(1+z)=1+z
S0
1=t(1+2)=10+2z)(1+z),

hence 1+ z is also the right inverse of 1 + x.

(4) Jy contains every left quasiregular ideal: suppose 31 ﬁfluasiregular R:1¢ Jy,s03L <!, Rand
x €1 :2¢ L. This implies L + Rz = R and in particular a + bz = 1 for some a € L,b € R. Since
—bx € I which is quasiregular, a = 1 — bx has a left inverse ¢, but then 1 =ta € Lso L =R, a
contradiction.

(5) Js is a 2-sided ideal: we already know J5 is a left ideal. Now pick « € J5, r € R and let M be a
simple left R-module. Then (xr)M C z(rM) C xM =0, so ar € J5 and hence J5 is also a right

ideal.
The 5 steps prove J; = J3 = J; = J7. The proof for Jo = J4 = Jg = J7 is analogous. O
Remark. (1) Radical property: J(R/J(R)) = 0. The philosophy is: radical is the bad stuff we can
get rid off.

(2) A ring R with J(R) = 0 are also called semisimple in literature. This watershed between classical
semisimplicity and Jacobson semisimplicity is presented in the following proposition.

Proposition 4.4.9. The following are equivalent.
(1) R is semisimple.
(2) R is left artinian and J(R) = 0.

Theorem 4.4.10. If R is left artinian then J(R) is nilpotent.

Proof. Denote J = J(R). Consider descending chain

JDJ?D---D2J" D
since R is artinian, In : J" = J*"! = ..., We claim J" = 0. Let

I =Amg(Jg)={r € R:J"z =0}
Note that [ is a 2-sided ideal: let z € I,y € R, then J"xy C 0y C 0 and J"yx C J"x =0, so xy,yx € I.
If I D J" then we are done since J" = J?" = J»J" C J"I = 0 by construction, so suppose I 2 J" and
consider quotient homomorphism ¢ : R — R/I =: S. Then t(J"™) # 0. Since J" C J = J(R), (see HW4
P4) ¢(J™) C9(J) C J(S). Since R is artinian, so is S, hence IL <! . S : L C1)(J"). Then L is a simple
S-module, so (J")L C J(S)L = 0 by 4.4.8. Apply ¢~ ! and one has J"~!(L) C I, and
Jp~ (L) = TN (L) = J"(J"p~ (L)) € J"T =0,

so 'L C I and hence L = 0, a contradiction. (]
Corollary 4.4.11. For a left artinian ring R, J(R) is the largest nilpotent 2-sided/left/right ideal of R.

Proof. R being nilpotent follows from 4.4.10. Let I <0 R be nilpotent. Then it’s quasiregular so I C J(R)
by 4.4.8.

Now let L <! R with L™ = 0, then LR < R and (LR)" = L(RL)" 'R C L"R = 0, so by above
L C LR C J(R). Similar for right. O
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