MODULAR FORMS

JENS FUNKE, NOTES TYPED BY JIEWEI XIONG

ABSTRACT. These are notes on modular forms based on Jens Funke’s MAGIC (Mathematics Access
Grid Instruction and Collaboration) lectures during Autumn 2025. The course comprises modular
curves (as Riemann surfaces and as moduli space of elliptic curves over C), modular functions and forms
(basic properties, Eisenstein series, n-function), 6-series with arithmetic applications; modular forms and
Dirichlet series with functional equation, Hecke operators and Petersson scalar product.
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1. TUESDAY 7 OCTOBER 2025

Example 1.1 (A classical problem). What is the number of ways a number N can be written as the sum
of m squares, that is, what is

T (N) #{(xl,xg,...,:ﬂm) €z af N}?
=1

We know
ra(N)=38 Z d =8(p+1) if N =p is prime

d>0, d|N
44d

and similar formulae for ro(N), r6(N), rs(N).
We could also ask for asymptotic formula for N — oo.

Example 1.2 (Three quadratic forms).
P(xayau7v) - $2 +33y+3y2 +U2 +U/U+3’U2

(! 2+112+ 1 2+112
“\FTeY) Ty T\t T
is evidently an integral and positive definite quadratic form. One also writes

2 1 0 0 T
2P(z,y,u,v) = (x y u v)

_= N O

0
1
6

S O =
SO
SESEANS

where the matrix S has determinant 112.
Define the representation number of N by S as

TS(N) ::#{(:c,y,u,v) €Z4:P($7yauav) :N}a

a generalisation of 1.1. (This is indeed finite since it’s the intersection of a compact set of R* and a
discrete set of Z*.)
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Consider another quadratic form
Qz,y,u,v) = 2(z? + ¥ + u® +v?) + 22u + 20 + yu — 2yv

2 2
1 3 1 3
z(x+u)2+(y—v)2+<x+2v> +4v2+<y+2u> +1u2

which is again integral and positive definite. The associated matrix is

4 0 2 1
0 4 1 =2
= 2 1 4 0
1 -2 0 4

and det T = 112 again. Similarly the associated matrix of the integral, positive definite

R(x,y7uvv) =2? +4(y2 + u? + UQ) + zu + 4yu + 3yv + Tuv

o o
W ks 00 O
~ 00 s =
0~ w o

with det U = 112.

Two quadratic forms are equivalent if they differ by a change of basis for Z*. We have 74(N) = rg(N)
if A~ B, that is, CAC" = B for some C € GL4(Z). It turns out that there are only three forms up to
equivalence of determinant 112, represented by S, T,U above.

Note that the numbers are all even since if (z,y, u,v) represents N then (—z, —y, —u, —v) does too.

Similarly we could ask:

(1) What’s the exact formulae for r_(N) where — = S,T or U?
(2) Asymptotic formulae for r_(N)?
(3) Are there linear relationships between the r_(N)’s?

It turns out that for (3),

Srs(N) = 3re(N) = ru(N),

a result due to Hecke in the late 1930s. So we can forget about 77 (V) and focus on the relationship between
rs(N) and r7(N). Observe that 1 (rg(N) — rp(IN)) grows slowly as N grows, and it’s multiplicative (but
r_(N)’s themselves are not).

Example 1.3 (The first elliptic curve in nature). Consider the elliptic curve E : y? +y = x3 — 22, Its
Mordell-Weil group is E(Q) = Z/5Z. It turns out that for all prime p # 11, we have p+ 1 — #E(F,) =

1 (rs(p) = rz(p)).
Definition 1.4 (For today). A modular form is

(1) A holomorphic function f on the upper half plane H = {z = = + iy : y > 0}.

(2) f(z+ 1) f(z).
(3) f(—77) = +N3 zF f(2), in which case we say f is of level N and weight k.
(4) The Foumer expansion of f starts at n = 0:

— § aneQTmnz .
n=0

(5) If ap =0 we call f a cusp form.

Example 1.5 (Theta series). For the quadratic form S in 1.2, set
S) _ Z e27riP(w)z _ Z rs(n)eQﬂinz,
rEZ4 n>0

which is a generating series for the r;(N)’s. Same for T and U. By classical harmonic analysis,

1 _ 2

so it is indeed a modular form (of level 11 and weight 2).
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Recall that rg,rp,ry are linearly dependent, which means the space of modular forms of level 11 and
weight 2 is 2-dimensional. We can also define an “easy” modular form of level 11 and weight 2:

oo
Es(z) = Z bne®™"*  with b, =p+1 (p# 11 prime),
n=0
the FEisenstein series, and hence write down some linear relations, for example
1 1 1

19(2, S) + EH(Z,T) =

1
49(2,T) + 69(2’ U) = Ex(z),
which gives us
1 1 1 . . .
zrg(n) + ng(n) = zrt(n) + grU(n) =n+1 if nis prime not 11.
In this course we intend to study systematically theta series for any positive definite quadratic form as
modular forms; for example,

(1) dimension of space of modular forms of fixed level and weight,

(2) construction of modular forms,

(3) Fourier coefficients as carrier of arithmetic information,

(4) multiplicativity of Fourier coefficients which leads to Hecke operators.

By “arithmetic information”, again recall results from the elliptic curve picture:

Theorem 1.6 (Eichler-Shimura). Given a modular cusp form of level N and weight 2 (and some more
properties), one can construct an elliptic curve E of conductor N such that p+1—#E(F,) =a, (ptN).

Theorem 1.7 (Taniyama—Shimura conjecture, proved by Wiles (1995) and more generally by Breuil—
Conrad-Diamond—Taylor (2001)). The converse is true; that is, every elliptic curve is modular.

This implies the E in 1.3 is identified with the theta series } (6(z,5) — 0(z,T)).

Example 1.8 (L-functions). For f =" a,e*™™* a modular (cusp) form of weight 2 (weight k is also
okay), form its L-series

L(f,s) = Z apn”?® Rs > 0.
n=1

This function has an analytic continuation to C and L(f,2 —s) <> L(f, s) (similar to Riemann ¢-function).
By 1.7, L(f,s) gives us information about the elliptic curve E corresponding to the modular form f. In
particular,

Conjecture 1.9 (Birch-Swinnerton-Dyer). The order of the zero s = 1 of L(f,s) is the rank of the
Mordell-Weil group E(Q) where E is the associated elliptic curve of f.

The Hasse bound |p 41 — #E(F,)| < 2,/p is not a result of the theory of modular forms itself. But
now with the connection given by 1.7, can we generalise this bound to modular forms of arbitrary k7 It
turns out the answer is yes and it’s a consequence of Deligne’s proof of the Weil conjectures. In particular
with these bounds we can estimate the representation numbers we were interested in the first place (1.2).

2. TuEsDAY 14 OCTOBER 2025
Let G = SLy(R) and I' a subgroup of finite index in SLy(Z). Denote the upper half plane

H={r=u+iv:v >0}

Lemma 2.1. G acts on H via Mébius transformations, that is, by g7 = Z:Idb, g= (CCL Z) In particular

we have g1(ga7) = (91g2)7, It =T and g7 = 7o <= 71 =g ‘7.

Lemma 2.2. (1) G acts on H transitively.
(2) PSLy(R) = G = G/{+£1} acts effectively on H, that is, only {£1} € G acts trivially on H.

Proof. For (1) it’s enough to consider 7 =14, 72 = u + iv, and
1w\ (Vv 0 .
0 1 0 \/5_1 1= Tag.

The action of G on C extends to P!(C) := C U {oo}.
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Lemma 2.3. The differential is
d(gr) = (er +d)2dr
Definition 2.4. Define j(g,7) = ¢r + d as the automorphy factor, and we have (g7) = IJ'(;%)I?’
d(gr) = %dr.
Lemma 2.5. For g,¢' € G, we have the cocycle relation j(gg’,7) = j(g,9'7) - j(¢', 7).
Definition 2.6. We call SLy(Z) the modular group.

Proposition 2.7. The group SLy(Z) is generated by T = ((1) 1) and S = <(1)
-1 0
0 -1

toT:7—7+1land S:7— —%. (The letter S for Spiegelung, German for reflection.)

_01>. Moreover, all the

relations between the generators arise from S? = ( ) = (ST)3. Note that the action corresponds

Definition 2.8. For any subgroup I" of G. define the equivalence relation on H via
T~T = Fyel:iqyr=1.

A fundamental domain F for T' is a closed connected region in H such that no two interior points are
equivalent (identification at the boundary is allowed).

Theorem 2.9. A fundamental domain for the action of SLy(Z) is given by
1 1
]::{TEHZ|T|>1, —2<9?7'<2}.

That is, every point in H is equivalent to a point in F, and points in the interior of F are SLy(Z)-equivalent.

The only identifications are: for [R7| = 1 via 7 7+ 1; for || = 1 (the arc) via 7 — —1.

Proof. Apply T or T~ repeatedly to move 7 to the strip f% <RT < % If now |7| < 1, apply S, then
i (—%) =< (#) > &7, and we repeat the above two steps. This process must terminate, since there

are only finitely many integer pairs ¢, d such that |er 4+ d| < 1.

Assume y7 = 7’ and without loss of generality S/ > 7. Since S(y7) = ‘CTC%”Q and S1 > %, we must
have ¢ € {0,£1}. If ¢ = 0, then T or T~ gives identification at the boundary. If ¢ = 1 (—1 acts trivially),
then d € {0, £1}. O

Corollary 2.10. For 7 € P}(C), we let 'y = {y € I : y7 = 7} be its isotopy subgroup (stabiliser in T').
Then all points 7 in F have trivial isotopy group +1 except for the elliptic (fix) points: for 7 =14, £{I, S},

for 7 =w=—1 4+ 8B +{I ST, (ST)?}, and for 7 = — L1, +£{I,TS,(TS)?}.

Proof of 2.7. Let I C SLy(Z) be the group generated by S and T and let 7 be an interior point of F.
Consider y7 € H for some v € SLy(Z). Then by proof of the theorem there exists 4/ € I such that

~'(y7) € F. Hence v/ (y7) = 7, so v’y = £, thus v € I (up to sign). O
Definition 2.11. Let I" € SLy(Z). For the set of I'-equivalence classes, we write
X = Xp =T\H.
We have a quotient map
m:H—-X

with endows X with the quotient topology, which is Hausdorff.
By unfolding the fundamental domain F for SLy(Z), we see

Proposition 2.12. SLy(Z)\H ~ C as topological spaces (and even true as noncompact complex Riemann
curves/surfaces).

Definition 2.13. Let P*(Q) be the set of (rational) cusps. For I' C SLy(Z), call the set of I-equivalence
classes of cusps the cusps of I'. Write o

H=HU{cc}UQ.
Lemma 2.14. SIy(Z) acts transitively on the set of cusps. In particular, co is a representative of the
single I'-equivalence class of cusps for the modular group.

Proof. Write a rational number as ¢ with (a,c) = 1. Complete a and ¢ to a matrix v = (Z 2) € SLy(Z).

Then yoo = ¢

<’
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We can extend the topology of H to H. We define a fundamental system of open neighbourhoods in H
for the cusps: for oo, Uc = {7 € H: S7 > C} U {oc}; for ¢ € Q, vUc with yoo = &. This translate of
Uc gives a circle in H tangential to .

Definition 2.15. The analytic structure at the cusp oo arises as follows. Define

27T

THg=e

which maps Uz \oo to the punctured disc of radius e=27¢

around 0. Furthermore map
oo — 0.

Then ¢ descends to a map on 7gr,(z)(Uc) and is bijective for sufficiently large C' (C > 1). So ¢ is the
local variable at oo for SLy(Z).

Proposition 2.16. This makes X = I'\H into a compact Riemann surface.

3. TUESDAY 21 OCTOBER 2025

Definition 3.1. Let k € Z. A meromorphic function f : H — C is weakly modular of weight k for the full
modular group I'y if

Fom) = er 4 1) = i) = (4 ) et

Remark 3.2. (1) For generators T and S this means f(r + 1) = f(r) and f(-1) = 7%f(r)
respectively. In fact, by the cocycle relation, if f transforms as above for T and S, then it
transforms accordingly for the whole group.

(2) Consider v = <_01 _01>, then f(7) = (=1)*f(7), so if k is odd then f = 0.

Definition 3.3. A meromorphic modular form of weight k is a weakly modular function that is mero-
morphic at co.

Remark 3.4 (What does meromorphicity at co mean?). From the Riemann surface point of view, while
f is not a function on X = I'y\H, it is periodic and therefore defines a function in the local variable

g = €?™7 in the punctured neighbourhood of co. We then require that f is meromorphic in g, that is,
f(T) = Z anq" ST > 0,
n>>—oo

(the g-expansion). We say f is holomorphic at oo if a,, = 0 ¥n < 0.

Definition 3.5. Let k € Z. A (holomorphic) modular form of weight k is a meromorphic modular form
that is holomorphic on H and at co. Write My (T';) (resp. Sk(I'1)) for the vector space of modular forms
(resp. cusp forms) of weight k for T';. (The letter S for Spitze, German for cusp.)

Definition 3.6. A modular form is a cusp form if ag = 0.

Remark 3.7. A modular form f is not necessarily bounded as v — 0, that is, on the real axis. This
follows from considering
at +b

o) = ter oy (2

Lemma 3.8. Let f € My(T'1), then

) T—>—§€Q
c

k
vz [f(7)]

is I';-invariant.

Proof.

ST

k
|c7’-i—d|2> |C7—+d‘k‘f(’7—)| = Q7

Sl = (

Proposition 3.9. Let f =Y " a,q" € Si(I'1). Then

(1) S72|f(7)| is bounded on H.
(2) |an| < Cn? for some C > 0. (Hecke’s bound)
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Proof. For (1), note that Srs | f(7)] is bounded in the fundamental domain F since f is rapidly decreasing.

Hence S(7)2 |f(7)| is bounded on all of H by the previous lemma. So we have |f(7)| < C’v~% for some
C’ > 0. For (2), we then see

S /2 |f(7')‘ 27rnvdu < Cl 27rm) Yo

1
2

lan| = ‘/ fu+iv)e ™" dy
1
3

k
2

Now take v = 1, then |a,| < C'e*™ nz. O

Remark 3.10. The Ramanujan—Petersson conjecture, proved by Deligne as a consequence of the Weil

conjectures, states
k—1
lan| = O (n z +E> ,

that is, for all € > 0, there is a C' = C(¢) such that |a,| < Cn'z <.

Definition 3.11. Let k¥ > 4 be an even integer. Define the Eisenstein series of weight k for I'y = SLy(Z)
by

1
Gk(T) = Z m
n,meZ

Here >’ means we only sum over pairs (m,n) # (0,0).

Lemma 3.12. The Eisenstein series G (7) converges absolutely and uniformly in compact subsets of H
(in particular is holomorphic on H). Moreover,

Gk(T) S Mk(Fl),
and
Gr(o0) = 2¢(k)

where ((k) = Y02, n~F is the Riemann zeta function.

Proof. For the first statement, fix 7 and a lattice L, = {m7 +n:m,n € Z} in C. For N > 0, let My be
the boundary of the parallelogram with vertices + N7+ N. We have |My N L| = 8N (2N + 1 points on
each side with double counts on the 4 vertices). Let 7(7) be the distance from 0 to M;. Then the distance
from 0 to My is Nr(7). As 7 varies in a compact set we have R < r(7) for some R > 0. Thus

Gl Y =Y Y <8 Y NOVr(r) T <8¢k~ DR,

weL,\{0} N=1w€L.NMn N=1

so by the Weierstrass M-test we are done.
Now by definition G (7 4+ 1) = G (7). More subtly, by absolute convergence

G <—i>— Z _7k " Z [E— - = 7"Gi(7).

n,mez T n, mEZ
Hence
lim g = lim E
T—00 mT + n T—00
n,mez nEZ\{O}
as desired. 0

Theorem 3.13. For k > 4 even,

Gu(r) = 2¢(k) + 2270

where

is the power divisor function.
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Proof. The key is the Lipschitz summation formula

1 (—2mi)F S 4
(1) Z(T+n)k:(k—1)!N2Nk @

nez

for any k > 2. We prove this later. Assuming this, we have

! 1 . (o) o0 Lo
DD ZHZ(ZWM))‘?C( .ZZN’“‘qN-

n,mezZ =1 \nezZ m=1N=1

O

Theorem 3.14 (Poisson summation formula). Let f be “nice”, for example C*(R), and f, ', f" =
O(z=17¢) for some ¢ > 0 (so that its periodisation F(z) := > nez f(x +n) converges absolutely and is

differentiable in x). Then
Y fm)=>"F(n)

neEZ nez

_ L O; f@)e v dy

Proof sketch. F(x) is periodic, thus under the niceness condition can be written as a Fourier series

Z < 2 F(y)e_QﬂiNydy> e27'riNI — (/ Zf y+n —27r1Nydy> 2miNx
N=—0c0

1
N=—oc0 2 2 neZ

(/ f(y)e—27riNydy> eQTriNz

Z f 27er:E

N=—0o0

where

is the Fourier transform.

and specialise z = 0. ]

Proof of . We apply Poisson summation to the function f.(z) = (7 + 2)~*. Then for the Fourier

transform, we see
R [e’e) ) oco+1iv )
f‘r(N) — / (T + $)7k€727rszda? _ / kaef27erde.

— 0 z=—00+1iv
Consider the integral over the (large) rectangle R = R, (u,y) with vertices +u + iv and £u — iy for some
u,y > 0. The integrand z~*e~2""NZ is meromorphic with a singularity at z = 0 and
. —omi)k
—2miRes,—g (z_ke_Q’”Nz) = ((k —ml))! NF-L
By the residue theorem, we have
/ 27 Fe 2™ N2q 7 = 27i Res,— (z*ke*QMNz) .
(u,y)

But now for u,y — oo, the integral at the upper side becomes —ay, while the integrals over the other

sides vanish, since the integrand vanishes uniformly in the limit. For IV = 0, the integral values itself to 0.

For N < 0, an argument similar as above works: use a rectangle not including the origin (exercise).
There exist shorter proofs, but Poisson summation also works in more general situations. O

Remark 3.15. We have

B
k k
(k) = ~(2mi)* 5o
where By, is the kth Bernoulli number, which are rational and defined by
o0 k
x x
= B _—
et —1 7;) Ml
The first few values are
1 1 1 1 5 691 7
By = By = Bsg=—, Bs= Bio=—, Bi2=-—5--, Bu=_.
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Definition 3.16. The normalised Eisenstein series Ei(7) is defined by

Ei(r) = %@)G’“(” - %’Z ;ak,l(n)q

In particular, Ey(7) has rational Fourier coefficients.
Lemma 3.17. . )
En(r) = = S —
k(™) 2 Z (mT 4 n)k

n,mez,
(n,m)=1

Proof. We have
{(n,m) # (0,0)} = [T{(en.em) : (n,m) = 1}.
c=1

Hence
!

1
Gr(r) = Z (mt +n)F Z Z (emT + en)k E = C(k) Z (m7 +n)k’

n,mGZ c=1 n,me n,mez,
(” m)= 1 (n,m)=1

Lemma 3.18. The correspondence (CCL Z) — (¢, d) gives a bijection between I'o\I'y and the set

{(n,m) €Z: (n,m)=1}/{£1}.
4. TUESDAY 28 OCTOBER 2025

Definition 4.1. Let k£ be an even integer. Define the FEisenstein series of weight k and a complex
parameter s for I'y = SLy(Z)

/

1
Gi(7y8) = Z (mT + n)klmr + n|2s’

n,me”Z

Also define the normalised Fisenstein series

1 1
E = — .
k(7:5) 2 n%E:Z (mT + n)*|imr + n|?s
(n,,m):,l

Lemma 4.2. The Eisenstein series Gy (7, s) and Ej(7, s) converge absolutely for s > 1 — & and define
holomorphic functions in s in this range. Moreover,

Gk(VTa S) = j(777)k‘j(777—)|2sGk(7—78) VV € Pl
and same for Ej(7,s). Finally,

Gr(7,8) = 2¢(k + 28)Ex (1, 9).

Remark 4.3. The Eisenstein series Ej(7,s) are of fundamental importance for the general theory.
However, they are often not covered in the beginning textbooks. Omne property is that they have a
meromorphic continuation in s to the entire complex plane. Of particular interest are the cases weight
k=0 and 2.

Proposition 4.4. The limits lim,_,g+ G2(7, s) and lim,_,o+ F5(7, s) exist, and define

Gi(1) = Slir(r)l+ Go(T, s), Ej(r) = sli%h Es(1,8).

Then G5(7) and E3(7) are (mildly) nonholomorphic modular forms of weight 2 for SLy(Z) and their
Fourier expansions are given by (writing 7 = u + iv)

1
Gi(t)=——+ §7T2 —8m2 Y o1(n)g",
n=1
B () *R+1724201(n)q
n:l

The introduction of E3(7) in this way is the Hecke summation or Hecke’s trick.
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Corollary 4.5. We can define G2(7) and E»(7) by
1
Go(7) = §w2 — 82 ;Jl(n)q"7 Ey(r)=1- 24;(;1(71)61

Note that this is exactly the formula of the Fourier expansions of Gy and Ej from the previous lecture,
when (formally) specialised to & = 2. Then (by 4.4),

at +b\ 9 o
Ga <c7'—|—d> = (c1 + d)*Ga(1) — 2mic(eT + d),

ar +b\ 9 6 .
E, <c7'+d> = (et +d)°Es(T) — ;ZC(CTer).

Remark 4.6. The definition of G5 arises from fixing an order of summation and the subsequent calculation
of the Fourier expansion as in the higher weight case:

ZZ (m7) —|—n2

meZneZ

This double series is conditionally convergent. Applying ST = —l gives formally

QZZ (nT + m)?

meZ nGZ

So 4.5 gives the discrepancy which occurs when the two summations are switched.

Definition 4.7. For 7 € H and ¢ = €27 as usual, define the Dedekind n-function
1 m
T) = qaa H(l—qn) Q24 = q** = €12
Define the discriminant function

A() = ﬁ (1-q")

Remark 4.8. Since Zzozl log(1 — ¢™) converges absolutely and uniformly in compact subsets, the infinite
product [[77 (1 — ¢™) defines a holomorphic function on H. Moreover, n(7) # 0 and A(r) # 0 for all
T e H.

Proposition 4.9. We have
1 .
0 (—) — V=irn(r)

where v/— denotes the principal branch of the square root (which makes sense as —i7 lies in the right half
plane).

Proof. Consider the logarithmic derivative

0 i o= dg? i d
1 == 2 == 2 m
g 0T = 33 m;k mdeZq

gl
T >
:E_sz d d)qt= 7E2()
n=1 \0<d|n
Thus
0 1 i 1
iy | _Z — 2 2p (=
wros(n(2)) =5 (1),
and

12 2miT
But by 4.5, the right hand sides of the last two equations coincide. Hence

% log (77 (—i)) = % log (\/—7'777(7)) ;

—log (V=) = 5 L +”lE2(T) - (EQ( P )
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thus
1
n (—) = CvV—itn(T) for a constant C' independent of T,

-
but C'=1 for 7 =i. g
Corollary 4.10. A(7) = S12(I'1) with A(7) # 0 for all 7 € H.

Proof. For T, A(t + 1) = A(r) is clear, and for S,

1 1
s <‘) = (‘) = V=i () = T2A().
T T
Clearly A(oo) = 0. O
Definition 4.11. Denote the Fourier expansion of A by
g [T —a" =) r(m)q"
n=1 n=1

(The first few values of 7(n) are 1, —24, 252, —1472, 4830, —6048, —16744, 84480, —113643, —115920.)
Ramanujan conjectured
(1) 7(mn) = 7(m)7(n) for (n,m) = 1, proved by Mordell (1919), generalised by Hecke to Hecke
operators.
(2) |7(p)| < 2p%, generalised to all cusps forms by Petersson, proved by Deligne (1969-1973).
(3) Some congruences, e.g. 7(n) = o11(n) mod 691.
(4) Lehmer’s conjecture: 7(n) # 0 ¥n (still open).

Proof of 4.4. we have

GQ(T,S)ZZﬁ"‘QZ (
n#0

m=1

) : Rs > 0
4=, (m7 + n)?|lm7 + nf? '

The Oth Fourier coefficient of the inner summand is given by

won =[S G e
o g mr )P mr En it (mT 1) mr + 8]0 2

Now

G s -2 I = — s T2 o
2(7, 8) mzz:l (mT) Z n2[n[2s + Z Z ((m7-+n)2|m7' + n|2s /n (mT +t)?|mT +t25)

n#0 m=1neZ

where the right hand side converges absolutely and uniformly in compact subsets for s > —%.
Indeed for f(t) = (m7 +t)~2|m7 + t|~2* we have the complex mean value theorem
n+1

n+1 n+1
o= [T s a] < [T s - orars [T max 1@ a= o (17
n n n u€E[n,n+1] u€n,n+1]
Hence the summand of the double sum is O (|m7 4 n|7372%), so the limit of the right hand side as s — 0
exists and can be computed by evaluation at s = 0. Using

n+1 dt
/ mzf(m7+n+1)il+(m7+n)il,

we easily obtain Ga(7) for the right hand side at s = 0.

It remains to compute
oo

lim 2 Is(mT).
s—0 —

For s > —% and writing 7 = u + v,

L) /°° at /00 at 1(s)
s(17) = - - = - =
oo (Wt + i) u 4+t + iv]?s oo (EFV)2(E2 +02)s w2

= 2
23 I(mr) = 5 C(1+25)1(s).
m=1
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Now the Laurent expansion for {(1 4 2s) at s = 0 is given by

C(1+25) = — +O(1).

2s
For I(s), we have I(0) = 0, while
* log(t? +1 1+ log(t? +1 >
I'0) = —/ LT:) dt = (—i—og(—i—) - arctan(t))' = —T.
oo (t+1) t+1 .
So I(s) = —ms + O(s?). Thus
. T
O
5. TUESDAY 4 NOVEMBER 2025
Lemma 5.1. Let k > 4 be even. Then
My(T1) = Sk(I'1) ® CE.
Proof. For f € My(I'1) with constant coefficient ag, we write
f=(f—aoEy) + aoEx,
then f — agEy is a cusp form. Since S (I';) N CEy = 0, the result follows. O

Lemma 5.2. The assignment [ +— % induces an isomorphism
Sk(T'y) ~ My _12(T'1), Sk(T'1) = AMy_12(T'1).

Proof. Let f € Sg(I'1). Since A has no zeros on H, % is holomorphic on H. Since f is a cusp form, i.e.

vanishes at oo, the quotient % is also holomorphic at co (as A has a simple 0 at c0). It is clear that %

transforms of weight & — 12. Thus % € My_12(T'1). The inverse map is given by f +— Af, which maps
Mk_lg(rl) to Sk(F1). U

Definition 5.3. For f a meromorphic modular form of weight k and P € H=HU co U Q, we denote by
ordp(f) the order of vanishing of f at P (minus the order of the pole of f at P). Note that ordp(f) does
not change if P is replaced by 4P for v € I';. So ordeo(f) is the index of the first nonvanishing Fourier
coefficient of f.

Let Np for P € H be the order of stabiliser of P inside I';. So in the fundamental domain F, we have

2 ifP=41,
Np=<3 ifP:w:e%,
1 else.

k

Proposition 5.4 ({3-formula). Let f be a nonzero meromorphic modular form of weight & for I';. Then

1 k
Z N—Pordp(f) =1

Pel \H
Explicitly,
1 1 k
ordog (f) + 5 ordi(f) + 5 ordu(f) + > ordp(f) = oL
Pel'1\H,
P#i,w

Corollary 5.5. dim M(I'1) =0 for k < 0, My(T'1) = C, and

1

{ZJ +1 if k # 2mod 12,
dim M, (T'y) < )
LJ if k=2mod12.
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Proof. For f holomorphic all terms on the left hand side of 5.4 are nonnegative. This gives vanishing for
k < 0. For k =0, let ¢ be a value taken by f € My(I'1). Then the left hand side of 5.4 for g(7) = f(7) — ¢
is positive, but the right hand side vanishes.

Let m = L%J + 1 and choose m distinct nonelliptic fixed points P; € H. Given modular forms

i+ fma1 € Mg(T'1), we can find a linear combination f which vanishes at all P;. So the left hand side
of 5.4 gives at least m = L%J + 1, and f must be 0. Thus any m + 1 vectors are linearly dependent, and
dim M (T';) < m.

For £ = 2mod 12, we can improve the estimate by 1: note that the only way to satisfy 5.4 is to have a
simple zero at i and a double zero at w (contributing a total of 1 + 2 = % to the left hand side of 5.4).
Hence we need m — 1 further zeros, and argue as before. O

Theorem 5.6. Let £ > 0 be even, then

1
2J+1 if k # 2mod 12,
dika(Fl) =

BJ if k =2mod 12,

and
dlmSk(l"l) = dlka(Fl) —1.
In particular, dim M5(T;) = 0,
dlmM4(F1) = dim MG(Fl) = dim MS(Fl) = dim Mlo(rl) = dim M14(F1) = 1,
and dim Mlg(rl) = 2.
Proof. We have dim M5(T'1) = 0 by the bound. The Eisenstein series Ej are nonzero and span My (T';)
for k =4, 6, 8, 10, 14 (which by the bound are at most 1-dimensional).

For the general dimension formula, we need to show dim My 15 = dim M}, + 1. This follows from the
cases 0 < k <12 and 5.1. O

Corollary 5.7 (Zagier’s unreasonable effectiveness). Two modular forms of the same weight for the same
group coincide if their Fourier coeflicients coincide up to N for N sufficiently large.

Lemma 5.8. A = - (Ef — E}).

Expressing A in terms of E2 and Fj, gives 7(n) = o11(n) mod 691.
Definition 5.9. Define the j-invariant
E} E3(r
i) = K = 1 gy
This is a meromorphic modular function of weight 0 for SLy(Z). We have
G(T) = ¢~ + 744 + 196884 + 214937604 + 864299970¢> + - - -
The minimal degree of a faithful complex representation of the monster group is 196883 (moonshine).

Proposition 5.10. The j-invariant defines a holomorphic bijection from SLy(Z)\H and the Riemann
sphere P}(C) = CU {cc}.

Proof. The j-invariant has a simple pole at co and is holomorphic in H (weakly holomorphic). We apply

1 1 k
ordoo (f) + 3 ord;(f) + 3 ordy, (f) + Z ordp(f) = D
Pel'\H,
P#i,w
to f(7) = j(1) — ¢ for ¢ € C. Since ords(f) = —1, there must be exactly one point P with f(P) = 0,
that is, j(P) = ¢, hence a bijection. O

Proof of 5.4. We integrate fTI over the boundary of the fundamental domain F. More precisely, we let Fr
be the fundamental domain cut at height T, so that all poles and zeros of f are below T (if that was not
possible, f would not be a meromorphic function in ¢, i.e. at co). Then C is the contour which goes over
the boundary of Fr with the following modifications. If a pole or zero lies at w, f%, i, these points are
excluded. For other poles or zeros at the boundary, modify the contour such that each I'y-equivalence
class of such points occurs exactly once in the interior of C.
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A

By the residue theorem we have

L[ f()
— dr = ordp(f).
2mi Jo f(7) Peg;\H
P#i,w ’
Now evaluate the integral term by term.
(1) The integral at the top gives — ords (f):
1 f(7) 1 of/9q
— dr = — dg = —ordeo (f).
2mi Jga f(7) 2mi ) o) f(@) =

(2) The integral along the vertical sides cancel each other by periodicity.
(3) The integral along the arc around 7 gives —% ord;(f). Take a € H, then the Laurent expansion of

fis am(r —a)™+---. Then ffl((:)) = -~ + holomorphic.
f/

Integrating 7 counterclockwise over a circular arc of angle § and radius e gives mif = ord,(f)i6

as € — 0. Here 6 = m and we are integrating clockwise.
(4) The integral along the arcs around w, —1 give in the same fashion —% ord,(f) (the angles are ).

Collecting all terms it remains to show

(O o R U A (O DY

— dr + — X 0.
i Jop 1) T o S f) T T2
But now S : 17— f% takes CD to —EF = FE. Since
f'(y7) '(7) c
dyr = ar + k d erT
fom) TR T e T
We see

Joge o L o= [

for suitable contours C. Hence
1 / !

B (G R S G R L S N
2mt Jep f(7) 2mt Jg7 f(7) 2t Jep T 12

6. TUESDAY 11 NOVEMBER 2025
Today throughout N will denote a positive integer.

Definition 6.1. Define the principal congruence subgroup of level N

T'(N) = {(Z Z) € SLy(Z) : <‘CL Z) = (é ?) modN}.

In particular, I'(1) = SLy(Z).
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Lemma 6.2. (1) T'(N) is the kernel of the natural homomorphism SLg(Z) — SL2(Z/NZ).
(2) The map is surjective, i.e. SLo(Z)/T(N) = SLy(Z/NZ).
(3) The index [SLa(Z) : T(N)] is then |SLa(Z/NZ)| = N* ], x (1 - pi)
Definition 6.3. A congruence subgroup T' of level N is a subgroup of SLy(Z) containing I'(N). In

particular, every congruence subgroup has finite index in SLy(Z). (Not all subgroups of SLy(Z) of finite
index are congruence.)

Definition 6.4. Define the Hecke subgroup

To(N) = {(‘; Z) € SLy(2) (fj Z) - (3 I) modN}.
Ty(N) = {(i Z) € SLy(Z) : <Z Z) _ (

So we have I'(N) C T'1(N) C T'g(N) C SLo(Z).

Lemma 6.5. (1) T(N) is normal in 'y (V) with I';(N)/T(N) = Z/NZ.
(2) T1(NV) is normal in To(N) with To(N)/Ty(N) = (Z/NZ)*.

(3) [SL2(Z) : To(N)] = N L (1 + %).

and

Lemma 6.6. Let I' C SL2(Z) be any subgroup (not necessarily of finite index). Let F be a fundamental
domain for SLy(Z). Then
U o

~€T\ PSLy(Z)

is a fundamental domain for T, where v € T'\ PSLy(Z) runs over a set of right coset representative of
PSL2(Z) modulo T.

Example 6.7. The index of I'g(2) in SL2(Z) is 3 with right coset representatives given by
1 0 0 —1 0 -1
G 3) 5= o) =0 )
Then a fundamental domain for T'g(2) looks as follows.
Note that T'g(2) now has two (equivalence classes of) cusps.

Lemma 6.8. Let I" be a congruence subgroup of SLa(Z) of level N. Then T" acts on the set of (rational)
cusps {oo} U Q with finitely many orbits. (T" has finite index in SLo(Z).) Often we call the T'-equivalence
classes of cusps just cusps of I

Example 6.9. I'g(p) has two cusps, co and 0. I'y(4) has three cusps, co, 0, %

Lemma 6.10. T'g(4) is generated by £7 = + <(1) 1) and £ST45 =F <411 ?)

Definition 6.11 (Slash operator). For f a function on H, define
(flem)(7) = (er + ) f(y7), v € SLa(R).
This defines an action of the group SLy(R) on the space of functions on H,
(fleviv2) = (flev) e
So modularity of weight k for T' means f|,y = f for all y € T".

Definition 6.12. A function f on H is weakly modular of level N for the congruence subgroup I' of level
N of weight k if f|py = f for all v € T.

Definition 6.13. A weakly modular form f of level N is periodic with period N (since
1 N
(0 1> e(N)cTl).

Hence f is a function of qy = e¥, that is, on the punctured disc around 0. Then we call f to be
meromorphic at co if it has the Laurent expansion (Fourier expansion)

f(r)= Z anqpn s 7 > 0,1.e. near oo.
n>>—oo
We call f holomorphic at oo if a,, = 0 for n < 0.
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Definition 6.14. Let I' be a congruence subgroup of SLa(Z) and let k be an integer. A function f: H — C
is a modular form of weight k with respect to I if

(1) f is holomorphic on H,

(2) f is weight-k invariant under T',

(3) flra is holomorphic at oo for all a € SLy(Z).
If in addition ag = 0 in the Fourier expansion of f|g« for all aw € SLa(Z), then f is a cusp form of weight
k with respect to T

Write My, (T") for the vector space of modular forms of weight & for I", Sy (I") for cusp forms. If I' = I'g(IV),

we often replace I' with N in the previous two notations.

Remark 6.15. (1) If —T ¢ T', nonzero modular forms of odd weight may well exist, in contract to
SLo(Z).
(2) The condition on f|pa at co is also stated as being “holomorphic/vanishes at all cusps”. The
condition only depends on the I'-equivalence classes of cusps and hence only needs to be checked
for finitely many a.

Recall that from the exercises that we have defined

VO](F\H):/ 1dudv ::/ 1dudv,
T\H

2 2
Fr v v

dudv
02

where Fr is (nice) fundamental domain of I'. We also write du(7) for the SLo(R)-invariant measure
on H: du(gr) = du(r) Vg € SLy(R).
Lemma 6.16. vol(SLy(Z)\H) = % and in general
vol(I'\H) = [PSLy(Z) ;f]g.
Proposition 6.17. Let f be a nonzero meromorphic modular form of weight k for a congruence subgroup

I". Then ) &
> o ord(f) = o~ vol(I'\H),

Pel\H
where Np is the order of the stabiliser of the point P € H in . For P a cusp, Np = 1, and the order of f
at P is measured in terms of the local variable ¢y,.

Proof. We first assume that k is even. Then considering if necessary the group generated by I' and
+1, we can assume that —1 € T'. (This does change either side of the asserted equation.) Then
[SL2(Z) : T] = [PSL2(Z) : T'] and representatives for I'\ PSLy(Z) (which gives rise to a fundamental
domain for T') lift to representatives for I'\ SLy(Z). Consider

F(r)= ] U@
v€T'\ SL2(Z)

F is a nonzero meromorphic form for SLy(Z) of weight [PSLy(Z) : T|k. We apply 5.4 to F.
If k is odd, consider g(7) = f?(7) which has weight 2k. Then apply the above result and divide both
sides of the equation by 2. O

Theorem 6.18. For a congruence subgroup T,
k
dim M (T") < yy vol(T\H) + 1.
T
Corollary 6.19. M;(I') =0 for k£ < 0 and My(I') = C. Two modular forms for I" coincide if their Fourier
coeflicients agree up to a high enough index.

We extend the slash operator to GLJ (Q) by
(Fka)(r) = det(a) ¥ j(or, )~ f(ar).

In this way, the centre (a 2) acts trivially.

0

Example 6.20. (1) IV C T, then My(T') € My(I') and Si(T") C Sk(IV).
(2) Let d,N >0 and let f € My(To(N)). Then

sty =1 () () € o))

and similarly for cusps forms and I'1 (V).
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Proposition 6.21. Let f =" | an,qi € Si(I) be a cusp form of weight k for a congruence subgroup I'
of level N. Then

(1) (S7)2|f(r)| is bounded on H. (In fact, this is how one can define cusps forms without referring
to Fourier expansions.)

(2) Hecke’s bound: |a,| < Cn? for some C' > 0. (3.10 (Deligne) improves this to O(n"z").)
A Dirichlet character mod N is a (multiplicative) homomorphism
X :(Z/NZ)* — C*.

We extend x to a function on Z/NZ by setting x(n) = 0 for nonunit n mod N and then to a function on
Z by x(n) == x(7). The smallest possible N for y is the conductor of x.

Definition 6.22 (Modular forms of Nebentypus). For x a Dirichlet character mod N, set
b
M) = { £ €M) s ey = x(@f for g = (&0} €Ta(m)}.

We have My, (N,x) = 0 unless x(—1) = (=1)k. We set My(N,1) = My(N) for the trivial character
mod N.

Lemma 6.23.

My(Ty(N) = B Mi(N,x).
x mod N

Example 6.24. Let y be the unique nontrivial Dirichlet character mod 4 given by x(d) = (71)% for d
odd. Then
My(4,1) if k is even,

M (T'1(4)) = {Mk(zl, X) if k is odd.

7. TUESDAY 18 NOVEMBER 2025
Definition 7.1 (Jacobi #-series). We define the Jacobi 6-series/function

0(r) = Z e2n*T — 1 4 9 i q"2.
n=1

neE”Z

Proposition 7.2 (f-transformation formula).

0 (-41) — Z2i76(r).

Corollary 7.3. For the generators of I'g(4), (images of) T = ((1) 1) and —ST~4S = (le (1)>, we have

O(TT)=6(r+1)=0(1)

and

0((—STS)r) = 0 ( T ) = VAT +10(7) = \/F(=STS), 7)0(7).

47+ 1

Note that for the mth power of the Jacobi theta function we have
0" (1) =Y rm(n)g",
n=0
where

rm(n) =

{(a:l,...,xm) S/ fo n}
i=1

is the representation number of n as the sum of m squares. We immediately obtain

Corollary 7.4. Let x(d) = (’71) = (—1)% be the unique non-trivial Dirichlet character modulo 4. Then

My.(4) if k is even,

6% (1) € My(T'1(4)) = {Mk(4, X) if k is odd.
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Proof. From the formulas at the top, it is clear that the desired transformation property holds for the
generators T = ((1) 1) and FST4S =+ (411 (1)) of T'y(4). Hence it holds for the whole group by the
cocycle relation. O

Proof of 7.2. Both sides are holomorphic in 7 € H, so it is enough to show this for 7 = it, that is,

ZE:G_I%E::'V§¥:£:€_2ﬂ”ﬂ~

nez neZ

—7'K'$2

We will use the Poisson summation formula. It is well-known that e is invariant under Fourier

transform: -
e/_;(y) = / e~ e T2 MY qp — oY
— 00
A simple change of variables then yields

—
_ ma?
t

[ 2

(y) = V2te 7" >0,

Then Poisson summation
Z f(n) = Z fn) for a suitable f
neZ neL
gives the result. O

Proof of 7.3. The transformation 7 — =7 is given by (i (1)>, whereas the #-transformation formula is

-4 0 4 1

T _ -1
0 (4T+1> = O(waT ™ wyT).

in terms of the Fricke involution wy = < 0 1). Since —4 <1 0) = wyTtwy, we have

Setting for the moment f(7) = +/—2i7, we use the f-transformation formula to obtain

0 (471 1) = O(waT rwur) = fF(T  wan)O(Trwst) = F(T  wsr)0(war) = F(T war) f(1)0(7).

But
1
F(T Yy f(1) = /21 (4 + 1) V=2t = 41 + 1,
T
where the last equality is not trivial. O

Theorem 7.5. For the representation numbers r,,(n) of n as the sum of an even number of squares, we

have .
ro(n) =4 (-1)=
d|n
and
801(n) if n is odd,
= 8(2 1" d=
ra(n) =82+ (-1)") %; {2401(710) if n = 2"ng with 2 f no.
d odd

In particular, every positive integer is the sum of 4 squares (Lagrange). Moreover,

n
d

re(n) = 16 Z (-1) ;ldQ _4 Z (—1)%d2

din, din,
2 odd d odd
and
1603(n) if n is odd,
n .
rs(n) = { 1603(n) — 3203 <§> if n = 2mod 4,
1603(n) — 3203 (5 ) + 25605 () if n = 0mod 4.

For m = O0mod 4 with m > 12, we have

2% _13% ‘7%71(”)4‘0(”%) if n is odd.
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Here B is the Bernoulli number. For n even, the proof gives a formula similar to r6(n) and rg(n) (with
error term). For m = 2mod 4 with m > 10, there is a formula similar to rg(n) involving twisted power
divisor sums with exponent % — 1, again with an error term O (n%)

Proof. The basic idea is to write ™ (7) as an explicit linear combination of Eisenstein series and a cusp
form. But S;(T'1(4)) = 0 for k = 1,2,3,4 (verify). Moreover, we have formulas for the (very small)
dimensions of M (T'1(4)) in this range. For m = 4, we compare Fourier coefficients to obtain
1
' = 3 (4B (47) — Bx(7)),

from which the formula for r4(m) follows.

For m = 8, 68(7) is a linear combination of E,4(7), E4(27), and E4(47). Explicitly, we have by comparing
coefficients

1 2 16
8(1) = — Ey(1) — = E4(27) + — E4(47).
0°(r) = Tp Ba(7) — 7z Ea(27) + - Ba(47)
For m > 12 with m = Omod 4, 0™ (7) is a cusp form up to a linear combination of Em (1), Em (27),

and Em (47). More precisely (verify this), with k = % we have
1

2k — 1

The claim now follows from Hecke’s bound for cusp forms.
The case m = 2 goes through as above once one knows that

1+4Y S (-7

n=1 d|n

6™ (r) — (D5 Eu(r) — (14 (-1)¥) Bx(27) + 2°By(47)] € Si(To(4)).

is a modular form. We will show this later using Hecke operators. O

Remark 7.6. We have
nkF=1 <op_q(n) =nkFt Zdl_k <nF ¢k — 1) if k> 3.
d|n
Hence oj_1(n) = O(n¥~1) for k > 3. For k = 1,2, note that we can bound d(n) = oo(n), the number of

divisors of n, by Ccn® for any € > 0 and a constant only depending on . Hence in that case we have

O(n¥=1%¢) for all £ > 0. In conclusion, the representation numbers of sums of squares grow roughly like
k-1
ntr.

Remark 7.7 (Modular forms of half-integral weight). 6(7) is some kind of modular form for T'g(4) of
weight % However, one needs to be careful. Because of the square-root, one has for v € I'y(4) only

9(’77—) = "/)(7) V j(’Ya T) 9(7—)’

where 9(7) is a 4th root of unity. % is not quite a multiplicative character on I'y(4). For example, for
~v = —1, we must have )(—1) = —i. Furthermore, the cocycle relation does not hold for /j(~, ), only up
to sign (verify). One can show

e\ 4 1 if d = 1mod 4,
¥(r) = (&) fa 0 BT {z if d = 3mod4,
for v € T'g(4). (This is nontrivial!). One calls 1(g) the “theta multiplier”.
In any case, even without knowing this formula, one can define an automorphy factor by

0(v7)
J =
(v.7) 20r)
which (trivially) satisfies the cocycle relation (verify). One then defines modular forms of half-integral
weight for congruence subgroups of I'g(4) with respect to J(7, 7). Namely, a function f holomorphic on H

and at the cusps of a congruence subgroup I' C T'y(4) is called a modular form of half-integral weight %
for k odd if

for)y=J(y,n)Ef(r)  ¥yer.
Note that for this definition one does not need to know what J(v,7) exactly is. However, one easily sees
a priori
T2 (y,7) = (=1)F (cr + d).
Indeed, this holds for the generators of I'g(4) by 7.2 and then for all v € T'g(4) by the cocycle relation for
the right hand side.
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Remark 7.8 (Reminders from linear algebra). (1) A symmetric m X m matrix S gives rise to a
bilinear form on R™ via (z,y) = xSy. The associated quadratic form is Q(z) = %%Sw.
) S is positive definite if Q(x) > 0 for x # 0.
) S is even if S is integral with even entries on the diagonal.
) The level of S the smallest N € N\{0} such that NS~ is even.
) S and S’ are equivalent if S" =*ASA =: S[A] for some A € GL,,(Z).
) There are finitely many equivalence classes of given discriminant.
) Examples:
(a) Q(z) =Y, 27, S=diag{2,...,2} with level 4, determinant 2.

(b) Q(x) =32 +z120+ 23, S = (6 !

(2
(3
(4
(5
(6
(7

1 2), with level and determinant 11.

Definition 7.9. Let S be positive definite. Define
Q(T,S):: 2{: eﬂﬁﬂdf — }E: qQ(zx
zeZM zeZm

where S[z] = 'xSxz. Since S is positive definite, the series converges absolutely and uniformly in bounded
subsets (verify). Hence 0(7,S) is a holomorphic function on H. An equivalent S has the same theta series.

Remark 7.10 (Generating series of representation numbers). For S even, we have Q(x) € Z for all z, so

0(r,9) = 3 rs(n)q"
n=0

where
rg(n) = |{x € 2™ : S[z] = n}|

is the representation number of n by S (which is finite; verify).

Proposition 7.11 (General #-transformation formula).

0 (_1,s> . \/\/iTT:H(T,S_l).

Proof. Similarly to the proof for the Jacobi one: both sides are holomorphic in 7 € H, so it is enough to
show this for 7 = it, that is,

_rS[z] \/im —mtS™ 1z
2« St[]:\/detSZe e

TEL™ TEL™

. . . . . . - 2
We will use the m-dimensional Poisson summation formula. It is well-known that e~ ™1*I" where |z|? = f2a
is invariant under Fourier transform for R™:

T2 (y) :/ —mlol? g 2mi(*ey) gy — oyl

In fact, this follows immediately from the 1-dimensional case. A simple change of variables and the general
transformation/substitution rule then yields

—_— m
2
-zl Vg

) = vdet S

Then m-dimensional Poisson summation

Z f(x) = z f(z)  for suitable f

TEL™ TEZL™

vt > 0.

gives the result. U

Corollary 7.12. Let S be an even positive definite of rank m and suppose S is unimodular: S = S~1.
Then m = 0mod 8 and

m

0(r+1,5) = 0(r,S), 0 (-i s) — 30(r, ),

that is,
0(6,5) € M= (SLa(Z)) .
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Proof. 1t’s clear that if m = 0mod 8, then 0(7,5) € Mm (SLa(Z)).

To show m = Omod8, we first assume m = 2k is even. Use the identity (ST)® = —I so that
9((ST)37) = O(r). First set f(1) = (—7)*. Then using 7.11 and 0(T't) = 6(7) (since S is even), we
calculate

0(1) = 0((ST)37) = f(TSTSTT))(TSTSTT) = f(TSTSTT)f(TSTT)0(TSTT)
= f(TSTSTT)f(TSTT)f(TT)0(T).

Now
1IN\ - k
f(TSTSTT)f(TSTT)f(T) = (z <>) (z ( — 1)) (—i(T 4+ 1)F =3k = (=i)*.
T T
But this is equal to 1 if and only if & = 0mod 4, that is, m = Omod 8.
If m is odd, run the above argument for the unimodular matrix S & S of rank 2m. |

Lemma 7.13. Let S be even positive definite of level N and (not necessarily even) rank m. Then

0(Tr,S) =6(r,5), 6 <<]1, ?) T S> = VN7 +16(r,5).
1 0
N 1
way as 7.3; use that 6(7, S™!) is N-periodic. O

Proof. First note that —ST—NS = ( ) € T'o(N). Then the proof goes (almost) exactly the same

This suggests that 6(r,S) is a modular form of weight 3 for I'g(/N'). However, it does not prove it,

since T',+1 and ( ]1[ (1)) do not generate I'g(N) in general, unlike for T'g(4). Nevertheless we have the
following.
Theorem 7.14 (Hecke-Schéneberg). Let S be even and of even rank m = 2k, level N and discriminant
D= (-1)*detS. Let xp = (%) be the associated Dirichlet character mod N. Then

0(r,S) € Mp(N,xp)-
In particular, if S is unimodular, 6(7, S) € M (SLa(Z)).

Proposition 7.15. Let S be even, unimodular, positive definite and of rank m. For the representation
number rg(n) we have

rs(n) = ——Uk,l(n)—&—O(n%) n — 0o,
where By, denotes the kth Bernoulli number (which is negative for k = 0mod 4). 3.10 improves the bound
to O (n%)
Proof. We can write
0(1,8) = Ex(7) + f(7) with f € Sk (SL2(Z)) a cusp form.
Hecke’s bound and the second equality of 3.16 gives the claim. (]

Example 7.16 (Three quaternary forms of level 11). Recall from the overview lecture the three even
positive definite quadratic forms of level 11 and discriminant 112 given by

P(z,y,u,v) = 22 + 2y + 3y* + u* + uwv + 30°
Q(x,y,u,v) = 2(372 +y2 +U2 -‘r’Uz) + 2zu + v + yu — 2yv
R(z,y,u,v) = 2% + 4(y* + u? + v?) + 2u + dyu + 3yv + Tuv

with Gram matrices

21 0 0 4 0 2 1 2 01 0
1 6 0 0 0 4 1 =2 0 8 4 3
§= 0o 0 2 1}’ = 2 1 4 0]’ U= 1 4 8 7]’
0 01 6 1 -2 0 4 0 3 7 8
We have
9(7-7 5)7 9(7—7 T)7 O(Ta U) € M2(11)
with

O(1,8) =14+4qg+4¢>+---, O, T)=1+04+12¢*>+---, O(,U)=1+4+6qg+¢*+---
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The value of all three #-series at the cusp 0 is given by f% by the #-transformation formula.

Our dimension estimate gives dim M5(11) < 3. Indeed, the “total vanishing degree” for a nonzero f is
FBL2(@)To0)] — 212 —_ 9 1 fact, we have dim My(11) = 2, since dim S5(11) < 1 (two cusps; soon we see
in fact d1m 52(11) = 1) and dim 52(11) = 1 (while there are two cusps, we have only one holomorphic
series due to the convergence issue for weight 2).

We do have dim S5(11) = 1:
0(t,8) — 0(1,T) = 4q — 8¢> + - -- € Sy(11).
But also
0(r,T) — 0(1,U) = —6q + 12¢* + - -- € Sy(11).
So
@(r,S)—0(r, 7)) =0(r, T) — 0(,U).

N | o

That is, we proved

ry(n) = gfs(n) - %TT('@) Vn # 0.

We had also shown conditionally on dim S2(11) # 0 (which we now have)

(n(r)n(117))" = H L—q")? (1- ") = g—2¢° + - € Sy(11),

4 (n(r)n(117))* = 6(+,T) — 0(, U).

The Eisenstein series is given by

o0 n .
F(r) = —ﬂ(EQ( 7) — 11E5(117)) ;( )— 1o (ﬁ>)q
5
:E+q+3q + - GMQ(].].),
so checking the first two coefficients we see

6(r.8) = ZF(r) + 5 (n(r)n(117))2.

) 5
Hence using 3.10 for the coefficients of weight 2 cusp forms, we obtain
12
rs(n) — o(n) < Soolmnt  (m,11) =1,
where o¢(n) = d(n) denotes the number of positive divisors of n.
One has o¢(n) = O (nf) and o(n) = O (n'*<) for all £ > 0.

In fact, using

—ﬁ(&() PE:(pr)) +Z< <n)>q” %+q+3q +-

p

is the only Eisenstein series in My(p) for any prime p, we have the following.

Proposition 7.17. Let S be even positive definite or rank 4, level p, and discriminant p2. Then
24
rs(n) = 1a(n) +0 (n%“) (n,p) = 1.
p—
Remark 7.18. We have encountered two important problems in the theory of positive definite quadratic
forms for which the theory of modular forms is particularly suited:

(1) Find linear relations between representation numbers.
(2) Give (asymptotic formulas) for the representation numbers.

Example 7.19 (FEg-lattice and other unimodular lattices). (1) Let L = Ag be the lattice of rank 8
inside R® spanned by u; = e¢; —e;41 for 1 <i < 6, uy = eg + ey and ug = —% (e1 + -+ eg). Then
(u;,u;) =2 and (u;,u;) =0 or —1. This gives rise to the Eg-Dynkin diagram in the theory of Lie
algebras. Define S by s;j = (u;, u;), then S is unimodular (verify). Since My(SLo(Z)) = CEy, we

see

0(r,S) =14 240 i o3(n)q

n=1
In particular, for all m = 0mod 8, we have positive definite even unimodular lattices.
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(2) In dimension 16, there are two classes of inequivalent lattices: Ag ® As and Aje (which is
indecomposable). But since Mg(SL2(Z)) = CEs, they have the same 6-series, so you cannot
distinguish the two lattices by their representation numbers.

(3) In dimension 24, there are 24 classes of inequivalent lattices. One of them is the famous Leech
lattice which has no vectors x of length Q(x) = 1. This gives another proof of the congruence
mod 691 of the Ramanujan 7-function.

(4) In dimension 32 and higher, the classification is still open (and very difficult: for 32 there are at
least 80 million classes). (This kind of classification problems can be attacked by the Siegel mass
formula).

8. TUESDAY 25 NOVEMBER 2025

Definition 8.1. For a complex variable s, define the Riemann (-function
((s)=> n"  Rs>1
n=1

which converges absolutely and uniformly in vertical stripe in the region Rs > 1. Hence ((s) defines a
holomorphic function in this region.

Lemma 8.2. The Riemann (-function has the following Euler product.

C(s)zH ! . Rs > 1

s
Plp

where the product extends over all prime p of N.

Proof. We write

1 = —ks
M-I
p p k=0
Multiplying out the product now shows that by the fundamental theorem of arithmetic that every summand
n~* for n > 0 occurs exactly once.
(Really just a sketch, e.g., convergence of infinite products: By definition when the series of the
logarithm of the terms converges). O

Corollary 8.3. The Riemann (-function does not vanish for s > 1.
Definition 8.4. Define the completed Riemann (-function
S

Z(s)=n"2T (2) ¢(s).

Here I'(s) is the I-function which is a meromorphic function on C and for Rs > 0 is given by
0 dt
I'(s) :/ et —.
0 t

) the zeta factor at oo (“infinite prime”) and write Lo (s). We also write

Ly(s)=(1—p~*)~"
for the zeta/L-factors at the finite primes so that

Z(s) =[] Lu(s).

p<oo

We call #7321 (%

Theorem 8.5. The completed Riemann (-function has a meromorphic continuation to the whole complex
C with simple poles at s = 0 and s = 1 with residue —1 and 1 respectively. Furthermore, it satisfies the
functional equation

Z(1—s) = Z(s),

n*TT (1 3 S) C(1=s) =730 (5) C(s).

Corollary 8.6. ((s) has a meromorphic continuation to the whole complex plane with a simple pole at
s = 1 with residue 1. It satisfies the functional equation

C(1— ) = 2(21)~°T'(s) cos %SC(S).

that is,
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Remark 8.7 (Some facts about the I'-function). (1) The I'-function has a meromorphic continu-
ation to C. We have I'(s) # 0 for all s and it has simple poles at s = —n with n =0,1,2,3,...
with residue nl,) .

(s+ 1) = sI[(s).

F(l - S) = SIIZTTI'S

T (s+ 3) = 3ET(2s).

(3)=vm T(1)=1,T(k+1) =

Proof of 8.6. We have ((s) =72 FZ(( $). . This gives the analytic continuation with no additional poles. Z(s)

has a pole at s =0, but so has " (5), hence ((s) has no pole at s = 0. At s =1, Z(s) has a pole, so has

((s), since I' (3) = /7, which gives residue 1 too. We have

@ wole
~—

((1-s)= wé—srf(ﬁii
2

from which the functional equation follows using the functional equations for I'. ]

Remark 8.8. (1) ¢(0)=-13, ¢((-1)=—%.

)C(S),

(2) ¢(1—2k) = -2 for k € N\{0}.

(3) ¢(2k) = —%3%

(4) ¢(2k+ 1) =7 open; ((3) is known to be irrational.

(5) ¢(—2k) =0, trivial zeros, which by the functional equation are the only zeros for s < 0.
(6)

All other zeros lie in the critical strip 0 < Rs < 1. The Riemann hypothesis (1859) proposes
that all zeros in the critical strip are located on the critical line s = % We know ((s) # 0 for
Rs = 1. This has already significant arithmetic consequences: it is equivalent to the prime number
theorem.

(7) While the first trillion (10') zeros are indeed on the critical line, one has not been able to shrink
the critical strip to e < Rs < 1 — ¢ for any € > 0.

Lemma 8.9. Set
T .2
I(r)=0(5)=1+2> ™.
(5)=1+2%
Then
9 <—1> = —iT9(7).
T

Proposition 8.10. Define the Mellin transform of ¥(7)
X dt 1
AW, s) = (9@it) — 1)t°— Rs > .
0 t 2

Then A(¥, s) converges absolutely and uniformly in compact subsets for Rs > % and therefore defines a
holomorphic function in that region. Moreover,

1 1
Z(2s) = =A(9,s) Rs > —.
2 2
Proof. 9(it) — 1 is rapidly decreasing as t — oo, hence the integration is well defined. At ¢ = 0, we have

(@(t) -t = (t‘éﬁ (;) - 1) il =ty (1) 5L

which is integrable at ¢t = 0 for s > l. Finally,

Law, s) :/0 Z ~rneys df oS ) /OOo e—tﬁ'% — T (s)C(25) = Z(25).

n=1

Here both sides converge absolutely for Rs > %, hence interchange of integration and summation is

allowed. O

Proof of 8.5. We first split the interval of integration (0, c0) for the Mellin transformation into (0, 1) and
(1, 00):

22(25) = A,3) = [ (o)~ veF o+ [t - et
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The second integral is defined for all s € C, while the first for ®s > 5. For the first integral, we change
variables t % and obtain
1 0o 1 .
dt dt
/ W(it) — 1) = / / (19 (Z> _ 1) =4t
0 t 1 Jo t
Using 8.9 we get (a priori for Rs > 1)
dt e de oo dt e dt
t’s—:/ (ﬁ(it)fl)t%’s—f/ +/ s
1 t 1 t ) t

1

/ (t%ﬁ(z‘t) - 1)
1 t
All individual integrals converge for Rs > 1/2, so the calculation is valid. Evaluating the last two integrals

and combining this with the second integral, we have
e dt e 1o dt 1
27(2s) = / (9(it) — 1) t*— +/ (O(it) — 1)tz — — = T

1 t 1 t S S — 3
But since 9(it) — 1 is rapidly decreasing, the above now converges absolutely for all s € C except at s =0
and s = % This gives the analytic continuation together with the poles and their residues. Moreover, the
above is clearly invariant under the substitution s — 5 — s. So

1
Z(2s) =27 (2 <2 - s)) =Z(1—2s).
|

Definition 8.11. For a continuous function F' : Ry — C with limy_, o F(t) = a, define its Mellin
transform by

AEs) = [ (F® -
0

provided the integral exists.
Theorem 8.12 (Mellin principle). Let F,G : R. — C be continuous functions such that
F(t)=ao+ 0 (efcf‘*) . G =by+O (e*ct‘*) t = 0o

for some constants ¢, > 0. Suppose
1
F (t) = Ct*G(t)

for some real £ > 0 and 0 # C' € C. Then
(1) The integrals defining the Mellin transforms A(F,s) and A(G, s) are absolutely and uniformly
convergent in bounded subsets of the region defined by Res > k and define holomorphic functions
(2) A(F,s) and A(G, s) have an analytic continuation to C\{0, k} with potentially simple poles at

in this region.
Ress—i A(F, s) = Cby,

s =0 and s = k with residues
Ress—o A(F, s) = —ay,
Ress— A(G,s) = C ay.

Ress—o A(G, s) = —by,
(3) We have the functional equation
A(F,s) = CA(G,k — s).
Proof (sketch). One proceeds in exactly the same way as before
(1) The integral defining the Mellin transforms converges absolutely since at oo we have F(t)
ag, G(t) — by are rapidly decreasing, while at ¢ = 0, using the functional equation, we see that the

t
integrands are O (t*7*~1) ast — 0
(2)(3) Splitting the interval of integration (0, c0) for the Mellin transform into (0,1) and (1,00) and

using the functional equation we obtain as before
dt a() Cbo
A(F,s) = F(t) — —+C t) — bo)th—* :
(+) )= [0 - o [ 2 D, T
This gives the meromorphic continuation of A(F,s) with the description of the simple poles
Switching F' and G one sees
e dt 1 o dt bo C*1a0
A(G,s) = G(t) —bo)t*— + —= F(t ths— =4 =
(1 o= [ @O-tr g [ FO - E -2 T
into (%)

then changing s — k — s turns C' x (})
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O

Definition 8.13. Let f(7) = > anq™ € M(N,x) C Mg(T'1(N)) be a modular form of level N. For a
complex variable s, define its Hecke L-function by

L(f,s) = i ann”°.
n=1

which converges absolutely and uniformly in vertical strips in the region Rs > k. If f is a cusp form, the
series converges in the region Res > % + 1. Hence, L(f, s) defines a holomorphic function in this region.
(This follows from the estimate of the Fourier coefficients a,,, which is O (nk*HE) if f is an Eisenstein

series, and O (ng) if f is a cusp form (Hecke’s bound).)

Definition 8.14. For f(7) € My (N, x), define the completed L-function by
A(f,s) = N2(2m)°T(s)L(f, s) Rs > k.

0 -1

Lemma 8.15. Recall that for f € M, (N, x) and the Fricke element wy = <N 0

> we have

T

o) = Slntr) = (VRT) " £ (-2 ) € M.

Set F(t) == f (\}—tﬁ) and G(t) =g (\}—tﬁ) Then
F (1) =itk G(1).

Theorem 8.16. Let f(7) =" a,q" € My(N,x). Then the completed L-function A(f,s) is equal to
the Mellin transform of f. More precisely,

MG = [T - G

and similarly for A(g,s). Hence A(f, s) and A(g, s) converge absolutely and uniformly in compact subsets
for Rs > k and define holomorphic functions in that region. Moreover, A(f,s) and A(g,s) have a
meromorphic continuation to C such that

i*by bo | (—i)*ag
A %
k _ 8’ (97 5) + s + k — s

are entire and bounded on vertical strips. In particular, if f is a cusp form, then A(f,s) is entire. Finally,
we have the functional equation

A(f,s)Jr%Jr

A(f,s) =i*A(g, k — s).

Proof. The first statement is an easy calculation like the one for the Riemann (-function. The rest follows
all from the Mellin principle applied to F'(t) and G(t). O

Remark 8.17. The same statement holds for f € M (I'1(N)).
Definition 8.18. Define
MiE(Ti(N)) = {f € Mg(T1(N)) : flywy = £(=0)"f}.
Then
M(T'1(N)) = M:(Fl(N)) & M, (I'i(N)).
Note that f € Mg(N,x) can only be in the *-space if y is trivial or quadratic. In this case, define

ME(N, x) as before. Naturally, considering f € My (N, x), the form f+i* f|, wy € Mg(N,x)® My(N,X)
gives elements in the +-space.

Theorem 8.19. Let f € M;5(I'1(N)). Then
A(f,s) = £A(f, k — s).

Proof.
A(f,s) =i*A(g,s) = i*A(x(—=i)*f,5) = £A(f, k — s).
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Remark 8.20. The importance of special values of the L-function L(f,s) cannot be overstated, in
particular, inside the critical strip 0 < s < k. The values at s =1,2,...,k — 1 are known as the critical
values (for which we expect/know significant arithmetical information). Note that for f € M, (T'1(N)), we
immediately have L (f, g) = 0 at the centre of the critical strip, that is, at the fixed point under s <> k — s.
The generalised Riemann hypothesis states that all the non-trivial zeros of L(f, s) are concentrated on
k

the critical line $ts = 3.

We give another example of the principle discussed above without proof.

Definition 8.21 (Dirichlet L-series). Let x be a Dirichlet character mod N. Then

L(x,s) = le(n)n_s = H W Rs > 1.

Complete by setting
N\Z_ (1
Lo = () r (;Z)) p € {0,1} is defined by x(—1) = (—1)".
T
ThUS A(X? 5) = LDO (Xa S)L(X7 S)'
Theorem 8.22. The completed Dirichlet L-series A(x, s) is up to a constant the Mellin transform at

s+p
5= of

S =
o0

O(x,7) = Z X(n)npe%sz.

n=-—oo
One can then show similarly as above that for x primitive, A(x, s) has an analytic continuation to C (no
poles) and satisfies the functional equation

A(X7 S) = W(X)A(Ya 1- 5)7

where W (x) = % has absolute value 1, and g(x) = Zg;ol x(n)e*%" is the Gauss sum.

9. TUESDAY 2 DECEMBER 2025

Definition 9.1. Define

ATY(N) = {76 (CCL Z) € My(Z) : v = (é ;) mod N, detvzm}.

Note that for 8 € T1(N) = {(a Z) = <(1) T) mod N} one has

&
BAT'(N) = AT (N) = AT"(N)B.
Definition 9.2 (Hecke operators). Let f € My(I'1(N)). Define
Tof =m5™! Z fly g,

a; €T (N)\AT(N)

where {a;} is a system of right coset of T'1 (V) in AP*(N):

AP (N) = |JTu(W)ay.

(Recall f, B(r) = det? 8j(8, )" f(B7) for 8 € GL(Q).)

Lemma 9.3. (1) The number of cosets is finite.
(2) It is well defined, i.e., does not depend on the choice of a;: for § € I'y (V) we have

f|kﬁ04j = (f|kﬂ)|kaj = f|kO‘j'

(3) Tinf € Mi(T1(N)), ie. Ty : Mp(I'1(N)) = Mi(T'1(N)). For 8 € I'1(IN), then also {a;3} is a set
of representatives for I'y (N)\AT*(N). Then

Ton S5 B =m2 1Y (flyag)l B=m"' Y fly a8 = Tnf.

(4) T,, maps cusp forms to cusp forms: T, : Sp(I'1(N)) — Sp(T'1(N)).
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Lemma 9.4.

ar = I1 me (),

dlm, (d,N)=1,
bmodd
m

here for each d, we set a = % and o, € I'g(N) is any element in I'g(/N) with the right lower entry equal
to a.

! b/

Proof. Verify that the terms on the right are indeed disjoint. Let o = <OCL, d’) € AT'(N). Choose g, h

coprime with ga’ + h¢’ = 0 and complete g, h to a matrix v = (; £ € I'g(N). Then detya = m

and ya = ( > Replacing v with £77v, we can assume Yo = (8 Z) with a,b,d as above. But

0 m
’YGFl(N) oq. O

Remark 9.5. Let 04 be any element in T'g(N) as above. Recall 'y (N)/To(N) = (Z/NZ)*, so
o(N) = U (N)og = U oal'1(N),

de(Z/NT)x de(Z/NZ)x

now ( *) a=~y"1 (0 Z) shows that the lower right entry of v must be congruent to a. Hence

so two such elements differ by an element in I'y (N). Hence
flyoa € Mi(T'1(N)) for f € My(T'1(N)).
It oay =1'04, 7,7 € T1(N), then fl 047 = f|,7'0a = [l 0a-
Proposition 9.6. The Hecke operators Ty, and |io4 for d € (Z/NZ)* commute on My(I'1(N)):
(T ), 0a =T (fl}, 0a) -

1

Proof. We can take o4 = I'o(N) such that o4 = (8 2) mod N. Then one essentially computes

o' AT(N)og = AT(N).
Thus writing AT*(N) = ]_[aj I'(N)ay, we see

Od HFl(N)aj = HFl(N)ajO'd.

Hence

Ty (£l 04) 12 flpoac; =m> 13" fly ajoa = (T f)ly 0

Corollary 9.7. The Hecke operators for I'1 (N) preserve My (N, x).
Proof. For f € My(N,x), one has f|, 04 = x(d)f. So (T f)l; 04 = T (fl, 0a) = x(d)Trn f. O
Definition 9.8. Let f(q) = > o7, ang™ € C[g]. Set

o o) %)
(Q) = Zanq% = Z anmqn7 me(Q) = Z anqmn
n=0 n=0

m|n

2miT

We have for ¢ = e

;mlf(”f), Vaud (7) = f(me).

=0
Proposition 9.9. We have the following equality of operators on My (N, x):
_ k—1
T =Y x(d)d" Vo Usz.
dlm
Let f=3" ang" € My(N,x) and write T), f = > 7 b,q™. Then
bo= Y x(d)d" amp.

d|(m,n)
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In particular, for m = p prime, we have
by = apn + x(p)p" la.
Proof. By 9.3 we have
k_1q a b
1.f =t Y Ao (§1)-

Since f € My (N, x) we first note f[, 0, = x(a)f. Now for each a > 0 and d = 7, we have

d—1
Z f|k <0 d) (T) = Zm%d*k‘f (a7d+ b) _ mgdfkﬂrlva o Udf(T)
b=0 b=0

Hence .
Tnf=m2"" Z x(a)d'=*V, o Uy,
alm
where the sum is a priori only over a coprime to N. But the terms with (a, N) > 1 are 0 since x(a) =0
in that case. U
Corollary 9.10. For m | N we have T, = U,.

Proposition 9.11. The Hecke operators acting on M (N, x) satisfy the following.
(1) Ty =1.
(2) If (n,m) =1, then T}, = T,,T5,. In particular T, and T;,, commute.
(3) If p is a prime dividing N, then T}, = Tlf.
(4) If p is a prime not dividing N, then for £ > 2
Tpe = Tper Ty — X(p)p* M Tpe-2 = TpTpe1 — x(p)p" ' Tpe-z.
Corollary 9.12. All Hecke operators commute, that is, T, T, = T,,T;, for all m,n.
Proof. This follows from the commutativity of 75, and T, for (n,m) = 1 and the formula for T}.. O

Proof of 9.11. We use the explicit formula
= Z X(d) dk_l Vd o Um/d-
dlm
We will need the following relations for U,, and V,,, which are immediate from the definition:
U oUpn = Unn, Vin o Vi = Vinn,s
VinoUp=UpoVy, if (n,m) =1, UnoVy =1, Vi o Up, # 1.
1) Ty = 1 is obvious since A}(N) =T (N).
2) follows easily from the commutativity of U, and V}, for coprime a, b.
3) is clear: Tye = Uy = U5 =T},
) First we show T, = Tpe—1 T, — x(p) p¥ = Tpe—2. We directly see
The = Tpe U, + x(p ) ¢(k=1) Vtz =Tpe1 Ty — Tpew 1x(p )pk71% er(pe)pe(k*l)Vpe.

The second and third term give

- [TpH Up + x(@ ™ Hp D E DV x(p)p =t + x(0f)p Ve = —x(p)p" M e,

(
(
(
(

4

since UV, = 1. T, T, Tye-1 — x(p)p" ' T,e-2 goes similarly (verify).
O

We now make the following observation that M (I'o(N)) = My (N, xo0), where xo is the trivial character
mod N, and always view My (To(N)) in this way.

Lemma 9.13. We have the following formal power series identity when operating on My (N, x):

1
T, Xt
Z ¢ 1_TX_|_X()k1X2’
that is,
(1-T,X + x(p)pF'X?) (ZT/ZXZ>_1

In fact, it is equivalent to the formula T}, given in 9.11.
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Proof. When multiplying out (1 -T,X + X(p)pkleQ) (Z;ﬁo szXf) and equating coefficients, we see
that the claim is equivalent to Ty = 1 and Tpe = Tpe—1T}, — x(p)p* ' T}e-2, which are 9.11(1) and (4).
Note here x(p) =0 if p | N, so we do not have to distinguish the cases p | N and pt N. O

Proposition 9.14. The generating series of the Hecke operators satisfies the following formal Euler

product:
- 1
T,n ° =
; 1;[ 1 =Typ= + x(p)p’“—l—%

7H1—Tp +X k125HT

ptN p|N

In fact, this is equivalent to the relations given in 9.11.

Proof. For n = p{* ---pp*, we have T,n™* = szlnpl_als T akp,;a’“s by 9.11. But now

S SR
T 1—Tp + x(p)p s

al_O

by the previous lemma. O

10. TUESDAY 9 DECEMBER 2025

Definition 10.1. Let f € M;(N,x). We say f is an eigenform if it is an eigenvector for all Hecke
operators T,,,. We call the eigenform f =3">°  a,q" normalised if a; = 1. (For k # 0, we will see below
that a; # 0 for any eigenform.)

Lemma 10.2. Let f € My(N, x) be an eigenform with eigenvalues A, : T, f = A f. Then the eigenvalues
satisfy the same relations as the Hecke operators given in 9.11:

Am = AmA,  for (m,n) =1, Ape-1Ap — x(p)p* I A2

Or, in terms of the Euler product

N 1
A~ % = .
;::1 1;[ 1= Xpp=* + x(p)pF—12

Proof. Replace T, in 9.11 with their eigenvalue \,. O

Proposition 10.3. Consider an eigenform f =Y a,q" € My (N, x) with eigenvalues Ay, : Ty, f = A f-
Then a,, = Apai. In particular, a; # 0 unless f is constant.

If ap # 0, then
Am = x(d)d"".
d|m

Proof. We write Ty, f = Yo" bnq™. We showed in the previous lecture
bo= Y x(d)d" amp.
d|(m,n)

Using this for n = 1 gives b1 = a,,. On the other hand, since T}, f = A\, f, we have by = \,,a1. This gives
@ = Ama1. Therefore, if a3 = 0 for an eigenform f, then all a,, vanish for m > 1,i.e. f = ag. Now apply
the b,-formula for n = 0 which gives

Amag =bo =Y x(d)d* 'a
d|m
Dividing by ag (if nonzero) gives the last assertion. a
Corollary 10.4 (Multiplicity 1). Let f = Y02 janq™ € Mg(N,x) be a normalised eigenform with
eigenvalues Ap,. Then f =37/ \,q", i.e. for a normalised eigenform the Fourier coefficients are exactly

the Hecke eigenvalues. In particular, we have the following multiplicity one statement: A Hecke eigenform
is uniquely determined by its eigenvalues (up to a constant).
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Theorem 10.5. Let f =" ja,q¢" € My(N,x) be a normalised eigenform. Then

Apm = aman, for (m,n) =1, Ayt = Ape-10p, — x(p)pkilape_z,

and the L-series L(f,s) = Y .-, a,n~* has the following Euler product

1
L(f,s) = H k—1_25°

1 —app™ + x(p)p

Conversely, if L(f,s) has this Euler product expansion, then f is a normalised eigenform.

Proof. If f is an eigenform, the assertions are clear. Conversely, if L(f, s) has the above Euler product, then
the Fourier coefficients of f satisfy exactly the relations f needs to have to be an eigenform (verify). O

Example 10.6 (Ramanujan—-Mordell). Recall

oo

AM) =q¢ [ —a"* =) 7(n)q" € 512(SL2(2)),

n=1

where 7(n) is (per definition) the Ramanujan 7-function. Note that 7(1) = 1. Now dim S12(SL2(Z)) = 1.
Since the Hecke operators preserve cusp forms, we see that A(7) is a normalised eigenform. In particular,

7(mn) = r(m)r(n) for (m,n)=1,  7(p") =" ")r(p) —p"'7("?).

These identities were conjectured by Ramanujan in 1917, and then proved by Mordell in 1918 for which
he invented the Hecke operators in that particular situation — Hecke developed the general theory in the
1930’s.

Remark 10.7 (Ramanujan—Petersson). Ramanujan also conjectured that in the denominator of

> 1
Z T(n)™" = H s 11—2s°
= S L—T(p)p~o

the quadratic polynomial 1 — 7(p)X + p*t X? (with X = p~*) has two complex conjugate reciprocal roots
oy, and ot

1—r(p)X +p" X2 = (1 -, X)(1 —a@pX)  with|a,|=p=.
This implies

11
2

Tl <27, 7(n) =oo(n)n

Later Petersson generalized this conjecture to
an, =0 (n%“)
for any cusp form f =37 an,q™ € Sk(N, x). More precisely, for eigenforms one has
1—a,X +p" X2 = (1 -0, X)(1 — 7 X)  with | =p'7  (p,N) =1
for any normalised eigenform f € My(N,x). Hence
ko1 ko1
lap| <2p7>,  lan| < oo(n)n =

This turned out to by much harder, and was proven by Eichler—Shimura for & = 2 and by Deligne in the
general case.

Example 10.8. Assume that f € My (N, x) is a normalised eigenform with ag # 0. Then we have

f@) =ao+ > | Y x(dd™" | ¢
=1 \d|n

For k > 3, one can construct such a modular form easily, namely the (twisted) Eisenstein series

Ey(r) = %L(X, L=k +> | D x(dd* | ¢,

which we have now established to be eigenforms.
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Example 10.9. We are now able to establish that for £ = 1 such an eigenform with non-vanishing
constant term really exists (so far, we only that if it exists it must be of the above form). Namely, we have

%92(7) = % > ra(n)g" = % YD D xa(d) | g
n=0

n=1 \ d|n

Indeed, we saw that M (4, x—4) is one-dimensional, spanned by 6%(7). So 16%(7) must be a normalised
eigenform. In particular,

ro(n) =4 Z X—4(d).

d|n

Example 10.10. Recall from the overview lecture(s) the two even positive definite quadratic forms of
level 11 and discriminant 112 given by

P(sc,y,u,v) =$2+9€y+3y2+u2+uv+3v2
Q(‘Tay7uvv) :2(932+y2+u2+vz)+2xu+zv+yu—2yv

with Gram matrices

21 0 0 4 0 2 1
1 6 00 0 4 1 -2
5= 00 2 1} T= 2 1 4 0
0 01 6 1 -2 0 4

The associated theta series 6(7,S) = Y 0"  rs(n)¢™ and 6(7,T) = >, rr(n)g™ are modular forms of
weight 2 and level 11. Furthermore, we showed dim S2(11) = 1 with
1
1 00r.8) = 0(7,7)) =g — 2>+
is the normalised cusp form generating S3(11). Hence, it is a normalised eigenform. In particular, the
difference of the representation numbers is multiplicative:

(rs(n) —rr(n)) (rs(m) —rr(m)) = 4 (rs(nm) —rp(nm)) — (n,m) = 1.
We have seen that the L-function of Hecke eigenforms has an Euler product similar to the one for the
Riemann zeta function. Thus such modular forms are/should be of particular (arithmetic) interest.

Question 10.11. Can one always find an “eigenbasis” for My (N, x); i.e., a basis consisting of eigenforms
for all Hecke operators T;,?7 Can one always find eigenforms for all Hecke operators T;,7 Can one diagonalize
an individual Hecke operators T,, operating on My (N, x)?

Remark 10.12. As we have seen, Eisenstein series are often eigenforms. In fact, one can build an
eigenbasis for the space of Eisenstein series. Hence we will concentrate on cusp forms in what follows.

We will first show that the Hecke operator T), for n coprime to N is indeed diagonalizable. We slightly
modify the definition of the Petersson scalar product and set

1 —— pdudv
(f,9) = o= [ f()g(r)0"
[PSLy(Z) : T J £

for f,g € Sk(T') with ' C SLy(Z) a congruence subgroup. Note that with this normalisation the definition
of the Petersson scalar product is independent of whether one views f, g in Si(I'") with TV C T".
Theorem 10.13. Let f,g € Sx(N, x). Let n be coprime to N. Then

(Tnf,9) = x(n) (f, Tng) -
That is, the adjoint map 7, with respect to the Petersson scalar product is given by
T, =X(n)Ty.
Corollary 10.14. For n coprime to N, the Hecke operator T, is normal, that is, it commutes with its

adjoint. In fact, scaling T, with ¢, a square root of X(n), we have that ¢,T,, is hermitian, that is, equal
to its adjoint. In particular, T,, can be diagonalised.

02

Theorem 10.15. There exists a simultaneous eigenbasis on S (N, x) for all T, with (n, N) = 1.

Proof. This is linear algebra. A (possibly infinite) family of commuting diagonalizable linear operators
®q, s, ... on a vector space V' can be simultaneously diagonalized. Indeed, since ®; can be diagonalized
we can decompose V into eigenspaces for the first operator ®;. Then ®, preserves each eigenspace for @,
(here we need that ®; and ®5 commute). Hence we can decompose V' into simultaneous eigenspaces for
®; and ®,. Continue in this fashion. O
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Remark 10.16. For (n, N) > 1, the Hecke operator T,, is in general not normal, that is, cannot be
diagonalised in general.

Remark 10.17. So far, we have not achieved what we want, namely a basis consisting of eigenforms for
all Hecke operators. However, we already do have an Euler product for the partial L-series

LN(f,s) = Z ann_s:H !

(n,N):l p)(N 1- appis + X(p)pkilizs

if f =577, ang" is an eigenform for all T}, with (n, N) = 1.

Remark 10.18. Since all the remaining Hecke operators T, with p | N commute with the others, they
preserve the simultaneous eigenspaces for T,, with (n, N) = 1. Hence one way of concluding that we have
an eigenbasis for all Hecke operators would if all the simultaneous eigenspaces for T,, with (n, N) = 1 were
one-dimensional. This assertion is called Strong Multiplicity One. That is, a Hecke eigenform is uniquely
determined (up to scalars) by its eigenvalues for (n, N) = 1.

Remark 10.19 (Strong Multiplicity One does not hold on Sk (N, x)). For example, let f =377 a,q" €
Si(SL2(Z)) be a normalised eigenform for all Hecke operators (such a form always exists by our work
so far). Then consider ¢g(7) = V, f(7) = f(pr) € Sk(To(p)). Now take n coprime to p. Since the Hecke

operators TV for level 1 and T\’ for level p coincide on Sy (SLy(Z)) and since V, commutes with T.",
we see that both f and g are eigenforms with eigenvalues a,, for all T,, with (n,p) =1 (verify). Hence we
cannot distinguish f and g by their Hecke eigenvalues for (n,p) = 1.

Remark 10.20. Of course, this construction works in more generality for any level N. We see that forms
coming from lower level are in the way of Strong Multiplicity One. We will see now that this is the only
obstruction.

Definition 10.21. We let SP!4(N, x) be the space of old forms generated by

YU {rer); £ € Su(v,%)},
M ¢

where M runs over all divisors of N with M # N such that the conductor of x divides M, and ¢ runs over
all divisors of % In other words, S,‘;ld(N ,X) is the subspace of Si(N, x) generated by forms of lower level.
The space of new forms is the orthogonal complement of the space of old forms:

SR (N, X) = SPUN, )+

Lemma 10.22. (1) The Fricke element wx maps Sk (N, x) isomorphically to Sy (N,X) preserving old
and new spaces.
(2) Both S!4(N, x) and SPeV(N, x) are stable under all Hecke operators.

Proof. (1) Let fo(r) =02 f(¢r) € SPM(N, x) be an old form where f € S (&, x) and £ > 1. Then

one easily sees felrwn = flrwy € Sy (§,%) € SPUN,X). Similarly, for f € Sp(M,x) with

M | N, one has flrwn(T) = €’§f|k (w%) (£;). Using the (essential) self-adjointness of wy with
respect to the Petersson product then gives the assertion for new forms.

(2) First we consider the case (n, N) = 1. Then T,, commutes with all V; operators for ¢ dividing

N. This shows preservation of the old space. The (essential) self-adjointness of T;, then gives

preservation of the new space. Now assume (n,N) > 1 when T,, = U,. Using U,,V;, = 1,

one easily obtains the assertion for old forms. For new forms, use the adjointness of U,, with

n*V,, = wyU,wn and use the stability of old forms for the Fricke element.
O

Theorem 10.23 (Atkin-Lehner). (1) Strong Multiplicity One holds for SRV (N, x).

(2) In particular, there exists a unique orthogonal basis of Sp*" (N, x) consisting normalized eigenforms
for all Hecke operators. Such forms are called primitive forms (or sometimes also new forms,
which does cause confusion).

(3) For f =377, a,q" primitive, there exists 7(f) of absolute value 1 such that f|ywn = n(f)f €
Spew(N,X) where f is the primitive form given by f(7) = > 7" | @,¢". In particular T, f = @, f.

Proof. (1) is the fundamental result which we do not prove. (2) follows from that. (3) follows from that
the adjoint of T}, is given by wNanX,l and that T f = a, f. |
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Example 10.24. Let f(7) € S2(To(11)) = n?(7)n?(117) be the normalized eigenform we have encountered
before. Note that 7o f = —2f. Then consider the space generated by f,Vaf, Vaf, Vsf € S2(I'o(88)). These
are all eigenforms for 7T, with n odd, but the matrix for 7o = U, acting on S2(I'¢(88)) is given by (verify)

-2 1 0 0
-2 01 0
0 0 0 1})°
0 0 0 O

which is not diagonalisable. Since V* inside Sy(I'o(11)) is also Hecke stable, we conclude that T = U,
cannot be diagonalised on S3(I'o(88)).

Example 10.25 (Hecke). (1) If N =1 or x is primitive, then Sp°¥(N, x) = Sk(N, x).
(2) For p a prime, we have
Sk(Lo(p)) = Sk(SL2(Z)) ® VpSk(SL2(Z)) & Sp™ (Lo(p))-

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF READING, READING RG6 6AX, UNITED KINGDOM
Email address: jiewei.xiong@pgr.reading.ac.uk



	1. Tuesday 7 October 2025
	2. Tuesday 14 October 2025
	3. Tuesday 21 October 2025
	4. Tuesday 28 October 2025
	5. Tuesday 4 November 2025
	6. Tuesday 11 November 2025
	7. Tuesday 18 November 2025
	8. Tuesday 25 November 2025
	9. Tuesday 2 December 2025
	10. Tuesday 9 December 2025

