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Week 1, lecture 1

1. Reminders

Definition 1.0.1. A group is ...

Example 1.0.2. • Z with addition.
• C× with multiplication.
• A subgroup of above: {g ∈ C : gn = 1}, the nth roots of unity ζin with ζn = e

2πi
n . ζjn is primitive

if ord(ζjn) = n.
• General linear group GLd(K).
• A subgroup of above: special linear group SLd(K).

Given G and g ∈ G, one can define the cyclic group generated by g, denoted ⟨g⟩, an abelian subgroup
of G, of order ord(g).

Recall symmetric group Sn and cycle notation; verify that |Sn| = n!; recall elements of Sn can be
written as either even or odd number of transpositions (cycles of length 2) but not both, and alternating
group An, a subgroup of Sn.

1.1. Group actions.

Definition 1.1.1. Let G be a group and X a set. A left action of G on X is a map

G×X → X : (g, x) 7→ g ∗ x

which satisfies
(1) 1G ∗ x = x ∀x ∈ X.
(2) (gh) ∗ x = g ∗ (h ∗ x) ∀g, h ∈ G, x ∈ X.

Example 1.1.2. • X = {1, . . . , n}, G = Sn, π ∗ i := π(i).
• X = Rn, G = GLn(R), A ∗ v := Av.

Definition 1.1.3. For x, y ∈ X, write x ∼ y if ∃g ∈ G : g ∗ x = y. This is an equivalence relation and an
equivalence class of ∼ is an orbit.

Example 1.1.4. orbGLn(R)((1, 0, . . . , 0)) = Rn\{0} and orbGLn(R)(0) = {0}, so there are exactly two
orbits of 1.1.2.2.

Week 1, lecture 2

Definition 1.1.5. G acts transitively on X if there is only one orbit.

e.g. 1.1.2.1.

Definition 1.1.6. Define the stabiliser stabG(x) := {g ∈ G : g ∗ x = x}. This is a subgroup of G,
sometimes called symmetry group.

Theorem 1.1.7 (Orbit–Stabiliser). For a finite G acting on X and x ∈ X,

|G| = |orbG(x)| · |stabG(x)|.

Theorem 1.1.8. G acts on itself by conjugation (G × G → G : g · h = ghg−1). In this case, orbit is
conjugacy class and stabiliser is centraliser. An obvious corollary then follows from O–S.

Example 1.1.9. If G = Sn, then the conjugacy classes correspond to cycle types (ordered list of lengths
of cycles), since

π(a1 a2 · · · ak)π−1 = (π(a1) π(a2) · · · π(ak)).

1.2. Normal subgroups.

Definition 1.2.1. A subgroup is normal if ...

Lemma 1.2.2. Let H be a subgroup of G. The following are equivalent.
(1) H is normal in G.
(2) gHg−1 = H ∀g ∈ G. (definition)
(3) gH = Hg ∀g ∈ G.

Example 1.2.3. SLd(K)⊴GLd(K) by determinant product.
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1.3. Homomorphisms.

Definition 1.3.1. A group homomorphism is ...
The kernel and image of a homomorphism are ...

Example 1.3.2. Consider ϕ : Sn → GLn(K) given by ϕ(ei) = eπ(i), e.g.

π = (1 2 3), ϕ(π) =

0 0 1
1 0 0
0 1 0

 .

Verify this is a group homomorphism and im(ϕ) = {1,−1}. Since GLn(K) → K× by taking determinant
is a also a homomorphism, one has

Sn
ϕ
//

sgn
##

GLn(K)

det
��

K×

where sign is a homomorphism and sgn(π) ∈ {1,−1}. In fact, sgn(π) = 1 if π is even and −1 if odd.

Week 1, lecture 3

Theorem 1.3.3 (1st isomorphism theorem). If ϕ : G→ H is a homomorphism of groups, then
(1) kerϕ⊴G.
(2) imϕ ≤ H.
(3) ϕ̂ : G/ kerϕ→ imϕ : g kerϕ 7→ ϕ(g) is a well defined isomorphism.

1.4. Dihedral groups.

Definition 1.4.1. D2n :=
〈
r, s | rn = 1, s2 = 1, srs−1 = r−1

〉
is called the dihedral group.

It has two cyclic subgroups ⟨r⟩ ∼= Cn, ⟨s⟩ ∼= C2.

1.5. Linear maps.

Definition 1.5.1. Let V,W be vector spaces over K. A map T : V →W is linear if
(1) T (αv) = αT (v) ∀α ∈ K, v ∈ V ,
(2) T (v + w) = T (v) + T (w) ∀v, w ∈ V .

Example 1.5.2. A ∈Mm×n(K) gives a linear map TA : Kn → Km, TA(v) = Av.

Theorem 1.5.3 (Rank–nullity). If V is finite dimensional and T : V →W a linear map, then

dimV = dimkerT + dim imT.

Corollary 1.5.4. If V is finite dimensional and T : V → V a linear map, then the following are equivalent.
(1) T is injective.
(2) T is surjective.
(3) T is an isomorphism.

Notation. GL(V ) := {T : V → V isomorphism}. This is a group.
If V = Kn then GL(V ) ∼= GLn(K).

2. Group presentations

In general, a group can be given uniquely (presented) by ⟨S | R⟩ where S is a set of symbols and R
relations. If ∃S,R that are finite then G is finitely presented.

Example 2.0.1. Cn = ⟨x | xn = 1⟩.
C∞ = ⟨x | ⟩ = {1, x, x−1, x2, x−2, . . .} ∼= (Z,+).

Theorem 2.0.2. Let G = ⟨s1, . . . , sn | R⟩ and H a group with h1, . . . , hn ∈ H. Then ∃ a homomorphism
ϕ : G→ H with ϕ(si) = hi ∀i if and only if every relation r ∈ R holds where all si are replaced by hi.

Example 2.0.3. Consider Cn and Ĉn, the set of group homomorphisms Cn → GL1(C) = C×, called the
1-dimensional complex representations of Cn. A candidate of ϕ(x) is a root of unity ζ = e

2πi
n . If we write

ϕj(x) := ζj then Ĉn = {ϕ0, . . . , ϕn−1}.
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Example 2.0.4. Consider the 1-dimensional complex representations of D2n. Note that

ϕ(r)n = 1, ϕ(s)2 = 1, ϕ(s)ϕ(r)ϕ(s)−1 = ϕ(r)−1,

i.e. ϕ(r)2 = 1. If n is even then we can have ϕ(r) = ±1, ϕ(s) = ±1, four representations. If n is odd then
we can only have ϕ(r) = 1 and ϕ(s) = ±1, two representations.

Week 2, lecture 1

3. Representations

3.1. Matrix representations.

Definition 3.1.1. Let G be a group. A degree d matrix representation of G over a field K is a group
homomorphism ρ : G→ GLd(K).

Example 3.1.2. Last time, we classified the degree 1 representations of Cn and D2n over C.
Consider a degree 2 representation of D2n over R, i.e. a group homomorphism D2n → GL2(R).

Intuitively, we want to map to the corresponding rotation/reflection matrix, i.e.

ϕ(r) = R2π/n =

(
cos 2π

n − sin 2π
n

sin 2π
n cos 2π

n

)
ϕ(s) = S =

(
1 0
0 −1

)
Example 3.1.3 (Trivial degree d matrix representation of G over K). For all g ∈ G, define

ρ(g) := Id ∈ GLd(K),

the identity matrix.

Example 3.1.4. Fix A ∈ GLd(K) and define ρ : C∞ → GLd(K) to be ρ(x) = A (so that ρ(xi) = Ai).

Example 3.1.5. Let θ ∈ R and Rθ :=

(
cos θ − sin θ
sin θ cos θ

)
. Is there a degree 2 real representation of Cn

with ρ(x) = Rθ? By 2.0.2, it’s sufficient and necessary that Rn
θ = Rnθ = I2, i.e. nθ ∈ 2πZ, i.e.

θ ∈ {2πk/n : k ∈ {0, . . . , n− 1}}.

Example 3.1.6. sgn : Sn → C× is a degree 1 complex representation of Sn.

Lemma 3.1.7. Let ρ : G→ GLd(K) be a matrix representation and P ∈ GLd(K). Then

ρ′ : G→ GLd(K) : g 7→ Pρ(g)P−1

is also a matrix representation.

Proof. One has ρ′(gh) = Pρ(gh)P−1 = Pρ(g)ρ(h)P−1 = Pρ(g)P−1Pρ(h)P−1 = ρ′(g)ρ′(h). □

Definition 3.1.8. Two degree d matrix representations ρ1, ρ2 : G→ GLd(K) are isomorphic or equivalent
if ∃P ∈ GLd(K) : ρ2(g) = Pρ1(g)P

−1 ∀g ∈ G, denoted ρ1 ∼ ρ2.

Lemma 3.1.9. Two degree 1 representations θ1, θ2 : G→ GL1(K) = K× are isomorphic if and only if
they are equal.

Proof. If θ1, θ2 are isomorphic then ∃ : P ∈ K× : θ2(g) = Pθ1(g)P
−1 = θ1(g) since P, θ1(g), P−1 ∈ K×, a

subset of a field.
If they are equal then they are isomorphic by definition. □

Example 3.1.10. By lemma above, none of the two representations of Example 2.0.3 are isomorphic.

Definition 3.1.11. A representation ρ : G→ GLd(K) is faithful if ρ is injective.

3.2. Complex representations of Cn.

Lemma 3.2.1. Let A ∈ GLd(C) and suppose An = Id for some n. Then ∃Q ∈ GLd(C) : Q−1AQ is
diagonal with roots of unity θ1, . . . , θd on the diagonal.

Proof. It suffices to prove A is diagonalisable and all eigenvalues are roots of unity. Let f(x) = xn − 1, so
that f(A) = 0. Then µA(x) divides f(x), so all its roots are distinct and are roots of unity. □

Week 2, lecture 2
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Theorem 3.2.2. Let Cn = ⟨x | xn = 1⟩ and ρ : Cn → GLd(C) a matrix representation. Then ∃ nth roots
of unity θ1, . . . , θd and a representation ρ′ : Cn → GLd(C) with ρ ∼ ρ′ and

ρ′(xk) =

θ
k
1 0

. . .
0 θkd .


Proof. Let A = ρ(x). Since xn = 1, An = ρ(xn) = Id. By lemma above, we can define

ρ′(xk) = Q−1ρ(xk)Q.

By definition, ρ′ ∼ ρ. Now

ρ′(xk) = Q−1ρ(xk)Q = Q−1AkQ = (Q−1AQ)k,

a power of a diagonal matrix, so it indeed has its desired form. □

Example 3.2.3. Suppose n ≥ 3 and ρ : Cn → GL2(R) ⊆ GL2(C) : x 7→ R2π/n. Then R2π/n has complex

eigenvalues ζ and ζn−1 where ζ is the nth root of unity. So ∃Q ∈ GL2(C) : Q−1R2π/nQ =

(
ζ 0
0 ζn−1

)
,

and we can define ρ′ : Cn → GL2(C) to be

xk 7→ Q−1ρ(xk)Q = (Q−1R2π/nQ)k =

(
ζk 0
0 ζ(n−1)k

)
.

Note that by notation used in Example 2.0.3, we can write ρ′(g) as
(
ϕ1(g) 0
0 ϕn−1(g).

)
More generally,

this is called decomposing the representation and denoted ρ′ = ϕ1 ⊕ ϕn−1.

Theorem 3.2.4. Every element of Q8 =
〈
a, b | a4 = 1, a2 = b2, bab−1 = a−1

〉
can be written as aibj where

0 ≤ i ≤ 3, 0 ≤ j ≤ 1. Moreover, |Q8| = 8.

Proof. One has a−1 = a3 and b−1 = b3 since b4 = (b2)2 = (a2)2 = a4 = 1, so we get rid of the inverses.
Then we use ba = a7b to move all b to the right, and use a4 = 1 to reduce power of a to under 3.

To prove the 4× 2 = 8 elements are distinct, define the group homomorphism

ϕ : Q8 → GL2(C) : ϕ(a) =
(
i 0
0 −i

)
, ϕ(b) =

(
0 1
−1 0

)
.

Then | ⟨ϕ(a)⟩ | = 4 | |imϕ|, and since ϕ(b) /∈ ⟨ϕ(a)⟩ , |imϕ| > 4, and since |imϕ| ≤ 8, one concludes
|imϕ| = 8. None of these matrices are similar, so |Q8| = 8. □

4. Characters: first encounter

Definition 4.0.1. Let ρ : G→ GLd(K) be a representation. The character of ρ is

χρ : G→ C : g 7→ tr(ρ(g)).

Note that this is not a homomorphism.

Week 2, lecture 3

Example 4.0.2. ρ : G→ C× is a 1-dim representation. Then χρ(g) = ρ(g). In this case, character is a
group homomorphism since it’s the same as the representation itself.

Example 4.0.3. ρ : D2n → GL2(C) : r 7→ R2π/n, s 7→
(
1 0
0 −1

)
(as in Example 3.1.2).

Compute the values of the character:

χρ(r
k) = trR2πk/n = tr

(
cos 2πk

n − sin 2πk
n

sin 2πk
n cos 2πk

n

)
= 2 cos

2πk

n
,

and

χρ(sr
k) = tr

((
1 0
0 −1

)(
cos 2πk

n − sin 2πk
n

sin 2πk
n cos 2πk

n

))
= tr

(
cos 2πk

n − sin 2πk
n

− sin 2πk
n − cos 2πk

n

)
= 0.
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4.1. Isomorphic representations have the same character. Recall that the character polynomial
expands

cA(x) = det(xId −A) = xd − tr(A)xd−1 + · · ·+ (−1)d det(A).

Lemma 4.1.1. Similar matrices have same character polynomial. In particular, they have same trace.

Proof. Let B = Q−1AQ. Then

cB(x) = det(xId −B) = det
(
Q−1xIdQ−Q−1AQ

)
= det

(
Q−1(xId −A)Q

)
= det

(
Q−1

)
det(xId −A) det(Q) = det(xId −A)

= cA(x).

□

Lemma 4.1.2. Isomorphic representations have same character.

Proof. Let ρ1 ∼ ρ2, i.e. ∀g, ρ1(g) ∼ ρ2(g). By previous lemma,

χρ1(g) = tr(ρ1(g)) = tr(ρ2(g)) = χρ2(g).

□

We will see later the converse also holds.

4.2. Matrices of finite order.

Lemma 4.2.1. Let A ∈ GLd(C) with An = Id for some n ∈ N. Then

(1) |tr(A)| ≤ d,
(2) |tr(A)| = d if and only if A = θId for an nth root of unity θ,
(3) tr(A) = d if and only if A = Id,
(4) tr

(
A−1

)
= tr(A).

Proof. (1) Recall Lemma 3.2.1 which says A ∼

θ1 . . .
θd

, so by Lemma 4.1.1 one has

tr(A) = θ1 + · · ·+ θd ≤ d.

Triangle inequality gives

|tr(A)| ≤ |θ1|+ · · ·+ |θd| = d.

(2) The triangle inequality has equality if and only if θ1 = · · · = θd = θ, so

A = Q−1

θ . . .
θ

Q = Q−1θQ = θId.

(3) The ‘if’ is clear. If tr(A) = d then 2 tells us θd = d so θ = 1 and A = 1Id = Id.
(4) Note that if A has finite order then so does A−1, so

A−1 ∼ Q−1A−1Q =
(
QAQ−1

)−1
=

θ1 . . .
θd


−1

=

θ
−1
1

. . .
θ−1
d

 ,

hence tr
(
A−1

)
= θ−1

1 + · · ·+ θ−1
d = θ1 + · · ·+ θd = θ1 + · · ·+ θd = tr(A).

□

Week 3, lecture 1
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4.3. First properties of the character.

Proposition 4.3.1. Let G be a finite group and ρ : G→ GLd(C) a representation with character χ = χρ.
Then

(1) |χ(g)| ≤ d ∀g ∈ G.
(2) χ(g) = d if and only if ρ(g) = Id. In particular, χ(e) = d.
(3) χ

(
g−1

)
= χ(g) ∀g ∈ G.

(4) χ
(
h−1gh

)
= χ(g) ∀g, h ∈ G, i.e. χ is constant on a conjugacy class (hence called class function).

Proof. Since G is finite, every g ∈ G has finite order, so its representation matrix also has finite order,
hence 1–3 follow from 4.2.1. For part 4, note that since ρ is a homomorphism,

χ
(
h−1gh

)
= tr

(
ρ
(
h−1gh

))
= tr

(
ρ(h)−1ρ(g)ρ(h)

)
= tr(ρ(g)) = χ(g).

by 4.1.1. □

5. Linear representations and KG-modules

Definition 5.0.1. Let G be a group. A linear representation of G is a pair (V, ρ) where V is a vector
space and ρ : G→ GL(V ) is a group homomorphism. dimV is the degree or dimension of (V, ρ). We also
say ‘ρ : G→ GL(V ) is a linear representation.’

Example 5.0.2. Trivial representation ρ : G→ GL(V ) : g 7→ IV .

Example 5.0.3. C2 =
〈
x | x2 = 1

〉
, ρ : C2 → GL(V ) : 1 7→ IV , x 7→ −IV .

Example 5.0.4. Cn = ⟨x | xn = 1⟩ , ρ : Cn → GL(V ) : xi 7→ ζinIV where V is over C.

5.1. Correspondence between matrix representations and linear representations. Let ρ :
G → GLd(K) be a matrix representation. For all g ∈ G, define θg : Kd → Kd : v 7→ ρ(g)v. Clearly
θg ∈ GL(Kd) ∀g ∈ G. Now consider the map θ : G → GL(Kd) : g 7→ θg. We claim this is a group
homomorphism, and therefore is a linear representation. Indeed,

θ(gh)(v) = θgh(v) = ρ(gh)v = ρ(g)ρ(h)v = (θgθh)(v).

Now let (V, θ) be a linear representation with dimV = d <∞ and (v1, . . . , vd) a K-basis of V . For all
g ∈ G, θ(g) : V → V has an associated matrix. Denote it ρ(g) ∈ GLd(K). (Verify that ρ : G→ GLd(K)
is a group homomorphism.) If we take a different basis w1, . . . , wd, we get ρ′ and there exists P ∈ GLd(K)
(depending only on v1, . . . , vd, w1, . . . , wd) with ρ′(g) = Pρ(g)P−1 ∀g ∈ G, hence ρ ∼ ρ′.

5.2. The regular representation. Let |G| = n and V the linear span of the n many linearly independent
vectors vg, indexed by the group elements. Then dimV = n. For h ∈ G, let regh ∈ Hom(V, V ) be defined
via regh(vg) := vhg. In particular, regh(α1vg1 + · · ·+ αnvgn) = α1vhg1 + · · ·+ αnvhgn .

Week 3, lecture 2

Example 5.2.1. C3 =
〈
x | x3 = 1

〉
, V = linspan{v1, vx, vx2}. Then

regx(v1) = vx, regx(vx) = regx2 , regx(vx2) = v1,

and the matrix of regx with respect to bases (v1, vx, vx2) is

M =

0 0 1
1 0 0
0 1 0

 .

Note that ρ : C3 → GL3(C) : x 7→M is a group homomorphism.

Lemma 5.2.2. regh ∈ GL(V ) ∀h ∈ G.

Proof. One has to show bijectivity. Using Corollary 1.5.4, showing surjectivity suffices. Let g ∈ G. Then

regh(vh−1g) = vhh−1g = vg,

hence im regh contains every basis vector vg. □

This gives a map reg : G→ GL(V ).

Lemma 5.2.3. reg : G→ GL(V ) : h 7→ regh is a linear representation.
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Proof. Let h1, h2, g ∈ G. Then

(reg(h1) reg(h2))(vg) = reg(h1)(reg(h2)(vg)) = regh1
(regh2

(vg))

= regh1
(vh2g) = vh1h2g = regh1h2

(vg)

= reg(h1h2)(vg),

so reg(h1) reg(h2) = reg(h1h2). □

5.3. KG-modules.

Definition 5.3.1. A linear action of a group G on a vector space V over field K is a map

γ : G× V → V : (g, v) 7→ γ(g, v)

such that ∀u, v ∈ V, a ∈ K, g, h ∈ G:

(1) γ(e, v) = v,
(2) γ(hg, v) = γ(h, γ(g, v)).

}
a group action of G on V

(3) γ(g, u+ v) = γ(g, u) + γ(g, v),
}
v 7→ γ(g, v) is a linear map ∀g ∈ G(4) γ(g, av) = aγ(g, v).

Definition 5.3.2. A KG-module is a vector space V over K equipped with a linear action γ of G on V .

Example 5.3.3. Cn = ⟨x | xn = 1⟩ and V is any C-vector space. Let x act by multiplication with ζn, i.e.
γ(x, v) = ζnv. This is sufficient to define the action, since, for example,

γ(x2, v) = γ(x, γ(x, v)) = γ(x, ζnv) = ζ2nv

by definition, and in general γ(xi, v) = ζinv.

Notation. gv := γ(g, v) = ρ(g)(v).

Proposition 5.3.4. Specifying a KG-module structure on a K-vector space V is the same as specifying
a linear representation G→ GL(V ).

Proof. Let γ : G × V → V be a KG-module. Define ρg : V → V : v 7→ γ(g, v). By parts 3 and 4 of
definition, ρg is a linear map. By part 1, ρe(v) = γ(e, v) = v, so ρe = IV ∈ GL(V ). Also,

(ρgρh)(v) = ρg(ρh(v)) = γ(g, γ(h, v)) = γ(gh, v) = ρgh(v),

so ρgh = ρgρh. In particular, ρgρg−1 = ρe = IV , so ρg ∈ GL(V ). Therefore ρ : G→ GL(V ) : g 7→ ρg is a
group homomorphism.

For the converse, we start with a linear representation ρ : G→ GL(V ) and define

γ : G× V → V : (g, v) 7→ ρ(g)(v).

Check this gives a linear action: 1 and 2 hold since ρ is a group homomorphism, and 3 and 4 hold since
each ρ(g) is a linear map. □

Week 3, lecture 3

Example 5.3.5. C2 =
〈
x | x2 = 1

〉
, V = C2. Let x act on V via multiplication by A :=

(
0 1
1 0

)
. Then

γ is determined: γ(x, v) = Av ∀v ∈ V . Also, ρ : C2 → GL(V ) is determined:

ρ(e)(v) = v (identity), ρ(x)(v) = Av ∀v ∈ V.

Note that not every arbitrary A works; verify the γ and ρ satisfy the definition axioms.

Example 5.3.6. ρ : Q8 → GL2(C), ρ(a) =
(
i 0
0 −i

)
, ρ(b) =

(
0 1
−1 0

)
. This makes C2 a CQ8-module

via γ(g, v) = ρ(g)(v). In other language, a and b act on C2 by multiplication with

A =

(
i 0
0 −i

)
, B =

(
0 1
−1 0

)
.
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6. Submodules and morphisms

6.1. Submodules and reducibility.

Definition 6.1.1. Let G be a group, K a field and V a KG-module. W ⊆ V is a KG-submodule of V if

(1) W ⊆ V is a K-subspace,
(2) gw ∈W ∀w ∈W, g ∈ G.

Example 6.1.2. C2 =
〈
x | x2 = 1

〉
, V = C2. Let x act on V via multiplication by A :=

(
1 0
0 −1

)
. The

submodules are {0}, C2 (the trivial ones), C
(
1
0

)
and C

(
0
1

)
.

Lemma 6.1.3. A KG-submodule is a KG-module. In the language of presentations, if ρ : G→ GL(V ) is a
linear representation and W ⊆ V is a KG-submodule, then ρ′ : G→ GL(W ) is also a linear representation,
called a subrepresentation.

Definition 6.1.4. A KG-submodule of V is proper if W ̸= V , nontrivial if W ̸= {0}.
A nontrivial KG-module V is reducible if V has a nontrivial proper submodule. Otherwise, it is

irreducible or simple.

Example 6.1.5. Cn = ⟨x | xn = 1⟩ , ρ : Cn → GL2(R), ρ(x) = R2π/n. We claim ρ is irreducible if n ≥ 3.
It suffices to show any 1-d subspace Ru where u ̸= 0 of R2 are not KG-submodules. Indeed; let αu ∈ Ru,
then xαu = αxu = αR2π/nu /∈ Ru.

Example 6.1.6. C∞ = ⟨x | ⟩ , A =

(
1 1
0 1

)
. Consider the CC∞-module V = C2 with x acting by

multiplication with A. One can see C
(
1
0

)
is a 1-d subrepresentation, and we claim there are no other 1-d

subrepresentations (i.e. no other nontrivial proper subrepresentations). Indeed, suppose Cv where v ̸= 0

is one, i.e. Av = λv for some λ ∈ C, but A only has one eigenvector
(
1
0

)
. If A were

(
2 0
0 3

)
then there

would be two nontrivial proper subrepresentations, C
(
1
0

)
and C

(
0
1

)
.

Example 6.1.7. If a group is generated by g1, . . . , gn and V is a KG-module, then V has a 1-dim
KG-submodule if and only if ρ(g1), . . . , ρ(gn) have a common eigenvector. Indeed; the ⇐ is trivial, and
the ⇒ follows from that if Ku ⊆ V is a submodule, implying giαu ∈ Ku ∀i, then u is an eigenvector of
ρ(gi) by definition.

Week 4, lecture 1

Example 6.1.8 (6.1.5 but over C). Cn = ⟨x | xn = 1⟩ , ρ : Cn → GL2(C), ρ(x) = R2π/n with n ≥ 3.

Now R2π/n has eigenvectors
(

1
−i

)
and

(
1
i

)
with eigenvalues ζ and ζ−1, so there are 4 submodules:

{0}, C
(

1
−i

)
, C

(
1
i

)
and C2.

Example 6.1.9 (3.1.2 but over C). D2n =
〈
r, s | rn = s2 = 1, srs−1 = r−1

〉
, V = C2 with the same

action and n ≥ 3. There’s no common eigenvectors of R2π/n and S, so V has not proper nontrivial
subrepresentations, hence irreducible.

6.2. Reducible representations in terms of matrices. Let V be a d-dimensional KG-module with
submodule U ⊆ V . Choose a basis v1, . . . , vr of U and extend it to a basis v1, . . . , vr, vr+1, . . . , vd of V .
Let θ : G→ GLd(K) be the matrix representation with respect to this basis. Write

θ(g) = (aij(g))1≤i≤d, 1≤j≤d with θ(g)(vj) = a1j(g)v1 + · · ·+ adj(g)vd,
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but note that θ(g)(vi) for i = 1, . . . , r are expressed by solely v1, . . . , vr, so the bottom left d− r by d− r
is 0, i.e.

θ(g) =



a11(g) a12(g) · · · a1r(g) a1r+1(g) · · · a1d(g)
...

...
. . .

...
...

. . .
...

ar1(g) ar2(g) · · · arr(g)
...

...

0 0 · · · 0 ar+1r+1(g) · · ·
...

...
...

. . .
...

...
. . .

...
0 0 · · · 0 adr+1(g) · · · add(g)


=

(
ϕ(g) ψ(g)
0 η(g)

)
.

We also know θ is a homomorphism, hence

θ(gh) =

(
ϕ(gh) ψ(gh)
0 η(g)

)
=

(
ϕ(g) ψ(g)
0 η(g)

)(
ϕ(h) ψ(h)
0 η(h)

)
= θ(g)θ(h)(

ϕ(g)ϕ(h) ψ(g)ψ(h)
0 η(g)η(h)

)
=

(
ϕ(g)ϕ(h) ϕ(g)ψ(h) + ψ(g)η(h)

0 η(g)η(h)

)
,

so ϕ : G→ GLr(K)︸ ︷︷ ︸
U

, η : G→ GLd−r(K)︸ ︷︷ ︸
V/U

are homomorphisms, hence matrix representations.

6.3. Permutation representations.

Definition 6.3.1. Given a group action γ : G×X → X where X = {x1, . . . , xd}, define K-vector space
of formal linear combination of vx1

, . . . , vxd
, and linear action g · vxi

:= vgxi
. This gives an element of

GLd(K) determined by g, i.e. a representation g(α1vx1 + · · ·+ αdvxd
) = α1vgx1 + · · ·+ αdvgxd

called the
permutation representation or permutation module to γ.

Example 6.3.2. G can act on itself by left multiplication (g, h) 7→ gh (which gives the regular represent-
ation; see 5.2), (g, h) 7→ hg−1 or (g, h) 7→ ghg−1.

Example 6.3.3. Sn acts on {1, . . . , n} via πi = π(i). Let V = linspan{v1, . . . , vn} with πvi = vπ(i).
Then v1 + · · ·+ vn is a 1-dimensional subrepresentation of V .

Week 4, lecture 2

6.4. Morphisms.

Definition 6.4.1. Let V,W be KG-modules. A K-linear map f : V → W is a G-morphism (or an
equivariant map, or simply morphism of KG-modules) if gf(v) = f(gv) ∀v ∈ V, g ∈ G.

Notation. HomG(V,W ) = {f : V →W : f is a G-morphism}. This is a vector space.

Definition 6.4.2. A G-isomorphism is a bijective G-morphism.

Lemma 6.4.3. If f : V →W is a G-morphism, then ker f and im f are subrepresentations of V and W
respectively.

Proof. Since f is linear, ker f and im f are linear subspaces of V and W respectively. It remains to show
that

(1) gv ∈ ker f ∀g ∈ G, v ∈ ker f . Indeed, f(gv) = gf(v) = g0 = 0 by definition, and
(2) gw ∈ im f ∀g ∈ G,w ∈ im f . Indeed, let v ∈ V : f(v) = w, then gw = gf(v) = f(gv).

□

Example 6.4.4. Let X = {1, 2, 3}, G = S3, V the permutation module

{a1e1 + a2e2 + a3e3 : a1, a2, a3 ∈ C}

and W = C the trivial CS3-module, i.e. gw = w ∀w ∈ W, g ∈ S3. Fix 0 ̸= w ∈ W and define
f : V →W : a1e1 + a2e2 + a3e3 7→ (a1 + a2 + a3)w. Verify f is a G-morphism: f is clearly a linear map,
and one has

gf(a1e1 + a2e2 + a3e3) = g(a1 + a2 + a3)w = (a1 + a2 + a3)w

=
(
ag−1(1) + ag−1(2) + ag−1(3)

)
w = f(g(a1e1 + a2e2 + a3e3)).
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6.5. Schur’s lemma.

Theorem 6.5.1 (Schur’s lemma I). Let G be a group, K a field and f : U → V a G-morphism of
irreducible KG-modules. Then either f = 0 or f is an isomorphism.

Proof. One has f = 0 if and only if ker f = U and im f = {0}. Now suppose f ̸= 0, then ker f ⊊ U and
{0} ⊊ im f ⊆ V , but by Lemma 6.4.3 and the assumption that U, V are irreducible, ker f = {0} and
im f = V , i.e. f is injective and surjective, i.e. f is an isomorphism. □

Theorem 6.5.2 (Schur’s lemma over C). Let G be a group, V a finite dimensional irreducible CG-module
and f : V → V a G-morphism. Then f = λIV for some λ ∈ C. In particular, dimHomG(V, V ) = 1.

Proof. Let λ be an eigenvalue of f with eigenvector u. Let f ′ : V → V : v 7→ f(v)− λv. We claim f ′ is a
G-morphism. Indeed; it’s clearly a linear map, and

f ′(gv) = f(gv)− λgv = gf(v)− gλv = g(f(v)− λv) = gf ′(v).

Week 4, lecture 3

By Schur’s lemma I, since f ′(u) = 0 and u ̸= 0, one has f ′ = 0, i.e. f(v) = λv ∀v ∈ V , so equivalently
f ′ = λIV which is what’s desired. □

Example 6.5.3 (Schur’s lemma over R). C3 =
〈
x | x3 = 1

〉
, V the regular C3-representation with basis

ve, vx, vx2 , W = linspanR{ve − vx, vx − vx2} a subrepresentation. The matrix for this action of x on W is

then ρ(x) =
(
0 −1
1 −1

)
, which has no real eigenvalues, hence no 1-dim subrepresentation, so irreducible.

To calculate the R-vector space of C3-morphisms W →W , note that one needs by definition(
−c −d
a− c b− d

)
=

(
0 −1
1 −1

)(
a b
c d

)
=

(
a b
c d

)(
0 −1
1 −1

)
=

(
b −a− b
d −c− d

)
,

i.e. c = −b, d = a + b and the matrix is
(
a b
−b a+ b

)
which has two degrees of freedom a and b, so

dimC3
(W,W ) = 2.

7. Maschke’s theorem

7.1. Projection.

Definition 7.1.1. A map f is called idempotent if f ◦ f = f . A such linear map V → U is a projection if
f(u) = u ∀u ∈ U .

Example 7.1.2. V = R2, U = R
(
1
0

)
⊆ V, f : V → U :

(
a
b

)
7→
(
a
0

)
is a projection. Note that

V = U ⊕ ker f .

Lemma 7.1.3. Let V be a finitely dimensional vector space and U ⊆ V a linear subspace. Then ∃ a
projection f : V → U .

Proof. Let v1, . . . , vr be a basis for U and v1, . . . , vr, vr+1, . . . , vd a basis for V . Define f : V → U by

α1v1 + · · ·+ αdvd 7→ α1v1 + · · ·+ αrvr,

which is a projection. □

Theorem 7.1.4. Let f : V → U be a projection. Then V = U ⊕ ker f .

Proof. (1) To show V = U + ker f , let v ∈ V and write v = f(v) + v − f(v). Clearly f(v) ∈ U and
it remains to show f(v − f(v)) = 0, but f(v − f(v)) = f(v) − f(f(v)) = f(v) − f(v) = 0 by
idempotence.

(2) To show U ∩ ker f = {0}, let u ∈ U ∩ ker f , then f(u) = u and f(u) = 0, so u = 0.
□
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7.2. Semisimplicity and complementary modules.

Definition 7.2.1. A KG-module V is semisimple if ∀KG-submodules U, ∃ a KG-submodule W ⊆ V
such that V = U ⊕W , where U and W are complementary.

Example 7.2.2. If V is irreducible then the only submodules are {0} and V , which are complementary,
hence every irreducible representation is semisimple.

Example 7.2.3. Recall Example 6.1.6 where we have three submodules {0},C
(
1
0

)
and C2. Hence the

representation is not semisimple since C
(
1
0

)
has no complementary submodule. If we again replace A by

a diagonal matrix then it would be semisimple (C
(
1
0

)
and C

(
0
1

)
are complementary).

Week 5, lecture 1

7.3. Maschke’s theorem.

Lemma 7.3.1 (Averaging). Let G be a finite group, K a field with |G| · 1K ̸= 0K (i.e. charK ∤ |G|) and
U, V be KG-modules with f : U → V a linear map. Define

f ′ : V → U : v 7→ 1

|G|
∑
g∈G

g
(
f
(
g−1v

))
,

then f ′ is a G-morphism.
(cf. HW5, Ex 3)

Proof. Let h ∈ G, then

f ′(hv) =
1

|G|
∑
g∈G

g
(
f
(
g−1hv

))
= h

1

|G|
∑
g∈G

h−1gf
((
h−1g

)−1
v
)

= h
1

|G|
∑

h−1g∈G

h−1gf
((
h−1g

)−1
v
)
= h(f ′(v)).

□

Theorem 7.3.2 (Maschke’s). Let G be a finite group and K a field with |G| · 1K ̸= 0K . Then every finite
dimensional KG-module is semisimple.

Proof. Let U ⊆ V be a KG-submodule. We want to show ∃W ⊆ V a KG-submodule such that V = U⊕W .
Let f : V → U be a projection and f ′ ∈ HomG(V,U) as in lemma above. We claim f ′ is idempotent and
im f ′ = U . Indeed; since f ′(v) ∈ U ∀v ∈ V , it suffices to show f ′(u) = u ∀u ∈ U :

f ′(u) =
1

|G|
∑
g∈G

g
(
f
(
g−1u

))
=

1

|G|
∑
g∈G

g
(
g−1u

)
since g−1u ∈ u and f is a projection

=
1

|G|
∑
g∈G

u

=
1

|G|
|G|u = u.

Hence, by Theorem 7.1.4, V = U ⊕ ker f ′ where ker f ′ is indeed a KG-submodule by 6.4.3. □

Corollary 7.3.3. Let G be a group, K a field with |G| · 1K ̸= 0K and V a finite dimensional KG-module.
Then ∃ irreducible submodules U1, . . . , Uj such that V = U1 ⊕ U2 ⊕ · · · ⊕ Uj .

Proof. Induction on dimV . If dimV = 1 then V is irreducible hence we are done. Now let dimV > 1. If
V is irreducible then we are again done, so suppose V is reducible and let U ⊆ V be a nontrivial proper
subrepresentation with complementary W , whose existence is guaranteed by Maschke’s theorem. Note
that dimU,dimW < dimV , so by inductive hypothesis U = U1 ⊕ · · · ⊕ Ur,W = Ur+1 ⊕ · · · ⊕ Uk where
Ui irreducible, hence V = U ⊕W = U1 ⊕ · · · ⊕ Uk. □
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Remark (On cyclic groups). We actually have seen Maschke’s theorem and its corollary for specifically
cyclic groups Cn already, and as corollaries, all irreducible representations of Cn are 1-dimensional, and
there are exactly n many non-isomorphic irreducible representations of Cn.

Week 5, lecture 2

7.4. Orthogonality relations of characters.

Notation. CG := {f : G→ C}. Note that CG ∼= CG as a vector space and dimCG = |G|.

Lemma 7.4.1. Let V = U1⊕· · ·⊕Uk be a decomposition of a KG-module V , then χV = χU1
+ · · ·+χUk

.

Remark. Note that Maschke’s theorem does not give us uniqueness of the decomposition, but the
equation stated will independently hold.

Proof. Choose a basis of V by choosing a basis for each Ui, then matrices ρ(g) are block diagonal with
respect to this basis (cf. Section 6.2):

ρV (g) =

ρU1(g) 0 0

0
. . . 0

0 0 ρUk
(g)

 ,

and by definition of character (trace of the matrix) one has what’s desired. □

From now on we fix the field C and group G to be finite. Write V ∈ Mod-G to say ‘V is a finite
dimensional CG-module’.

Lemma 7.4.2. Let V ∈ Mod-G be irreducible and f ∈ Hom(V, V ). Define

f̃ ∈ HomG(V, V ) by v 7→ 1

|G|
∑
g∈G

g
(
f
(
g−1v

))
.

Then

f̃ =
tr(f)

dimV
IV .

Proof. Schur’s lemma over C (6.5.2) tells us indeed f̃ = λIV for some λ ∈ C. Now one has

λ dimV = tr(λIV ) = tr

 1

|G|
∑
g∈G

ρ(g) ◦ f ◦ ρ
(
g−1

)
=

1

|G|
∑
g∈G

tr
(
ρ(g) ◦ f ◦ ρ(g)−1

)
= tr(f). by 4.1.1

□

Definition 7.4.3. For φ,ψ ∈ CG, define the inner product

⟨φ,ψ⟩ := 1

|G|
∑
g∈G

φ(g)ψ(g).

Note that this is a Hermitian inner product on CG, i.e. ∀φ,ψ, ξ ∈ CG, α ∈ C,

(1) ⟨φ,ψ⟩ = ⟨ψ,φ⟩,
(2) ⟨αφ+ ξ, ψ⟩ = α ⟨φ,ψ⟩+ ⟨ξ, ψ⟩,
(3) ⟨ψ, αφ+ ξ⟩ = α ⟨φ,ψ⟩+ ⟨ξ, ψ⟩,
(4) ⟨ψ,ψ⟩ ≥ 0.

Theorem 7.4.4 (Orthogonality relations). Let U, V ∈ Mod-G be irreducible. Then

⟨χU , χV ⟩ =
{
1 if U ∼ V,

0 otherwise.
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Proof. One has

⟨χU , χV ⟩ =
1

|G|
∑
g∈G

χu(g)χV (g
−1) by 4.3.1

=
1

|G|
∑
g∈G

(∑
i

ρU (g)i,i

)∑
j

ρV
(
g−1

)
j,j

 by definition

=
∑
i,j

 1

|G|
∑
g∈G

ρU (g)i,iρV
(
g−1

)
j,j


=
∑
i,j

(
1

|G|
eTi ρU (g)eie

T
j ρV

(
g−1

)
ej

)

=
∑
i,j

eTi
 1

|G|
∑
g∈G

ρU (g)Ei,jρV
(
g−1

) ej


=
∑
i,j

eTi Ẽi,j︸︷︷︸
∈HomG(V,U)

ej

 . by definition in 7.4.2

By Schur’s lemma (6.5.1), if U ̸∼ V then Ẽi,j = 0. If U ∼ V then χU = χV , so it suffices to treat the case
U = V. Ẽi,i is then diagonal by 6.5.2, hence∑

i

eTi Ẽi,iei = tr
(
Ẽi,i

)
= dimV

tr(Ei,i)

dimV
= 1

by Lemma 7.4.2. □

Week 5, lecture 3

Corollary 7.4.5. The number of pairwise nonisomorphic irreducible finite-dimensional CG-modules is at
most the number of conjugacy classes in G.

Proof. By 7.4.4, the characters of pairwise nonisomorphic irreducible finite-dimensional CG-modules form
an orthonormal system in the vector space V = {χ ∈ CG : χ class function}, which implies the number of
them cannot exceed dimV (you cannot have four vectors pairwise perpendicular in a 3-d space), which is
the number of conjugacy classes in G. □

Corollary 7.4.6. For U, V ∈ Mod-G, one has U ∼ V if and only if χU = χV .

Proof. It suffices to show the ⇐ by Lemma 4.1.2. Let W1, . . . ,Wr ∈ Mod-G be a complete list of pairwise
nonisomorphic irreducibles. Now, by Maschke’s theorem (7.3.2) one can write U ∼

⊕r
i=1W

⊕ni
i and

V ∼
⊕r

i=1W
⊕mi
i where ni,mi ∈ N. By 7.4.1 and assumption,

χU =

r∑
i=1

niχWi =

r∑
i=1

miχWi = χV .

Now by 7.4.4, χWi
are linearly independent, so the coefficients are uniquely determined and ni = mi ∀i,

and U ∼ V immediately follows. □

Definition 7.4.7. Let U ∈ Mod-G be irreducible and W ∈ Mod-G. Define the multiplicity of U in W as

multU (W ) := ⟨χU , χW ⟩ .

Proposition 7.4.8. Let U ∈ Mod-G be irreducible and W ∈ Mod-G. For any decomposition

W =

k⊕
i=1

Ui,

one has
multU (W ) = |{i ∈ {1, . . . , k} : U ∼ Ui}|.
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Proof. Let W1, . . . ,Wr ∈ Mod-G be a complete list of pairwise nonisomorphic irreducibles. One then has

χW =

k∑
i=1

χUi =

r∑
j=1

njχWj where nj = |{i ∈ {1, . . . , k} : Ui ∼Wj}|.

By 7.4.4, one sees

multU (W ) =

〈
χU ,

r∑
j=1

njχWj

〉
=

r∑
j=1

nj
〈
χU , χWj

〉
= 0 + · · ·+ nj0 ⟨χU , χj0⟩+ · · ·+ 0 = nj0

where j0 ∈ N : U ∼Wj0 . □

Lemma 7.4.9. U ∈ Mod-G is irreducible if and only if ⟨χU , χU ⟩ = 1.

Proof. It suffices to show the ⇐ by Theorem 7.4.4. Let W1, . . . ,Wk ∈ Mod-G be a complete list of
pairwise nonisomorphic irreducibles. Use Maschke’s to write

U ∼
k⊕

j=1

W
⊕nj

j and hence χU =

k∑
j=1

njχWj
.

where nj ∈ N, then by 7.4.4 and assumption,

⟨χU , χU ⟩ =
k∑

i,j=1

ninj
〈
χWi

, χWj

〉
=

k∑
i=1

(ni)
2 = 1,

which means one ni = 1 and all other ni = 0, so U ∼Wi for some i, i.e. U is irreducible. □

7.5. Decomposition of the regular representation.

Lemma 7.5.1. Let W1, . . . ,Wk ∈ Mod-G be a complete list of pairwise nonisomorphic irreducibles. Then

k∑
i=1

(dimWi)
2 = |G|.

Proof. Let CG denote the regular representation. First note dim(CG) = |G|, and since regg, a permutation
of basis vectors, has no fixed points as long as g ̸= e and hence only zeros along the diagonal, one has

multWi
(CG) = ⟨χCG, χWi

⟩ = 1

|G|
∑
g∈G

χCG(g)︸ ︷︷ ︸
=0 if g ̸=e

χWi
(g)

=
1

|G|
χCG(e)χWi(e) =

1

|G|
dimWi = dimWi.

Now since

CG ∼
k⊕

i=1

W
⊕multWi

(CG)

i =

k⊕
i=1

W dimWi
i ,

one has |G| = dimCG =
∑k

i=1(dimWi)
2. □

Week 6, lecture 1

Definition 7.5.2. A character χ is irreducible if χ is the character of an irreducible representation
V ∈ Mod-G.

Example 7.5.3. G = C3 =
〈
x | x3 = 1

〉
. Recall the 3 irreducible characters: let ζ ∈ C a primitive 3rd

root of unity. Note since G is abelian it has |G| = 3 conjugacy classes. Consider the character table

{1} {x} {x2}
χ0 1 1 1
χ1 1 ζ ζ2

χ2 1 ζ2 ζ4 = ζ
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One verifies that

⟨χ0, χ1⟩ =
1

3

(
1 · 1 + 1 · ζ + 1 · ζ2

)
=

1

3

(
1 + ζ2 + ζ

)
= 0,

⟨χ1, χ1⟩ =
1

3

(
1 · 1 + ζ · ζ + ζ2 · ζ2

)
=

1

3

(
1 + ζ3 + ζ3

)
= 1,

⟨χ2, χ1⟩ =
1

3

(
1 · 1 + ζ2 · ζ + ζ · ζ2

)
=

1

3

(
1 + ζ4 + ζ2

)
= 0.

Example 7.5.4. G = Cn and ζ is a primitive nth root of unity. Generalising from example above, one
sees the character table is now an n×n matrix whose (i, j)th entry (counting from zero) is ζij , 0 ≤ i, j < n.
(Known as the Vandermonde matrix.)

Example 7.5.5. G = S3, S = {1, 2, 3} and V is the corresponding permutation representation (note
dimV = 3). We’ve seen in Example 1.3.2 the 1-d representation sign with character

χsign(e) = 1, χsign((12)) = −1, χsign((123)) = 1.

Now let U := C(e1 + e2 + e3) and consider V/U with basis (e1 + U, e2 + U) (and e3 = −e1 − e2), then

ρV/U (e) =

(
1 0
0 1

)
ρV/U ((12)) =

(
0 1
1 0

)
ρV/U ((123)) =

(
0 −1
1 −1

)
tr = 2 tr = 0 tr = −1

We can use 7.4.9 to check that V/U is irreducible:〈
χV/U , χV/U

〉
=

1

6

(
22 + 3× 02 + 2× (−1)2

)
=

1

6
× 6 = 1.

Verify 7.5.1: 22 + 12 + 12 = 6.

7.5.1. The Wedderburn isomorphism.

Definition 7.5.6. A C-algebra A is a C-vector space and a ring such that the scalar multiplication and
ring multiplication are compatible, i.e. ∃ an injective ring homomorphism ι : C → A with

α ·C a = ι(α) ·A a ∀α ∈ C, a ∈ A.

Example 7.5.7. Let End(V ) := Hom(V, V ), which is a C-algebra via ι(α) = αIV . Note GL(V ) ⊊ End(V ).
Also CG is a C-algebra via the product∑

g∈G

αgg

(∑
h∈G

βhh

)
=

∑
g′∈G,gh=g′

(αgβh)g
′,

the ‘linear continuation’ of action of G on regular representation CG.

Theorem 7.5.8 (Wedderburn’s). Let W1, . . . ,Wk ∈ Mod-G be a complete list of pairwise nonisomorphic
irreducibles and

f : CG→ End(W1)× · · · × End(Wk)

g 7→ (ρW1
(g), . . . , ρWk

(g)) .

Then f is an isomorphism of C-algebras.

Week 6, lecture 2

Remark. Let V be a C-algebra and a G-representation whose group action is compatible with the ring
multiplication ·V as follows:

(gh)1V = (g1V ) ·V (h1V ).

A G-homomorphism from CG with f(1CG) = 1V is always a ring homomorphism, hence a C-algebra
homomorphism, since

f

∑
g∈G

αgg

(∑
h∈H

βhh

) = f

 ∑
g,h∈G

(αgβh)gh

 =
∑

g,h∈G

αgβhf(gh)

=
∑

g,h∈G

αgβhf(g)f(h) =

∑
g∈G

αgf(g)

(∑
h∈G

βhf(h)

)

= f

∑
g∈G

αgg

 f

(∑
h∈G

βhh

)
.
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Proof of 7.5.8. f is a linear map and a G-morphism, hence a C-algebra morphism. By 7.5.1, the dimensions
are equal so by 1.5.3 it suffices to show either injectivity or surjectivity. Consider a =

∑
g∈G

αgg ∈ ker f .

Then
∀i ∈ {1, . . . , k},

∑
g∈G

αgρWi(g) =: ρWi(a) = 0,

i.e. ∀w ∈ Wi, ρWi(a)(w) = 0. By construction of Wi’s and Maschke’s theorem (7.3.2), one has
∀V ∈ Mod-G, ρV (a) = 0. In particular for V = CG, ∀b ∈ CG, a ·CG b = 0, hence a = a ·CG 1G = 0. □

Definition 7.5.9. The centre of a C-algebra A is the linear subspace Z(A) ⊆ A defined as

Z(A) = {a ∈ A : ab = ba ∀b ∈ A}.

Notation. ClG := {conjugacy classes in G}.

Proposition 7.5.10. dimZ(CG) = |ClG|.

Proof. First note that ∀b ∈ CG, ab = ba ⇐⇒ ∀h ∈ G, ah = ha ⇐⇒ ∀h ∈ G, hah−1 = a. Write
a =

∑
g∈G αgg. One has hah−1 = a iff∑

g∈G

αgg =
∑
g∈G

αghgh
−1 =

∑
g′∈G

αh−1g′hg
′ ⇐⇒ ∀g ∈ G, αg = αh−1gh,

so a ∈ Z(G) ⇐⇒ α : G → C is constant on conjugacy classes. The vector space of such α hence has
dimension |ClG|. □

Corollary 7.5.11. The number of pairwise nonisomorphic irreducible representations of G equals |ClG|.

Proof. By 7.5.8 one has

dimZ(CG) = |ClG| = dimZ(End(W1)× · · · × End(W1)).

Note that Z(End(W )) = CIw (the only matrices that commute with any other matrix are the ones
that are diagonal with same entries on the diagonal), which is 1-dimensional. More generally,

Z(End(W1)× · · · × End(W1)) = Z(End(W1))× · · · × Z(End(Wk))

which is k-dimensional. □

Notation. CClG = {f : ClG → C}, which we identify with the set of class functions CG.

Corollary 7.5.12. The characters of irreducible representations of G form a basis of vector space CClG .

Proof. By 7.4.4, the irreducibles characters are linearly independent, and by 7.5.11 the number of such
characters equals dimCClG = |ClG|. □

Week 6, lecture 3

7.5.2. Character tables.

Definition 7.5.13. The character table of G is the square matrix whose columns are indexed by conjugacy
classes ClG(gi) and rows are index by Wj with entries χWj

(gi).

Example 7.5.14. The character table of S3 (the subscripts indicate sizes of conjugacy classes):

S3 id1 (12)3 (123)2
triv 1 1 1
sign 1 −1 1

⟨e1, e2, e3⟩ /C(e1 + e2 + e3) 2 0 −1

Theorem 7.4.4 tells us if one multiplies each column g in the table by
√

|ClG(g)|
|G| one obtains a matrix A

with orthogonal rows of norm 1 (in the sense of standard Hermitian inner product ⟨v, w⟩ :=
∑n

i=1 viwi for
v, w ∈ Cn), i.e. orthonormal rows:

G = S3 1 x x2

triv 1√
6

3√
6

2√
6

sign 1√
6

− 3√
6

2√
6

U/V 2√
6

0 − 2√
6
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Proposition 7.5.15. A matrix A with orthonormal rows also has orthonormal columns.

Proof. For a matrix A with orthonormal rows, let A† denote its conjugate transpose. One has

(AA†)i,j =

k∑
l=1

Ai,lA
†
l,j =

k∑
l=1

Ai,lAj,l = ⟨Arow i, Arow j⟩ = δi,j ,

so A† = A−1. But conversely,

δi,j = (A−1A)i,j = (A†A)i,j =
〈
A†

row i, A
†
row j

〉
=
〈
Acol i, Acol j

〉
= ⟨Acol i, Acol j⟩ .

□

Definition 7.5.16. Matrices A with A† = A−1 are unitary.

Corollary 7.5.17 (Orthogonal columns).

∀g ∈ G,
∑
χ

χ(g)χ(g) =
|G|

|ClG(g)|

where the sum is over all irreducible characters χ. If g1 and g2 are not conjugates then∑
χ

χ(g1)χ(g2) = 0.

Proof. Rescaling every column of the character table T by
√

|ClG(g)|
|G| gives a matrix A with orthonormal

rows by 7.4.4, hence orthonormal columns by 7.5.15. □

7.6. The isotypic decomposition.

Theorem 7.6.1. Let W1, . . . ,Wk be a complete list of pairwise nonisomorphic irreducibles of G. For a
fixed i ∈ {1, . . . , k}, let

ai :=
dimWi

|G|
∑
g∈G

χWi
(g)g ∈ CG.

and let V ∈ Mod-G. Consider the decomposition into irreducibles

V =

k⊕
l=1

multWl
(V )⊕

j=1

Ul,j︸ ︷︷ ︸
Vl

with each Ul,j ∼Wl.

Then ρV (ai) ∈ End(V ) is the projection onto Vi. In particular, the space Vi is independent of the finer
decomposition of V into the Ul,j .

Week 7, lecture 1

Proof. Fix i ∈ {1, . . . , k} and let U ∈ Mod-G be irreducible such that U ∼Wj . Consider ρU (ai) ∈ End(U).
We claim ai ∈ Z(CG). Indeed, for h ∈ G,

hai = h
dimWi

|G|
∑
g∈G

χWi(g)g =
dimWi

|G|
∑
g∈G

χWi(g)hg =
dimWi

|G|
∑
g∈G

χWi(h
−1gh)hh−1gh

=
dimWi

|G|
∑
g∈G

χWi(g)gh = aih,

and therefore ρU (h)ρU (ai) = ρU (hai) = ρU (aih) = ρU (ai)ρU (h), i.e. ρU (ai) ∈ EndG(U). By 6.5.2,
ρU (ai) = λi,jIU for some λi,j ∈ C. Note

λi,j dimU = tr(ρU (ai)) =
dimWi

|G|
∑
g∈G

χWi
(g) tr(ρU (g))︸ ︷︷ ︸

χWj
(g)

= dimWi

〈
χWj

, χWi

〉
= dimWiδi,j ,

and note that if i = j then dimU = dimWj = dimWi, so λi,j = δi,j .
Hence, if we take a basis of V that respects the decomposition

V =

k⊕
l=1

multWl
(V )⊕

j=1

Ul,j ,

then ρV (ai) is a block diagonal matrix, one block for each Ul,j and it is the zero matrix for all i ̸= l and is
identity for all Ui,j . This is the projection to

⊕
j Ui,j = Vi. □
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Example 7.6.2. For W0 being the trivial representation, one has

a0 =
1

|G|
∑
g∈G

g ∈ CG,

the projection to the invariant space.

Example 7.6.3. Let G = C2 =
〈
x | x2 = 1

〉
, V = C2×2 with the action xA = AT . Then

atriv =
1

2
(1 + x), asign =

1

2
(1− x)

so in particular if A is symmetric then atrivA = 1
2

(
A+AT

)
= A (i.e. the 3-dimensional space of symmetric

matrices is invariant under atriv) and asignA = 1
2

(
A−AT

)
= 0. But if B is any matrix then atrivB

will be symmetric, so atriv is idempotent, hence a projection. Similar for asign, it’s a projection to the

1-dimensional space of skew-symmetric matrices (matrices of the form
(

0 a
−a 0

)
).

Definition 7.6.4. Theorem 7.6.1 gives a decomposition V =
⊕k

i=1 Vi. We call Vi an isotypic component,
which are unique up to reordering of the summands. A representation that contains only on nonzero
isotypic component is isotypic.

Week 7, lecture 2

8. Induced representation

Definition 8.0.1. Let H ≤ G be a subgroup and let V ∈ Mod-G. Then H acts linearly on V and we
denote the corresponding CH-module by V ↓GH∈ Mod-H, called the restriction of V .

We write χV ↓GH := χV ↓G
H

.

Note that if V ∈ Mod-G is irreducible then V ↓GH might not be irreducible. For example, if dimV = 2
and H = {e} is the trivial group.

In the following, let H ≤ G and fix a set of coset representatives t1, . . . , tl : G = t1H ⊔ t2H ⊔ · · · ⊔ tlH.
The set {t1, . . . , tl} is called a transversal.

Definition 8.0.2 (The coset module). Let H = {t1H, . . . , tlH}. The group G acts on H via

g(tiH) := (gti)H.

Let CH ∈ Mod-G denote the corresponding permutation representation, called the coset module.

Example 8.0.3. Let G = S3, H = {id, (23)} and H = {H, (12)H, (13)H}. Then

CH = {α1H + α2(12)H + α3(13)H : α1, α2, α3 ∈ C}.

We determine ρCH((12)) ∈ GL3(C) with respect to the basis H:

(12)H = (12)H

(12)(12)H = H

(12)(13)H = (132)H = (132)(23)H = (13)H

since (23) ∈ H, so the matrix is 0 1 0
1 0 0
0 0 1

 .

Definition 8.0.4. If ρ : H → GLn(C) is a H-representation, define ρ ↑GH : G→ End(Cnl) via

ρ ↑GH (g) :=

ρ(t
−1
1 gt1) · · · ρ(t−1

1 gtl)
...

. . .
...

ρ(t−1
l gt1) · · · ρ(t−1

l gtl)


where ρ(g) = 0 if g /∈ H.
ρ ↑GH is called the induced representation of ρ.

Proposition 8.0.5. Let 1 : H → GL1(C) denote the trivial representation of H. Then 1 ↑GH∈ Mod-G
and one has 1 ↑GH∼ CH.
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Proof. Let ρ := ρ1↑G
H

and ψ := ρCH. We claim that ∀g ∈ G, ρ(g) = ψ(g). Note ∀g ∈ G, both ρ(g) and
ψ(g) contain only 0s and 1s. Now ∀g ∈ G:

ρ(g)i,j = 1 ⇐⇒ t−1
i gtj ∈ H ⇐⇒ g(tjH) = tiH ⇐⇒ ψ(g)i,j = 1.

□

Theorem 8.0.6. ρ ↑GH : G→ GLnl(C) is a matrix representation.

Proof. We prove that ρ ↑GH (g) is a block matrix whose coarse structure is a permutation matrix, i.e. in
every row and column of blocks there is exactly one nonzero block. Now for the jth column, the blocks
are ρ(t−1

1 gtj), ρ(t
−1
2 gtj), . . . , ρ(t

−1
l gtj). But t−1

i gtj ∈ H ⇐⇒ gtj ∈ tiH which is true for exactly one i
since the tiH’s form a disjoint union of G. Analogously for rows. It’s also easy to check ρ ↑GH (e) = Inl
since t−1

i tj ∈ H ⇐⇒ tj ∈ tiH ⇐⇒ i = j. It remains to prove ∀g, h ∈ G,

ρ ↑GH (gh) = ρ ↑GH (g)ρ ↑GH (h).

Consider the (i, j)th block on both sides, it suffices to prove

(∗)
l∑

k=1

ρ(t−1
i gtk︸ ︷︷ ︸
ak

)ρ(t−1
k htj︸ ︷︷ ︸
bk

) = ρ(t−1
i ghtj︸ ︷︷ ︸

c

).

Week 7, lecture 3

Note ∀k, akbk = t−1
i gtkt

−1
k htj = t−1

i ghtj = c.
If ρ(c) = 0 then c /∈ H so either ak /∈ H or bk /∈ H ∀k, i.e. ρ(ak) = 0 or ρ(bk) = 0 ∀k, thus∑
k ρ(ak)ρ(bk) = 0, which proves ∗.
If ρ(c) ̸= 0 then let m be the unique index with am ∈ H (see previous block structure argument), then

bm = a−1
m c ∈ H and

∑
k ρ(ak)ρ(bk) = ρ(am)ρ(bm) = ρ(ambm) = ρ(c) since ρ is representation of H. □

Theorem 8.0.7. A priori the construction process of ρ ↑GH depends on the set of coset representations.
Consider ρ ↑G,t

H and ρ ↑G,s
H constructed from ρ : H → GL(V ) using two sets of coset representations

t = (t1, . . . , tl) and s = (s1, . . . , sl) respectively:

G = t1H ⊔ · · · ⊔ tlH = s1H ⊔ · · · ⊔ slH,

then ρ ↑G,t
H ∼ ρ ↑G,s

H .

Proof. By 7.4.6 it suffices to show χ ↑G,t
H = χ ↑G,s

H . One has

(8.0.7.1) χ ↑G,t
H =

l∑
i=1

tr(ρ(t−1
i gti)) =

l∑
i=1

χ(t−1
i gti)

and similarly

(8.0.7.2) χ ↑G,s
H =

l∑
i=1

χ(s−1
i gsi).

Now note that tiH = siH ∀i (after relabelling), which implies ∀i, ∃hi ∈ H : ti = sihi, so

t−1
i gti = h−1

i s−1
i gsihi,

which means
• t−1

i gti ∈ H if and only if s−1
i gsi ∈ H,

• when both in H, they are conjugate.
Hence χ(t−1

i gti) = χ(s−1
i gsi). □

Lemma 8.0.8. Let ρ ∈ Mod-H with character χ. Then

χ ↑GH (g) =
1

|H|
∑
x∈G

χ(x−1gx)

where χ(g) = 0 if g /∈ H.
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Proof. Cf. proof of 8.0.7. Observe

χ(t−1
i gti) =

1

|H|
∑
h∈H

(h−1t−1
i gtih)

which, plugged into 8.0.7.1, gives

χ ↑GH (g) =
1

|H|
∑

i∈{1,...,l},h∈H

χ(h−1t−1
i gtih)

but by going through all the i’s (all the cosets) and h ∈ H (all elements in the subgroup), tih gives us
precisely all elements of G, hence

χ ↑GH (g) =
1

|H|
∑
x∈G

χ(x−1gx).

□

Theorem 8.0.9 (Frobenius reciprocity). Let H ≤ G and let ψ, χ be characters of H and G respectively.
Then 〈

ψ ↑GH , χ
〉
=
〈
ψ, χ ↓GH

〉
.

Proof. 〈
ψ ↑GH , χ

〉
=

1

|G|
∑
g∈G

ψ ↑GH (g)χ(g−1)

=
1

|G| · |H|
∑
x∈G

∑
g∈G

ψ(x−1gx)χ(g−1) by 8.0.8

=
1

|G| · |H|
∑
x∈G

∑
y∈G

ψ(y)χ(xy−1x−1) writing y = x−1gx

=
1

|G| · |H|
∑
x∈G

∑
y∈G

ψ(y)χ(y−1) by 4.3.1.4

=
1

|G| · |H|
|G|

∑
y∈G

ψ(y)χ(y−1) =
1

|H|
∑
y∈G

ψ(y)χ(y−1) independence of x

=
1

|H|
∑
y∈H

ψ(y)χ(y−1) since ψ(y) = 0 if y /∈ H

=
〈
ψ, χ ↓GH

〉
.

□

9. An in-depth example: the symmetric group Sn

9.1. Young subgroup, tableau, tabloid.

Definition 9.1.1. A partition λ of n is a list (λ1, . . . , λl) ∈ Nl with λ1 ≥ · · · ≥ λl > 0 with
∑l

i=1 λi = n.
One writes λ ⊢ n. The number l(λ) = l is the length of λ and λi = 0 for i > l(λ).

Week 8, lecture 1
We have seen that # conjugacy classes in Sn = # partitions of n.

Definition 9.1.2. For each partition λ we can draw its Ferrers (or Young) diagram, for example for
λ = (3, 3, 2, 1) (or (32, 2, 1)) the diagram is .

Notation. For a set A write SA := {π : A→ A bijective}. In particular Sn = S{1,...,n}.

Definition 9.1.3. Let λ ⊢ n. The Young subgroup Sλ ≤ Sn is

Sλ = S{1,2,...,λ1} × S{λ1+1,...,λ1+λ2} × · · · × S{n−λl+1,...,n}.

Example 9.1.4.
S{3,3,2,1} = S{1,2,3} × S{4,5,6} × S{7,8} × S{9}.

In general,
Sλ

∼= Sλ1 × Sλ2 × · · · × Sλl
.
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Now consider 1 ↑Sn

Sλ
. If π1, . . . , πk is a transversal, then Sn acts linearly on

V λ = linspan{π1Sλ, . . . , πkSλ}
and one has V λ ∼ 1 ↑Sn

Sλ
. See 8.0.5.

Definition 9.1.5. Let λ ⊢ n. A Young tableau (or just tableau) t of shape λ is an array obtained by
writing numbers 1, 2, . . . , n into the boxes of the Young diagram of λ, each number exactly once.

The shape sh(t) of a Young tableau is the partition associated to its Young diagram, e.g.

sh

(
2 1 4
5 3

)
= (3, 2).

A Young tableau of shape λ is also called a λ-tableau. For λ ⊢ n there are n! λ-tableaux.
Let ti,j denote the entry of t at position i, j.

Definition 9.1.6. Two λ-tableaux are row-equivalent, denoted t1 ∼ t2, if the corresponding rows contain
the same elements. An equivalence class of this is a tabloid of shape λ or λ-tabloid, denoted {t1} (so
t1 ∼ t2 =⇒ {t1} = {t2}). We use lines between rows to denote tabloids:

2 1 4
5 3

= 4 2 1
5 3

= 1 2 4
3 5

= · · ·

π ∈ Sn acts on a Young tableau t via (πt)i,j = π(ti,j), which induces an action on tabloids also:
π{t} = {πt}.

Definition 9.1.7. Let λ ⊢ n and {t1}, . . . , {tk} a complete list of λ-tabloids. Define

Mλ := linspan{{t1}, . . . , {tk}},
the permutation module corresponding to λ.

Example 9.1.8. Consider λ = (n), giving one-row Young tableaux. Then M (n) = C
{

1 2 ··· n
}

with the
trivial action.

Now consider λ = (1n), giving one-column Young tableaux. Then M (1n) ∼ CSn.
Let λ = (n− 1, 1). Then each tabloid is uniquely defined by the entry at position (2, 1), hence M (n−1,1)

is isomorphic to the permutation representation of Sn on the set {1, 2, . . . , n} defined via π · i = π(i).

Proposition 9.1.9. Mλ ∼ V λ.

Proof. Fix the Young tableau tλ that has row-wise consecutive increasing numbers from left to right, e.g.

t(4,2,1) = 1 2 3 4
5 6
7

and let π1, . . . , πk be a transversal for Sλ. Define θ : V λ →Mλ : πiSλ 7→ πit
λ. It is easy to verify that θ

is an isomorphism of Sn-representations. □

Week 8, lecture 2

9.2. Dominance and lexicographic ordering.

Definition 9.2.1. A partial order on a set A is a relation ≤ such that
(1) ∀a ∈ A, a ≤ a, reflexivity
(2) ∀a, b ∈ A, a ≤ b, b ≤ a =⇒ a = b, antisymmetry
(3) ∀a, b, c ∈ A, a ≤ b, b ≤ c =⇒ a ≤ c. transitivity

and one says A is a partially ordered set, or poset. If in addition ∀a, b ∈ A either a ≤ b or b ≤ a, then ≤ is
a total order.

Definition 9.2.2. Let λ, µ ⊢ n. Then λ dominates µ, denoted λ⊵ µ, if

∀k,
k∑

i=1

λi ≥
k∑

i=1

µi.

For example, (3, 3)⊵ (2, 2, 1, 1). Note it’s not a total order, e.g. (3, 3) and (4, 1, 1) are incomparable.

Definition 9.2.3. Let A be a poset. For b, c ∈ A, one says c covers b if c > b (meaning c ≥ b and c ̸= b)
and ∄d ∈ A : b < d < c.

The Hasse diagram consists of
• a vertex for each a ∈ A,
• an arrow from b to c if c covers b.
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For example,

(6)

(5, 1)

OO

(4, 2)

OO

(32)

77

(4, 12)

gg

(3, 2, 1)

77gg

(3, 13)

77

(23)

gg

(22, 12)

ff 88

(2, 14)

OO

(16)

OO

Lemma 9.2.4 (Dominance lemma for partitions). Let λ, µ ⊢ n and tλ and sµ be Young tableaux of shape
λ and µ respectively. If for each i the elements of row i of sµ are all in different columns in tλ, then λ⊵ µ.

Proof. We can sort the entries in each column of tλ so that the elements of the rows 1, 2, . . . , i of sµ all
occur in the first i rows of tλ. Let Ei(t) denote the set of elements in the first i rows of t. Then

λ1 + λ2 + · · ·+ λi = |Ei(t
λ)| ≥ |Ei(t

λ) ∩ Ei(s
µ)| = |Ei(s

µ)| = µ1 + µ2 + · · ·+ µi,

i.e. λ⊵ µ. □

Definition 9.2.5. Let λ, µ ⊢ n. One writes λ < µ if one has for some i
(1) ∀j < i, λj = µj ,
(2) λi < µi.

This is the lexicographic order, which is a total order.
For example,

(16) < (2, 14) < (22, 12) < (23) < (3, 13) < (3, 1, 2) < (3, 3) < (4, 12) < (4, 2) < (5, 1) < (6).

Proposition 9.2.6 (Lexicographic order is a refinement of dominance). Let λ, µ ⊢ n. If λ⊵µ then λ ≥ µ.

Proof. If λ = µ then we are done, so suppose λ ̸= µ and find the smallest i with λi ̸= µi, so in particular
∀k < i,

∑k
j=1 λj =

∑k
j=1 µj and since λ⊵µ one has

∑i
j=1 λj >

∑i
j=1 µj , so λi > µi and hence λ > µ. □

9.3. Specht modules.

Definition 9.3.1. For a tableaux t with rows R1, . . . , Rl and columns C1, . . . , Ck, define the row-stabiliser

Rt := SR1 × SR2 × · · · × SRl

and the column-stabiliser
Ct := SC1

× · · · × SCk
.

Example 9.3.2. For t = 4 1 2
3 5

, one has Rt = S{1,2,4} × S{3,5} and Ct = S{3,4} × S{1,5} × S{2}.

Week 8, lecture 3

Remark. Note that we can identify the tabloid {t} with the right coset Rtt.

Notation. For any subset H ⊆ Sn, define the elements in the group algebra

H+ :=
∑
π∈H

π, H− :=
∑
π∈H

sgn(π)π,

in particular, define κt := C−
t .
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Observe that if t has columns C1, . . . , Ck, then κt = κC1
κC2

· · ·κCk
.

Definition 9.3.3. For a tableau t of shape λ, the associated polytabloid et ∈Mλ is et := κt{t}.

Example 9.3.4. For t = 4 1 2
3 5

, one has

κt = (id−(3, 4))(id−(1, 5)) = id−(3, 4)− (1, 5) + (3, 4)(1, 5),

so
et = 4 1 2

3 5
− 3 1 2

4 5
− 4 5 2

3 1
+ 3 5 2

4 1

= 1 2 4
3 5

− 1 2 3
4 5

− 2 4 5
1 3

+ 2 3 5
1 4

.

Definition 9.3.5. For any partition λ, the Specht module Sλ is defined as the submodule of Mλ spanned
by the polytabloids et where sh(t) = λ.

Lemma 9.3.6. Let t be a tableau and π a permutation. Then
(1) Rπt = πRtπ

−1,
(2) Cπt = πCtπ

−1,
(3) κπt = πκtπ

−1,
(4) eπt = πet.

Proof. (1)
σ ∈ Rπt ⇐⇒ σ{πt} = {πt} ⇐⇒ σπ{t} = π{t}

⇐⇒ π−1σπ{t} = {t} ⇐⇒ π−1σπ ∈ Rt ⇐⇒ σ ∈ πRtπ
−1.

(2)(3) Similar.
(4) eπt = κπt{πt} = πκtπ

−1{πt} = πκt{t} = πet.
□

Example 9.3.7. S(n) ⊆M (n) is the trivial representation.

Example 9.3.8. Let λ = (1n) and t = 1
2...
n

. Then κt =
∑

σ∈Sn
sgn(σ)σ. For π ∈ Sn, by Lemma 9.3.6 one

has
eπt = πet =

∑
σ∈G

sgn(σ)πσ{t},

replacing πσ by τ one has

eπt =
∑
τ∈Sn

sgn(π−1τ)τ{t} = sgn(π−1)
∑
τ∈Sn

sgn(τ)τ{t} = sgn(π)et,

thus every polytabloid is a multiple of et, hence S(1n) = Cet and πet = sgn(π)et (therefore this is the sign
representation).

Example 9.3.9. Let λ = (n− 1, 1), tk = i ··· j
k

and vk = {tk}. Then et = vk − vi and the span of all

such vectors is
S(n−1,1) = {α1v1 + · · ·+ αnvn : α1 + · · ·+ αn = 0, αi ∈ C}.

This is the kernel of Example 6.4.4.

Week 9, lecture 1

9.4. The submodule theorem.

Definition 9.4.1. Define inner product on Mλ via

⟨{t}, {s}⟩ := S{t},{s}.

Note that ∀π ∈ Sn one has ⟨{t}, {s}⟩ = ⟨π{t}, π{s}⟩ and hence ∀u, v ∈Mλ, ⟨u, v⟩ = ⟨πu, πv⟩.

Notation. π− := {π}− = sgn(π)π.

Lemma 9.4.2 (Sign). Let H ≤ Sn be a subgroup. Then
(1) If π ∈ H then πH− = H−π = sgn(π)H−, i.e. π−H− = H−.
(2) ∀u, v ∈Mλ, ⟨H−u, v⟩ = ⟨u,H−v⟩.
(3) If (b, c) ∈ H then one can factor H− = k · (id−(b, c)) for some k ∈ CSn.
(4) If t is a tableau with b, c in the same row and (b, c) ∈ H then H−{t} = 0.
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Proof. (1) Similar to πet = sgn(π)et in 9.3.8:

πH− =
∑
σ∈H

sgn(σ)πσ =
∑
τ∈H

sgn(π−1τ)τ = sgn(π−1)
∑
τ∈H

sgn(τ)τ = sgn(π)H−.

(2) 〈
H−u, v

〉
=
∑
π∈H

⟨sgn(π)πu, v⟩ =
∑
π∈H

〈
sgn(π)u, π−1v

〉
=
∑
π∈H

〈
u, sgn(π−1), π−1v

〉
=
∑
π∈H

⟨u, sgn(π)πv⟩ =
〈
u,H−, v

〉
.

(3) Consider the subgroup {id, (b, c)} ≤ H. Take a transversal

k1{id, (b, c)} ⊔ k2{id, (b, c)} ⊔ · · · ⊔ · · ·
Observe (∑

i

k−i

)
(id−(b, c)) = H−

as desired.
(4) By assumption, (b, c){t} = {t}, so

H−{t} = k · (id−(b, c)){t} = 0.

□

Corollary 9.4.3. Let λ, µ ⊢ n and t a λ-tableau and s a µ-tableau. If κt{s} ̸= 0 then λ⊵ µ and if λ = µ
then κt{s} ∈ {−et, et}.

Proof. Let b, c be two elements in the same row of s. If they are also in the same column of t then by
9.4.2.4 κt{s} = 0. If not then 9.2.4 gives λ⊵ µ.

If additionally λ = µ then by the same argument one can reorder within columns of t, i.e. ∃π ∈ Ct :
{s} = π{t}, and 9.4.2.1 gives κt{s} = κtπ{t} = sgn(π)κt{t} ∈ {±et}. □

Corollary 9.4.4. If u ∈Mµ and sh(t) = µ then κtu is a multiple of et.

Proof. Write u =
∑

i αi{si} where {si} are µ-tabloids. Corollary 9.4.3 gives

κtu = κt
∑
i

αi{si} =
∑
i

αiκt{si} =

(∑
i

±αi

)
et.

□

Week 9, lecture 2

Notation. For a linear subspace U ⊆Mµ, define

U⊥ := {v ∈Mµ : ⟨u, v⟩ = 0 ∀u ∈ U}.

Theorem 9.4.5 (Submodule). If U ⊆Mµ is a submodule then Sµ ⊆ U or U ⊆ (Sµ)⊥.

Proof. For all u ∈ U and a µ-tableau t we know ∃αu,t ∈ C : κtu = αu,tet by 9.4.4.
Case 1: ∃u, t : αu,t ̸= 0. Since u ∈ U one has αu,tet = κtu ∈ U , hence et = α−1

u,tκtu ∈ U . Therefore
∀π ∈ Sn, eπt = πet ∈ U and so Sµ ⊆ U .

Case 2: αu,t = 0 ∀u, t. The et with sh(t) = µ spans Sµ. Let u ∈ U , then
⟨u, et⟩ = ⟨u, κt{t}⟩

= ⟨κtu, {t}⟩ by 9.4.2.2
= ⟨0, {t}⟩ = 0.

□

Proposition 9.4.6. If 0 ̸= f ∈ HomSn
(Sλ,Mµ) then λ⊵ µ. If λ = µ then f is multiplication by a scalar.

Proof. Since f ̸= 0 and Sλ is generated by the et, there must be an et : f(et) ̸= 0. Now Mλ = Sλ⊕ (Sλ)⊥.
Thus we can extend f to an element of HomSn

(Mλ,Mµ) by setting f(v) = 0 ∀v ∈ (Sλ)⊥. Now

0 ̸= f(et) = f(κt{t}) = κtf({t}) = κt
∑
i

αi{si}

=
∑
i

αiκt{si} for some αi ∈ C and si are µ-tableaux
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and λ⊵ µ by 9.4.3.
If λ = µ then by 9.4.4 f(et) =

∑
i αiκt{si} = αet for some α ∈ C, so for every π ∈ Sn,

f(eπt) = f(πet) = πf(et) = παet = αeπt.

□

Theorem 9.4.7. The Sλ for λ ⊢ n form a complete list of irreducible Sn-representations.

Proof. Let U ⊆ Sλ be a subrepresentation. By Theorem 9.4.5, either Sλ ⊆ U or U ⊆ (Sλ)⊥, so either
U = Sλ or U ⊆ Sλ ∩ (Sλ)⊥ = {0}, i.e. Sλ is irreducible.

Since we have the correct number of irreducible representations, it remains to show that they are
pairwise nonisomorphic. Suppose Sλ ∼ Sµ, then there is a nonzero f ∈ HomSn(S

λ, Sµ) which can be
interpreted as f ∈ HomSn

(Sλ,Mµ) since Sµ ⊆ Mµ. Then by 9.4.6 λ ⊵ µ. Symmetrically µ ⊵ λ, so
λ = µ. □

Week 9, lecture 3

Corollary 9.4.8.

Mµ ∼
⊕
λ⊵µ

(Sλ)⊕mλ,µ ,

with mµ,µ = 1 ∀µ.

Proof. If Sλ appears in Mµ with nonzero multiplicity (i.e. mλ,µ ≥ 1) then there exists an injective
Sn-homomorphism f : Sλ →Mµ, so by 9.4.6 λ⊵ µ.

Now mµ,µ ≥ 1 by definition of Sµ ⊆Mµ. Suppose for contradiction mµ,µ ≥ 2. Then one can take any
decomposition of Mµ into irreducibles

Mµ =
⊕

λ⊢n, λ⊵µ

(
Vλ,1 ⊕ Vλ,2 ⊕ · · · ⊕ Vλ,mλ,µ

)
where ∀i, Vλ,i ∼ Sλ.

Take the isomorphism f1 : Sµ → Vµ,1 and f2 : Sµ → Vµ,2, then

∀α, β ∈ C, αf1 + βf2 ∈ HomSn
(Sµ,Mµ)

and in particular, dimHomSn(Sµ,Mµ) ≥ 2. But dimHomSn(S
µ,Mµ) = 1 by 9.4.6. □

9.5. Standard tableaux and basis for Sλ: linear independence.

Definition 9.5.1. A tableau is standard if the rows are increasing from left to right and the columns
are increasing from top to bottom. In this case, the corresponding is tabloid and polytabloid are also
standard.

e.g. 1 2 3
4 6
5

is standard but 1 2 3
5 4
6

is not.

Theorem 9.5.2. The set {et : t is a standard λ-tableau} is a basis of Sλ.

Example 9.5.3. S3, λ = (2, 1). Then

e 1 2
3

= 1 2
3

− 3 2
1

= 1 2
3

− 2 3
1

,

e 2 1
3

= 2 1
3

− 3 1
2

= 1 2
3

− 1 3
2

,

and
e 1 3

2

= 1 3
2

− 2 3
1

.

Now notice that
e 1 2

3

− e 1 3
2

= e 2 1
3

and indeed that 1 2
3

and 1 3
2

are standard.
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Definition 9.5.4. A composition of n is a sequence of nonnegative integers (λ1, . . . , λl) such that∑l
i=1 λi = n. Every partition is a composition.
One extend the notions of Young diagrams/tableaux/tabloids and dominance order to compositions

with verbatim definitions, e.g. (5, 3, 4, 4)⊵ (4, 4, 3, 5).
Given {t} with sh(t) = λ, λ ⊢ n, for each i ∈ {1, . . . , n} define

{ti} := the tabloid formed by all elements ≤ i in {t}
and

λi := the composition that is the shape of {ti},
e.g. for {t} = 2 4

1 3
,

{t1} =
1
, {t2} = 2

1
, {t3} = 2

1 3
, {t4} = 2 4

1 3

and
λ1 = (0, 1), λ2 = (1, 1), λ3 = (1, 2), λ4 = (2, 2),

which is called a composition sequence.

Definition 9.5.5. For two tabloids {s}, {t} with composition sequences λi and µi respectively. One say
{s} dominates {t}, denoted {s}⊵ {t}, if ∀i, λi ⊵ µi.

Example 9.5.6. The Hasse diagram for (2, 2)-tabloids:

1 2
3 4

(1, 0), (2, 0), (2, 1), (2, 2)

1 3
2 4

OO

(1, 0), (1, 1), (2, 1), (2, 2)

(0, 1), (1, 1), (2, 1), (2, 2) 2 3
1 4

<<

1 4
2 3

hh

(1, 0), (1, 1), (1, 2), (2, 2)

2 4
1 3

bb
66

(0, 1), (1, 1), (1, 2), (2, 2)

3 4
1 2

OO

(0, 1), (0, 2), (1, 2), (2, 2)

Lemma 9.5.7 (Dominance lemma for tabloids). If k < l and k appears in a lower row than l in {t}, then
{t}◁ (k, l){t}.

Week 10, lecture 1

Proof. Let λi be the composition sequence of {t} and µi that of (k, l){t}. Then for i < k and i ≥ l one
has λi = µi, so consider k ≤ i < l. Let r be the row of {t} in which k appears and q be that of {t} in
which l does. Note that q < r by assumption. Then λi = µi with the qth part decreased by 1 and rth
part increased by 1. Since q < r, one has λi ◁ µi. □

Definition 9.5.8. For v =
∑

i αi{ti} ∈Mµ, one says {ti} appears in v if αi ̸= 0.

Corollary 9.5.9. If t is standard and {s} appears in et, then {t}⊵ {s}.

Proof. Let s = πt for some π ∈ Ct so {s} appears in et. We prove by induction on number of pairs k < l
in the same column of s such that k is in a lower row than l. Such a pair is called a column inversion.
Given any such pair, Lemma 9.5.7 implies {s}◁ (k, l){s}. But (k, l){s} has fewer column inversions than
{s}: to prove this, note that only the entries between k and l must be considered, and for each of those,
the number of inversions they are involved in cannot increase. Hence, by induction, (k, l){s}⊴ {t}. □

Corollary 9.5.10. {t} is the maximum tabloid that appears in et.

Definition 9.5.11. Let (A,≤) be a poset. Then an element b ∈ A is the maximum if ∀c ∈ A, b ≥ c,
and an element b ∈ A is a maximal element if ∀c ∈ A, b ̸< c. Minimum and minimality are defined
analogously.

Proposition 9.5.12. The set {et : t is a standard λ-tableau} is linearly independent.
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Proof. Distinct standard tableaux s ̸= t have distinct tabloids {s} ̸= {t}. By 9.5.10, {t} is the maximum
tabloid in et. Sort the standard λ-tableaux t1, . . . , tm so that {t1} is the maximal among the {ti}. Hence,
{t1} only appears in et1 and not in any other eti . Hence, every zero combination α1et1 + · · ·+ αmetm = 0
must have αi = 0 because otherwise the coefficients for {t1} do not cancel. Remove t1 from the list and
continue inductively with the next maximal tabloid. □

It is also true that {et : t is a standard tableau} spans Sλ but we will not prove it in class. A proof
can be found in Sagan’s book The symmetric group, 2nd ed., Section 2.6. This proves Theorem 9.5.2.

Week 10, lecture 2

10. More examples

10.1. Alternating group A4. Recall A4 = {π ∈ S4 : sgn(π) = 1}, which is isomorphic to group of
rotations R3 that stabilises a regular tetrahedron with barycentre the origin, and |A4| = 12 = |S4|/2.

Let x = (1, 2)(3, 4), y = (1, 3)(2, 4), z = (1, 4)(2, 3) and t = (1, 2, 3). Now K := {id, t, t2} is clearly a
subgroup of A4, but H := {id, x, y, z} is as well since

(G.1) xy = z = yx, xz = y = zx, yz = x = zy.

Recall 1.1.9 and note that

(G.2) txt−1 = z, tzt−1 = y, tyt−1 = x,

and hence H is normal.
Every element of A4 can be written as hk where h ∈ H, k ∈ K by shifting via G.2. The presentation is

unique since |H| · |K| = |A4|.

Claim 10.1.1. The conjugacy classes in A4 are {id}, {x, y, z}, {t, tx, ty, tz}, {t2, t2x, t2y, t2z}.

Proof. Indeed all 4 sets are closed under conjugation with t by G.2. Similarly, conjugation with x, y or z
does not change exponent of t in the unique representation hk.

Define s : H → H : h 7→ tht−1. Then ∀i ∈ {0, 1, 2}, s(tih) = t(tih)t−1 = titht−1 = tis(h) and

∀i ∈ {1, 2}, xtix−1 = xtix = tisi(x)x =

{
ty if i = 1

t2z if i = 2
. □

For the 1-dimensional representations of A4, let ζ = e2πi/3 and one obtains 3 non-isomorphic 1-
dimensional irreducible characters of A4 via ∀h ∈ H, χi(ht

j) = ζij . Now χi : A4 → GL1(C) is indeed a
group homomorphism since the conversion to normed form hk does not change the exponent of t, which
implies

∀h1, h2 ∈ H, ∃h ∈ H : χi(h1t
j1h2t

j2) = χi(ht
j1+j2) = ζi(j1+j2) = ζij1ζij2 = χi(h1t

j1)χi(h1t
j2).

Now by 7.4.5 and 7.5.1, there must be one remaining 3-dimensional irreducible representation. One can
try and check if S3,1 ↓S4

A4
is irreducible: dimS(3,1) = # standard tableaux of shape (3, 1):

1 2 3
4

, 1 2 4
3

, 1 3 4
2

Week 10, lecture 3
Now

e 1 3 4
2

= 1 3 4
2

− 2 3 4
1

e 1 2 4
3

= 1 2 4
3

− 3 2 4
1

= 1 2 4
3

− 2 3 4
1

e 1 2 3
4

= 1 2 3
4

− 4 2 3
1

= 1 2 3
4

− 2 3 4
1

so
xe 1 3 4

2

= e
x 1 3 4
2

= e 2 4 3
1

= 2 4 3
1

− 1 4 3
2

= −e 1 3 4
2

xe 1 2 4
3

= e
x 1 2 4
3

= e 2 1 3
4

= 2 1 3
4

− 4 1 3
2

= e 1 2 3
4

− e 1 3 4
2

xe 1 2 3
4

= e
x 1 2 3
4

= e 2 1 4
3

= 2 1 4
3

− 3 1 4
2

= e 1 2 4
3

− e 1 3 4
2
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which gives us the representation matrix of x−1 −1 −1
0 0 1
0 1 0


with respect to the basis

e 1 3 4
2

, e 1 2 4
3

, e 1 2 3
4

with trace −1. One continues and calculates ψ = χ(3,1) ↓S4

A4
:

ψ(id) = 3, ψ(x) = −1, ψ(t) = 0, ψ(t2) = 0

One verifies with Lemma 7.4.9 that ψ is irreducible:

⟨ψ,ψ⟩ = 1

12
(1 · 32 + 3× (−1)2 + 0) = 1.

The character table is

A4 id(1) x(3) t(4) t2(4)
χ0 1 1 1 1
χ1 1 1 ζ ζ2

χ2 1 1 ζ2 ζ
ψ 3 −1 0 0

where ζ is the cubic root of unity.

10.2. Dihedral group. Recall that D2n =
〈
r, s | rn = 1, s2 = 1, srs−1 = r−1

〉
and |D2n| = 2n. With the

1-dimensional representations ϕ : D2n → GL1(C),

(ϕ(r), ϕ(s)) ∈

{
{(1, 1), (1,−1)} if n is odd

{(1, 1), (1,−1), (−1, 1), (−1,−1)} if n is even

Let ζ = e2πi/n and for h ∈ Z define the representation

ρh : D2n → GL2(C)

rk 7→
(
ζhk 0
0 ζ−hk

)
srk 7→

(
0 ζhk

ζ−hk 0

)
(Verify that ρh = ρζh ↑Dn

Cn
.)

Claim 10.2.1. For 0 < h < n
2 , ρ

h is irreducible. (Check common eigenvectors of the two matrices.)

The characters χh of ρh:

χh(r
k) = 2 cos

2πhk

n
, χh(sr

k) = 0

Verify Lemma 7.5.1: if n is even,

4 · 12 +
(n
2
− 1
)
· 22 = 2n = |D2n|,

and if n is odd

2 · 12 +
(
n− 1

2

)
· 22 = 2n = |D2n|.
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10.3. Quaternion group Q8. Recall that Q8 =
〈
a, b | a4 = 1, a2 = b2, bab−1 = a−1

〉
and |Q8| = 8.

We found (see HW2 Q1) that there are 4 1-dimensional representations and there is 1 2-dimensional
representation

ϕ : Q8 → GL2(C)

a 7→
(
i 0
0 −i

)
b 7→

(
0 1
−1 0

)
The two matrices similarly have no common eigenvectors so the representation is irreducible. Applying
7.5.1:

1 · 22 + 4 · 12 = 8 = |Q8|
and as a corollary we get that there are 5 conjugacy classes in Q8 for free; in fact the character table is

Q8 id(1) a(2) ab(2) b(2) a2(1)
χ1,1 1 1 1 1 1
χ1,−1 1 1 −1 −1 1
χ−1,1 1 −1 −1 1 1
χ−1,−1 1 −1 1 −1 1
ϕ 2 0 0 0 −2
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