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2 CHRISTIAN IKENMEYER
Week 1, lecture 1

1. REMINDERS
Definition 1.0.1. A group is ...

Example 1.0.2. e 7 with addition.
e C* with multiplication. ‘
e A subgroup of above: {g € C: g" = 1}, the nth roots of unity ¢! with ¢, = e
if ord(¢?) = n.
e General linear group GLg(K).
e A subgroup of above: special linear group SL4(K).

. ¢} is primitive

Given G and g € G, one can define the cyclic group generated by g, denoted (g), an abelian subgroup
of G, of order ord(g).

Recall symmetric group S, and cycle notation; verify that |S,| = n!; recall elements of S,, can be
written as either even or odd number of transpositions (cycles of length 2) but not both, and alternating
group A,, a subgroup of S,.

1.1. Group actions.
Definition 1.1.1. Let G be a group and X a set. A left action of G on X is a map
GxX—=>X:(g,x)—>gx*x

which satisfies
(1) lgxx=aVa e X.
(2) (gh)*x=g=* (hxz)Vg,he G,z e X.

Example 1.1.2. e X ={1,...,n}, G=S5,, m*i:=n(i).
e X =R", G=GL,(R), Axv:= Av.

Definition 1.1.3. For z,y € X, write x ~ y if 39 € G : g x x = y. This is an equivalence relation and an
equivalence class of ~ is an orbit.

Example 1.1.4. orbgr,, (®)((1,0,...,0)) = R,\{0} and orbgr,, (&)(0) = {0}, so there are exactly two
orbits of 1.1.2.2.

Week 1, lecture 2
Definition 1.1.5. G acts transitively on X if there is only one orbit.
eg. 1.1.2.1.

Definition 1.1.6. Define the stabiliser stabg(z) := {g € G : g *x x = x}. This is a subgroup of G,
sometimes called symmetry group.

Theorem 1.1.7 (Orbit—Stabiliser). For a finite G acting on X and = € X,
|G| = lorbg(z)] - [stabe ()]

Theorem 1.1.8. G acts on itself by conjugation (G x G — G : g-h = ghg™!). In this case, orbit is
conjugacy class and stabiliser is centraliser. An obvious corollary then follows from O-S.

Example 1.1.9. If G = S,,, then the conjugacy classes correspond to cycle types (ordered list of lengths
of cycles), since

m(ay ag -+ ap)m - = (w(ar) w(ag) -+ w(ag)).
1.2. Normal subgroups.

Definition 1.2.1. A subgroup is normal if ...

Lemma 1.2.2. Let H be a subgroup of G. The following are equivalent.
(1) H is normal in G.
(2) gHg™' = H Vg € G. (definition)
(3) gH =Hg Vg € G.

Example 1.2.3. SLy(K) < GL4(K) by determinant product.
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1.3. Homomorphisms.

Definition 1.3.1. A group homomorphism is ...
The kernel and image of a homomorphism are ...

Example 1.3.2. Consider ¢ : S,, — GL,(K) given by ¢(e;) = e, e.g.
0 0 1
7=(123), ¢(m)=|1 0 0O
010

Verify this is a group homomorphism and im(¢) = {1,—1}. Since GL,,(K) — K* by taking determinant
is a also a homomorphism, one has

S, —2 QL (K)

eret
sgn
KX
where sign is a homomorphism and sgn(w) € {1,—1}. In fact, sgn(w) = 1 if 7 is even and —1 if odd.

Week 1, lecture 3

Theorem 1.3.3 (1st isomorphism theorem). If ¢ : G — H is a homomorphism of groups, then

(1) kerp < G.
(2) imo < H.
(3) ¢:G/ker¢ — im¢ : gker p — ¢(g) is a well defined isomorphism.

1.4. Dihedral groups.

Definition 1.4.1. D, := <r, s|rt=1,s2=1,srs"1 = r_1> is called the dihedral group.
It has two cyclic subgroups (r) = C,,, (s) = Cj.

1.5. Linear maps.

Definition 1.5.1. Let V, W be vector spaces over K. A map T : V — W is linear if
(1) T(aw) =aT(v) Va e K,v €V,
(2) Tlw+w)=T(w)+T(w) YVo,w e V.
Example 1.5.2. A € M, «,(K) gives a linear map Ty : K™ — K™, Ty(v) = Av.
Theorem 1.5.3 (Rank-—nullity). If V' is finite dimensional and T': V' — W a linear map, then
dimV =dimkerT + dimimT.
Corollary 1.5.4. If V is finite dimensional and 7" : V' — V a linear map, then the following are equivalent.
(1) T is injective.

(2) T is surjective.
(3) T is an isomorphism.

Notation. GL(V) := {T': V — V isomorphism}. This is a group.
If V = K™ then GL(V) = GL, (K).
2. GROUP PRESENTATIONS

In general, a group can be given uniquely (presented) by (S | R) where S is a set of symbols and R
relations. If 35, R that are finite then G is finitely presented.

Example 2.0.1. C),, = (z | 2™ = 1).
Coo = (x| )={l,x, 27t 2% 272,.. } = (Z,+).

Theorem 2.0.2. Let G = (s1,...,s, | R) and H a group with hy,...,h, € H. Then 3 a homomorphism
¢ : G — H with ¢(s;) = h; Vi if and only if every relation r € R holds where all s; are replaced by h;.

27 .
e . If we write

Example 2.0.3. Consider C,, and 6’;, the set of group homomorphisms C,, — GL;(C) = C*, called the
1-dimensional complex representations of C),. A candidate of ¢(x) is a root of unity ¢ =

¢;(x) := ¢7 then Cp = {Bo, -+, dn_1}-
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Example 2.0.4. Consider the 1-dimensional complex representations of Ds,,. Note that

$(r)" =1, 6(s)* = 1, d(s)(r)d(s) ™ = o(r) ™,

i.e. ¢(r)? = 1. If n is even then we can have ¢(r) = &1, ¢(s) = %1, four representations. If n is odd then
we can only have ¢(r) =1 and ¢(s) = £1, two representations.

Week 2, lecture 1

3. REPRESENTATIONS
3.1. Matrix representations.

Definition 3.1.1. Let G be a group. A degree d matriz representation of G over a field K is a group
homomorphism p : G — GL4(K).

Example 3.1.2. Last time, we classified the degree 1 representations of C,, and Da,, over C.
Consider a degree 2 representation of Ds, over R, i.e. a group homomorphism Di, — GL2(R).
Intuitively, we want to map to the corresponding rotation/reflection matrix, i.e.

J2r o2
)=t (E Y 5= (1 0)

sin <% cos =T
Example 3.1.3 (Trivial degree d matrix representation of G over K). For all g € G, define
p(g) := I € GL4(K),
the identity matrix.
Example 3.1.4. Fix A € GL4(K) and define p : Co, — GLg(K) to be p(z) = A (so that p(a?) = A%).

Bxample 3.1.5. Let 0 € R and = (0

with p(z) = Rp? By 2.0.2, it’s sufficient and necessary that R} = R,¢ = I2, i.e. nf € 27Z, i.e.
0e{2rk/n:ke{0,...,n—1}}.

). Is there a degree 2 real representation of C),

Example 3.1.6. sgn : S,, — C* is a degree 1 complex representation of S,.
Lemma 3.1.7. Let p: G — GL4(K) be a matrix representation and P € GL4(K). Then
p': G — GL4(K) : g = Pp(g) P~
is also a matrix representation.
Proof. One has p'(gh) = Pp(gh)P~! = Pp(g)p(h)P~" = Pp(g)P~'Pp(h)P~" = p'(g)p'(h). O

Definition 3.1.8. Two degree d matrix representations py, pa : G — GL4(K) are isomorphic or equivalent
if 3P € GL4(K) : p2(g9) = Pp1(g)P~! Vg € G, denoted p; ~ pa.

Lemma 3.1.9. Two degree 1 representations 61,602 : G — GL;(K) = K* are isomorphic if and only if
they are equal.

Proof. If 01,0, are isomorphic then 3: P € K* : 02(g) = P01(9)P~ = 01(g) since P,0,(g), P~ € K*, a
subset of a field.
If they are equal then they are isomorphic by definition. O

Example 3.1.10. By lemma above, none of the two representations of Example 2.0.3 are isomorphic.
Definition 3.1.11. A representation p : G — GL4(K) is faithful if p is injective.
3.2. Complex representations of C,,.

Lemma 3.2.1. Let A € GLy4(C) and suppose A" = I, for some n. Then 3Q € GL4(C) : Q7 AQ is
diagonal with roots of unity 61, ..., 60, on the diagonal.

Proof. Tt suffices to prove A is diagonalisable and all eigenvalues are roots of unity. Let f(z) = 2™ — 1, so
that f(A) =0. Then pa(z) divides f(x), so all its roots are distinct and are roots of unity. O

Week 2, lecture 2
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Theorem 3.2.2. Let C,, = (z | 2™ = 1) and p : C,, = GL4(C) a matrix representation. Then 3 nth roots
of unity 6y,...,64 and a representation p’ : C,, = GL4(C) with p ~ p’ and
ok 0
pa*) = 3
0 k.
Proof. Let A = p(z). Since 2 =1, A™ = p(z™) = I;. By lemma above, we can define
(") = Q7 p(a*)Q.
By definition, p’ ~ p. Now
Pla*) = Q7' p(x")Q = Q7' AQ = (@71 AQ),
a power of a diagonal matrix, so it indeed has its desired form. ([l
Example 3.2.3. Suppose n > 3 and p: Cp, = GL2(R) € GL2(C) : 2+ Rar/pn. Then Ry, /y, has complex
eigenvalues ¢ and ¢"~! where ( is the nth root of unity. So 3Q € GL2(C) : Q' Ry /@ = (g C,?_l),
and we can define p’ : C,, = GL2(C) to be

k 1 /K —1 K ¢k 0
P Qa0 = @ Rern@ = ().

$1(9) 0
0 qsnfl(g)

this is called decomposing the representation and denoted p’ = ¢1 @ ¢p_1.

Note that by notation used in Example 2.0.3, we can write p'(g) as < > More generally,

Theorem 3.2.4. Every element of Qg = <a, bla*=1,a2 =b bab~! = a_1> can be written as a’b? where
0<i<3, 0<j<1. Moreover, |Qs| =8.

Proof. One has a=! = a® and b~ = b? since b* = (b?)? = (a?)? = a* = 1, so we get rid of the inverses.
Then we use ba = a’b to move all b to the right, and use a* = 1 to reduce power of a to under 3.
To prove the 4 x 2 = 8 elements are distinct, define the group homomorphism

6:0s 6@ ot = (o ) o= (5 5)-

Then |(¢(a))| = 4 | |im¢|, and since ¢(b) ¢ (¢(a)), |im¢| > 4, and since |[im¢| < 8, one concludes
lim ¢| = 8. None of these matrices are similar, so |Qs| = 8. O

4. CHARACTERS: FIRST ENCOUNTER
Definition 4.0.1. Let p : G — GLg(K) be a representation. The character of p is
Xp: G —=C:g—tr(p(g)).
Note that this is not a homomorphism.
Week 2, lecture 8
Example 4.0.2. p: G — C* is a 1-dim representation. Then x,(g) = p(g). In this case, character is a

group homomorphism since it’s the same as the representation itself.

Example 4.0.3. p: Dz, — GL2(C) : 7 = R/, 5+ <(1) _01) (as in Example 3.1.2).

Compute the values of the character:

2k s 2wk
& cos T8 _gin 27K 2rk
r")=trR =tr| . 5P 2 ) =2cos —
Xp(r") 2mk/n sin —22’“ cos —22’“ n’

and

k 1 0 cos 22k _gjp 27k cos 22k _gip 27k
Xp(sT7) = tr ok ok = tr - Bk ok ) = 0.
0 -1 sin 7% cos 7% —sin — cos &8
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4.1. Isomorphic representations have the same character. Recall that the character polynomial
expands

ca(z) = det(xly — A) = 2% —tr(A)z? 1 + .- + (=1)%det(A).
Lemma 4.1.1. Similar matrices have same character polynomial. In particular, they have same trace.

Proof. Let B =Q 'AQ. Then

cp(z) = det(zly — B) = det (Q ™ '214Q — Q' AQ) = det (Q (14 — 4)Q)
= det (Q7") det(zly — A) det(Q) = det(xIy — A)

=CA (l’)
O
Lemma 4.1.2. Isomorphic representations have same character.
Proof. Let p1 ~ po, i.e. Vg, p1(g) ~ p2(g). By previous lemma,
Xp1(9) = tr(p1(9)) = tr(p2(9)) = Xp» (9)-
O
We will see later the converse also holds.
4.2. Matrices of finite order.
Lemma 4.2.1. Let A € GL4(C) with A™ = I; for some n € N. Then
(1) |tr(A)] < d,
(2) |tr(A)] = d if and only if A = 01, for an nth root of unity 6,
(3) tr(A) =d if and only if A = I,
(4) tr (A7) =tr(A).
01
Proof. (1) Recall Lemma 3.2.1 which says A ~ , 50 by Lemma 4.1.1 one has
04
tr(A) =61 +---+ 64 <d.
Triangle inequality gives
tr(A)] < [01] + -+ -+ [0a] = d.
(2) The triangle inequality has equality if and only if 6; = --- =04 = 6, so
0
A=t . |e=q Q=01
0
(3) The ‘if’ is clear. If tr(A) = d then 2 tells us 0d =d so 6§ =1 and A = 11; = I,.
(4) Note that if A has finite order then so does A™!, so
0, et
AT L QTIATIQ = (QAQ ) T = = 7
04 0"
hence tr (A7) =607 4+ + 0, =01+ -+ 0, =01 + - + 0, = tr(A).
O

Week 3, lecture 1
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4.3. First properties of the character.

Proposition 4.3.1. Let G be a finite group and p : G — GL4(C) a representation with character x = x,.
Then

(1)
(2)
(3)
(4) x

Proof. Since G is finite, every g € G has finite order, so its representation matrix also has finite order,
hence 1-3 follow from 4.2.1. For part 4, note that since p is a homomorphism,

x (h™'gh) =tr (p (R~ 'gh)) = tr (p(h) "' p(g)p(h)) = tr(p(g)) = x(9).
by 4.1.1. 0

x(9) <dVgedG.
(9) = d if and only if p(g) = I4. In particular, x(e) = d.

X9
X(97") =xlg) Vg € G.
(h 1gh) = x(g) Yg,h € G, i.e. x is constant on a conjugacy class (hence called class function).

5. LINEAR REPRESENTATIONS AND K G-MODULES

Definition 5.0.1. Let G be a group. A linear representation of G is a pair (V, p) where V is a vector
space and p : G — GL(V) is a group homomorphism. dim V' is the degree or dimension of (V, p). We also
say ‘p: G — GL(V) is a linear representation.’

Example 5.0.2. Trivial representation p : G — GL(V) : g — Iy.
Example 5.0.3. C; = (z |22 =1), p:Cy = GL(V) : 1= Iy, z — —Iy.
Example 5.0.4. C,, = (z | 2" = 1), p: C, = GL(V) : 2 — (' Iy where V is over C.

5.1. Correspondence between matrix representations and linear representations. Let p :
G — GLg(K) be a matrix representation. For all g € G, define 0, : K¢ — K% : v — p(g)v. Clearly
0, € GL(K?) Vg € G. Now consider the map 0 : G — GL(K?) : g — 6,. We claim this is a group
homomorphism, and therefore is a linear representation. Indeed,

0(gh)(v) = Ogn(v) = p(gh)v = p(g)p(h)v = (0464)(v).

Now let (V, ) be a linear representation with dimV = d < oo and (vy,...,v4) a K-basis of V. For all
g € G, 0(g) : V — V has an associated matrix. Denote it p(g) € GLg(K). (Verify that p: G — GL4(K)
is a group homomorphism.) If we take a different basis wy, ..., wq, we get p’ and there exists P € GLg(K)
(depending only on v1,...,vq, w1, ..., wq) with p’(g) = Pp(g)P~! Vg € G, hence p ~ p'.

5.2. The regular representation. Let |G| = n and V the linear span of the n many linearly independent
vectors vy, indexed by the group elements. Then dimV = n. For h € G, let reg;, € Hom(V, V) be defined
via regy, (vg) 1= vng. In particular, reg, (a1vg, + -+ + anvy, ) = 01Vhg, + -+ + QpUng,, -

Week 3, lecture 2
Example 5.2.1. C3 = <a: | 2% = 1>, V = linspan{vy, vz, vz2}. Then

reg, (v1) = vy, reg, (vy) = reg,2, reg, (v.2) = vy,

and the matrix of reg, with respect to bases (v, vy, vy2) is

0 0 1
M=1{1 0 0
010

Note that p: C3 — GL3(C) : z — M is a group homomorphism.
Lemma 5.2.2. reg;, € GL(V) Vh € G.
Proof. One has to show bijectivity. Using Corollary 1.5.4, showing surjectivity suffices. Let g € G. Then
regy, (vp-14) = Vpp-14 = Vg,
hence imreg;, contains every basis vector v,. (]
This gives a map reg : G — GL(V).

Lemma 5.2.3. reg: G — GL(V) : h — reg;, is a linear representation.
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Proof. Let hy,ha,g € G. Then

(reg(h1) reg(h2))(vg) = reg(h1)(reg(h2)(vy)) = regy, (regy, (vg))
= 168, (Vhag) = Vhihag = T€8p, 4, (Vg)
= reg(h1ha)(vy),

so reg(hy) reg(hs) = reg(h1hs). O

5.3. KG-modules.
Definition 5.3.1. A linear action of a group G on a vector space V over field K is a map
v:GxV =V:(g,v)— v(g,v)

such that Vu,v €V, a € K, g,h € G:

(1) v(e,v) =
Eivghg, v) = ) (h (7(9,) v))- b
’u+v - ) + 71)7
()z(g,av)—awa},g) i }v»—)v(g,v) is a linear map Vg € G

Definition 5.3.2. A KG-module is a vector space V over K equipped with a linear action v of G on V.

a group action of G on V

Example 5.3.3. C,, = (z | 2" = 1) and V is any C-vector space. Let x act by multiplication with (,, i.e.
~¥(z,v) = ,v. This is sufficient to define the action, since, for example,

’V(xQ’U) = ’Y('L’Y(xa U)) = 7(mv Cn’U) = €1’2LU

by definition, and in general y(x%,v) = (\v.

Notation. gv :=~(g,v) = p(g)(v).

Proposition 5.3.4. Specifying a K G-module structure on a K-vector space V is the same as specifying
a linear representation G — GL(V).

Proof. Let v : G x V. — V be a KG-module. Define p, : V.— V : v — ~v(g,v). By parts 3 and 4 of
definition, py is a linear map. By part 1, p.(v) = y(e,v) = v, so p. = Iy € GL(V). Also,
(Pgpn)(v) = pg(pn(v)) = (g, 7(h,v)) = v(gh,v) = pgn(v),

SO pgh = Pgpr- In particular, pgp,-1 = p. = Iy, so pg € GL(V'). Therefore p: G — GL(V) : g+ py is a
group homomorphism.
For the converse, we start with a linear representation p : G — GL(V') and define

v:GxV =>V:(g,v)— plg)(v).

Check this gives a linear action: 1 and 2 hold since p is a group homomorphism, and 3 and 4 hold since
each p(g) is a linear map. O

Week 3, lecture 3

0 1

Example 5.3.5. Cy = <:v | 2% = 1>, V = C2. Let = act on V via multiplication by A := (1 0

~ is determined: y(z,v) = Av Vo € V. Also, p : Co — GL(V) is determined:

> . Then

p(e)(v) = v (identity), p(z)(v) = Av Vv € V.
Note that not every arbitrary A works; verify the v and p satisfy the definition axioms.

Example 5.3.6. p: Qs — GLy(C), p(a) = (é —Oz) , pb) = (_01 é) This makes C? a CQg-module

via v(g,v) = p(g)(v). In other language, a and b act on C? by multiplication with

o) (0 )
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6. SUBMODULES AND MORPHISMS

6.1. Submodules and reducibility.

Definition 6.1.1. Let G be a group, K a field and V a KG-module. W C V is a KG-submodule of V if

(1) W C V is a K-subspace,
(2) gwue WVYwe W,g € G.

Example 6.1.2. Cy = (z |2 =1), V = C?. Let z act on V via multiplication by A := 1 01>. The

submodules are {0}, C? (the trivial ones), C (é) and C <(1))

Lemma 6.1.3. A KG-submodule is a KG-module. In the language of presentations, if p : G — GL(V) is a
linear representation and W C V is a K G-submodule, then p’ : G — GL(W) is also a linear representation,
called a subrepresentation.

Definition 6.1.4. A KG-submodule of V' is proper it W # V| nontrivial if W # {0}.
A nontrivial KG-module V is reducible if V has a nontrivial proper submodule. Otherwise, it is
irreducible or simple.

Example 6.1.5. C,, = (z | 2" = 1), p: C, — GL2(R), p(z) = Rar/n. We claim p is irreducible if n > 3.
It suffices to show any 1-d subspace Ru where u # 0 of R? are not K G-submodules. Indeed; let au € Ru,
then rau = aru = aRyy mu ¢ Ru.

1 1

Example 6.1.6. Coo = (z]), A = (O 1

). Consider the CCy-module V' = C? with = acting by

multiplication with A. One can see C ) is a 1-d subrepresentation, and we claim there are no other 1-d

0
subrepresentations (i.e. no other nontrivial proper subrepresentations). Indeed, suppose Cv where v # 0

is one, i.e. Av = \v for some A € C, but A only has one eigenvector (é) If A were ((2) g) then there

would be two nontrivial proper subrepresentations, C <(1)) and C ((1)>

Example 6.1.7. If a group is generated by g¢1,...,9, and V is a KG-module, then V has a 1-dim
K G-submodule if and only if p(g1),. .., p(gn) have a common eigenvector. Indeed; the < is trivial, and
the = follows from that if Ku C V is a submodule, implying ¢g;au € Ku Vi, then u is an eigenvector of
p(g;) by definition.

Week 4, lecture 1

Example 6.1.8 (6.1.5 but over C). C,, = (z | 2" =1), p: C,, = GL2(C), p(x) = Ror/,, with n > 3.
Now Rgr/, has eigenvectors (_11) and (1) with eigenvalues ¢ and (™', so there are 4 submodules:

{0}, C (12) . C (1) and C2.

Example 6.1.9 (3.1.2 but over C). Dy, = (r,s|r" =s*=1, srs7! =r~!), V = C? with the same
action and n > 3. There’s no common eigenvectors of Ry, /, and S, so V' has not proper nontrivial
subrepresentations, hence irreducible.

6.2. Reducible representations in terms of matrices. Let V be a d-dimensional K G-module with

submodule U C V. Choose a basis vy, ...,v, of U and extend it to a basis v1,...,v,Vpy1,...,04 of V.
Let 6 : G — GL4(K) be the matrix representation with respect to this basis. Write

0(g9) = (aij(9))1<i<d, 1<j<d with 0(g)(v;) = a1;(g)v1 + - + aq;j(9)va,
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but note that 6(g)(v;) for ¢ = 1,...,r are expressed by solely vy, ..., v,, so the bottom left d — r by d — r
is 0, i.e.

ai1(9) a2(g) -+ a(9) | arrs1(9) -+ awalg)

N an(g) am(g) - an(g) 5 : (9(9) | ¥(9))
6(g) .
0 0 te 0 ar+1r+1(g) : \ 7 }

0 o - 0 agr1(9) -+ aaa(g)

o) V() _
(%0 i) = oo

We also know 6 is a homomorphism, hence

_ (o(gh) (gh)\ _ (¢(9) v(g)
e(gh)_< 0 n(g)>_( 0 77(9))
(¢(9)¢(h) w(g)lb(h)) _ (¢(9)¢(h) ¢(9)y(h) +w(g)n(h))
0 n(g)n(h) 0 n(g)n(h) ’

so ¢: G — GL,.(K),n : G = GL4_,(K) are homomorphisms, hence matrix representations.

U v/U
6.3. Permutation representations.

Definition 6.3.1. Given a group action v: G x X — X where X = {z1,...,24}, define K-vector space
of formal linear combination of v,,...,v,,, and linear action g - vy, := vg4,,. This gives an element of
GL4(K) determined by g, i.e. a representation g(aqvy, + - + qg,) = Q1Vgg, + -+ + QqUgy, called the
permutation representation or permutation module to 7.

Example 6.3.2. G can act on itself by left multiplication (g, k) — gh (which gives the regular represent-

ation; see 5.2), (g, h) — hg=! or (g,h) — ghg~".

Example 6.3.3. S, acts on {1,...,n} via mi = 7(i). Let V = linspan{vy,...,v,} with mv; = v).
Then vy 4 - -+ 4+ v, is a 1-dimensional subrepresentation of V.

Week /4, lecture 2

6.4. Morphisms.

Definition 6.4.1. Let V,W be KG-modules. A K-linear map f : V — W is a G-morphism (or an
equivariant map, or simply morphism of KG-modules) if gf(v) = f(gv) Yo € V,g € G.

Notation. Homg(V,W) = {f:V — W : f is a G-morphism}. This is a vector space.
Definition 6.4.2. A G-isomorphism is a bijective G-morphism.

Lemma 6.4.3. If f : V — W is a G-morphism, then ker f and im f are subrepresentations of V' and W
respectively.

Proof. Since f is linear, ker f and im f are linear subspaces of V' and W respectively. It remains to show
that

(1) gv € ker f Vg € G,v € ker f. Indeed, f(gv) = gf(v) = g0 = 0 by definition, and
(2) gw €im f Vg € G,w € im f. Indeed, let v € V : f(v) = w, then gw = gf(v) = f(gv).

Example 6.4.4. Let X = {1,2,3}, G = S3, V the permutation module
{a1e1 + agses + azes : ay,as,a3 € C}

and W = C the trivial CS3-module, i.e. gw = w Yw € W,g € S3. Fix 0 # w € W and define
f:V =W :ajer +ases + azez — (a1 + as + az)w. Verify f is a G-morphism: f is clearly a linear map,
and one has

gf(arer + azes + azes) = gla + az + az)w = (a1 + az + az)w
= (agfl(l) +ag-1(2) + a971(3)) w = f(g(aje; + ases + azes)).



MA3E1 GROUPS AND REPRESENTATIONS 11

6.5. Schur’s lemma.

Theorem 6.5.1 (Schur’s lemma I). Let G be a group, K a field and f : U — V a G-morphism of
irreducible KG-modules. Then either f = 0 or f is an isomorphism.

Proof. One has f =0 if and only if ker f = U and im f = {0}. Now suppose f # 0, then ker f C U and
{0} C im f C V, but by Lemma 6.4.3 and the assumption that U,V are irreducible, ker f = {0} and
im f =V, ie. fisinjective and surjective, i.e. f is an isomorphism. |

Theorem 6.5.2 (Schur’s lemma over C). Let G be a group, V a finite dimensional irreducible CG-module
and f:V — V a G-morphism. Then f = Ay for some A € C. In particular, dim Homg(V, V) = 1.

Proof. Let A be an eigenvalue of f with eigenvector u. Let f': V =V :v — f(v) — Av. We claim [’ is a
G-morphism. Indeed; it’s clearly a linear map, and

f'(gv) = fgv) = Agv = gf(v) — ghv = g(f(v) — Av) = gf'(v).
Week 4, lecture 3

By Schur’s lemma I, since f'(u) =0 and u # 0, one has f/ =0, i.e. f(v) = A\v Vo € V, so equivalently
/' = My which is what’s desired. O

Example 6.5.3 (Schur’s lemma over R). C3 = (x | 23 = 1), V the regular Cs-representation with basis
Ve, Vg, Vg2, W = linspang{v, — v, v; — v,2} a subrepresentation. The matrix for this action of  on W is
(1) :}) , which has no real eigenvalues, hence no 1-dim subrepresentation, so irreducible.
To calculate the R-vector space of C3-morphisms W — W, note that one needs by definition

—c —-d\ (0 =1\ f(a b\ [(a b\ (0 -1\ (b —a-b

a—c b—d) \1 —-1)\e¢ d) \c dJ\1 —-1) \d —c—-d)’
i.e. ¢ = —b,d = a + b and the matrix is “ b
Cem e B Ab a+b
dime, (W, W) = 2.

then p(z) =

) which has two degrees of freedom a and b, so

7. MASCHKE’S THEOREM

7.1. Projection.

Definition 7.1.1. A map f is called idempotent if fo f = f. A such linear map V — U is a projection if
flu)=uVueUl.

Example 7.1.2. V =R? U =R (é) CV, f:V-U: (Z) — <g> is a projection. Note that
V =U @ker f.

Lemma 7.1.3. Let V be a finitely dimensional vector space and U C V a linear subspace. Then 3 a
projection f: V — U.

Proof. Let vy, ...,v, be a basis for U and vy, ...,0,,Vp41,...,0q a basis for V. Define f: V — U by
QU1+ v = aqvr e

which is a projection. (Il

Theorem 7.1.4. Let f:V — U be a projection. Then V =U & ker f.

Proof. (1) To show V =U + ker f, let v € V and write v = f(v) + v — f(v). Clearly f(v) € U and
it remains to show f(v — f(v)) = 0, but f(v — f(v)) = f(v) = f(f(v)) = f(v) = f(v) = 0 by
idempotence.

(2) To show U Nker f = {0}, let w € U Nker f, then f(u) =w and f(u) =0, so u = 0.
(]
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7.2. Semisimplicity and complementary modules.

Definition 7.2.1. A KG-module V is semisimple if VK G-submodules U, 3 a KG-submodule W C V
such that V. =U @& W, where U and W are complementary.

Example 7.2.2. If V is irreducible then the only submodules are {0} and V', which are complementary,
hence every irreducible representation is semisimple.

Example 7.2.3. Recall Example 6.1.6 where we have three submodules {0}, C ((1)) and C2. Hence the

representation is not semisimple since C has no complementary submodule. If we again replace A by

1
0
a diagonal matrix then it would be semisimple (C (é) and C (?) are complementary).

Week 5, lecture 1

7.3. Maschke’s theorem.

Lemma 7.3.1 (Averaging). Let G be a finite group, K a field with |G| - 1x # Ox (i.e. char K { |G|) and
U,V be KG-modules with f : U — V a linear map Define

"V s Uives
! "o G 29U
then f’ is a G-morphism.

(cf. HW5, Ex 3)
Proof. Let h € G, then

f’(hv>=‘—é|Zg<f(g—lhv —h@Zh taf (1) o)

gGG geq
@ 2 s (7)) =)
h lge@
O

Theorem 7.3.2 (Maschke’s). Let G be a finite group and K a field with |G| - 1k # Ox. Then every finite
dimensional K G-module is semisimple.

Proof. Let U C V be a KG-submodule. We want to show 3W C V' a KG-submodule such that V =U®W.
Let f: V — U be a projection and f’ € Homg(V,U) as in lemma above. We claim f’ is idempotent and
im f/ = U. Indeed; since f’(v) e U Vv € V, it suffices to show f'(u) =u Yu € U:

IGI 2.9

geG

|G’| Z g 1u since g~ 'u € w and f is a projection
geG

|G| 2

geG
= —|G|u = u.
G|
Hence, by Theorem 7.1.4, V = U & ker f’ where ker f is indeed a K G-submodule by 6.4.3. O

Corollary 7.3.3. Let G be a group, K a field with |G| 1k # Ok and V a finite dimensional K G-module.
Then 3 irreducible submodules Uy, ...,U; such that V =U, @ U @ --- ® Uj;.

Proof. Induction on dim V. If dimV = 1 then V is irreducible hence we are done. Now let dim V' > 1. If
V is irreducible then we are again done, so suppose V is reducible and let U C V' be a nontrivial proper
subrepresentation with complementary W, whose existence is guaranteed by Maschke’s theorem. Note
that dim U, dim W < dim V', so by inductive hypothesis U =U; @ --- U, W = U, 11 ® - - - ® Uy, where
U, irreducible, hence V. =U W =U; & --- @ Uy. O



MA3E1 GROUPS AND REPRESENTATIONS 13

Remark (On cyclic groups). We actually have seen Maschke’s theorem and its corollary for specifically
cyclic groups C, already, and as corollaries, all irreducible representations of C,, are 1-dimensional, and
there are exactly n many non-isomorphic irreducible representations of C,,.

Week 5, lecture 2

7.4. Orthogonality relations of characters.
Notation. CY := {f : G — C}. Note that C“ = CG as a vector space and dim C¢ = |G|.
Lemma 7.4.1. Let V =U; ®- - - ® Uy, be a decomposition of a KG-module V', then xv = xv, +- -+ Xv,-

Remark. Note that Maschke’s theorem does not give us uniqueness of the decomposition, but the
equation stated will independently hold.

Proof. Choose a basis of V' by choosing a basis for each U;, then matrices p(g) are block diagonal with
respect to this basis (cf. Section 6.2):

pu,(9) | 0 0
pvigd=1 o || o |-
0 10 [ruly)
and by definition of character (trace of the matrix) one has what’s desired. O

From now on we fix the field C and group G to be finite. Write V' € Mod-G to say ‘V is a finite
dimensional CG-module’.

Lemma 7.4.2. Let V € Mod-G be irreducible and f € Hom(V, V). Define

feHomg(V,V) by v —> g(f(g7"
IG\ =
Then
= tr(f)
= Gmvl

Proof. Schur’s lemma over C (6.5.2) tells us indeed f = My for some A € C. Now one has

AdimV = tr(Aly) = tr | = — 3 olg)o fon(s)
1G] |g€G
-1
‘G|Ztr o p(g9)™")
geG

= tr(f). by 4.1.1

Definition 7.4.3. For ¢, € C%, define the inner product

IGI 2,9

geqG

Note that this is a Hermitian inner product on C¢, i.e. Vo, 1, € € C%, a € C,

(2) (ap+& 1) = alp,¥) + (£ ¥),
(3) (Y, ap+&) =a({p, ) + (£ ),
(4) () >0
Theorem 7.4.4 (Orthogonality relations). Let U,V € Mod-G be irreducible. Then

1 ifU~V,
<XU7XV> = {O

otherwise.
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Proof. One has

(xv,xv) = |G| S Xulg)xvlg™) by 431
geqG
|G| Z (Z pu (g ) ZPV (g_l)jyj by definition
geqG i j

Z ZPU Hpv 1)]-’]-

gGG

= Z <G€iTPU(9)€z‘€JTPV (97" €j>
0,J

=> | |G| Y ru(@)Eiipv (971) | e
4,J

geG
= Z el E:/J e |- by definition in 7.4.2
— ~~

€Homg (V,U)

By Schur’s lemma (6.5.1), if U £ V then EZVJ =0. f U ~ V then xyy = xv, so it suffices to treat the case
U = V. E;; is then diagonal by 6.5.2, hence

Ze E“el—tr( )—d le(mV):l
by Lemma 7.4.2. O

Week 5, lecture 3

Corollary 7.4.5. The number of pairwise nonisomorphic irreducible finite-dimensional CG-modules is at
most the number of conjugacy classes in G.

Proof. By 7.4.4, the characters of pairwise nonisomorphic irreducible finite-dimensional CG-modules form
an orthonormal system in the vector space V = {x € C% : y class function}, which implies the number of
them cannot exceed dim V' (you cannot have four vectors pairwise perpendicular in a 3-d space), which is
the number of conjugacy classes in G. O

Corollary 7.4.6. For U,V € Mod-G, one has U ~ V if and only if xyy = xv.

Proof. Tt suffices to show the < by Lemma 4.1.2. Let W1,..., W, € Mod-G be a complete list of pairwise
nonisomorphic irreducibles. Now, by Maschke’s theorem (7.3.2) one can write U ~ @;_, W™ and
V~®_, W™ where n;,m; € N. By 7.4.1 and assumption,

s T
XU = ZniXWi, = ZmiXWi, =Xv
i=1 i=1

Now by 7.4.4, xw, are linearly independent, so the coeflicients are uniquely determined and n; = m; Vi,
and U ~ V immediately follows. |

Definition 7.4.7. Let U € Mod-G be irreducible and W € Mod-G. Define the multiplicity of U in W as

multy (W) := (xv, xw) -
Proposition 7.4.8. Let U € Mod-G be irreducible and W € Mod-G. For any decomposition

one has
multy(W) = |{i € {1,...,k} : U ~U;}|.
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Proof. Let Wy,..., W, € Mod-G be a complete list of pairwise nonisomorphic irreducibles. One then has

k
=3 o = mxw, where n = [{i € {1, K} 1 Uy ~ W),
=1 j=1
By 7.4.4, one sees

multy (W) = <XU,anXWj> = an (xv,xw,)
j=1 j=1
=0+ +n5 (XU, Xjo) + - +0=mny,
where jo € N: U ~ W, . g
Lemma 7.4.9. U € Mod-G is irreducible if and only if (xy, xu) = 1.

Proof. 1t suffices to show the < by Theorem 7.4.4. Let Wy,..., W, € Mod-G be a complete list of
pairwise nonisomorphic irreducibles. Use Maschke’s to write

k k
U~ @ Wj@n" and hence xy = anXWj~
j=1 j=1
where n; € N, then by 7.4.4 and assumption,
k
(xv,xv) Znn]<XW>XW> Z( i)’ =1,

3,7=1 i=1

which means one n; = 1 and all other n; =0, so U ~ W; for some ¢, i.e. U is irreducible. O

7.5. Decomposition of the regular representation.

Lemma 7.5.1. Let W1q,...,W; € Mod-G be a complete list of pairwise nonisomorphic irreducibles. Then

k

> (dimW;)* = |G-

i=1

Proof. Let CG denote the regular representation. First note dim(CG) = |G|, and since reg,, a permutation

of basis vectors, has no fixed points as long as g # e and hence only zeros along the diagonal, one has
multw, (CG) = (xca, xw;) |G| > xealy) XCG w; (9)

gEG =0 if g#e

1 —
= @XCG( e)xw;(e) = |G\ dim W; = dim W,.

Now since
y 1 CG v i
CGN@WiEBmutWi( ):@qulmwi’
i=1 ;
one has |G| = dim CG = Zle(dim W;)2. O
Week 6, lecture 1

Definition 7.5.2. A character x is irreducible if x is the character of an irreducible representation
V € Mod-G.

Example 7.5.3. G =C5 = <:c | 23 = 1>. Recall the 3 irreducible characters: let ( € C a primitive 3rd
root of unity. Note since G is abelian it has |G| = 3 conjugacy classes. Consider the character table

{1} {e} {e%)
X0 1 1 1

x1| 1 ¢ ¢?
x2| 1 ¢ ¢*=¢
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One verifies that

o) =5 (11+1.C+1.8) =3 1+ +¢) =0,
(X1, x1) = é(1~1+<f+<2-?)=%(1+<3+<3)=
(o) =3 (114 T+ B) =2 (14¢H 4 ¢) =0

Example 7.5.4. G = (), and ( is a primitive nth root of unity. Generalising from example above, one
sees the character table is now an n X n matrix whose (i, 7)th entry (counting from zero) is (", 0 <4, j < n.
(Known as the Vandermonde matrix.)

Example 7.5.5. G = S3, S = {1,2,3} and V is the corresponding permutation representation (note
dimV = 3). We’ve seen in Example 1.3.2 the 1-d representation sign with character

Xsign(e) =1, Xsign((lQ)) = -1, Xsign((123)) =
Now let U := C(ey + e2 + e3) and consider V/U with basis (e; + U,ea + U) (and e3 = —e; — e3), then

@ =(p §) vt = (3 g) etz = (] )

tr =2 tr=0 tr=—1
We can use 7.4.9 to check that V/U is irreducible:

1 1
<XV/U7XV/U> =5 (22 +3x0%+2x (71)2) =5 x 6 =
Verify 7.5.1: 22 +12+12 =6.
7.5.1. The Wedderburn isomorphism.

Definition 7.5.6. A C-algebra A is a C-vector space and a ring such that the scalar multiplication and
ring multiplication are compatible, i.e. 3 an injective ring homomorphism ¢ : C — A with

a-ca=1ua)aa Va e C,a € A.

Example 7.5.7. Let End(V) := Hom(V, V'), which is a C-algebra via t(a)) = aly. Note GL(V) € End(V).
Also C@G is a C-algebra via the product

> agg (Zﬁhh> = > (agBn)g,

9eG heG 9'€G,gh=g’
the ‘linear continuation’ of action of G on regular representation CG.

Theorem 7.5.8 (Wedderburn’s). Let W1, ..., W) € Mod-G be a complete list of pairwise nonisomorphic

irreducibles and
f:CG — End(W;) x - -+ x End(Wy)

g (le (9)7 sy PWY (g)) .
Then f is an isomorphism of C-algebras.
Week 6, lecture 2

Remark. Let V' be a C-algebra and a G-representation whose group action is compatible with the ring
multiplication -y as follows:

(gh)lv = (glv) v (hly).
A G-homomorphism from CG with f(lcg) = 1y is always a ring homomorphism, hence a C-algebra
homomorphism, since

FL D g (Zm) =1 D (agBu)gh | = > agBuf(gh)

e heH g,heG g,heG

= 3 aBuf(@) i) = | Y aufly (Z ﬂhﬂh))

g,heG geG heG
=D agg|f (Zm) :
geG heG
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Proof of 7.5.8. f is alinear map and a G-morphism, hence a C-algebra morphism. By 7.5.1, the dimensions
are equal so by 1.5.3 it suffices to show either injectivity or surjectivity. Consider a = Z agg € ker f.

geG
Then

Vie{l,...,k}, Z agpw,(g9) =: pw,(a) =0,
geG
ie. Yw € Wy, pw,(a)(w) = 0. By construction of W;’s and Maschke’s theorem (7.3.2), one has
YV € Mod-G, py(a) = 0. In particular for V = CG, Vb € CG, a-ccb=0, hencea =a-cg 1l¢ =0. O

Definition 7.5.9. The centre of a C-algebra A is the linear subspace Z(A) C A defined as
Z(A)={a€ A:ab=baVbe A}.

Notation. Clg := {conjugacy classes in G}.

Proposition 7.5.10. dim Z(CG) = |Clg].

Proof. First note that Vb € CG, ab = ba <= VYh € G, ah = ha <= Vh € G, hah™! = a. Write

a=3,cq 9. One has hah™! = a iff

1
Z agg = Z aghgh™" = Z ap-1gng = Vg€ G, ag=ap-1,,
geG geG g'eG

soa € Z(G) < «:G — C is constant on conjugacy classes. The vector space of such « hence has
dimension |Clg]. a

Corollary 7.5.11. The number of pairwise nonisomorphic irreducible representations of G equals |Clg|.
Proof. By 7.5.8 one has
dim Z(CG) = |Clg| = dim Z(End(W7) X - - - x End(Wh)).

Note that Z(End(W)) = CI,, (the only matrices that commute with any other matrix are the ones
that are diagonal with same entries on the diagonal), which is 1-dimensional. More generally,

Z(End(W7) x --- x End(Wy)) = Z(End(W7)) x - - - x Z(End(Wy))
which is k-dimensional. ]
Notation. C®'¢ = {f: Clg — C}, which we identify with the set of class functions C%.
Corollary 7.5.12. The characters of irreducible representations of G' form a basis of vector space C¢l¢.

Proof. By 7.4.4, the irreducibles characters are linearly independent, and by 7.5.11 the number of such
characters equals dim C¢'¢ = |Clg|. O

Week 6, lecture 3
7.5.2. Character tables.

Definition 7.5.13. The character table of G is the square matrix whose columns are indexed by conjugacy
classes Clg(g;) and rows are index by W; with entries xw,(g)-

Example 7.5.14. The character table of S3 (the subscripts indicate sizes of conjugacy classes):

Ss [idi (12)3 (123),

triv 1 1 1

sign 1 -1 1
<61,€2,€3> /C(el +62—|—63) 2 0 -1

Theorem 7.4.4 tells us if one multiplies each column ¢ in the table by 4/ % one obtains a matrix A

with orthogonal rows of norm 1 (in the sense of standard Hermitian inner product (v, w) := Y"1, v;w; for
v,w € C"), i.e. orthonormal rows:

G=25; ‘ 1 T z?
: T 3 2
triv % % %
sign L 32 2
VRO

u/ywv 76 0 -7
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Proposition 7.5.15. A matrix A with orthonormal rows also has orthonormal columns.

Proof. For a matrix A with orthonormal rows, let At denote its conjugate transpose. One has
k k
(AAD);; => " AuAl =" A4 = (Arow i Avow j) = 01,
1=1 =1

so A = A~!. But conversely,
bij = (A"1A);; = (ATA); <AIOW Al > = (Acol i Acol j) = (Acol i, Acol j) -

row j
|
Definition 7.5.16. Matrices A with AT = A~1 are unitary.
Corollary 7.5.17 (Orthogonal columns).
— (&
V96G7%;xwhﬂﬁ=|mcwﬂ

where the sum is over all irreducible characters y. If 91 and gs are not conjugates then

Z x(91)x(g2) = 0.
Proof. Rescaling every column of the character table T by |Cl‘gﬁg ) gives a matrix A with orthonormal
rows by 7.4.4, hence orthonormal columns by 7.5.15. (]
7.6. The isotypic decomposition.
Theorem 7.6.1. Let Wy,..., W be a complete list of pairwise nonisomorphic irreducibles of G. For a

fixed i € {1,...,k}, let

dim W;
@i = ar > xw.(9)g € CG.
geG

and let V' € Mod-G. Consider the decomposition into irreducibles
k multwl(V)
V= EB @ U, with each U; ; ~ W.

—_———
Vi

Then py(a;) € End(V) is the projection onto V. In particular, the space V; is independent of the finer
decomposition of V' into the U ;.

Week 7, lecture 1

Proof. Fixi e {1,...,k} and let U € Mod-G be irreducible such that U ~ W;. Consider py(a;) € End(U).
We claim a; € Z(CG). Indeed, for h € G,

dlmW dim W; dlmW _
ha; i > xw.(9)g = i > xw.(9) G > xw, (h~Tgh)hh™" gh
geG geG geG
dim WZ' —
= W Z xw;(9)gh = a;h,
geG

and therefore py(h)py(a;) = pu(ha;) = pula;h) = pu(ai)pu(h), ie. py(a;) € Endg(U). By 6.5.2
pU(ai) = )\i7jIU for some /\i,j € C. Note

. d
g ,J dimU = tr(pU(az - im W Z XW tI‘ PU )) dim W; <XW]7XW > = dim Wi(si-,ja
\‘,_/

el
9eq xw; (9)

and note that if ¢ = j then dimU = dim W; = dim W;, so A; j = d; ;.
Hence, if we take a basis of V' that respects the decomposition

. multw, (V)

v-b D v
=1 j=1

then py (a;) is a block diagonal matrix, one block for each U; ; and it is the zero matrix for all ¢ # [ and is
identity for all U; ;. This is the projection to ; U; ; = V;. O
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Example 7.6.2. For W being the trivial representation, one has
1
ap = — Z g € CG,
G| %2
the projection to the invariant space.
Example 7.6.3. Let G = Cy = (z | 2? = 1), V = C**? with the action 4 = AT. Then
1 1
Atriv = 5(1 + Jj): Asign = 5(1 - 1’)

so in particular if A is symmetric then as v A = % (A + AT) = A (i.e. the 3-dimensional space of symmetric
matrices is invariant under a;y) and AgignA = % (A — AT) = 0. But if B is any matrix then at,B
will be symmetric, so a¢iy is idempotent, hence a projection. Similar for asign, it’s a projection to the
a

1-dimensional space of skew-symmetric matrices (matrices of the form (Oa 0 ).

Definition 7.6.4. Theorem 7.6.1 gives a decomposition V = @f:l V;. We call V; an isotypic component,
which are unique up to reordering of the summands. A representation that contains only on nonzero
isotypic component is isotypic.

Week 7, lecture 2

8. INDUCED REPRESENTATION

Definition 8.0.1. Let H < G be a subgroup and let V'€ Mod-G. Then H acts linearly on V' and we
denote the corresponding CH-module by V Lge Mod-H, called the restriction of V.

We write xyv if[:: XV G -

Note that if V € Mod-G is irreducible then V' |$ might not be irreducible. For example, if dim V = 2
and H = {e} is the trivial group.

In the following, let H < G and fix a set of coset representatives t1,...,t;: G =t1H Ut HU---Ut;H.
The set {t1,...,¢;} is called a transversal.

Definition 8.0.2 (The coset module). Let H = {t1H,...,t;H}. The group G acts on H via
g(t:H) == (gt;)H.
Let CH € Mod-G denote the corresponding permutation representation, called the coset module.
Example 8.0.3. Let G =S5, H ={id, (23)} and H = {H, (12)H, (13)H}. Then
CH ={onH + a2(12)H + a3(13)H : a1, a9, a3 € C}.
We determine pcy((12)) € GL3(C) with respect to the basis H:
(12)H = (12)H
(12)(12)H = H
(12)(13)H = (132)H = (132)(23)H = (13)H
since (23) € H, so the matrix is
010
1 00
0 0 1
Definition 8.0.4. If p: H — GL,(C) is a H-representation, define p 1%: G — End(C™) via
plti'gts) - plty'gh)
p 15 (9) = : :
p(t;tgty) - p(t gty)

where p(g) =01if g ¢ H.
P T%’} is called the induced representation of p.

Proposition 8.0.5. Let 1: H — GL;(C) denote the trivial representation of H. Then 1 1% € Mod-G
and one has 1 1%~ CH.
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Proof. Let p := pjy¢ and ¢ := pcy. We claim that Vg € G, p(g) = ¥(g). Note Vg € G, both p(g) and
1(g) contain only 0s and 1s. Now Vg € G:

p(9)ij =1 < t;7'gt; € H < g(t;H) =t;H < 1(9);; = 1.

Theorem 8.0.6. p 1%: G — GL,,;(C) is a matrix representation.

Proof. We prove that p Tg (g) is a block matrix whose coarse structure is a permutation matrix, i.e. in
every row and column of blocks there is exactly one nonzero block. Now for the jth column, the blocks
are p(t7'gt;), p(ty ' gt;), ..., p(t; tgt;). But t;'gt; € H <= gt; € t;H which is true for exactly one i
since the t; H’s form a disjoint union of G. Analogously for rows. It’s also easy to check p 1§ (e) = I
since ti_ltj €H < tj et;H < i=j. It remains to prove Vg,h € G,

p 1% (gh) = p 15 (9)p 15 (h).
Consider the (4, j)th block on both sides, it suffices to prove

1
(+) > ot gt)p(ty hty) = p(t ght;).
P H/—/ T ——
ak ke (&

Week 7, lecture 3

Note Vk, apby, = t; 'gtyty 'ht; =t; 'ght; = c.
If p(c) = 0 then ¢ ¢ H so either ap ¢ H or by ¢ H Vk, i.e. plax) = 0 or p(by) = 0 Vk, thus
>k Plag)p(by) = 0, which proves .
If p( ) # 0 then let m be the unique index with a,,, € H (see previous block structure argument), then
-1

b, ce€ H and Y, p(ar)p(br) = p(am)p(bm) = p(ambm) = p(c) since p is representation of H. O

Theorem 8.0.7. A priori the construction process of p Tf[ depends on the set of coset representations.
Consider p Tg’t and p Tg’s constructed from p : H — GL(V) using two sets of coset representations
t=(t1,...,t;) and s = (s1,..., ;) respectively:

G=ttHU---UtyH =s1HU---UsH,
theinH NpTH .
Proof. By 7.4.6 it suffices to show y Tg’t: X Tg’s. One has

l l
(8.0.7.1) X G = tr(pt;  gti) = > x(t; ' gts)
= =1

and similarly

!
(8.0.7.2) x 155 = Z x(s;t
i=1

Now note that ¢;H = s;H Vi (after relabelling), which implies Vi, 3h; € H : t; = s;h;, so
t;'gt; = hyts; gsihy,
which means

. t;lgti € H if and only if sflgsi € H,
e when both in H, they are conjugate.

Hence x(t; ' gt;) = x(s;  gs:). O
Lemma 8.0.8. Let p € Mod-H with character x. Then

where x(g) =0if g ¢ H.
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Proof. Cf. proof of 8.0.7. Observe

_ 1 1,
x(t; gti) = T > ('t gtih)
heH

which, plugged into 8.0.7.1, gives
1 1,
X 1% (9) = 1] Z x(h='t;  gtih)
i€{l,..,l},he H

but by going through all the i’s (all the cosets) and h € H (all elements in the subgroup), ¢;h gives us
precisely all elements of GG, hence

xGG
O

Theorem 8.0.9 (Frobenius reciprocity). Let H < G and let v, x be characters of H and G respectively.
Then

(W1%,x) = (¥, x 15).

Proof.
(¥ 1% x) ‘G|ZMH )
gEG
Z > @ 'gr)x(g™!) by 808
a;EG geG
Z Z D(y)x(zy tzh) writing y = 2~ gz
xEG yeG
-1y
TEm SN Uy by 4.3.1.4
zeGyeG
|G| Z P(y H Z »(y independence of x
yeG | | yeG
\H|Z¢ since Y(y) =0ify ¢ H
yeH
= <¢7 X \lfH> .
O
9. AN IN-DEPTH EXAMPLE: THE SYMMETRIC GROUP Sn
9.1. Young subgroup, tableau, tabloid.
Definition 9.1.1. A partition \ of n is a list (\y,...,\;) € N/ with \; > > \; > 0 with Zi‘:l i =n.

One writes A - n. The number [(\) ={ is the length of Aand A\; =0 for ¢ > l( ).
Week 8, lecture 1

We have seen that # conjugacy classes in S,, = # partitions of n.

Definition 9.1.2. For each partition A\ we can draw its Ferrers (or Young) diagram, for example for

A=(3,3,2,1) (or (3%,2,1)) the diagram is [

Notation. For a set A write Sy := {7 : A — A bijective}. In particular S,, = S¢1,.. n}-
Definition 9.1.3. Let A F n. The Young subgroup S\ < S,, is
Sx =512, X Sut1A+Ae) X X S oA +1,.. 0}
Example 9.1.4.
S(3.3.2,1y = S{1,2,3} X S{a5,6) X S{7.8} X Sqo}-

In general,

S)\gS)\l XS)\QX---XS)\I.
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Now consider 1 Tg;‘ If 7r1,...,m is a transversal, then S,, acts linearly on
VA = linspan{m; Sy, ..., mSx}
and one has V* ~ 1 Tg’; See 8.0.5.

Definition 9.1.5. Let A F n. A Young tableau (or just tableau) t of shape A is an array obtained by
writing numbers 1,2, ..., n into the boxes of the Young diagram of )\, each number exactly once.
The shape sh(t) of a Young tableau is the partition associated to its Young diagram, e.g.

sh () = (3,2).
A Young tableau of shape A is also called a A-tableau. For A - n there are n! A-tableaux.
Let t; ; denote the entry of t at position 4, j.

Definition 9.1.6. Two A-tableaux are row-equivalent, denoted t; ~ to, if the corresponding rows contain
the same elements. An equivalence class of this is a tabloid of shape A or A-tabloid, denoted {¢1} (so
t; ~ty = {t1} = {t2}). We use lines between rows to denote tabloids:

214 — 421 =124 —...
5 3 5 3 35

m € S, acts on a Young tableau ¢ via (wt); ; = 7(t;
m{t} = {nt}.
Definition 9.1.7. Let A+ n and {¢1},...,{tx} a complete list of A-tabloids. Define
M := linspan{{t:},..., {tx}},

the permutation module corresponding to A.

), which induces an action on tabloids also:

s,

Example 9.1.8. Consider A = (n), giving one-row Young tableaux. Then M® =C { 12-mn } with the
trivial action.

Now consider A\ = (1), giving one-column Young tableaux. Then M (") ~ CS,,.

Let A = (n—1,1). Then each tabloid is uniquely defined by the entry at position (2, 1), hence M (=11
is isomorphic to the permutation representation of S,, on the set {1,2,...,n} defined via 7 - i = 7 (4).

Proposition 9.1.9. M* ~ V.

Proof. Fix the Young tableau ¢t* that has row-wise consecutive increasing numbers from left to right, e.g.

+(4:2,1) _ [1]2[3]4]
5(6
7]
and let 71, ..., m; be a transversal for Sy. Define § : V — M* : 1,8y — m;t*. It is easy to verify that 6
is an isomorphism of .S,,-representations. O

Week 8, lecture 2
9.2. Dominance and lexicographic ordering.

Definition 9.2.1. A partial order on a set A is a relation < such that

(1) Va€ A, a < a, reflexivity
(2) Va,be A, a<bb<a = a=b, antisymmetry
(3) Va,b,ce A, a<bb<c¢ = a<ec transitivity

and one says A is a partially ordered set, or poset. If in addition Va,b € A either a < b or b < a, then < is
a total order.

Definition 9.2.2. Let A\, u F n. Then A\ dominates p, denoted A > p, if

k k
Vk, Z N > Z 14;.
=1 =1

For example, (3,3) > (2,2,1,1). Note it’s not a total order, e.g. (3,3) and (4,1, 1) are incomparable.

Definition 9.2.3. Let A be a poset. For b,c € A, one says ¢ covers b if ¢ > b (meaning ¢ > b and ¢ # b)
and dde A:b<d<ec.
The Hasse diagram consists of
e a vertex for each a € A,
e an arrow from b to c if ¢ covers b.
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For example,

(2,1%)
(1%
Lemma 9.2.4 (Dominance lemma for partitions). Let A, - n and t* and s* be Young tableaux of shape
X and 1 respectively. If for each i the elements of row i of s are all in different columns in ¢*, then A > p.

Proof. We can sort the entries in each column of t* so that the elements of the rows 1,2, ..., of s all
occur in the first i rows of t}. Let E;(t) denote the set of elements in the first i rows of ¢. Then

M Ao+ X = [B(t)] 2 [Bi(tY) N Ei(s)| = |Eils™)| = pn + po + -+ + s,
ie. ADp. (]
Definition 9.2.5. Let A\, 4 F n. One writes A < p if one has for some
(1) Vi <i, Aj = py,
(2) N < L.
This is the lexicographic order, which is a total order.
For example,

(1%) < (2,1%) < (22,1%) < (2%) < (3,1%) < (3,1,2) < (3,3) < (4,1%) < (4,2) < (5,1) < (6).
Proposition 9.2.6 (Lexicographic order is a refinement of dominance). Let A, b n. If A\> p then A > p.
Proof. If A = p then we are done, so suppose A # u and find the smallest 7 with A; # p;, so in particular
Yk < i, Z?Zl Aj = Z?:l ; and since A> 1 one has Z;’:l Aj > 22:1 i, 50 A; > p; and hence A > p. O
9.3. Specht modules.

Definition 9.3.1. For a tableaux ¢ with rows Ry, ..., R; and columns C1, ..., Cy, define the row-stabiliser
Ry := Sg, x Sp, X -+ x Sp,

and the column-stabiliser
Ct Z:SCI Xoee XSCk-

Example 9.3.2. For ¢t = , one has Ry = Sy1 2.4} X S(z51 and Cy = Syz43 X Sq1,5) X Sp2).

Week 8, lecture 3
Remark. Note that we can identify the tabloid {¢} with the right coset Ryt.
Notation. For any subset H C S,,, define the elements in the group algebra
HT := Z M, H™ = Z sgn(m)m,
reH reH

in particular, define x; := Cy .
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Observe that if ¢ has columns Ci,...,Cy, then Ky = ko, ko, * - - ke, -

Definition 9.3.3. For a tableau t of shape )\, the associated polytabloid e; € M? is e; 1= k¢ {t}.
Example 9.3.4. For t = , one has

ke = (id —(3,4))(id —(1,5)) =id —(3,4) — (1,5) + (3,4)(1, 5),

SO
et:412_312_452+352
35 45 31 41
=124 __ 123 _ 245 4 235,
35 45 13 14

Definition 9.3.5. For any partition \, the Specht module S* is defined as the submodule of M?* spanned
by the polytabloids e; where sh(t) = A.

Lemma 9.3.6. Let t be a tableau and 7 a permutation. Then
(1) ng = 7TRt7T_1,

(2) Cﬂ—t = 71'Ct7T_1,

(3) Kt = THRem L,

(4) Crt = TEy¢.
Proof. (1)

0 € Ry = ofrt} ={nt} <= on{t} =n{t}
— 1 lon{t} ={t} <= 7 lon € Ry <= o€ R .

(2)(3) Similar.
(4) ext = kni{nt} = e Yt} = wr{t} = mey.

Example 9.3.7. S C M(™ is the trivial representation.

sgn(o)o. For m € S,,, by Lemma 9.3.6 one

Example 9.3.8. Let A = (1") and t = . Then Kt =Y, cg.
]
has
ent = TEL = Z sgn(o)mo{t},
oeG

replacing mo by 7 one has
Ent = Z sgn(r i) r{t} = sgn(r ') Z sgn(7)T{t} = sgn(m)ey,
TES, TESK

thus every polytabloid is a multiple of e;, hence S(!") = Ce, and me, = sgn(m)e; (therefore this is the sign
representation).

Example 9.3.9. Let A = (n —1,1), t; = - and vg = {tx}. Then e; = vy — v; and the span of all

such vectors is
S(n—l,l) — {(Xl’Ul + oyt oo, =004 € (C}.
This is the kernel of Example 6.4.4.

Week 9, lecture 1
9.4. The submodule theorem.
Definition 9.4.1. Define inner product on M* via
{t} {s}) = Sty
Note that Vrr € S, one has ({t}, {s}) = (7{t}, 7{s}) and hence Vu,v € M*, (u,v) = (7u, 7v).
Notation. 7~ := {w}~ = sgn(nm)7.

Lemma 9.4.2 (Sign). Let H < S,, be a subgroup. Then
(1) f r€ HthennH =H w=sgn(m)H ,ie. 7" H =H".
(2) Yu,v € M*, (H u,v) = (u, H v).
(3) If (b,c) € H then one can factor H~ =k - (id —(b, ¢)) for some k € CS,,.
(4) If t is a tableau with b, ¢ in the same row and (b,¢) € H then H— {t} = 0.
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Proof. (1) Similar to me; = sgn(m)e; in 9.3.8:

TH™ = Z sgn(o)mo = Z sgn(r 1) = sgn(n ) Z sgn(7)T = sgn(m)H .

o€eH TEH TEH
(2)
(H u,v) = Z (sgn(m)mu,v) = Z (sgn(m)u, 7 v)
TeH TeH
= Z (u,sgn(r1), 77 0) = Z (u, sgn(m)mv) = (u, H™ ,v).
TeEH TeH

(3) Consider the subgroup {id, (b,c)} < H. Take a transversal
ki{id, (b,¢)} U ko{id, (bye)} U -+ LI - -+

Observe

<Z k:) (id—(b,c)) = H™
as desired. '

(4) By assumption, (b, c){t} = {t}, so
H{t} =k-(id—(b,c)){t} =0.
(]

Corollary 9.4.3. Let A, u n and t a A\-tableau and s a u-tableau. If k;{s} # 0 then A> y and if A =
then i {s} € {—es, e}

Proof. Let b, c be two elements in the same row of s. If they are also in the same column of ¢ then by
9.4.2.4 k{s} = 0. If not then 9.2.4 gives A > p.

If additionally A = p then by the same argument one can reorder within columns of ¢, i.e. 37 € C; :
{s} = m{t}, and 9.4.2.1 gives k;{s} = ke {t} = sgn(m)r:{t} € {Le:}. O

Corollary 9.4.4. If w € M* and sh(t) = p then x.u is a multiple of e;.
Proof. Write uw = )", a;{s;} where {s;} are p-tabloids. Corollary 9.4.3 gives

Kl = Kt Z%‘{Si} = Zamt{si} = (Z j:ai) es.
Z 1 l O
Week 9, lecture 2
Notation. For a linear subspace U C M*, define
Ut :={veM': (uv)=0YucU}.
Theorem 9.4.5 (Submodule). If U C M* is a submodule then S* C U or U C (S*)*L.
Proof. For all w € U and a p-tableau ¢ we know Jov, s € C: ku = oy, ey by 9.4.4.

Case 1: Ju,t : ay # 0. Since u € U one has oy e = kiu € U, hence e; = a;}g{tu € U. Therefore
Vr € S,, exy =me; € U and so S# C U.
Case 2: ay ¢ = 0 Vu,t. The e, with sh(t) = p spans S*. Let u € U, then

<u’ et> = <U, Kt{t}>
= (keu, {t}) by 9.4.2.2

=(0,{t}) = 0.
U

Proposition 9.4.6. If 0 # f € Homg, (S*, M*) then A> . If A\ = p then f is multiplication by a scalar.

Proof. Since f # 0 and S* is generated by the e;, there must be an e; : f(e;) # 0. Now M* = S @ (SH)+.
Thus we can extend f to an element of Homg, (M*, M*) by setting f(v) = 0 Vv € (S*)+. Now

07 fle) = f(rilt}) = mf({t}) = A Z ai{si}

= Z a;ke{si} for some a; € C and s; are u-tableaux
i
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and A> p by 9.4.3.
If X = p then by 9.4.4 f(er) = >, aske{s;} = ae; for some a € C, so for every m € S,,,

flext) = f(mer) = mf(er) = maer = aery.

Theorem 9.4.7. The S* for A - n form a complete list of irreducible S,,-representations.

Proof. Let U C S* be a subrepresentation. By Theorem 9.4.5, either S* C U or U C (S*)*, so either
U=2S8"orUCS*n(SM* ={0},ie S is irreducible.

Since we have the correct number of irreducible representations, it remains to show that they are
pairwise nonisomorphic. Suppose S* ~ S#, then there is a nonzero f € Homg, (S*, S*) which can be
interpreted as f € Homg, (S*, M*) since S* C M*. Then by 9.4.6 A > p. Symmetrically u > ), so
A= L. (]

Week 9, lecture 3

Corollary 9.4.8.
MP ~ Ga(sv/\)eamx,u7

AD>p
with m, , =1 Vu.
Proof. If S* appears in M* with nonzero multiplicity (i.e. my, > 1) then there exists an injective
S,-homomorphism f : S* — M*, so by 9.4.6 A > p.
Now my,, > 1 by definition of S# C M*. Suppose for contradiction m, ,, > 2. Then one can take any
decomposition of M* into irreducibles

M= @ (Var@Vap® o ®Vam,,)  whereVi, Vy;~Sh.
Abn, ADp

Take the isomorphism f; : S* — V,, 1 and f5 : S* — V), 2, then
Vo, € C, afi + Bf2 € Homg, (S*, M*)
and in particular, dim Hom S™(S#, M*) > 2. But dim Homg, (S*, M*) =1 by 9.4.6. O

9.5. Standard tableaux and basis for S*: linear independence.

Definition 9.5.1. A tableau is standard if the rows are increasing from left to right and the columns
are increasing from top to bottom. In this case, the corresponding is tabloid and polytabloid are also
standard.

2[3] is standard but ; i 3] is not.
6

1
e.g.
NG
15]

Theorem 9.5.2. The set {e; : t is a standard A\-tableau} is a basis of S*.

Example 9.5.3. S3, A= (2,1). Then

e =12 _32=12_23
3 1 3 T
—_ —_ —_
e =21_-31=12_13
3 2 3 2
- —_ -

and

Now notice that

and indeed that and are standard.
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Definition 9.5.4. A composition of n is a sequence of nonnegative integers (A1,...,A\;) such that
2221 A; = n. Every partition is a composition.

One extend the notions of Young diagrams/tableaux/tabloids and dominance order to compositions
with verbatim definitions, e.g. (5,3,4,4) > (4,4, 3,5).

Given {t} with sh(t) = A, Ak n, for each i € {1,...,n} define

{t'} := the tabloid formed by all elements < i in {t}

and
A\’ := the composition that is the shape of {¢'},

e.g. for {t} =24

—
w

1\ _ — 2\ _ o 31 _ o 4 _ 21
and
A =(0,1), N=(1,1), X¥=(1,2), X=(22),

which is called a composition sequence.

Definition 9.5.5. For two tabloids {s}, {t} with composition sequences \* and p® respectively. One say
{s} dominates {t}, denoted {s} > {t}, if Vi, \* > u’.

Example 9.5.6. The Hasse diagram for (2, 2)-tabloids:

|

T (1,0),(2,0),(2,1), (2,2)

=]

iz (1,0), (1,1),(2,1),(2,2)

(0,1),(1,1),(2,1),(2,2) z5 i (1,0),(1,1),(1,2),(2,2)
% (0,1),(1,1),(1,2),(2,2)
31 (0,1),(0,2),(1,2),(2,2)

Lemma 9.5.7 (Dominance lemma for tabloids). If k¥ < [ and k appears in a lower row than / in {t}, then
{t} < (k, D{t}.
Week 10, lecture 1

Proof. Let \' be the composition sequence of {t} and p® that of (k,1){t}. Then for i < k and i >l one
has A\? = p?, so consider k < i < [. Let r be the row of {t} in which k appears and ¢ be that of {t} in
which I does. Note that ¢ < r by assumption. Then A = u’ with the gth part decreased by 1 and rth
part increased by 1. Since ¢ < r, one has \? < . O

Definition 9.5.8. For v =), a;{t;} € M*, one says {t;} appears in v if a; # 0.
Corollary 9.5.9. If ¢ is standard and {s} appears in e;, then {t} > {s}.

Proof. Let s = it for some 7 € C; so {s} appears in e;. We prove by induction on number of pairs k <[
in the same column of s such that k is in a lower row than [. Such a pair is called a column inversion.
Given any such pair, Lemma 9.5.7 implies {s} < (k,1){s}. But (k,1){s} has fewer column inversions than
{s}: to prove this, note that only the entries between k and [ must be considered, and for each of those,
the number of inversions they are involved in cannot increase. Hence, by induction, (k,{){s} <{t}. O

Corollary 9.5.10. {t} is the maximum tabloid that appears in e;.

Definition 9.5.11. Let (A, <) be a poset. Then an element b € A is the mazimum if Ve € A, b > ¢,
and an element b € A is a maximal element if Ve € A, b £ c¢. Minimum and minimality are defined
analogously.

Proposition 9.5.12. The set {e; : ¢ is a standard A-tableau} is linearly independent.
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Proof. Distinct standard tableaux s # t have distinct tabloids {s} # {¢}. By 9.5.10, {¢} is the maximum
tabloid in e;. Sort the standard A-tableaux ti,...,t,, so that {¢;} is the maximal among the {¢;}. Hence,

{t1} only appears in e;, and not in any other e;,. Hence, every zero combination aye;, + -+ 4+ amer,, =0
must have a; = 0 because otherwise the coefficients for {¢1} do not cancel. Remove ¢; from the list and
continue inductively with the next maximal tabloid. |

It is also true that {e; : t is a standard tableau} spans S* but we will not prove it in class. A proof
can be found in Sagan’s book The symmetric group, 2nd ed., Section 2.6. This proves Theorem 9.5.2.

Week 10, lecture 2

10. MORE EXAMPLES

10.1. Alternating group A4. Recall Ay = {w € S; : sgn(n) = 1}, which is isomorphic to group of
rotations R? that stabilises a regular tetrahedron with barycentre the origin, and |A4| = 12 = |S,|/2.

Let z = (1,2)(3,4), vy = (1,3)(2,4), z = (1,4)(2,3) and t = (1,2,3). Now K := {id, t,t?} is clearly a
subgroup of Ay, but H := {id, z,y, z} is as well since

(G.1) TY=2=Yyxr, TZ =Y = 2T, Yz = T = 2y.
Recall 1.1.9 and note that
(G.2) tat P =z, tzt 7 =y, tytT =z,

and hence H is normal.
Every element of Ay can be written as hk where h € H, k € K by shifting via G.2. The presentation is
unique since |H| - |K| = |A4].

Claim 10.1.1. The conjugacy classes in Ay are {id}, {x,y,z}, {t, tx, ty,tz}, {t?, t2z, 1%y, t>2}.

Proof. Indeed all 4 sets are closed under conjugation with ¢ by G.2. Similarly, conjugation with x,y or z
does not change exponent of ¢ in the unique representation hk.
Define s : H — H : h ~ tht~1. Then Vi € {0,1,2}, s(t'h) = t(t'h)t~! = t'tht~! = t's(h) and
. _ o tyifi=1
Vi € {1,2}, xt'z™" = xt'x = t's" = . 0
i€ {1,2}, zt'z xt'x s"(z)x 2, it 9
For the 1-dimensional representations of A4, let ¢ = €27/3 and one obtains 3 non-isomorphic 1-
dimensional irreducible characters of A4 via Vh € H, x;(ht?) = (¥. Now x; : Ay — GL;(C) is indeed a
group homomorphism since the conversion to normed form hk does not change the exponent of ¢, which
implies

Vhi he € H, 3h € H : xi(hat! hot??) = xy (Wt #72) = (PO H92) = (102 = xi (hat?) i (ha t72).

Now by 7.4.5 and 7.5.1, there must be one remaining 3-dimensional irreducible representation. One can
try and check if S3! f{i is irreducible: dim SV = # standard tableaux of shape (3,1):

1[2[3]. [1[2[4].[1]3][4
B E

Week 10, lecture 8

Now
_ 134 _7234
9iI8T4] = 5 1
- —_
_124_324_124_7234
T2l ~ 3 1 3 i
—_— P —_— P
_123_423_123_7234
qi1218] = i 7 1
—_ —_— —_ —_
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~
w
\

—
~
w

=TI

= €[1[2[3] ~ I3[
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which gives us the representation matrix of x

-1 -1 -1

with respect to the basis

CiT3T4]) G1l2]4) g1]2[3

with trace —1. One continues and calculates ¥ = x(3 1) if{i :

One verifies with Lemma 7.4.9 that ¢ is irreducible:

1

:E(1~32+3x(—1)2+0):1.

<w7 w>

The character table is

Ag|id) @@ ta

wl 1 1 1 1
x| 1 1 ¢ ¢
x2 | 1 1 ¢ <
sl 3 1 0 o0

where ( is the cubic root of unity.

10.2. Dihedral group. Recall that Dy, = (r,s | 7" = 1,5 = 1,srs™' =r~1) and | Da,| = 2n. With the
1-dimensional representations ¢ : Dy, — GL;(C),

{(1,1),(1,-1)} if n is odd

(o(r), 9(s)) € {{(1’ 1),(1,-1),(=1,1),(=1,-1)} if n is even

Let ¢ = €™/ and for h € Z define the representation

o' Doy, — GLy(C)
hk 0
rk = (CO C—hk)

S’I“k — (C—Ohk Cgk>

Claim 10.2.1. For 0 <h < 3, p" is irreducible. (Check common eigenvectors of the two matrices.)

(Verify that p" = pen Tg")

The characters xj, of p/:

2mhk
xn(r*) = 2cos T , xn(sr*) =0
n
Verify Lemma 7.5.1: if n is even,
412 1 (gfl) 2% = 2 = Dy,

and if n is odd

1
2-12+(”2> -22 = 2n = | Dy,
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10.3. Quaternion group Qs. Recall that Qg = <a,b | a* =1,a% = b%,bab™! :a*1> and |Qg| = 8.
We found (see HW2 Q1) that there are 4 1-dimensional representations and there is 1 2-dimensional
representation

¢ : Qg — GL2(C)
s <z 0)

0 —i

0 1
b— (_1 O)

The two matrices similarly have no common eigenvectors so the representation is irreducible. Applying
7.5.1:

1-22 4417 =8 = |Qg|
and as a corollary we get that there are 5 conjugacy classes in Qg for free; in fact the character table is

Qs |idy) a@) abe be af
X1,1 1 1 1 1 1
X1,—1 1 1 -1 -1 1
X-1,1 1 -1 -1 1 1
X—-1,—-1 1 -1 1 -1 1
¢ 2 0 0 0 -2
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