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Definition 1.1 (Properties of a ring). Let 4 be a ring.

(1) Ais reduced if foreacha € A, wehavea® =0 = a = 0(thatis, 4 has no nonzero nilpotent
elements).

(2) A is normal if the localisation Ry at each prime ideal p of R is a normal (integrally closed)
domain, that s,

Ry = {s € Frac(Ry) : Imonic g € Ry[x] : g(s) = 0}.

(3) In the case that 4 is noetherian, we say 4 is regular if each R is regular, that is, the Krull
dimension of R} equals the minimal number of generators of its maximal ideal.

Definition 1.2 (Properties of a ring map). Let f : 4 — Bbe a ring map.

(1) f is flat if the functor — ®4 B : Mod, — Mod, is exact, thatis, B; — B, — Bs is exact
implies By ® 4 B — B, ®4 B — B3 ®4 B is exact for A-modules By, By, Bs.

(2) f is faithfully flar if moreover the converse implication holds.

(3) f is integral if for each b € B, there is a monic ¢ € A[x] such that g(5) = 0 (there is a slight
abuse of notation: the last g denotes the image of the first ¢ in B[x]).

(4) [ is of finite type if there is a surjective A-algebra map A[x, ..., x,] — Bforsomen € N.

(s) f is of finite presentation if there is an isomorphism of 4-algebras A[xy, ..., %,/ (fi, ..., fm) =
Bforsomen, m € Nandfy,...,f;, € A[x1,...,%,].

(6) f is finite if B is a finite A-module, that is, there a surjective 4%” — B for some n € N. (Every
finite ring map is integral.)

(7) Denote by I the kernel of the natural surjection A[B] — B. Call [/I* — Qg (B]/4 ®A[B]
B the naive cotangent complex and denote it by NLp/ 4. The kernel of it is then denoted by
H;(NLg, 4).

(8) f is smooth if f is of finite presentation, H1(NLp/4) = 0, and Qp/ 4 is a finite projective B-
module.

(9) In the case that 4 and B are local with maximal ideals m 4, mp, we say f is a local ring map it

FH(mp) = my.

Definition 1.3. Alocal ringmap f : 4 — B with maximal ideals m 4, mp is unramified if f (m 4)B =
mp, and B/mp is a finite separable extension of 4 /m 4.
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2. GEOMETRY

Definition 2.1. Let (X, Ox) be a ringed space. (X, Ox) is a locally ringed space if each stalk Oy is a
local ring. In this case we denote the (unique) maximal ideal of Oy, by m,, and the residue field by
x(x).

A morphism of locally ringed spaces (m, f) : (X, Ox) — (Y, Oy) isa pair where7 : X — Yisa
continuous map of topological spaces and f : Oy — 7, Oy is a natural transformation of functors,
such that the induced map f; : Oy () — Ox, of stalks is a local ring map.

Definition 2.2. A scheme is a ringed space locally isomorphic to affine (Spec 4, Ospec.4). They are
locally ringed spaces. A morphism of schemes is a morphism of them as locally ringed spaces.

An S-scheme refers to a scheme X with a fixed morphism X — S, and for a ring 4, an_4-scheme is
a Spec A-scheme.

Definition 2.3. Let /' : X — Y be a morphism of schemes. The diagonal morphism of f is the
unique morphism dy,y : X — X Xy X such that pr, ody,y = pr, odx/y = idy.

Definition 2.4. Let (X, Ox) be a scheme and U C X an open subset. Then (U, Ox/y) is a scheme,
and we say U is affine open in X if this (U, Ox|y) is afhine.

Definition 2.5 (Properties of a scheme). Let (X, Ox) be a scheme, which by abuse of notation is often
shortened to X.

(1) In the case that X is a scheme over a field &, we say X is geometrically o it X, is o for each field
extension £” D k, where ® can be any of the defined properties below.

(2) (X, Ox) is irreducible (resp. quasicompact, resp. connected, resp. catenary) if X is irreducible
(resp. quasicompact, resp. connected, resp. catenary (i.e. every pair of irreducible closed sub-
sets 7' C T admits a maximal chain of irreducible closed subsets 7' = T, c Ty C --- C T, =
1" and any such chain has the same length)).

(3) X is integral it X # @ and for each affine open @ # Spec R C X, we have R is an integral
domain.

(4) X is reduced if each Oy is reduced, or equivalently Ox (U) for each affine open U is reduced.

X is integral if and only if X is reduced and irreducible.

(5) X is normal it each Oy is a normal domain, or equivalently Oy (U) for each afhine open U is
anormal ring.

(6) X is locally noetherian if for each x € X, there is an affine open Spec R 3 x such that R is
noetherian.

(7) X is noetherian it X is locally noetherian and quasicompact.

(8) X is regular or nonsingular it X is locally noetherian and each Oy is regular.

(9) X is factorial if each Oy is a unique factorisation domain.

Definition 2.6 (Properties of a morphism of schemes). Let (7, ) : (X, Ox) — (Y, Oy) be amorph-
ism of schemes. By abuse of notation, (7 f) is often shortened to f.

(1) If the f is fixed or canonical, we say X is ® over 1" where @ can be any of the defined adjectives

below. Moreover, if ¥ = Spec A4 is affine and this base is fixed, we simply say X is e.
[ is universally e if for any morphism § — Y, the base change /” : X Xy § — Sis o, where

e can be any of the defined properties below.

(2) (m[) is a closed immersion if 7 is a homeomorphism of X with a closed subset of Y, and £ is
surjective. In this case we say X is a closed subscheme of Y.

(3) (mf) is an open immersion it  is a homeomorphism of X with an open subset of ¥, and £ is
an isomorphism. In this case we say X is an open subscheme of Y.

(4) f is an immersion if it can be factored as j o 7 where 7 is a closed immersion and 7 is an open
immersion. In this case we say X is a subscheme of Y.
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(5) (7 f) is dominant (resp. surjective, resp. open, resp. closed) if 7 is dominant (resp. surjective,
resp. open, resp. closed).

(6) f is affine if for each affine open U C Y, we have f~1(U) is affine open in X.

(7) f is quasicompact if for each affine open U C Y, we have 1 (U) is quasicompact.

(8) f is quasiseparated (resp. separated) if dyy is quasicompact (resp. a closed immersion).

(9) f is of finite type at x € X if there are affine opens Spec4 > x and Spec B C Y such that
f(SpecA) C Spec Band B — A is a ring map of finite type.

(10) fis locally of finite type if f is of finite type at each x € X.

(11) fis of finite type if f is locally of finite type and quasicompact.

(12) f is of finite presentation at x € X if it’s of finite type at x € X and the corresponding B — 4
is moreover of finite presentation.

(13) £ is locally of finite presentation if f is of finite presentation at each x € X.

(14) [ is of finite presentation if f is locally of finite presentation, quasicompact and quasiseparated.

(15) f is flat at x € X if Oyp(r) — Ox,y is a flat ring map.

(16) fis flat if f is flat at each x € X, is faithfully flat if f is moreover surjective, and is /ppf (resp.
Jfpqc) if £ is moreover of finite presentation (resp. quasicompact).

(r7) fissmooth at x € X (of relative dimension d) if there are affine opens Spec 4 3 x and Spec B C

Y such that f(Spec A) C Spec B, and an open immersion

SpecA — Spec Blx1, ..., %,/ (fis - s fr-d)

for some 7 and f; such that the Jacobian

of )
(axj( ),

has rank 7z — d. (In particular / is of finite presentation at x.) Or, if B — A is a smooth ring
map and Qyy is locally free of constant rank 4.
(18) f is smooth of relative dimension d if f is smooth at each x € X of relative dimension d.

(19) f is unramified at x € X if f is of finite type at x € X and Oyr() — Ok, is unramified.

(20) f is unramified if f is unramified at each x € X.

(21) f is étale if f is smooth and unramified.

(22) f is properif f is separated, of finite type, and universally closed.

(23) f is integral (resp. finite) if f is affine and for each affine open Spec 4 C Y with £~ (Spec 4) =
Spec B C X, the ring map 4 — B is integral (resp. finite).

Every finite morphism of schemes is integral.

(24) In the case that each fibre X is a locally noetherian scheme, we say f"is normal (resp. regular)

if f is flat and X, is geometrically normal (resp. regular).

Definition 2.7 (More properties for a scheme over a field £). Let X be a scheme over £.

(1) Algebraic is another word for “of finite type over £” for X..
(2) X isavariety it X is separated and algebraic (sometimes geometrically reduced is also added).
(3) X is complete it X is proper over k.
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