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1. INTRODUCTION

1.1. Notation and basic definitions. k, field, e.g. Q, R, C, F,, Q,, Q(i), Q(V3).
klx,y] or k[x,y, z], polynomials. Degree 2 ones are conics (usually denoted @), degree 3 are cubics.
An elliptic curve E : y?2 +a1zy+asy = 23+ ax2 + ayx + ag where ay, as, a3, as, a6 € k. If chark # 2 or
3 then it can be written as y?> = 23 4+ az + b by change of variables where a,b € k and A = 4a® + 27b% # 0.
EQ):={(r,y) €QxQ:y? =23+ ar + b} = Z" x E(Q)torsion is a finitely generated abelian group
where r is called the rank of the elliptic curve.

1.2. Big idea 1: Geometric method of constructing solutions.

Example 1.2.1. One can think of the solutions of 22 + 2 = 1 over R as a circle. What about over Q?
The solutions can be written down as
1—¢? 2t

x:1+t2’ y:1+t2
1

where t € QU {o0}
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by parametrise by connecting (—1,0) and (0, t).

2 2 __
vty =1 (z,)

(0,1)

(71’())

Example 1.2.2. E:y? +y = 23 — 2. There’s an inductive way to find a list of its solutions which may
be infinite (and we shall know for sure later): we first notice (0,0) as a trivial solution, at which the
tangent line is of the equation y = —x, which intersects the curve at (2, —3).

Y

(0,0)

y=-x
—y=-2x+1
— -t
w

One proceeds successively (recall Newton method) to derive more solutions as shown above. The
calculation can be done efficiently by the computer algebra system PARI/GP:

? E = ellinit([0,0,1,-1,0])

%1 = [0, O, 1, -1, O, O, -2, 1, -1, 48, -216, 37, 110592/37, Vecsmall([1]), [Vecsmall
(f128, 11>1, [0, O, O, O, O, O, O, 0]]

? P = [0,0]

%2 = [0, 0]

? Q = ellmul (E,P,-2)

;%3 = [1, -1]

? R = ellmul (E,Q,-2)

s %4 = [2, -3]

? S = ellmul (E,R,-2)
%5 = [21/25, -56/125]

1.3. Big idea 2: Local to global. Given an equation over Q, we can suppose it has an Z-form by
multiplying the common denominator, and then reduce modulo p for prime p or ¢ = p*. Sometimes by
writing p = oo we consider the equation over R. Fields like @, and R are called local. Behind this is Hasse
principle, “the idea that one can find an integer solution to an equation by using the Chinese remainder
theorem to piece together solutions modulo powers of each different prime number”.

Example 1.3.1. We claim 22 + y? = 2(z + y)z + 22 does not have a solution in Qs.

Indeed, rewrite the equation by t = x +1 + z as 222 + 2xy + 2y = t2. Since it’s homogeneous, it suffices
to show there’s no integer solutions and one can assume ged(z,y,t) = 1. 2 is divisible by 2 so divisible by
4, hence 22 + 2y +y?> = 0mod2 <= 2 =y = 0mod 2, but then 2 | ged(x,y,t), a contradiction.

But the Hasse principle doesn’t always hold, e.g. an example of Selmer, 323 + 4y® + 522 = 0 has
solutions over all Q, including p = co but no nontrivial Q solution.
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1.4. Big idea 3: Descent.

Theorem 1.4.1 (Fermat). For a right triangle with sides of rational number, its area is not a square, i.e.
if a,b,c € Qand ¢® =a? +b% then fa € Q: a® = %b

Proof by descent. Without loss of generality, assume a, b, c € Z are pairwise coprime. For contradiction,
suppose %b is a square. Recall that Pythagorean triples are parametrised by a = p% —q2,b = 2pq, ¢ = p?>+¢>
where ged(p, ¢) = 1 and p — ¢ is odd. Hence

ab

5 =palp+a)p—aq)

SO
Jz,y,u,v:p=a’,q=y>,p+qg=u’p—q="1>

where u,v are odd and coprime. Note that
u—v 2 u+v 2
- _ .2
() +(5)
where ¥5¢ ¥+V ¢ 7 by above, hence x € Z. Now

2 2
(45) (52) _ab

2 2
where the left hand side is a square of an integer. We have a right triangle with a strictly smaller area
that’s also a square, but the process cannot continue infinitely, a contradiction. O

2. p-ADIC NUMBERS

Definition 2.0.1. A p-adic integer x € Z, is a formal solution to system of congruences = = x,, mod p"
(n=1,2,...) such that x,, = 2,41 mod p™.

Definition 2.0.2. A norm on a field k is a function | - | : & — R such that |z| =0 < =z =0,
lzy| = [z[ly| and |z +y| < [z[+ [yl

One can define a topology from the metric induced by a norm (d(z,y) = |z — y|).
In this module we focus on the field Q.

Definition 2.0.3. The p-adic norm |- |, on Q is defined by the following: given r € Q, write it as p”$
where a,b,p € Z and pta,b, then |r|, =p~".

p-adically speaking, a number is small when it’s divisible by a high power of p.
Proposition 2.0.4. p-adic norm is a norm.

Proof. The first two conditions are obviously satisfied, so it remains to see |r + s|, < |r|, + |s|,. Write

a c ad + p®~Pcb
r=p’—-, s=p’°—-, r+s=p——F—
p b p d’ p bd
assuming o > p, hence |r + s|, < p~? < max{|r|p, |s|,} (this is the ultrametric inequality). O

Week 2, lecture 1, 8 October 2024

Lemma 2.0.5. Let |- | : k& — R>o be a norm that satisfies the ultrametric inequality. If |z| < |y| then
| — y| = |y| (every triangle is isosceles).
Proof. One has |z — y| < max{|al,|yl} = |yl and |y| = |y — = + 2| < max{ly — o], |el} = [y — 2. O

Exercise 2.0.6. Show that if we change the definition of p-adic norm by replacing the p be a composite
number n, then it’s not a norm.

Recall the definition of a Cauchy sequence: (x,,),>1 is Cauchy if Ve > 0, 3k : |z, — x| < € Yn,m > k.
Note that 5-adically, the sequence x1 = 3, z9 = 34, x3 = 334, x4 = 3334, ... is Cauchy since the differences
become increasingly highly divisible by 5, and the limit is % since ’zn — §|5 — 0 (since |3z, — 2|5 — 0).

In the same spirit that Cauchy sequences complete Q to R, Q is also p-adically incomplete. Construct a
sequence (2, ) of integers by x% +1=0mod5" and x,,41 = z, mod 5”. Choose x; = 2 and suppose x, is
constructed. By induction it suffices to show x,, 1 can be constructed to see this sequence is well-defined.
Write 22 + 1 = 5"c and 41 = @, + b5" such that (z,, + b5")? + 1 = 0mod 5" 1. Hence one needs to
solve 2x,,b + ¢ = 0mod 5, which is indeed solvable since 5 t z,,.

Now the limit  must satisfy ™ + 1 = 0, which doesn’t have a rational solution. In this sense we give

another definition of p-adic numbers:
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Definition 2.0.7. Q, is the completion of Q with respect to | - |,.
Notation. C := {(zn)n>1 : Ty € k, (z,,) Cauchy}.

T :={(xn)n>1 € C : lim,_y00 z,, = 0}.

k = C/Z, the equivalence classes of Cauchy sequences with the same limit.

It’s clear that C is a commutative ring (with () £ (yn) = (Xn £ yn) and (2,)(yn) = (TnYn) as expected)
and 7 is an ideal. We claim Z is maximal and we shall see why after the following lemma.

Lemma 2.0.8. Let (x,) € C\Z, then 3ng > 1: |x,| = |xn,| YN > ng.

Proof. Since lim,, ;o ¥, # 0, J& > 0 such that for any xx one can find z,,(y) such that n(N) > N and
|Z,,(ny| > €. Now by definition of a Cauchy sequence, IM > 1: |2, — zy,| < € Vn,m > M. Then, for all
n > n(M) > m one has |z,)| > € > |2, — Ty ], and by 2.0.5 one has [z, (ar)| = |2n| Vn > n(M). O
Hence for all (x,,) € C\Z, one can define
0 n<ng
n) — 1
) =1L .
Tn
where ng is the number we proved exists above and x,, is the limit of (x,,). Then (z,)(yn) = 1¢/z so T is

maximal. One also the norm | - | : = R>¢ : () = limp 00 |2, | on k.

Lemma 2.0.9. The field embedding k — k by x (x)n>1 is dense, i.e. the closure of the image of k in
k is k. (Recall that Q is dense in R).

Proof. Let (x,) € k and e > 0. We want to show that I(y) in the image of the embedding such
that |(z,,) — (y)| < &, but this follows immediately from definition of Cauchy: choose N such that
n,m >N = |z, — x| < € and take (y) = (xn). O

Lemma 2.0.10. % is complete, i.e. every Cauchy sequence in % has its limit in k.

Proof. Let (x,,) be a Cauchy sequence (of equivalence classes of Cauchy sequences) in k. By lemma above,
Vn > 13y, € k : |2, — yn| < L. We claim y = (y) € k is Cauchy, which is clear from equation (1), and
limy,—, 00 T, = y, clear from (2).

1 1

) o =1 < e — vl + by — ] < -+l — 9]
O
Week 2, lecture 2, 10 October 2024
Remark 2.0.11. In this module we focus on the field Q with the p-adic norm | - |, which by above

completes to @ = Qp. In this sense, p-adic integers are
Zy, ={xeQ,: |z, <1}

Note that |y, |, <1 = |aB|, <1 and |a + 8|, < 1, which verifies Z, is indeed a ring. One has the
inclusion matrix

ZP c Qp
U U
Z C Q

where
u
ZyNQ =12y = {f €eQ:pt v} , localisation of Z at prime ideal (p)
v
and Zy = {x € Zy : |z[, = 1}.
Note that if z € Q, then either z € Z, or 27! € Z, since either p™” > 1 = p” < 1.

Zy, has an ideal (p) = {x € Z, : |z|, < 1}. It’s maximal since Z,/(p) = F,, a field, and it’s the unique
maximal ideal since Zy\(p) = Zy. Hence Z, is local.

Note that % ¢ Z, since ‘%‘p =p>1,and in fact Q, = Z, [ﬂ, i.e. Qp is the field of fractions of Z,,.
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2.1. Series expansion on Q,.
Definition 2.1.1. We define a series Y., , B, € Q, in the usual way as limy_, o Zﬁ;o Bn.
Lemma 2.1.2. Y /3, converges <= [, — 0.

A well-known counterexample in the usual norm is the harmonic series.

Proof. = 1is obvious by what we’ve seen in real analysis. Now suppose 8, — 0 and M < N, then by
induction on the ultrametric inequality

N M
Z ﬂn - Z ﬂn
n=0 n=0

so <— 1is clear as well. O

N
= Z ﬂn

n=M+1

<
< mex |Bnlp,

p

p

Lemma 2.1.3. p-adic integers are precisely a = Y > a,p™ where a,, € {0,1,...,p— 1}.

Proof. First observe that by lemma above « indeed converges since |p™|, =p~" — 0.

We know Q is dense in Q,, in particular 3b € Q : |a — b|, < 1. Now |a|, < 1 by definition, so
b, < 1. We can then write b = £ where (r,s) = 1, so that p { s. Hence we can find a unique
ap € {0,...,p—1} : sap —r = 0modp, i.e. b— ao is divisible by p, hence |b — ap|, < 1, so |a — agl, < 1,
so again one can find oy : @ = ag + paq where oy € Z,, since |pai|, = |o — aplp, < 1. One proceeds
inductively (keeps separating the part that’s not divisible by p, p?,...) with a; as the new a. |

Corollary 2.1.4. p-adic numbers are precisely a = Ensz anp™ where a_r # 0,a, € {0,1,...,p—1}.

Proof. If a € Q, then write |a|, = pT, so |[pTal, = 1, i.e. pTa € Z, and then one uses the lemma
above. O

Corollary 2.1.5. Z is dense in Z,.

Example 2.1.6. GP can do p-adic arithmetic:

7?7 x =3 -1+ 2 + 2x3 + 372 + 3°3 + 374 + 0(3°5)
%1 = 3°-1 + 2 + 2%3 + 372 + 373 + 374 + 0(3°5)
7 y = 1/4 + 0(3°5)

%2 =1 + 2x3 + 2*3~3 + 0(3°5)

? X*y

%3 = 3°-1 + 1 + 3 + 3°3 + 0(3°4)

? Xty

%4 = 37-1 + 2%3 + 2%3°2 + 2x3°4 + 0(3°5)

Exercise 2.1.7. (1) Show that o € Q, has a finite expansion <= « is a positive rational integer
with denominator a power of p.
(2) Show that a € Q, is in Q <= it’s eventually periodic.

Week 2, lecture 8, 11 October 2024
We are now interested in solutions to polynomial equations in Q.

Lemma 2.1.8. Let € € Z, be a unit where p # 2. The equation 2% = € has a solution z € Q, <= cisa
square mod p. (Note that if x is a solution then |z|,, so in fact z € Z,.)

Proof. Suppose x € ), : 2?2 = emod p. We want to construct from this a p-adic solution.
We do this inductively: let oy = z and construct oy, by [a2 — €|, <p™", |ani1 — anlp, <p™" (ie.
is very close to €, a1 is very close to ay,). The solution would then be lim,,_, o a, since it is Cauchy.
It remains to see why such a1 exists if one has constructed a,,. We simply set av,41 = a,, + p™ 5 and
find 3, then

2
n

n

aiJrl = ai + 2a,p" B _’_p2n52 = arzy, + 2a,p" 3 mOdpn+1
where p” | a2 — e. Hence one can rearrange the above as (this is where p = 2 fails)

2

€— g

Y23

2a, 0 = mod p.

Lemma 2.1.9. Let € € Zy be a unit. The equation 2% = € has a solution z € Q3 <= €= 1modS8.
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Exercise 2.1.10. Let p be a prime such that p = 2mod 3. Show that 23 = a has a solution z € Zy, if
p1a.

Show that there is no 7-adic number z = 2 +y where |y|l; <771 : 2% + 22 — 22 —1=0.
Lemma 2.1.11 (Hensel’s). Let f =" jaiz’ € Zy[x]. Suppose zo € Z, satisfies | f(zo)l, < |f'(xo)|?
where f/(xz) =Y, ia;z""!, the formal derivative. Then there exists a unique root z of f in Z, satisfying

|z —zolp < [f'(z0)lp- _
A stronger and more standard assumption: consider the reduction homomorphism :Z, — Z,/(p) to

the residue finite field and write f = Y"1  @z'Z,/(p)[z]. Suppose 37; € F, : f(Zg) = 0 and ?I(:TO) #0
(i.e. o is a simple root of f).

Proof. First observe that by assumption and since f € Zy[z],zo € Zy,

|f(x0)|p
o)), <@k <1
f(xo0)

and we write yo = 75 so that lyolp < 1 and f(zo) + yof'(zo) = 0.
Define polynomials f1, fa,... € Zy[z] by
fla+y) = fl@)+ fil2)y + fal2)y® + -

and consider f(xzp + yo). By the ultrametric inequality and assumption, one has

[f(0)3
oo+ o)y < max|fiGao)i | < loolf = (700t < (o)l

since f;(xo) € Z, = |fr(zo)|p < 1;ie. xg+ yo is a closer approximation of the solution than zo. We
also need to check the assumption for f/(z¢): since f'(xo + yo) = f'(z0) + yo(- -+ ),
[f'(@o +50) = f'(xo)lp < lyolp <1 (z0)l
and by 2.0.5 one has |f'(xo + yo)|p = |f(z0)|p-
One can therefore proceed inductively and obtains a sequence g, 1, x2, ... with ,41 =, — J{,((Z’:L)).
By observations above, the sequence satisfies | f'(xy)]p, = |f/(x0)]p Y7, |f(2n)]p — 0 (so f(z,) — 0) and

el ey _ 1)
x x
|Tnt1 — Tnlp = 2P = 2P0,
! PP @)l 1 (o)l
i.e. (x,) is Cauchy. Write its limit as « and note that f(z) = 0. O

Example 2.1.12. f(z) = 22 — 11 € Zz[z]. o = 2 is a solution over F7 since 4 — 11 = —7 = Omod 7.
Now f'(zg) =2x2=4#0¢€Fz, so |f'(z0)|r =0 and

o g J@) o T 15
T 4 4
Now )
15 49
—) —1l=—= 2
(4) 16 Omod 7
and 15
|f($1)|7— ry :07
7

both verifying the lemma. One can proceed to obtaln a solution in Q7. Now one may not be satisfied
with something like %, which still looks like a regular rational number instead of a p-adic number, so one
can write it as
242-T+5-724+0(7%).
The concrete process to arrive at this is the following (basically long division; recall 2.1.3):
(1) First look for the unique ag € {0,...,6} such that 1> = ag + 7 (%) where (r,s) =1, 7ts:

pot_uo o2 1
7 28’ 7 4’
so ag = 2.
(2) Now repeat this with }
i-1_ 3 -2 1
7 28’ 74

so a; = 2.
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(3) Now repeat this with —1:
-i-1_ 5 —i—Qz_g —5—3__173 -i-4_ 17 -1-5 3
7 28’ 7 28’ 7 28’ 7 28’ 7 4’
SO ag = b.
(4) One proceeds similarly if required.

Week 3, lecture 1, 15 October 2024
Corollary 2.1.13. Let f(z) = 2?~' — 1 € Z,[z]. For any a € F,
NaeZ,: fla)=0and a =a € Z,/(p) =TF,.
Proof. For o € Fj, one has f'(a) = (p — 1)aP~2 #£ 0 and f(z) = [lozper, (x — b) = 0. The desired then
follows from Hensel’s lemma. ]

Proof of 2.1.9. = 1If e = o® then |af? = |a?|, = 1, so a is a unit. Units of Zy/8Zy = Z/8Z are
a =1,3,5,7, which all satisfy a? = 1modS8.
<= If e = 1mod8, consider f(z) = 2% — ¢ € Zy[z]. Now

1 1
FWl=[1—cla <5, and [f'(Dl2 =22 = 3,

so f has a root in Zy by Hensel’s lemma.

3. ALGEBRAIC CURVES

3.1. Bézout’s theorem.

Definition 3.1.1. We focus on affine algebraic curves, which are zero points of polynomials in two
variables 0 # f € k[z, y] with field extension k C K:

Ci(K) = {(z,y) € K*: f(x,y) = 0}, the K-points of C;
Usually K = k or the algebraic closure of k, denoted by k.

Recall that a field k is algebraically closed if Vf € k[z] : f #£0, Jxg € k : f(xg) = 0. In particular f
can be split into linear factors: f = c[[(x — ;) where ¢,r; € k. The degree of f is > e;, where e; is the
multiplicity of the root r;.

Definition 3.1.2. The degree of f(z,y) = 37" ;_gaijz'y’ is deg f = deg Cy = max};_o{i +j : a;; # 0}.
Definition 3.1.3. An affine linear change of coordinates of an affine algebraic curve is one that can be

written as & = px 4+ qy + u, ¥y = rx + sy + v such that p,q,u,r, s,v € K and (ﬁ g) is invertible over K.
Definition 3.1.4. Let C be an algebraic curve defined by f(z,y) € k[z,y]. A point (a,b) of C' is singular

if
b B
f(a,b) = T)ﬁ (a,b) = *ag (a,b) = 0.

A point is non-singular or smooth if it it’s not singular. A curve is non-singular or smooth if it has no
singular points over k.

Example 3.1.5. f(z,y) = y? + yx — 2> € R[z, y] is not smooth: the point (0,0) is singular. In this case
the curve crosses itself at the point so it’s also called a node.

Y
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Example 3.1.6. f(x,y) = y? —2* + 422 — 4 € Q[z,y] has g—i = —42° + 8z and %]?; = 2y, hence (£/2,0)
is singular but one wouldn’t see this point looking at @@, hence one potentially need to look for singular
points in the algebraic closure of k, hence the definition of non-singular is as above.

Definition 3.1.7. Since k is a field, it’s a UFD, so k[z, y] is a UFD as well. f(z,y) € k[z,y] is irreducible
if it has no nonconstant polynomial factors other than scalars.
Cy is irreducible if f is irreducible over k[z, y].

Example 3.1.8. 2% + 3y = (z +iy)(x — iy) is irreducible over Q[z,y] but reducible over Clx,y].

Definition 3.1.9. The tangent line to Cy at a smooth point (a,b) is

of of
%(a, b)(x —a) + a—y(a, b)(y —b) =0.

Theorem 3.1.10 (Bézout’s, first encounter). If C, D C k? then #(C' N D) = deg C deg D.

Some issues with this theorem:

(1) Field of definition: Let C = {(x,y) : y = f(x)} and D = {(z,y) : y = 0}. Then CN D = {(x,y) :
f(z) = 0}. One sees the theorem doesn’t hold if k is not algebraically closed, so one needs to
compute #(C N D) over k.

(2) Common factors: Consider f(x,y) = 2% —y? and g(z,y) = 2 — y>. We expect 2 x 3 = 6 points
from the theorem, but x — y is a common factor so there are infinitely many common solutions,
hence one needs to remove common factors.

(3) Multiplicities: by affine linear change of coordinates, suppose Cy and Cj intersect at (0,0). The
multiplicity of the two curves at this point is given by dimy k[z, y]/(f,g). For p € C N D, the
multiplicity at p is denoted by (C - D), and calculated in the above way.

Week 3, lecture 2, 17 October 2024

For example, Suppose D = L is a line passing through 0. One can parametrise L as ¢ = at,y = bt
for some a,b € k*. Consider Cy with f = Zle fi(z,y) where f; are homogeneous of degree i.
Since there’s no fo, C'y passes through 0 as well. Then one can substitute the parametrisation of
L into f to get their intersection:

d d

p(t) =Y filat,bt) = fi(a,b)t’

i=1 i=1
and the multiplicity is

max{ fi(a,b) =--- = fi(a,b) =0} + 1, the number of coefficients equal to 0, plus 1.
Remark 3.1.11. If C' is a smooth curve and L is the tangent line at p € C, then (C - L), > 2.

Definition 3.1.12. A flex or inflection point p € C' is a intersection of the tangent line at p and
C with (C - L), > 2.

(4) Intersections at infinity: let C : y =« and Dy : y = tx + 1.

Yy
=
— Doy —— Do
Dl >
x

Usually they have one intersection if ¢ # 1 as shown above, so the theorem holds. But as ¢
approaches 1, the intersection points goes to infinity, and in the usual sense C' and D; don’t
intersect. Hence we need to compactify the space from k? the affine space to IE”% the projective
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space: we identify (r,y) € k% with 1-dimensional k-linear subspace of k% spanned by (x,y,1), i.e.
define P% = k3\{0}/ ~ where z ~ y if 2 = Ay for some A € k*. Then the 1-dimensional subspaces
of {(z,y,0) € k*} (can be thought as forming P}) are “points at infinity”.

More generally, P"(k) := k"*1\{0}/ ~ are defined similarly and such an equivalence class is denoted

by [z, 21, ,2n]. Note that at least one x; # 0. One has the embedding
¢kn:AZ_>]PZ : (xlv"'vmn) = []wxla"' 7xn]
and so P} = im ¢ UPP ™! where P}~ = {[0, 21, -+ , 2]}
Now consider ¢ : k" Tt — k : (20, ...,2,) = qoTo + - - + T, Where a; € k not all zero. Define the

kernel of this function in the sense that
ker ¢ = {[xg, - ,xn] € P} : apmo + - - + anzy, = 0},
which is a linear hyperplane (in particular a subspace) in PX. More generally,

Definition 3.1.13. A function f € k[xo,...,2,] is homogeneous of degree of d if

flzo,...,xy) = Z aio...inxgosci{‘, i.e. there are only degree d terms.

io+-+in=d

If (zg,...,x,) is a zero point of such f then (Azg,...,Az,) is one as well, so the following is well
defined:

Cy={[zo,...,xn] € Py : f(zo,...,z,) =0}

If f € klxq,...,2,] is not homogeneous, one can homogenise it:
flar,...,z,) = Z Qiyoi, T ln
i1t tin<d
Wf(xmxla'-'axn) = Z ai1'--ir,Lxgiilin.iinxil x:zn
io++in=d

If a f € k[, ...,x,] is homogeneous, one can dehomogenise it by setting one of the variables z; to 1.

Hence for a general f(x,y), denote the homogenisation of it by F(X,Y,1) (we capitalise to show
homogeneity) and define the projective curve

Cy={(z,y): f(z,y) = F(X,Y,1) = 0} C A}

and the points at infinity are [X,Y,0] : F(X,Y,0) = 0, and one can write Cr = Cy U {points at infinity}
where {points at infinity} = Cp NP}
We have now resolved the four issues and can give a more precise form of what we want to prove.

Theorem 3.1.14 (Bézout’s, formal statement). Let K = k and F,G € k[Xo, X1, X5] be nonzero and
homogeneous without common factors. Then

> (Cr - Cg), = deg F deg G.
peCr(K)NCq(K)

Week 3, lecture 3, 18 October 2024

3.2. More tools for studying projective curves.

Definition 3.2.1. We say two projective curves are equivalent if they are related by a projective linear
change of coordinates:

X =c11 X +c2Y + 132
Y = cn X + coY + 232

Z = Cng + CgQY + ngZ

where (¢;;) is an invertible matrix over K.

Definition 3.2.2. A point p € Cr on a projective curve is singular at p if F(p) =0 and

50 =5 ) = ) =0,

Define smooth similarly.
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See a proof of p € Cy is singular <= p € CF is singular in Algebraic curves MATH70033, and k? is
bijective with each affine chart Uy = {[1,z,y]}, Uz = {[z, 1, y]}, Us = {[=, v, 1]}.
Any conic in P? (with char k # 2) is given by

3
Q(X1, X2, X3) = Z qi; X X (gij) is a symmetric 3 x 3 matrix over k

i,5=1

Remark 3.2.3. A conic defined as above is smooth <= (g;;) is invertible. Indeed, @ is singular if

0Q

— =2 X X X
X, (g1 X1+ q12 X2 + q13X3)
0Q

— =2(gn X X X
X, (21 X1 + q22 X2 + q23X3)
0Q

— =2(g5: X X X
X5 (g31 X1 + 32 X2 + q33X3)

has a solution.

Lemma 3.2.4. Let k be a field with chark # 2 and Cq C P? a conic. Then C is singular <= @ is a
product of linear polynomials k.

Proof. = Recall from linear algebra that after a linear change of coordinates one can write
Q(X1, X2, X3) = a1 X7 + a2 X3 + a3 X3

since Q is a quadratic form k* — k. Hence by the remark above, Q is singular <= ajasas = 0.
WLOG assume z3 = 0, then

Q = a1 X7 + a2 X3 = (Va1 X1 + ivaz Xa) (Var X1 — iv/az Xo) .

<—— Write Q = LyLy where L; € E[Xl, Xo, X3)] are linear. If L1 = Lo then again after a linear change
of coordinates one can write Ly = Ly = X1, so QQ = X12 and hence det g;; = 0. If L; # Ly then
by 3.1.14 3P € L1 N Lo, and

Q

(P) = oL, Lo
0X; T 9X;

(P)La(P) + 55

(P)L1(P) =0,

so @ is singular at P.

Example 3.2.5. Higher degrees are not so easy. F = Y?2Z — X3 defines Cr C P? and

oF

8—){(0,0,1):3-02=0
F
%(0,0,1):2-1-0:0
F
g—z(o,o,l) = —0%=0,

but Y27 — X3 is irreducible.

Proposition 3.2.6. Let F € k[X1, Xo, X3] with deg F' = d and Cr C P2 be smooth. If chark { 2(d — 1),
then P € Cp is flex <= H(P) = 0 where

0’F

H(X{, X5, X3) = _—
(X1, X2, X3) det(@Xian

) (the Hessian)
1<i,j<3
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|
X

—0L

Proof. Write P = (Py, P2, P3). Since F(P) = 0 one can write

oF 1 <~ 02F

F(P1+X1,P2+X27P3+X3): 87(P)X7'+§ m
i —1 g J

i=1

(P)X; X+

tangent line L osculating conic Q
Recall from Algebraic curves a result due to Euler:

3

oF
;Xiﬁ = dF.

Differentiating the above one has

so P € Q. Now the tangent line to @) at P is

3 3
2; ZaxaFX (P)P; XiZ(dl);g)];(P)X

so it’s the same line with L when 2(d — 1) # 0. Hence since Cr is smooth, @ is smooth at P.

=0,

Week 4, lecture 1, 22 October 2024

Note that P is flex <= L C @Q: the <= is clear, and the = follows from the way we count
multiplicities. Hence by 3.2.4 @ D L is not smooth by and singular at some point S = (S1, Sa,S3). Then

H(P)(S; S> S3)" =0, hence H(P) = 0. O

Example 3.2.7. Consider C = {F = X® + Y3+ Z% + 3XY Z = 0}, then

or
0X
oF
oy
oF
07

=3X2+3YZ
=3Y?2+3XZ

=372 +3XY

SO
6X 3Z 3Y
det Hp = | 32 6Y 3X | = —54(2® +¢* — bayz + 2°)
3Y 3X 6Z

which is another cubic, so the flex points by above are simply intersections of these cubics.
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Yy
o
S
T

— Cp

— Claet Hy

— L

One has

0 3 -3
Hp(0,-1,1)=[ 3 -6 0
-3 0 6

Now the tangent line at [0, —1,1] is
OF OF OF

L=¢—(0,-1,)X+ —(0,-1,1)Y + —(0,-1,1)Z = -3X +3Y + 372 = ={X-Y-Z-=

{ G 010X+ FLO LY + FE0. L7 = -3x 4 3v 437 0] — )
and the osculating conic is

Q={3XY -3XZ+3XY —6Y?-3XZ+62>=0}={XY -XZ-Y*+2?=0}
={(X-Y-2)Y-2)=0}={X-Y-Z=0}U{Y - Z=0}.

Corollary 3.2.8. Let C C ]P’% be a smooth projective cubic curve with k algebraically closed and

chark # 2. Then 3 a projective linear change of coordinates such that the equation of C takes the
Weierstrass form

Y?Z =X+ axX?Z + as X Z* + agZ°
(the affine form is then y? = f(z) = 2 + aoz? + a4z + ag which has distinct roots)

Proof. Since k is algebraically closed, by the observation above and 3.1.14, C = {F(X,Y, Z) = 0} C P?
has exactly 9 flex points, so let P € C be flex. Choose a linear change of coordinates such that P = [0, 1, 0]
and tangent at P is {Z = 0}. Parametrise the tangent line by F(¢,1,0), then since P is flex, the tangent
must vanish to order 3, so F(t,1,0) = ct3(x) for some ¢ € k. But then one can write

F(X,Y,Z2)=aY?Z + a1 XY Z 4 a3sYZ? — BX> — s X?Z — ay X Z° — as Z°
since it cannot have X?2Y, XY?2 or Y3 terms by *. Now C is smooth, so P is not singular, but
oF

87(0’ 1,0) = a1YZ — 38X? — 202ZX — a4 Z*> =0
OF )
8—Y(0, 1,0) =20ZY + a1 XZ + a3 Z*> =0
hence
F ,
g—Z(o, 1,0) =aY? + a1 XY 4+ 2a3YZ — a3 X? — 204X Z — 3a6Z° = a # 0

and 8 # 0 again by *, so one can rescale by X — afX, Y — af?Y and write
Y2Z 4+ XYZ 4 a3YZ? = X3 + 4o X?Z + ay X Z° + ag 2>,
and finally by Y Y — X — % Z (note that this doesn’t disturb P) one has
Y2Z = X3 + 4, X?Z + an X 2% + a6 23,
the desired form. f(z) has no repeated roots since C' is smooth. O
Remark 3.2.9. If char k = 2, then 3 a Weierstrass form
y? + arzy + asy = =° 4 axx” + asw + ag,

in particular we can’t divide by two so we couldn’t do the last step in the proof above.
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4. ConNics: HASSE-MINKOWSKI THEOREM

Theorem 4.0.1 (Hasse-Minkowski). Let C' C ]P’?Q be a curve defined by Q = aX? + bY? + cZ? where
a, b, c € Z are squarefree such that abc # 0, (a,b) = (b,¢) = (a,c¢) = 1. Then the following are equivalent:

(1) @ has infinitely many solutions in IP’(%Q.

(2) Q has a solution in P3.

(3) @ has a solution in P Vp and in P§.

(4) Q has asolution in P Vp € X = {p: p | 2abc}.

Trivially 1 = 2 = 3 = 4, so it suffices to show 3 = 2,4 =— 2 and 2 = 1.
Week 4, lecture 2, 24 October 2024

4.1. Proof of 3 = 2.

Proposition 4.1.1. If Q is the conic given by aX? + bY? + ¢Z? = 0 (this is the general form by
diagonalising the quadratic form) over Q, with p { 2abe, then it always have a solution.

Proof. One can assume a,b, ¢ € Z, since the conic is invariant up to rescaling. Since p { 2abe, one has
lal, = |bl, = |c|p, = 1. If @ has a solution in Q,, then it better had a solution in F,, so reduce mod p and
fix x € IF,. Define
A= {az’ +by*:y€F,}, Bi={-cz?:2€F,},

then solutions over F, are precisely A N B. We claim |A| = |B| = p—;l. Indeed, consider the map
F, — F, : y — ax? 4+ by®. It’s not injective: if ax? + by? = ax?® = by3 then by? = by3, but b is a unit
(since p1b) so y? = y3, i.e. y1 = £yo, hence |[A| =1+ 25+ = 2ZFL (since 0 = —0). The argument for |B)|
is similar. Then |A| + |B| = p+ 1 > p, so by pigeonhole AN B # &. Let (2o, Yo, 20) be a solution over I,
with 2o # 0 and consider f(z) = ax?+by3 + cz3 € Z,[x] with z¢ as a solution. One has f/(zg) = 2azy # 0,
so by 2.1.11 we can lift to a solution in Q. O

Remark 4.1.2. Having dealt with large primes, let’s deal with reals. Let aX? + bY?2 + ¢Z2? = 0 be
over R. Note that one can rewrite the equation as (y/aX)? + (vVbY)? 4 (v/cZ?) = 0 so assume WLOG
a,b,c € {£1}. But X2 +Y?2 + Z2? = 0 has no solutions so consider X? + Y? — Z2 = 0 (which is the same
equation as X2 — Y2 + 72 X2 —Y?2 — Z2, etc. since they are simply scalar multiples of each other), which
clearly has solutions over R.

Remark 4.1.3. Now consider primes p : p | 2abc and how one might obtain solutions over Q from Q,.
Let a X2 +bY2 4+ ¢Z% = 0 be over Q with a,b,c € Q. WLOG one can assume

(1) a,b,c € Z (just multiply by common denominators),

) a,b,c are coprime (rescaling by common divisor),

) a,b,c are square free (absorb squares into X,Y, Z) and

) a,b,c are pairwise coprime (if p | a,p | b then p? | pa, p? | pb so one can absorb p? in to X,Y with
the cost of multiplying ¢ by p but the total number of p’s that divide a,b, ¢ decreases).

Now let p be an odd prime such that p | 2abe, and WLOG assume p | a but p t b, ¢, i.e. |a|, = % and
bl, = |c|p = 1. For aX?+bY?2 + cZ? = 0 to have a solution over Q, it’s necessary for it to have a solution
over I, so reduce mod p and consider bY? + c¢Z? = 0 over F,. Clearly if this has a solution, then again
one can lift it to Q, by 2.1.11.

If p = 2, it’s not enough to reduce Fy and one has to consider Fg and use the stronger form of 2.1.11.

So believing the main theorem, we have an algorithm to solve a general conic over Q.
4.2. Proof of 4 = 2 by geometry of numbers.

Definition 4.2.1. For S C R”, define its volume by the Lebesgue

1 z€8
vol(S) = /S 1s(x) dp where 1g(z) = {0 . ; g

In this case S is measurable.

Lemma 4.2.2 (Blichfeldt). Let S C R™ be measurable with vol(S) > m € Z~o. Then there are m + 1
points in S that have integer vector differences, i.e. 3sp,...,5n € S5, —5; € Z" V0 < 4,5 <m.
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Blichfeldt says: an area greater than 1 has 2 points in it that are 1 unit apart. The idea is that one can
translate squares which contain pieces of the area (the red ones) around the middle one into the middle so
that there must be an overlap.

Proof. Consider U : [0,1) x ---[0,1) C R™, the standard cube, which has vol(U) = 1, and one can tile the
whole R™ with copies of U together with Z". Now

m < vol(S) :/ 1s(x) dp
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in particular ), ;. 1s(x +t) > m at some z € U, otherwise its integral wouldn’t > m since vol(U) = 1.
But this function counts ¢ such that the point  + ¢ is in S, i.e. number of points that are integer distance
apart. O

Definition 4.2.3. S C R" is symmetricifx € S = —z € S,is comwez ifx,y € S = ta+(1—-t)ye S
for ¢ € [0,1].

Corollary 4.2.4 (Minskowski’s geometry of numbers). Let A C Z™ be a subgroup of finite index m and
C' C R™ an open, convex, symmetric set such that vol(C) > 2™m. Then ANC # {0}, i.e. there is another
nontrivial common point of A and C'.

Proof. Apply 4.2.2 to S = {4z : 2 € C} with vol(S) = 27" volC > m. Now
{si —s0:1=0,...,m} =m+1>[Z":A],

so two of them are in the same coset, i.e. 3i # j : (s; —s0) —(s; —S0) = 5, —s; € A. But now 2s;, —2s; € C

. . . Y . .
by construction and that C' is symmetric, so s; — s; = 251 + ng € C since C' is convex. |

Week 4, lecture 8, 25 October 202/

Theorem 4.2.5. If m € Z~ satisfies 3t : t> = —1modm (i.e. —1 is a quadratic residue mod m), then m
is a sum of two squares.
In particular, any prime p = 1 mod 4 is a sum of two squares.

Proof. Let A = {(z,y) : y = tr mod m}. To see this is a subgroup of Z? of index m, note that it’s precisely
ker ¢ where ¢ : Z? — Z/m : (z,y) = y — tz. Let C = {(z,y) € R? : 22 + y? < 2m}, an open ball and
clearly convex and symmetric with vol(C) = 2mn > 22m, so one has 0 # (z,y) € AN C. In particular,
22 +y? < 2m and y = tr mod m, so

2?2 +y? = 2% + %22 = (1 + 1)2? = Omod m,

hence m = z2 + /2. O
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Proposition 4.2.6. With the same setup as 4.0.1, if @) has a solution over Q, for all p € ¥ then it has a
solution over Q.

Proof. If we can construct a subgroup A C Z3 of index 4|abc| with Q(z,y, z) = 0mod 4|abc| V(x,y, 2) € A,
then C = {|a|X? + |b]Y? + |c|Z? < 4|abc|} is an open ellipsoid which is convex and symmetric with

4 Ndabel3
vol(C) = % > 23|4abe|,
aoc

so by 4.2.4 one has 0 # (r,s,t) € ANC, in particular r,s,t € Z, ar? + bs®> + ct> = 0mod 4|abc| and
ar? + bs® + ct? < 4labe|, hence ar? + bs® + ct*> = 0.

So it remains to construct this A = {(r, s, t) € Z3}.

If p # 2, suppose p | a (and for p | b, p | ¢ the argument is symmetric). Note that there is an r, € Z/pZ
such that b+ crf) = 0mod p. Indeed, the assumption says Jz,y,z € Q, : az? + by* + cz* = 0, but one can
assume x,y, 2 € Z, not all divisible by p by clearing denominators and divide all by p enough times. If
p | y then c2? = —az? — by? = 0mod p, so p | z since a,b, c coprime, p | a = p{c and hence p | z, a
contradiction. Hence |y|, =1, i.e. y € Z5, so write

2 2 2
a(x) +b+c(z> -0, x,zgzpwb+c<z> = 0modp
Yy Yy yy Yy

as desired. Now we claim {(r},s,t) : 7ps +t = Omod p} satisfies the desired congruence property of A.
Indeed,

arﬁ + bs® + ct? = bs® + ct® = bs® + cr§s2 = s2(b+ crz) =0modp (in particular mod 4|abc|)

If p = 2, suppose 2 | a (and for b, c the argument is symmetric). If one can find (r,s,t) such that
ar? + bs? + ct?> = Omod 8 then the congruence property is satisfied. By a similar argument to above,
Jw,y,2 € Ly : |w|a < 1, |yl = |2]2 = 1 and az? +by? +c2? = 0, then 0 = az? +by? +c2% = az?+b+cmod 8
since any odd number 2n + 1 squares to 4n? +4n+1 =4n(n+1)+1 = 1mod 8 (either n or n+ 1 is even).

o If x is odd then a 4+ b + ¢ = 0mod 8, and we claim {(r,s,t) : s = tmod 4, r = smod 2} satisfies
the desired congruence property of A. Indeed, by this condition either r, s, are all odd, then
ar? +bs>+ct?=a+b+c=0mod8, or r,s,t are all even, then

ar? +bs* + ct®* = bs® + ct?> = 4(b+ ¢) = —4a = 0mod 8.

e If x is even then b+ ¢ = 0mod 8, and we claim {(r,s,t) : s =¢tmod 4, r = 0mod 2} satisfies the
desired congruence property of A. Indeed, ar? + bs? + ct? = bs? + ct?> = (b + ¢)s?> = 0mod 8.

If p = 2 { abc then a, b, ¢ are odd and assume (z,y, z) € Zs : ax?+by?+cz? = 0 with max(|z|2, |y|2, |2]2) = 1
(i.e. x,y, 2 not all divisible by 2). Then az?+by?+cz? = 2?2 +y?+2? = 0mod 2, so WLOG = is even and y, 2
are odd. Then 0 = ax?+by?+c2? = by? +c2? = b+cmod 4. We claim {(r, s,t) : 7 = 0mod 2, s = t mod 2}
satisfies the desired congruence property of A. Indeed, ar? + bs? + ct? = bs? + ct?> = (b + ¢)s?> = 0mod 4.

Now let A be the union of all above sets {(r,s,t) € Z3} which has index |4abc| by Chinese remainder
theorem, and we have checked case by case that ar? + bs? + ct?> = 0mod 4abc ¥(r, s,t) € A. |

Week 5, lecture 1, 29 October 202/

To prove 4.0.1, it now remains to show 2 = 1. Before that let’s do an example believing the theorem
is true.

Example 4.2.7. Does F(X,Y,Z) =7X?+3Y? - 272 +4YZ + 6XZ + 2XY have a rational solution?
The first thing is to diagonalise (by Y — Y — 2%, Z 5 Z 4+ YV + %) to +(83X2 4+ 50Y2 — 202?%) and we
can make the coefficients integers and squarefree and simply consider 83X2 4+ 2Y2 — 522 = 0. Then we
only have to check if it has solutions over Q, where p | 1660 = 2% x 5 x 83, so Q2, Q5 and Qss.

In Qs one has 83+ 2 = 0mod 5 and in Qgz we have 2 x 8% — 5 x 32 = 83 = 0mod 83. In Q, recall that
it’s not enough to reduce mod 2 since the powers come down when taking derivative and Hensel’s doesn’t
work, so we reduce mod 8 and 83 + 2 — 5 = 0mod 8. So the answer is yes.

Remember these local solutions are not necessarily reductions of global solutions and are simply filters.
But once we know it has a global solution we can use geometry of numbers to construct it.

4.3. Proof of 2 — 1.

Proposition 4.3.1. Let k be a field with chark # 2 and @ a conic. If O € @ is a point over k, then one
can construct a bijection between points over k of @ and P}, in particular if @ has one point over k it has
infinitely many points over k.



16 YANKI LEKILI

We almost saw the proof during the very first lecture: recall how we construct infinitely many rational
points on the unit circle in 1.2.1.

Proof. 1t suffices to show that with a line ¢ over k not containing O € @, themap 7 : Q — £: P +— £N ﬁ
is bijective. By 3.1.14 the two lines ¢ and O? indeed must intersect, and since they are defined over k,
m(P) is over k as well.

e 7 is surjective: let L € £, then 07 N Q # @ has two solutions over k, one of them is O. But if a
quadratic have a solution over k then it must have another over k as well, since if f = gh with
deg f =2,degg = 1 then degh = 1.

>

e 7 is injective: if w(P) = w(P’) then O¢ = OP’, hence P,P’,0 € (ﬁ N Q, but 3.1.14 tells us

OPNQ|=2and P,P' #0Oso P =P
|

5. CUBICS

Definition 5.0.1. A plane cubic is an equation F(X,Y, Z) = 0 where F' € k[X,Y, Z] is homogeneous of
degree 3.

Example 5.0.2. Two types of singular points of cubics are cusp and node. Also, the k-points of cubic
curves can be parametrised, for example the two below: ¢ +— (t2,¢3,1) and t — (¢3—t,t%> — 1, 1) respectively.

N
NI

Y2Z = X3 Y2Z = X3+ X7
Proposition 5.0.3. If C is an irreducible, singular plane cubic over k, then 3! singular k-point p € C
such that C has a parametrisation given by lines through p.

Proof. Suppose p,q € C are distinct singular points, then the line L = PQ intersect C' with
(L-C)p>2, (L-C)g>2,

a contradiction to 3.1.14 since deg C' = 3.

Now suppose this unique singular point p is over & but not over k. Then the Galois group of the extension
is not trivial and some k-linear automorphism moves it to another singular point (since coefficients of C'
are in k, they don’t change), a contradiction.

Finally, the proof for existence of parametrisation is verbatim with the conic case. O

We now move out attention to smooth curves. It’s possible that a smooth cubic doesn’t have rational
points, e.g. X3 4+ pY?3 +p?Z3 = 0. It’s smooth since the only way that partial derivatives are all zero
is that X =Y = Z = 0, which is not a point in the projective space. Suppose there is a rational point

and scale it to coprime integers a,b,c € Z. Then a® = —pb3 — p2c3, so p | a, hence p? | pb® + p?c3. In
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particular p? | pb® so p | b, but then p3 | p?c so p | ¢, contradicting (a,b,c) = 1. So we want to classify
smooth cubics with a rational point, which brings us finally to the title of the module.

Definition 5.0.4. An elliptic curve E is a smooth plane cubic over k with a specified O € F over k.
5.1. Chord and tangent processes.

Remark 5.1.1. Recall 1.2.2. Let E be a cubic with rational points p,q € F. By 3.1.14, the line £, ,
intersects with E at a third point. But similar to quadratics, if a cubic has two rational solutions, the
third one must be rational as well.

In particular, if p is smooth, then the tangent intersects F at another rational point. This is wonderful
because it sounds like we can keep generating rational points on a cubic using the so-called chord and
tangent process: take a smooth rational point and find another one like above, and keep doing this. Now
that you have many points, connect them and find even more points.

Definition 5.1.2. A rational p € F is exceptional if by chord and tangent process one can only get
finitely many points of E.

Week 5, lecture 2, 81 October 2024

Proposition 5.1.3. Consider the elliptic curve E : X3 + Y3 = aZ3.
If a > 2 is cubefree, the only exceptional point of E is [1,—1,0].
If a = 1, the only exceptional points of E are [1,—1,0],[0,1,1] and [1,0,1].
If a = 2, the only exceptional points of E are [1,—1,0] and [1, 1, 1].
In particular, any other rational point can be used to find infinitely many rational solutions.

Proof. By 3.2.6, all these points except [1,1, 1] are (the only) flex points of E. Hence they are exceptional,
since the tangent line by definition already intersects with the curve with multiplicity at least 3, so they
cannot generate any new point by 3.1.14.

The point [1,1,1] on X3 + Y3 = 2273 is not flex. But its tangent line X + Y = 27 intersects with the
curve at [1,—1,0], which is flex.

Now fix @ > 1 and suppose Xg = [Zo, Yo, 20] € F is an arbitrary other rational point. The tangent line
is lx, = 23 + y3Y — az2Z = 0, which by above intersects F at another point which we claim to be

x1 = [z1, 91, 21) = [To(2] + 24), —yo (2] + ¥, z0(zf — v3)].

One can verify (1) € fx, N E simply by substituting. To show that xg is not exceptional, by induction it
suffices to show x7 is higher than xq, i.e. after making sure x;,y;, 2; € Z and

ged (o, Yo, 20) = ged(@1, 41, 21) = 1

one has |z1| > |2

Suppose ged(zo, Yo, 20) = 1 and let d = ged(zo(zd + 293), —yo (228 + yd), 20(x3 — y3)). For any prime
p | d, we claim it’s impossible that p | zg. Indeed, if so then p | 2yoz3 + g so p | yo, but then az§ = 3 +y3
and a is cubefree, so p | zp, contradicting ged(zo, yo,20) = 1. Hence ged(d, zp) = 1 and symmetrically
ged(d, yo) = ged(d, z9) = 1. So

d | (x5 +2y5) — 2225 +yp) = —3xg and  d | 2(ag +2y5) — (225 +yp) = 3yg = d |3,

hence d is at most 3. It then suffices to show

20| |z — y5| > 3|20l, ie. |2 —yi| > 3,

which is true since the only case that |23 — y3| < 3 is that zq,yo € {0, %1}, which are flex points. |

5.2. Group law.

Lemma 5.2.1 (Cayley—Bacharach). Given eight points in general position (in particular no four are
collinear and no seven lie on the same conic), there is a ninth point such that any cubic passing through
the eight points must also passes through the ninth.
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Proof. Let

3 3 2
9= aX*TZ 4 b2 4y XY 4 dXYZ
i=0 i=1 i=1
be a general homogeneous cubic we want to solve for. From the
eight points that lie on E, one has eight linear equations, which
are linearly independent by the genral position assumption,
leaving 2 degrees of freedom, i.e. g is of the form Aq f1 + Ao fs :
A, A2 € k. Then by 3.1.14, f; and fo intersect at 32 = 9
points. O

Theorem 5.2.2. Let Ey be an irreducible cubic defined by f over k. Suppose 3 at least one k-solution

O € E. Let E(k) be the set of smooth k-points of E. Then E(k) has a structure of an abelian group with
O as the identity.

Proof. Define addition on E(k) by: for P,Q € E(k), take the intersection R of 1% (if P = Q, take the

tangent line at P) and E¢, and let P + @ be the third intersection of OR (if R = O, take the tangent line
at O) and Ey.

Clearly P+ @ € E(k) again by the fact that the third root of a rational cubic with two known rational
solutions must be rational, and if it’s singular it contradicts 3.1.14.

Week 5, lecture 3, 1 November 202}

Now P+ Q =Q + P VP,Q € E(k) since in the definition we never used the order of P and Q, and it’s
clear that P4+ O = P (P is the third intersection of the line OR with E where R € O?)

To find —P, note that if one draws the tangent line at O which intersects E at @), and the third
intersection of QP is —P, which is clear from this:

0 o] ~

It remains to show associativity, i.e. VP,Q,R € E(k), (P+ Q)+ R=P+(Q+ R).
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The blue lines indicate the P + (@ + R) route. One can see that the two routes end up at the same
point P + @ + R, but a priori W7 is not necessarily the same point as W5 and therefore one can’t write
P+ Q@+ Rsince (P+ Q)+ R # P+ (Q+ R) in general. But now consider the three cubics: E = {f = 0},
the product of the black lines vyvovs, and the product of the blue lines hihshs. By the lemma above,
since all three cubics pass through O, P,Q, R, T,V, P + Q,Q + R, there is a 9th point at the intersection
of the three, but by 3.1.14 they can’t have more than 9 intersections, so it must be that W; = Wj.

Now this argument gets a bit tricky if something like P = @ happens, but we can appeal to the Zariski
topology since the general position assumption is an open condition and the desired associativity is a
closed condition. One can also explicitly write coordinates of P + @ for general P, @, but that’s clearly
not as clean as this. |

The main goals of the remaining of the course are: given E irreducible, prove

(1) E(Q) is a finitely generated abelian group (Mordell-Weill theorem)
(2) Compute E(Q) = Z"®T where T is the torsion part (Nagell-Lutz theorem, Birch-Swinnerton-Dyer
conjecture)

Lemma 5.2.3. If O is flex, then P+ Q + R=0 <= P,(Q, R are collinear.

Proof. P+Q+R=0 < R=—(P+ Q) < R is the third point of intersection of ]@ with the
curve. O

5.3. Weierstrass normal form. Recall 3.2.8 and the remark that follows.

Lemma 5.3.1. Let E be given in the Weierstrass form.
(1) [0,1,0] is the only point at infinity.
(2) It’s flex.
(3) The curve is irreducible, and if char k # 2 one can write it as y> = f(z) with it being smooth
<= f(z) has distinct roots.

Proof. (1) Points at infinity have Z = 0, but then X = 0, so [0, 1,0] is the only such point.

(2) The tangent line at [0,1,0] is {Z = 0} by construction, but the only intersection is [0, 1, 0] itself
by 1.

(3) It’s clear that it’s irreducible. Now a singular point (x,y) satisfies %(w,y) =2y=0(soy=0
since char k # 2) and %(w,y) = f'(z) =0, 80 f(z) = 0. But then f(z) = f’(z) = 0 has a solution
<= f has a repeated root.

]

Remark 5.3.2. The usual way to detect whether the cubic 2% + ax? + bx + ¢ has a repeated root or not
is to calculate its discriminant A = —4a®c + a?b? + 18abe — 4b3 — 27¢? (—Ry, 4/, the reason that there is a
sign difference is that A > 0 = the polynomial has three distinct real roots and A < 0 = it only
has one real root (and a complex conjugate pair)) and see whether it’s 0 or not. For an elliptic curve
E :y? = f(z), define the discriminant of E by A(E) := 16A(f) (the factor 16 is just there to simplify
calculation).

Week 6, lecture 1, 5 November 202/
Definition 5.3.3. Given an elliptic curve in the general Weierstrass form

y2 + a1y + azy = 23 + a2m2 + aqx + ag,
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an admissible change of variables is of the form: for u,r,s,t € k with

w#0, z=u?2x +r, y=udy + su’s’ +t,
giving

y? 4+ ax'y + dyy = 2 + aba’? + djx + a,
which, as one can see, preserves the Weierstrass form.

If r=s=1t=0, then v = v?2’, y = udy/, giving
y/z zx’3+a§x’2+aﬁlx'+ag,

where ay = u?ab, ay = u'al, ag = u®aj. This justifies the subscripts 2, 4 and 6.

Remark 5.3.4. The admissible change of variables is the only one that preserves the Weierstrass form,
proof of which is left as an exercise.

Definition 5.3.5. The j-invariant of y?> = 2® 4+ bz + ¢ (it’s not it doesn’t exist for a general elliptic curve,
it’s just the expression is simpler) is
463

1728 ———
7 84b3+2762’

2

which is invariant under (x,y) < (u?x, u3y).

Proposition 5.3.6. If k is algebraically closed, then two elliptic curves of the form y? = x> + bx + ¢ are
isomorphic (i.e. can be bijectively mapped to each other by three polynomials) <= they have the same
j-invariant.

Proof. Let y? = 23 + bz + c and y? = 23 + b’z + ¢’ be two elliptic curves. Note that they have the same
j-invariant <= g—z = g%i.

If two curves are isomorphic, since they are both in Weierstrass form, by the remark above they can
only be related by an admissible change of variables, so the j-invariant is, indeed, invariant.

If g—i = Z%, then since k is algebraically closed, one can find u : u* = %/ and ub = %/, but then the
admissible change of variables indeed gives a desired bijection between the two curves. O

Remark 5.3.7. The curve ] )

3Jo L 2jo
1728 — 5o 1728 — jo
has j-invariant jo, the curve y? = 23 + a4 has j-invariant 1728, and y? = x> + ag has j-invariant 0. Hence
any j € k is the j-invariant of some elliptic curve. This gives a classification of all elliptic curves (over an
algebraically closed field).

y? = 2%+

If all we are interested in are curves over algebraically closed field, we would be done classifying them,
but curves over Q are our bread and butter. They don’t necessarily have a flex point in general, but
y? = f(x) definitely has, so a simple linear transformation won’t do the trick.

Definition 5.3.8. Two curves are birational if 3¢ : [X,Y,Z] — [P(X,Y,2),Q(X,Y,Z2),R(X,Y, Z)]
where deg P = deg Q = deg R, but not necessarily 1, i.e. not linear. This means this map doesn’t extend
to an isomorphism between the whole IP%.

Theorem 5.3.9 (Nagell’s algorithm). Any irreducible cubic C over k with chark # 2 with a given
rational point O is birational to a cubic in the Weierstrass form y? = f(x) such that O goes to [0, 1,0].

Proof. Suppose O is not flex and let o be the tangent line which intersects C' at another point P. Do a
linear transformation so that P — (0,0) and O is on the y-axis. Write f(z,y) = fi(z,y)+ fo(x,y)+ f3(z,y)
where f;’s are homogeneous of degree i. Restricting to the y-axis (i.e. x = 0) one has
F1(0,9) + f2(0.9) + f3(0,9) = yf1(0,1) + ¥ £2(0,1) + 5 f5(0, 1),

which has three roots (1 at P = (0,0), 2 at flex point O), so f1(0,1) + f2(0,1)y + f3(0,1)y? has double
roots, so A = 0, i.e. f2(0,1)2 =4£,(0,1)f3(0,1).

Now consider the nontrivial intersections (i.e. excluding P) of the line y = tz with C, whose 2-
coordinates are roots of fi(1,t) + f2(1,t)x + f3(1,¢)z? = 0. This has a solution in k iff

A= f2(17 t)2 - 4f1(17 t)f3(17 t)

is a square in k, so write s = fo(1,t)2 — 4f1(1,1) f3(1,1). O

Week 6, lecture 2, 7T November 202/
The recording of the lecture failed, see pages 42—45 of Yanki’s notes, specifically the last 3 examples.
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Week 6, lecture 3, 8 November 202/

Example 5.3.10. Consider y? = 23 + 1 (to remind us, this is just an affine shorthand and we should
always have the projective homogeneous equation y%z = 2% + 23 in mind) and the finite field k = Fs.
Since the field is finite, we can just go through each element x =0, ...,4 and see what y it gives us:

] 0 1 2 3 4
y | £1 +2 0

and together with the point at infinity we have six points, so F(F5) must be Z/27Z x Z/3Z since
that’s the only abelian group of order 6. Let’s look at orders of the group elements. The identity is
O =[0,1,0]. Now in Weierstrass form (this is not true in general), if P = (z,y) then —P = (x, —y), so
2P=0 < P=-P <= y =0, so the only order 2 element is [4,0, 1].

Now a point has order 3 iff it’s flex: indeed, 3P = O <= 2P = —P, i.e. when one draws the tangent
line at P, then takes the third intersection point and connect it with O, one gets —P. But, this means
that the third intersect of the tangent to P is also P. We then claim (0, 1) has order 3. The tangent line
to (0,1) is y = z, which by the table above (z = 1) only intersects the curve at (0,1), so it must have
multiplicity 3 by Bézout. Hence (0, —1) = —(0,1) has order 3 as well.

Now consider the line y = x 4+ 1 which passes through (0,1) and (4, 0). The third intersection is (2, —2),
so (0,1) 4+ (4,0) + (2,—2) =0, i.e. (2,2) =(0,1) + (4,0).

We are still working over finite fields here and F(Q) is something that’s harder to understand. Today
we’ll begin with studying the torsion part.

5.4. Points of finite order: Nagell-Lutz theorem. Consider

E:y’=2+bz+c
with A = 4b® + 27¢? # 0. Recall that this form is not unique and the admissible change of variables with
b and c having weights 4 and 6.

Let m € N, The map E(Q) — E(Q) is defined by P — P"_1717+P The kernel of this map is denoted
by E[m](Q) (sometimes the field is omitted), the subgroup of elements P such that mP = O (i.e. order
dividing m).

We understand E[2] completely: it’s elements of the form (z,0) where x satisfies 23 + bz + ¢ = 0 since
2P =0 <= P =—-P <= y(P)=0. This cubic either has no solutions, one rational solution or three
rational solutions, hence F[2] is either the trivial group, Z/27Z or Z/27 x Z/2Z.

E[3] is the group of, by discussion above, flex points. If we consider E[3](C), then by Bézout this is
a group of 9 elements (see 3.2.7) with each element of order 3, hence it’s Z/3Z x Z/37. A priori E(Q)
is then a subgroup of this, but it turns out that it can only be the trivial group of Z/3Z and never the
whole group. Indeed, take P = (x,y) and suppose 2P = —P = (x, —y). We know the doubling formula

x* — 2b2? — 8cx + b? — 4ac
4(x3 + ax? + bx + ¢)
hence z have to satisfy the polynomial given by z(2P) = x
V3(z) = 32* + dax® + 6bx? + 12cx + dac — b,

z(2P) =

)

but if a,b, ¢ € R then 13 has only two real solutions (proof of which is left as an exercise).
The general E[m] is covered by the following theorem.

Theorem 5.4.1 (Nagell-Lutz). Consider E : y? = 23 + bz + ¢ with 463 + 27¢2 # 0. The group of points
of finite order in E(Q) is finite. If (x,y) # O has finite order, then either x,y € Z and y? | 46> + 27¢? (in
particular the number of possible y’s is finite) or y = 0 (so P is 2-torsion).

Proof. We leave the part that says for any odd torsion element (z,y) one has x,y € Z to be proven later
(we prove by proving for any p, the torsion in F(Q,) has coordinates z,y € Z,) and assume this is true.

If (x,y) is a torsion then 2(z,y) = (x2, y2) is torsion, and so if 2,y € Z then x5, ys € Z. By the doubling
formula,

2 2 2 2
3x +b> :(313 +b) ez,

Qr =
T2 + 2z ( % 1,2
in particular y? | (322 + b)?. Now

(327 4+ b)2(32% + 4b) — y*(272° + 27bx — 27c) = 4b° + 27¢2,

so y? | 4b® + 272 O
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Example 5.4.2. We saw E(F5) where E : y? = 2% + 1 earlier, but let’s now consider F(Q). One has
4b3 4 27¢% = 27, so possible values for y are 0, =1, 43, from which one gets values for = and so the solutions
are (—1,0),(0,1),(0,-1),(2,3), (2, —3).
Week 7, lecture 1, 12 November 202/

We have a finite number of elements, but let’s now see if they have finite orders (which is not guaranteed
by Nagell-Lutz). The line y = 1 intersects the curve at (0,1) (and points at infinity), so (0,1) is flex and
has order 3, and so does (0, —1). The line y = = 4 1 intersects the curve at (—1,0),(0,1) and (2, 3). By
the group law, (2,3) + (—1,0) + (0,1) = O, but (—1,0) has order 2 and (0, 1) has order 3, so (2,3) must
have order 6, and so does (2, —3). By Nagell-Lutz, any other point you find will have to have infinite
order.

Together with O this gives us 6 elements, so actually E(Q) = E(F5) = Z/2Z x Z/37Z (we’ll later see
that this boils down to the fact that 51 6).

Example 5.4.3. E : y? = 23 + 17, which has 4b3 4+ 27¢? = 32 x 172, so possible 3’s include
0,41, 43, £17, 451,

of which 0,+1,417, £51 don’t give us solutions and the rest gives us (—2,3), (-2, —3). But actually they
don’t have finite orders. Suppose not and let P = (—2,£3), then 2P is torsion and

(=2)* +8x17x2 288
4x9 - 36

which however doesn’t show up in our list of possible torsion points by Nagell-Lutz, a contradiction. This
shows that E(Q) must be infinite and have rank at least one.

z(2P) = =38,

5.4.1. Reduction modulo p. Fix p and the elliptic curve E : Y2Z = X3 + aX?Z + bX Z? + cZ> over Qp
where a,b,c € Z,. Write E: Y2Z = X3 +aX?Z +bX Z? +¢Z3 be the reduced curve over F,, where is
the natural map Z, — IF,. Note that there’s no natural map Q, — F,, but one can map the projective
space P"(Q,) to P"(F,) since any point [ao, ..., a,] € P"(Q,) can be scaled to one with coordinates in
Z, and max(|aglp,- .. ,|an|p) =1 (by not scaling too much).

More generally, if F(X7, X5, X3) = Zigg‘gk fiix X3 X; X, is homogeneous where f;;, € Qp, again since
F' is homogeneous, one can scale the coefficients so that f;;rz € Z, and max(|fijx|p) = 1, and then
F(X1, X2, X3) = ZijkXinXk is well-defined over F,,.

Example 5.4.4. Take p = 3 and F : 42 = 2% — 18 over Q3. This is reduced to E : y? = 23, which is not
smooth any more with the singular point (0,0) € E(F3). But (3,3) € E(Q3), which is reduced to this
singular point, is smooth, so that’s a bit problematic.

Also, note that 3(z,y) € E(Qs3) with 2 = }: the equation

3
= LAY 1—18 x 272
9 272
has a root by Hensel’s, so y = 2—17u for some u € Zg, then
[x,y,1] = 27z, 27y, 27] = [3,u, 27] which is reduced to [0,%,0] = [0,1,0] = O.

In general three situations can arise:

e Good reduction: E(F,) is smooth <= f has 3 distinct roots
e Multiplicative reduction: F(F,) has a node <= f has a double root
e Additive reduction: F(F,) has a cusp <= f has a triple root

Lemma 5.4.5. If b is a smooth point in E(F,), then 3a € E(Q,) : @ = b, i.e. every smooth point is a
reduction of something.

Proof. As before let E be defined by F. Since b is smooth, WLOG assume %(7) #0. Pick
(b1,b2,b3) € Zy = (b1, b2, b3) = b.

Consider G(X) = F(X,by,b3). Then G(b;) = 0mod p. By our WLOG assumption, we can then apply
Hensel to this simple solution to conclude F'(a, b, b3) = 0 for some a € Z,. O

Singular points are harder to understand. There are elliptic curves E(Q,) such that E(F,) is singular
and there’s no a € E(Q)) : @ is singular.
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Lemma 5.4.6. Let (z9,y0) € E(Q,). Either zg,y0 € Z, or |zo|, = p*" and |yo|, = p>". Moreover, if
f(z) = 2® mod p (the additive reduction) and (z¢,y0) € E(Q,) with zo, yo € Z,, then

either |xol, = |yolp = 1 or |xolp, |yolp, < 1.

Proof. If zg & Z,, ie. if |zgl, > 1, then since a,b,c € Z,, one has |z3|, > |azd|,,|bxolp, |c|p, sO
2§ + axg + bxo + ¢|p = |z3], = yglp and hence |z0]3 = |yo|? and one has the desired form. If o € Z,
then |zol, <150 |yol2 = |23 + azg + bao + ¢|, < 1.

Now f(z) = 2® mod p means p | a, b, ¢, and one has

plag <= plag+axdi+bro+c <= plys <= p|wo.

]

Definition 5.4.7. Denote by E(Q,)(?) (a priori a set but actually the) subgroup of E(Q,) of points P
that reduce to smooth points P of E(F,).

Week 7, lecture 2, 1/ November 2024
More generally, define

E(@p)(n) ={(z,y) € E(Qp) : |x‘p > pzn’ |y|p > an} u{O}.

(This matches the n = 0 special case above since if |z|p, |y|, > p® = 1 then p { z,y so when reduced to
p the coordinates don’t change, hence it’s still smooth.)
Clearly E(Q,)® > E(Q,)™ > E(Q,)® >--..

The intuition is that: the point [z, y, 1], with |z|, = p*" and |y|, = p®", is the same as [p*"z, p*"y, p*"],
which is closer to [0,1,0] = O as n increases. We'll eventually prove they are all subgroups of E(Q,) but
we will start with the following.

Lemma 5.4.8. E(Q,)® < E(Q,). Moreover, the surjective reduction homomorphism
E(Qp)"” = Eus(Fy)
(where E,s(FF,,) means the non-singular (i.e. smooth) points of F(F,)) has kernel F(Q,)™).

Proof. Let P,Q € E(Qp)(o). To show it’s a subgroup, it suffices to show that P + Q € E(@p)(o).
Equivalently, if P+Q+ R = O, we need to show R € Fys(F,). Let £ be the line that goes through P, Q, R.
Write £ : aX + bY + ¢Z = 0 with max(|a|,, |b|,, |c|,) = 1. Then ¢ is defined by aX + bY +¢Z = 0, which
intersects £ at P,Q and R, but R must be smooth by Bézout.

It’s clear that the kernel is E(Q,)™) after one writes it out by definition:

{(z,y) € E(Qp) : |='17|p > pz’ |y‘p > pg} u{0}

are the points that are mapped to [p, 1,p3] = [0,1,0] = 0 over F,,. O

We then get a short exact sequence 0 — E(Q,)") — E(Q,)© — E,(F,) — 0.
Lemma 5.4.9. E(Q,)™ < E(Q,) Vn.

Proof. Consider E : y? = x3+ax?+br+c and, after an admissible change of variables (z,y) — (p*"z, p>"y),
E, :y? = 2% + ap®™a? + bp*™x + cp. This gives us a group isomorphism F(Q,)"+V) — E,(Q,)™. O

Now we understand the quotient E(Qg)®/E(Qq)") = E,(F,). But since E(Q,)™ = E,(Q,)® by
above, we have in general the short exact sequence 0 — E,(Q,)") — E,(Q,)® — E,((F,) — 0 (simply
apply the above sequence to E,,) which gives us 0 — E(Q,)™*1) — E(Q,)™ — E,,(F,) — 0. But what
is Epnys(Fp)? Note that by the above equation of E,,, E, : y* = 23, of which the smooth points (x,y) have
the additive group structure of k (in this case, F,, so the group is Z/pZ) by an isomorphism to Z. (See
Example 5.12 in the notes which is in the lecture that failed to be recorded). We conclude that for n > 1,

E(Qp)™ /E(Q,) "+ = Z/pL.
Corollary 5.4.10. If (z,y) € E(Q,) has finite order m and (m,p) = 1, then z,y € Z,.

Proof. By 5.4.6, if z,y ¢ Z, then (z,y) € E(Qp)(l) < Z/pZ, but there’s no element of order m with
(m,p) =1in Z/pZ. O
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The assumption (m,p) = 1 is quite restrictive but this is as close to what we want to achieve as one
can do now. Fortunately, by above, we now only have to worry about F (Qp)(l).

Consider the filtered chain of subgroups pZ, D p?Z, O --- as an analogy of E(Q,)") > F(Q,)® > ..
In fact this is not only an analogy but there’s a (kind of) natural (bijective) map

T
e E(Qp)(l) — pZy : (z,y) = ——,0 =0
Y
which respects the subgroups as well. Unfortunately this is not a group homomorphism.
5.4.2. Formal group of an elliptic curve. The idea is we define a new unusual group law on pZ,, pzZp, e
so that u becomes a group isomorphism. Consider the elliptic curve
E: y2 + ar1zy + asy = %+ a2x2 + a4 + ag where a; € Z,,

and do the change of variables t = % and w = f%. The point at infinity (0,1,0) is now the origin (0,0)
and FE now has the form

w =1t + aytw + ast?w + asw? + astw® + agw® =: ft,w).
The goal is to show that for t € pZ, (i.e. for (z,y) € E(Q,)")) there is a power series
w(t) = t* + art* + (a3 + a)t’ +--- € Z,,
such that w(t) = f(t,w(t)), so that w(t) gives the inverse of ¢ under w.

Week 7, lecture 3, 15 November 202/

It suffices to show that the polynomial F(w) = w — f(t,w) € Zp[w] is solvable. Clearly 0 is a solution
of F € Z,/(p)[w] since t € pZ,, and
2—5(0,0) =1 - 2a3 — 3ag £ 0,
so by Hensel’s lemma the desired solution does exist, hence F(w) =0 <= w(t) = f(t,w(t)) is achieved,
and also w(t) € Z,.
The process to get w(t) explicitly is the following: we simply substitute w on the right-hand side with
the whole right-hand side (which is w itself):

w=t+ (art + agtz)(t3 + artw 4 ast?w + azw? + agtw? + a6w3)
+ (a3 + aqt)(t® 4 artw + agt?w + azw? + agtw? + agw®)?
+ ag(t® + artw + ast®w + asw? + agtw? + agw®)® + - -
=3+ a1t* + ast® + a3t + agt” + agt® + - -
and we repeat the substitution and get a power series: note that indeed the first terms don’t change after
enough substitutions since w appears in higher and higher degree terms. One can write
wt) =31+ At + Aot® + )

where A; € Zlay, az, as, a4, a6]. Note that since it starts with 1, the series in the bracket is a unit.

Ignoring Hensel, one can check this is indeed a solution to the original equation: let fo(t,w) = f(t,w)
and recursively f,+1(t, w) = fin (¢, f(t,w)) (for example, the 3-line polynomial we wrote above is fi (¢, w))
and define w,, = f,,(¢,0) (the t-part after an iteration, for example the last line above). Verify that
Wy = f(t, W) + O™ ). Then take m to oo one has the desired w(t) = f(t,w(t)).

Proposition 5.4.11. We now have an inverse —% — (z,y) of u given by

t 1 b 1 1 a a
v ww) g E o E o @taw)t

s a000) =
Proposition 5.4.12. Instead of naively defining t3 =t + t5 (which doesn’t correspond bijectively to the
group law of E(Qp)(l)), define the power series

ts = Fp(ti,ta) = t1 +ta — artits — as (tita +t5t1) + -+ € Zp[t1, to]
which we claim satisfies

((t1), y(t1)) + (z(t2), y(t2)) = (x(t3),y(t3)).
Moreover, this is the unique t3 that satisfies this.

One can therefore think of the group law formally in the above form.
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Proof. Work in (¢, w)-coordinates and consider the line w = At + v that passes through (¢1,w(¢1)) and
(t2,w(t2)). Then

w(ty) — w(t 13— 3 2 — 4 5 —¢°
A\ = (t2) (1)7 2 1 |2 1 52 1+-'-€Zp[[t1,t2]]
to — t; to — ty to — t; to — ty
and
v=uw(ty) — M.

Note that A is in the ideal (t1,t2)? and v € (t1,t2)3. Hence one can write out A\t + v to equate with itself

and obtain a polynomial with roots t1,t,,7. The coefficient of 3 is 1 + agA + a4 A? 4+ ag\® and the one of

12 is a1 A + asv + az\? + 2a4\v + 3agA%v, so by high school mathematics

ar X + asv + agA? + 2a4 v + 3ag)\3v
1+ aoh + as)? + ag)3

where 7 is the w-coordinate of —(z(t1),y(t1)) — (z(t2),y(t2)). To find the coordinate of the inverse point

(we're no longer in Weierstrass form so we’ll have to work a bit), consider the special case above with

t1+to+7T = — € Zp[t1,t2] (since the denominator starts with 1),

t; = t,to = 0, which implies A\ = #, v =0 and gives us the w-coordinate of (—t, —w(t)):
tp(t) = —t —ayt? — att® — (a3 4 a3)t* — a1 (a? 4+ 3az)t® +-- -,
S0)
ts = 1p(T) = t1 + o — artits — as(t3ts + t5t1) + -
as desired. 0

Theorem 5.4.13. E(Qp)(l) has no p-torsion where E : y? = 2® + a22? + a4z + ag.

Proof. Observe that Fg(ti,ta) =t +ta — ag(t3ty +t3t;) + -+~ =t +t3 + -+ where --- is in the ideal

(t1,t2)%. Tt suffices to show that if 7 € pZ, then 7+ ---+7 = [p] - 7 # 0. But by above, if one writes
P

7|, = p~* (with k > 1 since 7 € pZ,), then [p] - 7 = pr + O(p**) which is never zero since |pr|, = p~*+1)

and k + 1 # 3k. ]

Corollary 5.4.14. For E : y* = 23 + a22® + asx + ag, if (2,y) € E(Q)) is torsion then z,y € Z,.
In particular, if (z,y) € E(Q) is torsion then z,y € Z.

Proof. This follows from 5.4.10 and the theorem above. ]

Example 5.4.15. It’s really important that our curve doesn’t have the a; term: note that (—i, %) € E(Q)

where E : y? + 2y = 2® + 4z + 1 is 2-torsion. But as we’ve seen in the statement of Nagell-Lutz, this is
only an issue when considering 2-torsion elements.

Week 8, lecture 1, 19 November 202/

Example 5.4.16. E : y? = 23 + 8. We have the 2-torsion point (—2,0). If y = 0 then %? has to divide
27 x 82 = 26 % 33, 50y | 25 x 3 = 24, f.e. y = +1, 42, +3, 44, £6, +8, £12, 24, of which only +3,+4 give
us solutions (1,+3), (2,+4). But it’s not guaranteed by Nagell-Lutz that these two are torsion. Recall the
doubling formula (for the form y? = 2 + bx + ¢ and the point (z,y)) is

ot — 2b2? — 8cx + b? S . . at —64x
z(2P) = P which in this case is 118
i 1-64 7
2(1 - _ 47
rC(.3) = g = 1 ¢
so (1,43) is not torsion. Similarly,
16 — 128 -7
22,4) = ———=—¢7Z
s224) = Jre = 1 ¢

so (2,44) is not torsion, hence the torsion group is just {O, (—2,0)} = Z/27Z.

Corollary 5.4.17. Let E : y? = 23 +bx+c. If pt2(4b3+27¢?), then the reduction map E(Q)iors — E(F,)
is injective.

Proof. Since p f 2(4b3+27¢?), we have good reduction to F,, and E(F,,) is smooth, hence E(Q,)® = E(Q,).

Hence E(Q)qors maps into E(F,) with kernel E(Q,)"), but by 5.4.10 and 5.4.13, E(Q,) VNE(Q)ters = {0},
so the map is injective. O
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3
Example 5.4.18. F: 3% =23+ 105102 + 3. Clearly 4b% +27¢% = 4 (1051010) +27 x 32 is a big number
so there’s a huge range of y’s. But the primes 5 and 7 don’t divide this big number, so:

e p=>5, then E: y? = 2% + 3 and one can go through each x € F5 to see how many solutions there
are:

z[0 1 2 3 4
y|  £2 £1 0

so again together with the point of infinity we have six points so E(F5) =Z/27 x 7./ 3Z.
e p=17,then still E:y? = 23+ 3 and

|0 1 2 3 4 5 6
y| £2 £2 +3 £2 £3 13

so we have 2 x 6 + 1 = 13 points, and the only (abelian) group of order 13 is Z/13Z.

But clearly a nontrivial element of F(Q)rs cannot have both order 2 (or 3) and order 13 (which is what
the corollary above implies), so E(Q)tors = {O}.

Proposition 5.4.19. We have a general understanding of torsion groups of E4 : y> = 2% + Az and
Ep :y? = 23+ B (Mordell curves) where A € Z is 4th power free and B € Z is 6th power free (which are
not restricting assumptions by admissible change of variables).
A complete list of torsion points of E4(Q):
e (0,0) is always 2-torsion,
o if A =4 then (2,+4) is 4-torsion,
o if A= —C? where C € Z, then (+C,0) is 2-torsion.
A complete list of torsion points of Eg(Q):

e If B = C? where C € Z, then (0,+C) is 3-torsion,
e if B = D3 where D € Z, then (—D,0) is 2-torsion,
e if B =1, then (2,+3) is 6-torsion,

o if B = —432, then (12, £36) is 3-torsion.

5.4.3. Parametrisation of elliptic curves with a prescribed torsion point.

Theorem 5.4.20 (Mazur). The following are the only possible E(Q)tors: Z/nZ for n =1,...,10,12 and
Z)2Z x Z/2nZ for n = 1,2,3,4.

The proof is too involved to be included here.

Now one can parametrise the space of elliptic curves over Q with (b,c) € Q x Q\{4b® + 27¢* = 0}/ ~
where (b, c) ~ (bu?, cub) for u € Q* (admissible change of variables). But what if we want specifically a
2-torsion point in our group? Well, we can always bring this point to the origin (0,0), and it turns out
these curves can be parametrised by y? = z(2? + ax + b) for a?b* — 4b® # 0 (i.e. the curve is smooth).
The 3-torsion case is a bit more involved:

Proposition 5.4.21. Elliptic curves over Q with a rational point P of order 3 are parametrised as
y? =23 + (lx +m)? for 413m3 — 27m* #£ 0
with P = (0,+m) (and —P = (0, Fm)).

Proof. Recall that 3P = O <= P is flex. Consider the tangent line y = ax + b which intersects the
curve y2 = x3 + Az + B only at one point. This means the polynomial f(z) = 23 + Az + B — (ax + b)?
has only one root x with multiplicity 3, i.e. f(x) = f'(z) = f"(z) = 0. So we calculate

f'(x) = 32% + A — a(2ax + 2b) = 32 — 2a%x — 2ab + A
f"(x) = 6z — 2a®

2

hence x = %, A= % +2ab and B = b — ;—?, so the desired curve has the form

4 6

2 3 a 2 @
=z’ + +2ab)x+0b

y T <3 a)x o
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2 2

with the point (%, &+ b) of order 3. Finally, after the change of coordinates = — x + %—2, then

a2\? at a2 ab a3 2
y2:(sc+3> +<3+2ab> (m+3>+b2—27=x3+(aa?+3+b> ;

with the tangent line y = az + % + b and a 3-torsion point (0, b+ %) Hence let I =a and m =b+ §7
we have the desired form (with the tangent line y = lxz + m). O

Week 8, lecture 2, 21 November 202/

5.5. The rank: Mordell-Weil theorem.

Proposition 5.5.1. An abelian group A is finitely generated <= A/mA is finite for some m > 1 and
A admits a norm function | -|: A — [0, 00).

Proof. If A is finitely generated, define norm on Z™ by the usual Euclidean norm on R".

Conversely, let Q1,...,Q, € A be coset representatives of A/mA. Let ¢ = max; |Q;| + 1 and S be
the finite set of all P € A with |P| < ¢. We claim B := (S) = A. By construction Q; € B Vi. For
a contradiction, take P € A\B, then |P| > ¢. Write P = Q; + mP; for some @Q; and P, € A. Then
m|Py| = |mPy| < |P|+|Q;| < |P|+ ¢ < m|P| since |P| > c and m > 1, so |P;| < |P|, but P; ¢ B (since
if so then P € B). Repeat this we have an infinite descent of norms of P;’s. (]

Therefore, to prove Mordell-Weil, we need to (i) prove E(Q)/2E(Q) is finite (weak Mordell-Weil) and
(ii) construct a norm function on E(Q).

5.5.1. Proof of weak Mordell-Weil.

Example 5.5.2. Let’s first look at how E(Q)/2E(Q) is finite for F : y?> = 23 — 2 = (z — Dz(z + 1).
Suppose y # 0 and write 2 — 1 = au?, z = bv?,z + 1 = cw? where a,b,c € Z are squarefree, u,v,w € Q
and abc is a square. Then we claim a,b, ¢ € {1, +2}. We prove this by showing if p is an odd prime then
p 1 abe. If p | abe, then since abe is a square and each of a, b, ¢ is sqaurefree, p must divide at least two of
a,b,c. If |z|, > 1, then |z], = |z £ 1], (2.0.5), and |y|2 = |z — 1|p|z[,|z + 1], = |2[3, so |z|, = p**, but
then one of a, b, ¢ is not squarefree. If ||, < 1 then |z £1]|, <1, so p divides at least two of z,z+ 1,2 — 1,
hence p | 2.

Now what possible (a,b,c) are there? First note that if we have a,b then ¢ is determined since abc
has to be a square: for example if a = —1 and b = —2 then ¢ = 2. Also, since (z — 1)z(x + 1) has to
be positive, one has either 2 +1 >z >x—~1>0o0r2z+1> 0>z > 2 — 1. So out of the a priori 42
possibilities we have only 8:

(1,1,1),(1,2,2),(2,1,2),(2,2,1),(-1,-1,1),(—-1,-2,2), (-2, —1,2), (-2, -2, 1).

Now if one finds y and x, they give solutions to bv? —au? = cw?—bv? = 1. Using this descent, we claim there

are no solutions to y?> = 2 — 2 which give (a,b,c) = (1,2,2), i.e. z — 1 =u? 2 = 2v% 2+ 1 = 2w?. Then
u?—202% = —1, 2w?—2v? = 1. But this has no solutions u, v, w € Q, since if so, write u = %,v = %,w = %
where U,V,W, Z € Z, then U? —2W? = —Z2 2W? —2V? = Z2 but then 2 | Z,s0 2 | U, s0 2 | W, so
2|V, and it’s a contradiction by infinite descent. Similarly, (2,2,1), (—=1,—2,2),(—2,—2,1) are impossible
as well.

But now if y = 0, one has solutions (0,0), (1,0),(—1,0) (and the point at infinity O) which are 2-
torsion. One can still write + — 1,2,2 + 1 in the same way and do the same analysis: if x = 0 then
r—1=-1=a*r+1=1=cw? soa=—1,c=1andso b= —1, so that’s the (—1,—1,1) triple;
similarly z = 1 and z = —1, 1 give (—2,—1,2) and (2, 1, 2) respectively. O gives (1,1,1), so that’s all four
possibilities of (a, b, ¢) used up.

We will eventually show that this map from solutions (z,y) € E(Q) to

(a,b,c) € {£1,£2}* € Q*/(Q*)* x Q*/(Q*)* x Q*/(Q*)?

(multiplication defined pointwise, modding (Q*)? corresponds to for example writing the factor x — 1 as
au? where a is squarefree and extracting the a) with O + (1,1,1) is a group homomorphism with the
kernel 2E(Q), so that E(Q)/2E(Q) maps injectively into the finite group {£1,42}3, hence it’s finite.

In this example, it turns out that F(Q) = {0, (0,0),(1,0),(—1,0)} = V4 (so 2E(Q) is the trivial group
hence E(Q)/2E(Q) = B(Q)).

Week 8, lecture 3, 22 November 2024
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Theorem 5.5.3 (2-descent homomorphism). Let K be a field with char K # 2 and
E:y?=(x—e)(z—e)(z—e3)
with ey, es, ez € K distinct. Define

( K%/ ><2)3

( ) (15—61, —eg,x—e3) ify#0
— (1,1,1)

(617 ) ((61 - 62)(61 - 63)361 —€2,€1 — 63)

(€2,0) = (e2 —e1,(e2 —e1)(e2 —e3), ez — e3)

(e3,0) > (e3 —e1,e3 — ea, (e3 —e1)(e3 — €2)).
Then 6 is group homomorphism (from an additive group to a multiplicative one) with ker§ = 2E(K).
To prove this we need a lemma.

Lemma 5.5.4. Let K and F be as before. Let P = (z,y) € E(K). If all x — ¢; = ¢ for some t; € K Vi,
then 3Q € E(K) : 2Q = P. (i.e. kerd C 2E(K)).

Proof. Choose the signs of ¢;’s so that y = t1tats. We claim (xg,yo) is the desired @ where
To =+ t1tg + t1tg + tats, Yo = (b1 +t2)(t2 +t3)(ts +t1).
First we check actually Q € E(K):
To— ey =T — ey + ity + bty +toly = 5 + tyty + tits + toty = (t; + to)(ty + t3),
T — eg = (ta +t3)(t2 +t1)
ro — ez = (t3 4 t1)(t3 + t2),

)
so indeed (zg — e1)(wo — e2)(zo — €3) = y3. Then the tangent line y = mz + ¢ at (zg,y0) (denote
(2 — e1)(@ — e2)(& — e3) by f(z)) has

_ f(wo) _ (w0 —e2)(wo — es) + (w0 — €1)(wo — €3 + T0 — €2)

210 240
_ (t2 +t3)(t2 + t1)(ts + 1) (t3 +t2) + (1 +t2) (81 +t3) (k3 + 1) (T3 + t2) + (P2 + E3)(f2 + 1))
2y0
tg+1to  t3+it1 +la+ 1
= +
2 2
=11+ 12 + 13,
and now

Cc = (tl + tg)(tg + tg)(tg + tl) — (tl + t2 + tg)(x + tltg + tltg + tgtg)
= —tltgtg — (tl + t2 + tg).’E = —Yy —mz,
—P is on the tangent line, hence by 5.2.3 and 5.3.1, 2Q + —P = O, i.e. 2QQ = P. a

50 (:E, 7y)

Proof of 5.5.3. Suppose it’s established that § is a group homomorphism. Then 6(2P) = §(P)? =1, so
2E(K) C kerd, so by lemma above keré = 2E(K).

It remains to show for P + P + P3 = O one has 6(P1)0(P2)0(Ps) = (1,1,1). First note that
§(P) = §(—P) since the definition of § only uses x. If P = P, = P3 = O then there’s nothing to prove. If
P1 = O, then P2 + P3 =0 (1e P3 = —Pg)7 SO 6(P1)6(P2)(5(P3) = (1, 1, 1)5(P2)2 = (1, 17 1)

Now suppose none of P;’s is O and write P; = (x;,y;). Suppose x; # ¢;, y; # 0 Vi, i.e. P;’s are not
2-torsion. By 5.2.3, P;’s are collinear, so let ¥y = mx + ¢ be the line through them. Then the degree 3 monic
polynomial F'(z) = (1’761)((5*62)(1’763)7(m.’£+0)2 has roots 1, 2, 3, so F(x) = (x—x1)(x—2x2)(z—x3).
For i = 1,2,3, setting * = e; one has (e; — x1)(e; — x2)(e; — x3) = —(me; + ¢)? € (K*)%2. But
(e; — xz1)(e; — x2)(e; — x3) are precisely (up to signs) the ith coordinate of §(P1)d(Ps)d(Ps).

If 2P, = O and 2P,,2Ps; # O, then by the same process one can deduce the 2nd and 3rd coordinate are
1, but then the 1st coordinate must be 1 as well. Finally, if 2P = 2P, = O then 2P; = 2P, — 2P, — O
so all three are 2-torsion, then use the explicit formula to verify. O

Proposition 5.5.5. Specialise the field K = Q and E : y?> = (z — e1)(z — e2)(x — e3) where ¢; € Z.
Then im d is finite and is a subgroup of Q(S,2)? where S = {p prime : p | (e; — e2)(e1 — e3)(e2 — e3)} and
Q(S,2) is the finite subgroup of Q* /(Q*)? generated by S.
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For example, if S = {2} then Q(S,2) = {£1,£2} (as in 5.5.2) and if S = {2,11} then
Q(S,2) = {£1,+2, 11, £22}.

Proof. From the equation, either all factors (x — ¢;) are squares, then (x,y) is mapped to (1,1,1) under 4,
or since |y|2 = |z — eq|p|x — ea]p|z — esp, exactly one of [z — ey, [ — €], |z — es], is in p?2. Suppose
this is the case.

If ||, > 1, then since e; € Z (so |e;|, < 1), one has |z —e;|, = |z|, by 2.0.5, which contradicts that only
one of |z —e1|p, |z — €2, |r — €3], € p*2, hence |x|, < 1, s0 |z —e;], < 1. Suppose |z — €1y, | — ea, ¢ p*Z,
then in particular |z —eqp, |z —ea|, & p° so |z —e1lp, |z —e2|, < 1,ie. p|xz—e1,2—e2,50p|e1—e2. O

Week 9, lecture 1, 26 November 2024

For a general elliptic curve E : y? = f(z) where f € Q[z], one might have solutions of f not in Q,
so one can only write the form analysed above in its finite extension splitting field K. The following
require some algebraic number theory (which is not examinable and only presented here for theoretical
purposes): one can then assume e; € O, and since for a finite extension K of Q and OX there is a PID
(and therefore UFD) R such that O C R C K (ideal class group is finite) and the group of units of R is
finitely generated (Dirichlet’s unit theorem), one can generalise 5.5.5.

Example 5.5.6. For y> = 23 + x, the splitting field of f(x) = 2® + x is K = Q(i), but O = Z][i]
(since —1 = 3mod4) which is already a PID (since it’s a Euclidean domain) and has group of units
O ={+1,+i} 2 Z/4Z.

For y? = 23 + 5z, the splitting field is K = Q(v/5), but Ok = Z[v/5] is not a PID, in particular the
ideal (2,1 + y/—5) cannot be generated by one element, so we include % and consider R = Ok [%] with
R* = ({£1},2).

Proposition 5.5.7. Let E : y?> = f(z) = (z — e1)(z — e2)(z — e3) where e¢; € Ok where K is the
splitting field of f € Q[z]. Then there’s a natural homomorphism F(Q) — E(K) which descends to a
homomorphism ¢ : F(Q)/2E(Q) — E(K)/2E(K). We claim it has finite kernel, so if E(K)/2E(K) is
finite then E(Q)/2FE(Q) is finite.

Proof. Note that kerp = E(Q) N 2E(K). For each such P, choose Qp € E(K) such that 2Qp = P.
Define
Ap : Gal(K/Q) — E[2](K) (2-torsion subgroup of E[2|(K)

by ¢ = Qp — o(Qp) where 0(Qp) = (o(z),0(y)) for Qp = (z,y). Then o(Qp) € E(K) since o fixes
E which has coefficients in Q, and 2(Qp — o(Qp)) = P —0(2Qp) = P—0(P) =P —-P =0, 50 Ap
is well-defined. It remains to show that each P gives a different Ap, i.e. the association P — Ap is
injective. Suppose Qp — 0(Qp) = Qp — o(Qp/) Vo € Gal(K/Q), then o(Qp — Qp/) = Qp — Qp/, SO
Qp — Q% € E(Q), but then P — P’ € 2E(Q), i.e. P =P € E(Q)/2E(Q). Now there are only finitely
many maps between Gal(K/Q) and E[2](K) since both sets have finite sizes, so the number of P’s is
finite. O

5.5.2. How to calculate the rank r? Note that if E(Q) = Z" x T where T is the finite torsion part, then
E(Q)/2E(Q) = (Z/2Z)" x T/2T, and since E(Q)/2FE(Q) = im d, one has

limd| = 2" x |T'/2T,
and we know how to calculate the torsion by Nagell-Lutz, so r is obtained. In fact we can do even better:

Lemma 5.5.8. If T is a finite abelian group with the short exact sequence

0= T2 =T % T T/2T -0,

then |T/2T| = |T[2]|.
In particular, if E : y?> = (x—e1)(z—e2)(z—e3) where ¢; € Z, then T|2] = Z/2Z x Z/2Z so |[im §| = 272,
|

Proof. This is clear since |T'|/|T[2]| = |2T| by the sequence. O

Example 5.5.9. Recall that before the proof of Mordell-Weil, we look at for E : 42 = 2 — 2 one has
imd§ = {(1,1,1),(-1,-1,1),(2,1,2), (=2, —1,2)}, in particular |imd| = 4, and since x> — z splits in Q,
one has 4 = 272, so r = 0.

Example 5.5.10. E: y?> = (x — 5)(x — 6)(x + 11). This is in Weierstrass form since the roots sum to 0.
Now (e; — ez)(e1 — e3)(e2 — e3) = 2% x 17. The torsion part is easy: p = 31 2* x 17, s0 E(Q)tors injects
into E(F3) = {0, (0,0),(1,0),(—1,0)}, but we already know three 2-torsion points in E(Q) from the roots
of the RHS, s0 E(Q)tors = Z/2Z X Z/2Z.
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2
Since a, b determine ¢, consider § as a function to (QX/ ((@X)2) . Then im § consists of (a,b) such that

r—5=au®, z—6=0> z+11=cw?®=ab?
where u,v,w € Q* and a,b € {£1, 42, £17,4+34} = Q(5,2) have solutions, which can be rewritten as
aw? —b? =1, cw?® —au® = abw? — au’® = 16.
Observe that a,b must be of the same sign in order to have solutions, and since
0((5,0))=((5—-6)(5+11),5—6) = (—16,—1) = (—1,—1) (since 16 is a square),

one has (a,b) € imé = (—a,—b) € imd, so we only have 42 = 16 (instead of 8% = 64) possibilities to
consider. From the points in the torsion group we already have (1,1), (2,17) € imd. Now (1,2) gives us

u?— 2% =1, 2w?—u®=16,
which is homogenised to integer equations
U? —2v?=27% 2W?-U?=162>

but the latter implies 2 | U, so by the former 2 | Z, hence by descent there’s no solutions and (1,2) ¢ imd.
Since im 4 is a group, (1,2)(1,17) = (1,34) ¢ im ¢ as well. Similar arguments rule (17,2) and (17, 34) out.
Now (2,1) gives us
2u2—v2:1, w? —u? =8.
which has solution (1,1, 3), so (2,1)imé and again (2,1)(1,17) — (2,17) € im§ as well.
Determining the rest is similar and it turns out that the 4 we proved are all, i.e. [imd| =2 x4 =8, so
r=1.

Week 9, lecture 2, 28 November 2024

5.5.3. The height machine.

Definition 5.5.11. For ¢ € Q where a,b € Z, (a,b) = 1, define the height of ¢ to be H (%) := max(|al,|b]),
and h (%) =log H (%), so roughly speaking this is the number of digits of a or b, whichever is larger.
The height of a point P = (z,y) € E(Q) is simply defined to be H(x,y) := H(zx), and

log H(P) P =(z,y)
h(P)_{ 0 P=0

Remark 5.5.12. Note that fixing ¢ € R, the sets {x € Q : h(z) < ¢} and {P € E(Q) : h(P) < c} are
finite.

Definition 5.5.13. We need to tweak our definition a bit to have some properties we want by taking
some form of “average™ define the canonical height function
~ h(2"P
h(P) = lim ( )

n—o00 4n

Theorem 5.5.14. Let E be an elliptic curve over Q. Then there exists a unique function 7 : E(Q) — [0,00)
satisfying
(1) VP, 3¢ >0: @ —h(P)| <ec.
(2) h(mP) = m2h(P).
(3) (Parallelogram law) h(P + Q) + h(P — Q) = 2h(P) + 2h(Q).
(4) h(P) =0 <= P is torsion.
If we didn’t define the canonical height function, these properties hold only up to some constants.

See page 70 of Yanki’s notes for a quadratic shaped table of H(nP) which corresponds to property 2.
To prove the theorem we need some lemmas.

Lemma 5.5.15. There exists Cp > 0 depending only on E such that each P € E(Q) satisfies
h(2P) > 4h(P) — Cy.
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Proof. Write E : y?> = 2® + Az + B where A, B € Z and P = (z,y). Then recall the doubling formula
z(2P) = %. Write 2 = 7 where (s,t) = 1. By definition H(P) = max(|s|,[t|), and
substituting gives

f s*—2As%2 — 8Bst? 4+ A%t*
z(2P) == = ,
g 4(s3t + Ast3 + Bt*)
ut we can akKe maximuin yet since we daon Nnow 1 €y are coprime or not. O see 1S, compute €
but 't tak i yet si don’t know if they i t. T thi te th

resultant (note that f, g are both homogeneous of degree 4) of f(s,1),g(s,1) which is the determinant of
an (4 + 3) x (4 + 3) matrix:

1 0 —24 -8B A? 0 0
01 0 —24 -8B A*> 0
00 1 0 —24 -8B A?
det {4 0 44 4B 0 0 0 |=2%44%+27B?)%+#0
04 0 4A 4B 0 0
00 4 0 44 4B 0
00 0 4 0 4A 4B

where the last nonzero bit follows simply from that elliptic curves are defined to be smooth. This
means Ju,v € Z[s] such that uf(s,1) +vg(s,1) = 28(4A3 + 27B?)?, and if we homogenise it back we
have homogeneous C, D € Z][s, ] of degree at most 3 such that Cf(s,t) + Dg(s,t) = 28(4A% + 27B?)2¢7.
By choosing to work with resultant of f(1,t) and g¢(1,t) € Z[t], similarly we also have homogeneous
E,F € Z[s,t] of degree at most 3 satisfying Ef(s,t) + F(s,t) = 28(4A4% + 27B?)%s7. Now we can get
C, D, E, F explicitly by inverting the 7 x 7 matrix, which turn out to have a common factor 26(443+427B2),
hence we have

Cf+Dg=4(4A° + 21B*)t7, Ef + Fg=4(4A% + 27B?)s",
implyin. + since t and s are relative rime). is means
implying (f, g) | 4(4A°% + 27B?) (si d latively prime). Thi

max(|/], lg))
HQ2P) 2 3 ey

Now what we want to prove, h(2P) > 4h(P) — Cy, is equivalent to H(2P) > H(P)*e~“° since exp is
increasing, so it suffices to show H(2P)K > H(P)* for some constant K. Now by the triangular inequality
and since C, D are homogeneous of degree 3, one has for some K’,

CI1/1 + IDllg|

A1 A B bl 1A
1" = 4(443 4 27B?2)

< K'max (|s|?, [t*) max(| f],|g])
and doing the same for s gives |s|” < K”max (|s|3,[t|*) max(|f],|g]) for some K”. Putting the two
together one has for some K",
max (|s|", [¢[7) < K" max (|s|?, [¢[*) max(| f],|g]),
ie.
max (|s|, [¢[*) < K" max(|f],|g])
as desired. ]

Week 9, lecture 3, 29 November 202/
Lemma 5.5.16. There exists a constant ¢ > 0 such that
|[h(P+ Q)+ h(P—Q)—2h(P)—2n(Q)| < c.
Proof. Let’s first make two elementary observations.
(1) For ¢1,d1,ca,da € Z we have the inequality
max(|c1], |d1]) max(|ea|, |d2]) < 2max(|creal, [c1ds + cadi], |d1da]).

Indeed, WLOG suppose |c1| < |di]. If |e2| < |da| then LHS is |d1ds| and we are done; if |ca| > |d2|
then LHS is |cady]|. If 2|c1| > |d1] or 2|da| > |cz|, then |cadi| < 2max(|cical, |dida]), and otherwise
|62d1| S 2|Cld2 + 02d1|.

(2) For ¢1,co,dy,da € Z with (¢;,d;) =1 for i = 1,2, one has (c1¢2, cods + ¢1da,d1ds) = 1.
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Now to prove the lemma, it suffices to show
(P + Q)+ h(P—Q) <2h(P)+2h(Q) + ¢
MP+ Q)+ h(P—Q)>2h(P)+2h(Q) — "

for some ¢, ¢’ > 0. Write

ai as as Qg
P=(— Q=(— P+Q=(-— P-Q=|(—
<b17y1>7 <b27y2)7 <b3ay3>7 (b4ay4>

with (a;,b;) =1fori=1,...,4. Then
H(P+ Q)H (P — Q) = max(|as|, [bs]) max(|aal, [ba|) < 2max(|azasl,|azbs + asbs|, [b3bal)
by our first observation. By addition formula,

as " aqg 2(@1[)2 + agbl)<Ab1b2 + alag) + 4Bb%b% Y]

E E B (albz - blaz)2 . 973
0;3% _ (a1a2 — Ab1b2)2 — 4B(a1b2 + agbl)ble _. gj
bz by (a1bg — brag)? g3

We now prove the first inequality by showing
H(P +QH(P - Q) < CH(P)*H(Q)*
Since (as,bs3) = (a4,bs) = 1, by our second observation, (asay, azbs + asbs, bsby) = 1, i.e.
Jz,y,z € Z : azasx + (azbs + asbs)y + bsbyz = 1,
so
9303047 + g3(azby + asbs)y + gsbsbaz = g3,
ie.
92b3baz + g1b3bsy + g3bsbaz = g3,

SO b3b4 | gs, hence ‘b3b4| < |g3|. Now since gg(a3b4 + a4b3) = gl(b3b4) and gg(a3a4) = 92(b3b4), one also
has |aszas| < |g2| and |asby + aqbs| < |g1]. This gives H(P + Q)H(P — Q) < 2max(|g1], |92l |g3]). Now
write H; = H(P) = max(|ai|, |b1]) and Ho = H(Q) = max(|az|, |b2]) by definition of g;’s, one has

911 < 4(|A] + 1 + | B) HY H3

|92 < (1 +|AP*) + 8|B) HY H3

lgs| < 4H} H3,
so the first inequality is proved. Now, since the inequality is true for all P,@Q € E(Q), one has

MP+Q+P—-Q)+h(P+Q—-P+Q)<2h(P+Q)+2h(P-Q)—¢
by plugging in P + @, P — @ for P, Q. By previous lemma, one has
4h(P) + 4h(Q) — 2Co < 2h(P 4+ Q) +2h(P — Q) — ¢,

and letting ¢’ = ‘:/*TCO one has the second inequality. O

Proof of 5.5.1}. (1) We first check that the canonical height function h is well-defined, i.e. the limit
exists. Write the limit as an infinite sum

lim 711(2 P)

n—o00 4n

= h(P) + i %(h(QjP) —4h(2971P))

and note that

1 j e c
‘4j(h(2 P) — 4h(2 1p))‘ <5

follows from the previous lemma, so the sum converges, and in particular B(P) — hTP) <

oo

(2) By induction and the parallelogram law proved below,

h((m+ 1)P) = —h((m — 1)P) + 2h(mP) + 2h(P) = (—(m — 1)*> + 2m? + 2)h(P) = (m + 1)*h(P).
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(3) By previous lemma,

i |h(2"P + 2"Q) + h(2"P — 2"Q) — 2h(2"P) — 2h(2"Q)| < 4%,
and as n — oo one has
(P + Q)+ h(P — Q) — 2h(P) — 2h(Q) = 0,

which is the desired parallelogrgm laW.A R ~ R
(4) If mP = O for m # 0, then m?h(P) = h(mP) = 0 so h(P) = 0, and if h(P) then h(mP) = 0 Vm,
but there are finitely many points of height 0, so mP forms a finite set, i.e. P is torsion.
([l

Theorem 5.5.17 (Mordell-Weil). E(Q) is finitely generated.

Proof. This follows from 5.5.1, 5.5.7, 5.5.5, and 5.5.14 by specifying the norm |- | : E(Q) — R as
P— \/Tz(iP) ]
Corollary 5.5.18. ] defines a symmetric bilinear pairing (P, Q) = h(P + Q) — h(P) — h(Q).
Corollary 5.5.19. Pi,..., P, € E(Q) with det ((F;, P})),; # 0 are Z-linearly independent.

Example 5.5.20. E:y? = 2% + 73 has P = (2,9),Q = (3,10) € E(Q), then

‘<P’ Py (PQ)
@ P) (QQ)

so P and @ are linearly independent, i.e. aP +bQ =0 — a=5b=0.

‘ ~ 0.8865 # 0,

Week 10, lecture 1, 8 December 2024

6. ELLIPTIC CURVES OVER C

We will see that elliptic curves over C can be considered as Riemann surfaces on a torus.
Consider R-linearly independent wy,ws € C, the lattice A = Zw; + Zws = {mw; +nwy : m,n € Z} C C,
and the quotient group C/A. Recall that in algebraic curves we have seen this is a torus.

6.1. Elliptic functions. Recall that a function f : C — C is meromorphic if at every a € C it has a

Laurent series expansion f(z) = > 72, ¢i(2 —a)*. If igp < 0 then f has a pole of order —ig at a, and if

ip > 0 then f has a zero of order ig at a. The residue of f at a is Res, f = c_1.

Definition 6.1.1. An elliptic function is a (w1, ws)-periodic meromorphic function f : C — C, that is,
f(z4+w1) = f(z+w2) = f(z) Vz € C. Hence it descends to f : C/A — C. If it’s holomorphic then it’s
constant (since C/A is compact and so f is bounded).

Proposition 6.1.2. Let II be a fundamental parallelogram
(i.e. a subset of C of the form {zg + tjw1 + tows : 0 < t; < 1})

for A and f an elliptic function with no poles on 9II. Then the sum of residues of f in II is 0.

Proof. Let ay,...,a, be poles of f in II, then by residue theorem from complex analysis and periodicity
of f,

ZResai f= / f(z)dz=0

=1 oI
(opposite sides of the parallelogram cancel). O

Proposition 6.1.3. Fix the same assumptions and let {m;} be the set of orders of zeros of f and {n;}
be the set of orders of poles. Then >, m; =, n;.

n if n > 0 is the order of zero of f at z

Proof. Define g(z) = J;/((ZZ)), then the residue of g at zg is 0 if f has no pole or zero at z ,
—n if n > 0 is the order of a pole of f at zg

so apply previous proposition to g. O
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By this proposition, f: C/A — C can’t have a unique simple pole (i.e. a pole with nonzero residue),
but we can take Z% which has a double pole at 0. It’s not periodic, and we can make it periodic by adding
an infinite sum:

1 1 L
e =5 ) <<z—<mw1+nw2)>2<mw1+nwz>2)’

(m,n)€Z2\{(0,0)}
which is the Weierstrass p function.

Lemma 6.1.4. Let A C C be a lattice and » > 2. Then
3 1
AeA\{0,0} |)\|T

converges.

Proof. We claim 3¢ > 0 such that |mw; + nws| > ¢(|m| + |n|) ¥(m,n) € Z2. Indeed, consider the function
F:RAO{(0,0)} - R: (m,n) %m Note that f(m,n) = f(tm,tn) for all t € R, so values of f is
determined by its values on the unit circle, a compact set, so f is bounded below by maximum modulus
principle.

Now fix k and consider the 4k elements mw; 4+ nws such that |m| + |n| = k (one has

m=kn=0m=k—1n==x1,....,m=—k,n=0)
Then by above, |mwy 4+ nws| > ck for some c. Then

1 4k =1
< =4c" < 0.
> A= (k) ¢ ) 1 =
AEAN{(0,0)} k=1 k=1

Theorem 6.1.5. g is a meromorphic function on C/A with a unique pole of order 2.

Proof. For |A| > 2|z| (the remaining part is a finite sum),

1 1 (z —2)\)z

1 (2l +2]ADI=| _ 10]2|
N2 22| [zoaze

’%|2|)\|2 — |A‘3’

<

so g is well-defined by previous lemma. Note that

1
’
Y (Z) =-2 ’
(m%&Zz (’Z - (mwl + nw2))3

(which by a similar argument using previous lemma is also well-defined) is (wy,ws)-periodic. Consider
functions p(z +w1) — p(z) and p(z + wa) — p(z). Then ' (z +w1) — P'(2) = P'(z + w2) — P’ (2) =0, i.e.
the two functions are constant, and since

()=o) =[G -o(5) o

since g is even, one has that p is (w1, ws)-periodic.
The fact that p has a unique pole of order 2 is clear from construction. O
Week 10, lecture 2, 5 December 202/
Note that ¢ is odd, so ¢’ (%) = —¢' (=) = —¢' (%) (the last equality follows from periodicity),
hence o' () = ¢’ (—%) = 0 and similarly ¢’ (£2) = /' (—%2) =0 and ¢/ (2F22) = o (—afe2) = 0.
Theorem 6.1.6. The field of meromorphic functions on C/A is generated by p(z) and '(z) over C, i.e.

every elliptic function is a rational function of p and g’

Proof. Let f be an elliptic function. Then one can separate it into its even and odd parts:

£(2) = f(z) +2f(—2) PG _Qf(_Z)’

and if f is odd then fg’ is even, so it suffices to show that p generates all even functions. Write
f(z) = f(—=) and let p1,...,p, and q1, ..., g, (counting multiplicities) be zeros and poles of f. Suppose
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a € {p1,...,pn} and b € {q1,...,¢n} and consider

f(2)(p(2) — p(b))
o(2) — pla) “béA
o(2) = L F)(p(z) —pb)  ach bgA
1) )
o) — (@) g4 beh

Since ¢ is a rational function of even and periodic functions f and g, it’s still even, periodic and
meromorphic. But we claim g has two less zeros in C/A than f. Indeed, if a,b ¢ A, then a is a zero of
both f(z) by assumption and p(z) — p(a), and since g is even, —a cancels as well. We don’t introduce
new zeros since new zeros are either zeros of p(z) — p(b) or poles of p(z) — p(a), which precisely cancel
each other. By iterating this process finitely we have less zeros, and since p(z) — p(c) has exactly two
zeros at +c¢, we are done and f is a rational function of p. O

Since p'? is even, by the proof above it’s a rational function of g:
Theorem 6.1.7. One has
0'(2)* = 4p(2)% — g2(2) — g3 = 4(p(2) — e1)(p(2) — e2)(p(2) — e3)

1= 8 2 , €2 = 2 , €3 =§ 2
_ 1 1 1
g2 = 60 E N 93 = 0 E Gk

AeA\{(0,0)} A€A\{(0,0)}

where

and

i.e., the elliptic curve y? = 423 — gox — g3 over C is parametrised by (p(2),¢'(2)), and ey, eq,e3 are
2-torsion points (picture the parallelogram and they are points in the middle).

Proof. ¢ has the expansion p(z) = % + az? + bz* + -+ (the z term is 0 since g is even) and so
©'(z) = —% +2az + 4bz% + - --. Consider the function we want to vanish

k(z) = ¢/(2)? = 4p(2) + g20(2) + g5

where go = 20a, g3 = 28b. The constant go is chosen in a way such that k has no poles near 0 (z~% terms
cancel) and so is holomorphic, and g3 is chosen so that k(0) = 0, so k(z) = 0 near 0 by continuity. But
since g, ' are periodic, k is periodic too, so for it to be continuous, k(z) must be 0 everywhere.

It remains to show go, g3 are equal to the series we want and verify the values of ey, e, e3. Write

-t 3 ()

AeA\{o}
1 1 z 22 2 1
e (begede) )
AeA\{0}
1 = z\™ 1
=5+ ¥ Yo ()5
z A A
AEA\{0} m=1
1 oo
=5+ cm”
m=1
where Cm = ZXEA\{O} %7 SO p/(Z) = 72% + Zi:l mcmszl and
2+1 1
g2=200=20 Y S==60 »
AeA\{0} A€A\{(0,0)}
441 1
AeA\{0} AeA\{(0,0)}

and finally since the curve is of the form we desired and @’ has the roots %+, %2, "’1;‘*’2, the values of

e1, eo, e3 are verified. O
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Now we have a bijection
v:C/A— E(C) where E : y? = 42® — g%z — ¢3
20 (p(2), 0'(2))
0— O

Now we understand both sides as groups, but do they share the same group law, i.e. is ¥ a group
isomorphism? It turns out to be true.

Lemma 6.1.8. If ) : C/A x C/A — C/A is holomorphic in each variable and continuous, then Ja,b,c € C
such that v is of the form (z1, z3) — az1 + bze + cmod A.

Proof. Consider 1 as a continuous, holomorphic and A-periodic function C — C, so
Y(z1 + mwr + nwa, z2) = Y(21, 22) + Miwr + niws

for some my,ny € Z depending on z1, 2o, m,n. Fix m,n, then my,ny are continuous functions of (z1, z2),
but since they are integers, they must be constant, so

o

— (21 + mwy +nwa,z2) = — (21,72 — (21 + mwy + nwa, 22) = m— (21, 22).

82’1( 1 1 2, 22) 82’1( 1,22), 822( 1 1 2, 22) 8z2( 1,22)

Hence g—;ﬁ, % are holomorphic and periodic in the first variable, so constant in z; A similar argument for

the second variables implies they are constant in z, as well, so

oy o
W(z1,22) = @72’121 + 872’222 +c

for some ¢ € C as desired. |
Theorem 6.1.9. U(z; + 22) = U(z1) + ¥(22).
Proof. Define ¢ : C/A x C/A — C/A via (21,22) — ¥1(¥(21) + ¥(22)) mod A, which satisfies the
assumptions of previous lemma, hence (21, 22) = az1 + bzg + ¢ for some a, b, c € C. Now

$(0,0) = TH(W(0) + ¥(0)) =T (O+0) =¥71(0) =0,
so ¢ =0, and

Y(2,0) =T H(W(2) + T(0)) =2+ 0 = 2,

so a = 1 and similarly b = 1, hence W1 (W(z1) + W(29)) = 21 + 22, i.e. U(2z1)+ U(22) = ¥(z1 + 22). O
Theorem 6.1.10 (Uniformisation). If A, B € C satisfy A% —27B2 # 0, then there is a unique lattice

A C C such that go = A, g3 = B, i.e. any elliptic curve E : y?> = 42% — Ax — B over C is identified with a
lattice.

We don’t have time for the proof.
End of examinable material...

... the rest is just for cultural purposes (but inspiring)
Week 10, lecture 3, 6 December 202/

7. WHERE MIGHT WE GO NEXT?

7.1. Counting points over F,. Since F, is finite, the number of points on E : y? = f(z) over F, is
finite as well. How do we determine this number?

Theorem 7.1.1 (Hasse 1933). |#E(F,) — (p+ 1)| < 2/p.

Intuition. For now ignore p = 2. How do we find solutions to y? = f(z)? We go through x =0,...,p—1
and evaluate f(x) to see if it’s a square in F,. We know that in F,\{0}, half are quadratic residues and
half are not. When we do get a square, we have two solutions, so together with the point at infinity we
have p + 1 solutions. Of course f is not in general evenly distributed among the two halves of squares and
nonsquares, so there’s the error term 2,/p. This error term is denoted by a, = p + 1 — #E(F)). ]

Example 7.1.2. E :y? = 23 —x has #F(F3) = 4, #E(F5) = 8 and #E(F;) = 8, so for p = 3,7 the error
term a,, is 0, and a5 = 6 — 8 = —2. Note that 3,7 = 3mod 4 and we do also have a;; = 0, so apparently
there’s something special about primes = 3 mod 4.

Proposition 7.1.3. For the curve E : y? = 2% — z, ap =0 Vp=3mod4.
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Proof. —1 is not a quadratic residue modulo p if p = 3mod 4, so if f(x) = 2% — 2 # 0 is not a quadratic
residue then —a2 +x = (—z)% — (=) = f(—=x) is, hence for each = we always get two solutions from either

x or —x, hence we have 2 (%1) +1+1=p+1 (the 0,0 solution and the point at infinity) solutions. [

Proposition 7.1.4. For the curve E : y*> = 23 — z, if p = 1 mod 4, then a, = 2a for some a € 7Z satisfying
a® + b? = p for another b € Z.

More generally:

Definition 7.1.5. An isogeny of two elliptic curves E1, Es is a group homomorphism ¢ : Eq (k) — E2(k)
(with ¢(O) = O). The set of isogenies is denoted by Hom(E, F5), which is by construction an abelian
group via the group law: (¢ + ¢)(P) = ¢(P) + ¢ (P).

The special case Hom(F, E) =: End(E) is a ring with multiplication defined via composition.

The map [n] : E(k) — E(k) : P — nP is an isogeny. Generally over a characteristic 0 field k, all
endomorphisms are of this form, i.e. End(E) = Z. But if there are others, we say the curve has a complex
multiplication.

Example 7.1.6. E : y?> = 2> — x over Q(i) has a complex multiplication ¢ : (x,y) + (—z,iy). Note that
¢? : P+ —P, so in some sense ¢ is the “imaginary unit” of End(E). It turns out End(E) = Z[i].

Now how are a,’s as p — oo distributed? By Hasse, —1 < 2“—\/1’5 <1, so let 6, € [0, 7] be the angle such

that cos, = 2app. Then we have

Theorem 7.1.7 (Hecke 1920). If E has a complex multiplication,

lim #p:p < N,0, € [a,b] _ Sla,b) N b—a
N—o00 #p:p< N 2 s
where 6}, = 1if § € [a,b] and 0 otherwise.
Intuitively, if we take a = b = 7 then this says
. #p:p<N,a, =0
lim =—,
N—oo #p:p< N 2

i.e. roughly half the primes p have a, = 0 and the other half has

ap
27
with the E : y? = 2% — z special case (the p = 3mod 4 half and the p = 1 mod 4 half).

evenly distributed, which is consistent

Theorem 7.1.8 (Conjectured by Sato—Tate in 1960, proved by Clozel-Harris—Shepherd-Barron—Taylor in
2008). If E doesn’t have a complex multiplication,

#p:p <N, =2

V1— 22

/ sin? 6 d6.
[a,b]

Week 11, lecture 1, 10 December 2024

li

3

i.e.
. #p:p<N,0, € [a,b]
lim =
N—o0 #p:p< N

SIS

3

Example 7.1.9. For the curve E : y% +y = 23 — 22, the discriminant is —11 and we have

pl2 3 5 7 13 17
ap| -2 -1 1 -2 4 =2

and we can “hang” this sequence as coefficients of the infinite product
o0

fA=q]J0-¢0-¢""V =q-2" ¢+ -+ +- =2+ +4¢"3+ - —2¢'T + .
n=1

where ¢ = €*™*. Note that f is holomorphic, f(z + 1) = f(2) and f (=) = (112)?f(z). In this case we
say f is a modular form of level I'y(11) and weight 2. (The number 11 comes from the discriminant, and
2 refers to the square of 11z.)

Theorem 7.1.10 (Conjectured in 1957 by Taniyama—Shimura, proved by Wiles in 1995 and more generally
by Breuil-Conrad—-Diamond—Taylor in 2001). For each elliptic curve E over Q, there is a weight 2 modular
form fg = q+b2g®> 4+ bsq® + - -+ such that b, = a,.
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7.2. L-functions, ranks of E(Q), BSD. Naively, a random polynomial y? = 23 +ax +b has 0 probability
that it has a rational root, hence

Proposition 7.2.1. 0% of elliptic curves over Q have 2-torsion points. Moreover, 100% of elliptic curves
over Q has the trivial torsion group {0}.

But what about the rank? Specifically, what’s the relationship between the rank of E(Q) and E(F,)?

Definition 7.2.2. Given an elliptic curve E : 4% + a12y + asy = 2° + as2? + a4z + ag, the minimal
Weierstrass form of E is the form where a; € Z and Vp with p¥ | A, there’s no admissible change of
coordinates such that after the change, p? | A with j < k.

Now suppose E is in minimal Weierstrass form, and let £, is I reduced modulo p. Consider the
sequence #E,(F,n) for a fixed prime p. This sequence can be hanged on the generating function

Zp,(u) = exp (Z #Ep(Fpn)u"> .

n
n=1

Then we have

Proposition 7.2.3.
1—apu+ pu?

—_— ifptA
Zo ()= | O 1@(;” ZE
T-wi_pa P18

Definition 7.2.4. Define the zeta function of E by
(s,(s) = Zg,(p™").

Then 7.1.1 implies (p(s) = (g(1 — s), and Rs = £ for (g, (s) = 0.
So we already know the “Riemann hypothesis” for elliptic curves. Recall that the Riemann zeta function

is
=1 =1 1
=2 =112 =1l
n=1 p m=0 P

which can be analytically continued to the whole C with a pole at s = 1. We can similarly do the same
thing to the elliptic zeta function.

Definition 7.2.5. The L-function of E(Q) is

= a 1 1
L(E’S): — = — — —
;ns glapps+p1 2sz];|_£1apps

. _ _ ] _ €; ) .
where a,, is as before, a,x = a,x-1a, — pays-1 and a, = Hj ap? for n = Hj p; where p; are primes. Note

that this contains information about the global E and not the local reduction F,.

Theorem 7.2.6 (Hasse—Weil conjecture, follows from 7.1.10). L(E, s) can be analytically continued to
the whole C with no poles.

Conjecture 7.2.7 (Birch-Swinnerton-Dyer). The order of the zero s = 1 of L(E, s) is the rank of E(Q).
Theorem 7.2.8 (Bhargava—Shankar). The average rank of E(Q) is less than 1.

Theorem 7.2.9 (Elkies—Klagsbrun). The elliptic curve
y? + xy = 2% — 2700618324163092221843465214529745378476805462183635795473 7385
+ 55258058551342376475736699591118191821521067032535079608372404
779149413277716173425636721497
has rank at least 29, and exactly 29 under the general Riemann hypothesis.
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