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Week 2, lecture 1, 13 January 2025
Motivation. One of the goal of number theory is to solve Diophantine equations: given
p(x1,. .. 2n) € Zl21, ..., 2p],
we want to describe the set {(as,...,a,) € Z" : p(as,...,a,) = 0}.
Theorem 0.0.1 (Fermat’s last, Wiles 1994). If 2™ 4+ y™ = 2" for z,y,2z € Z and n > 3, then zyz = 0.

The case n = 2 is much easier, and such z,y, z € Z are called a Pythagoras triple.

(1) Reduction 1: observe that to describe these triples, one can assume z,y, z > 0 since if one of them
is zero, the solutions are of the form (0, +a, +a) or (+a,0, +a), and if (z,y, ) is a solution, then
(£, +y,+2) is a solution.

(2) Reduction 2: one can also assume that x,y, z are pairwise coprime. first note that if p | z,y, z and

(z,y, z) is a solution, then (%, %, %) is a solution. Now if a prime p divides two of x,y, z then it
2b2

divides also the third one. Suppose p | z,y, then 22 = 2?2 + y? = p?a? + p?b?, s0 p | 2.

(3) Reduction 3: one can further assume that only one of z and y is odd. Suppose both are, then
22 = y? = 1mod 4, so 22 = 2mod 4, which is not a square, a contradiction. Hence z is also odd.
Suppose WLOG that x is even.

Now rewrite 22 + y? = 2% as y? = 22 — 22 = (2 — x)(z + ). Note that:

(1) ged(z—x,24x) =1. Ifp| z—xand p | 24z, thenp | z—ax+2+2x=2zand p | —z4+z+2+2 = 22,
but ged(x, z) =1, so p = 2, but z — x is odd by reduction 3, a contradiction.

(2) Ja,BEL: z—x=a? z+x =% Write y as its unique prime factorisation [[;_, p{* where p;
are primes and a; > 0. But then y? = [[I_, p7* = (z — x)(z + ) and by the above observation,

2a;

pilz—12 = p;

2z —
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(3) Now, rewrite

y:a2ﬂ2
zt+x+z—z _B2+a2

2 2
where «, 8 are both odd and coprime. This parameterises all Pythagoras triples.

z =

Remark 0.0.2. A crucial step that we used is called “separating powers” for n = 2 over Z.
Lemma 0.0.3. Let a,b,c € Z\{0} and n > 0 such that a™ = bc. If ged (b, ¢) = 1, then
dbi,c1 €Z : b= ib?,c = iC?.

Proof. The proof is similar to the argument above, using the fact that Z is a unique factorisation
domain. (]

Now let’s consider the case n = p where p is an odd prime. Then one can write

oy’ = (r+y) @+ &p) (T +ETY)
where ¢, is the pth root of unity. What happens now is the factors are not the usual integers, but in the
larger ring Z[&,] = {Zf;ol aZ{; ta; € Z} C C. Does Z[£,] have unique factorisation? Does the analogue of

the lemma above work then? How does it help us solving Diophantine equations? These are the questions
we will strive to answer in this course.

Week 2, lecture 2, 14 January 2025

We will see that for a certain class of primes (regular primes), Z[¢,] has the separating power property
for n = p and we will show how to use this to prove Fermat’s last theorem for these primes.
Another example: suppose z,y € Z satisfy y? = 22 + 16. If z = 0 then y? = 16 so y = +4. We claim
these are all the solutions.
(1) Case 1: z # 0 and y is odd. Write (y —4)(y +4) = y?> — 16 = 2®. Then ged(y — 4,y + 4) = 1,
sinceif p|y—4,y+4,thenp|y+4—y+4=28,s0p=2, but yisodd soy—4,y+ 4 are odd.
This implies both iy — 4,3 + 4 are cubes, i.e. y —4 = a?,y +4 = B3 for some «, 8 € Z, but then
8 = 3 — o3, and there are no two cubes different by 8.
(2) Case 2: x # 0 and y is even. (Similar)
In general, these y? = 23 + k where k € Z are called Mordell equations, and we study the solutions by
looking into rings Z [\/E]

1. INTRODUCTION
All rings are commutative with unit.
1.1. Unique factorisation domains.

Definition 1.1.1. A ring R is an integral domain if x,y € R,ay=0 = x=0o0r y =0.

Definition 1.1.2. The group of units of Ris R* = {a € R:3b € R: ab =1}, which is indeed a group
with respect to multiplication.

Definition 1.1.3. For a,b € R, we say a divides b, or write a | b, if 3c € R: ac =b.

Definition 1.1.4. a € R\{0} is irreducible if a ¢ R* and for every b,c € R : a = be, either b or cis a
unit.

Definition 1.1.5. a € R\{0} is prime if a ¢ R* and b,c € R,a|bc = a|bora]|c.
Lemma 1.1.6. If a € R is prime where R is a domain, then a is irreducible.

Proof. Let a be prime and b,c € R : a = be. Then a | be, so WLOG a | b, i.e. Ju € R : b = au, so

a = bc = auc, i.e. uc =1 since R is a domain, in particular c¢ is a unit. ([l

Definition 1.1.7. A domain R is a unique factorisation domain (UFD) if every a € R\{0} has a
factorisation @ = up; - - - p, where u € R* and p; € R are irreducible. Moreover, if there is another
factorisation a = vqy - - - g, With v € R*, ¢; € R irreducible, then n = m and after reordering p; ~ ¢; (i.e.
Ju; € R™ : p; = ug;).
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Lemma 1.1.8. In a UFD, every irreducible element is prime.
Proof. Let a be irreducible and b,c € R: a | be, i.e. 3d € R : ad = be. Write
d=upr- pm, b=0vq1 qn, c=wry -1y

where u,v,w € R*,p;,q;,rs are irreducible. Then

UAPL -+ Py = VWQL - GpT1 Ty = a~ g ora~7s forsomeiors = a|boralc
as desired. m
Definition 1.1.9. A domain R is a principal ideal domain (PID) if every ideal of R is principal.
Theorem 1.1.10. Every PID is a UFD.

Example 1.1.11. The ring Z [z\/ﬂ is not a UFD: note that 4 =2 x 2 = (1 + Z\/g) (1 — Z\/g) But how
do we know 2 and 1 =+ iv/3 are irreducible and the two factorisations are indeed not equivalent? The
idea is to introduce the norm map to use properties of the integers, which we are familiar with, to study
unfamiliar ring of integers.

Definition 1.1.12. Define norm to be the map
N Z[iVE] = Zzo s o+ ivkb s a2 + 2 = (a+iVEb) (a—ivkd).
Proposition 1.1.13. The norm map satisfies N(a) = 0 <= « = 0, N(af) = N(a)N(8) and
N)=1 < acz[ivk]
Proof. The first two are clear since N(a) = aa. Now if N(a) = 1 then a™! = aN(a)™! = @, and if

X
aez [’L\/E} then N(aa™!) = 1 = N(a)N(a~ 1), so N(a) € Z* = {1}, hence N(a) = 1. O
Lemma 1.1.14. o € Z [Z\/ﬂ cannot have norm 2.

Proof. Indeed, N (a + Z\/ﬁb) = a? + 3b% = 2 has no solutions. ]

Example 1.1.15. Continuing the last example, the three elements are indeed irreducible: if 2 = a5 then
N(2) = N(a)N(B) = 4, so by the lemma above one has WLOG N(«) =1 so a € Z [iv/3] * . Similar for
1 +iv/3. And note that 211 +i+/3.

Week 2, lecture 3, 15 January 2025
1.2. Euclidean domains.

Definition 1.2.1. A domain R is an euclidean domain if there is a map ¢ : R\{0} — Z~( such that
Va,b € R\{0}:
(1) ¢(a) < ¢(ab),
(2) 3q,r € R such that b = ga + r with either r = 0 pr ¢(r) < ¢(a).
Remark 1.2.2. (1) Sometimes in the definition of euclidean domains, ¢ is allowed to have value 0,
but given such a ¢, we have ¢ = n® for any n > 1 satisfying our definition.

(2) Technically, the first condition was not necessary, since given ¢ satisfying the second, 5 given by
a = minye g\ {0} P(ab) satisfies the first by construction.

Example 1.2.3. (1) Z is a euclidean domain with ¢ given by the absolute value.
(2) For any field k, the polynomial ring k[z] is a euclidean domain: fix n > 1 and define ¢ = nde®
where deg is the usual degree.

Definition 1.2.4. The Gaussian integers are Z[i| = {a + ib : a,b € Z} which is a subring of C.

Theorem 1.2.5. The norm N gives a ¢ satisfying the above definition, so Z[i] is a euclidean domain.

Proof. For a,b € Z[i], write z = 2. Then 3¢ € Z[i] : |z — ¢| < g (Think of the lattice). Now let
r=b—qa, then N(r) = N(b—qga) = N(a)N(z — q) < N(a). O
Theorem 1.2.6. Every euclidean domain is a PID (hence a UFD).

Proof. Let I C R be an ideal of a euclidean domain R. If I = 0 then we’re done. If I # 0, take
a € I such that ¢(a) is minimal. For a contradiction, suppose 3b € I\(a), then in particular a t b, so
dg,7 € R:b=qa+r with ¢(r) < ¢(a), but r =b—qga € I. |
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Remark 1.2.7. Note that the proof of 1.2.5 relies on the lattice of Z[i], which makes sure that any point
in the ambient complex plane is close enough (to be precise, distance is less than 1) to a point on Z[].

2
The maximal such distance on the lattice Z [Z\/E:| is (%)2 + (@) = YLk ‘hence by the same proof,
Z [zx/E] is a euclidean domain for k& < 3.

Definition 1.2.8. Let R be a domain with field of fractions K. We say R is integrally closed if for every
monic f € R[z] and ¢ € K, we have f ($) =0 = %€ R.

Lemma 1.2.9. Every UFD is integrally closed.
Proof. Let R be a UFD with field of fractions K. Take 3 € K such that

a\"™ a\"—1
Elao,...,an_1€R:(g) Jran_l(g) +---4+ag=0,
and (up to unit) a and b have no common factor (we can do this since R is a UFD). Then we have
a" = —b(ap_1a""F + -+ a7,
so b | a™, hence our assumption forces b € R, so § € R as desired. O

Corollary 1.2.10. Z [Z\/E:| is not a euclidean domain for k£ > 0 with k£ = 3 mod 4.

Proof. We show that such Z [Z\/E] is not integrally closed, hence not a UFD, so not a euclidean domain:
take % ¢ 7 [Z\/E], which is a root of 22 — z + £ € Z [Z\/E] [x]. O
Week 3, lecture 1, 20 January 2025

2. ALGEBRAIC INTEGERS
Lemma 2.0.1 (Gauss). If g, h € Q[z] are monic polynomials with gh € Z[x], then gh € Z[z].

Definition 2.0.2. « € C is algebraic if there is a nonzero f € Q[z] such that f(«) = 0.
« is an algebraic integer if there is a monic nonzero f € Z[z| such that f(z) = 0.

Definition 2.0.3. Given an algebraic element «, consider I = {f € Q[z] : f(«) = 0} C Q[z]. Clearly
this is is an ideal, and since Q[z] is a PID, write I = (m,) where m, is monic and called the minimal
polynomial of .

Proposition 2.0.4. Let a € C be an algebraic element with minimal (monic) polynomial m, € Qx].
Then « is an algebraic integer iff m, € Z[z].

Proof. The <= follows immediately from definition.

Conversely, suppose « is an algebraic integer and let f € Z[x] be monic with f(«) = 0. By definition
of minimal polynomial, 3¢ € Q[z] : f = gm,. Since f,m, are monic, g is monic, so by Gauss lemma,
g, Mg € Z[z]. O

Example 2.0.5. Let a € Q, then m,(z) =  — a, so « is an algebraic integer iff « € Z, i.e. the algebraic
integers of rationals are exactly the (usual) integers.

2.1. Quadratic numbers.

Definition 2.1.1. « € C is a quadratic integer if m, € Z[x] and has degree 2.
Any quadratic integer lies in a quadratic field Q (\/&) = {a +bV/d:a,be Q}.

Recall that if d € Z,d # 0,1, —1 is square free, then Q (\/E) 2 Q and if d; # dy satisfy the same
conditions, then Q (\/31> #0Q (\/ﬁg) We now want to understand algebraic integers in Q (\/E)

Definition 2.1.2. Define the trace function by tr: Q (\/E) - Q:a—~a+a.

Note that if o € Q (\/&), then p(x) = 2% — tr(a)x + N(a) € Qz] is a polynomial that vanishes at
a. If o ¢ Q, then p(z) = mq(x), hence « is an algebraic integer iff tr(a), N(a) € Z, i.e. if one writes
a = a + V/db, then the conditio nis 2a, a? — db? € Z.

Write o/ = 2a,b’ = 2b. Then o/ € Z, and a'?> — db’? = 4a? — d4b? € 4Z. But then in particular dv'? € Z,
and since d is squarefree, b’ € Z. Modulo 4 we have a’> = db'? mod 4, so:
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(1) If @’ is even then db’ = 0 mod 4, but d is squarefree, so b’ is even as well, hence a,b € Z, then « is
an algebraic integer;

(2) or, if @’ is odd, then db’ = 1 mod 4 hence b’ can’t be even, so V' is odd as well and b2 = 1 mod 4,
hence d = 1 mod 4.

We therefore found that algebraic integers of Q (\/&) are

{a+b\/&:a,bez}:z[\/&] if d # 1mod4
O4 = N 14+ Vd
{w:a',b'él,a’:b’mon} =7 +2f if d = 1mod 4

2.2. Algebraic integers in C form a ring.

Proposition 2.2.1. Let a € C. The following are equivalent.
(1) « is an algebraic integer.
(2) Zla] is finitely generated as an additive abelian group.
(3) There is a nonzero, finitely generated subgroup M C C such that «- M C M.

Remark 2.2.2. (1) We usually say Z[«] is defined to be the smallest subring of C containing Z and
a, but it can also be formally described as {f(«) : f € Z[z]}, or the image of the evaluation map
Z[z] > C: 2~ a.
(2) An abelian group M is finitely generated if

Img,....mp €M :Yme M, m=Aimy+- -+ Xpmp, \; € Z.

Proof of 2.2.1. 1 = 2: let ayp,...,a,—1 € Z such that

(*) an + an—lanil +--F apg = 0.

We want to show that {1,c,...,a" !} generates Z[a] as an abelian group. We know {a* : k € N} surely
generates Z[a]. It now suffices to show o can be expressed as a Z-linear combination of {1,...,a" 1} if

k > n. We prove this by induction on k. If & = n then the desired is immediate from (x). Now suppose
ak = Z?:_()l cial,¢; € Z. Then

n—2 n—2
okt = E ot et = g ™ ey i (—ap_ 1™t — o —ag).
i=0 i=0

2 = 3: One has aZ[o] C Z[a].
3 = 1: let my,...,m, be generators of M and aM C M. Then am; = Z;’:l
a1

ai;myj, a5 € Z. Let
A = (a;j) € Myxn(Z). Then there is a surjective ring morphism p : Z" — M : [ | — 3, a;m; and for

every a € Z" we have ap(a) = a (>, am;) p(Aa).

We claim that Vf € Z[z], one has f(a)p(a) = p(f(a)a).

Consider the characteristic (monic) polynomial ya(x) = det(zI — A) € Z[z] of A. By Cayley—
Hamilton, x4(A) = 0, then xa(a)M = 0 since each m € M is some p(a), so (if we believe the claim)
xa(a)p(a) = p(xa(a)a) = 0. But since M # 0, it must be xa(a) =0, so « is an algebraic integer.

Week 3, lecture 2, 21 January 2025
It remains to prove the claim. Note that we do have
n n n k
ap(b) = Zamibi = Z a;;m;b; = Z (Z aijbi> m; = p(Ab).

i=1 i,j=1 j=1 \i=1

Since p is a ring morphism, we have Ap(b) = p(Ab)VA € Z, and for any n € Z~q, we have
a”p(b) = a"ap(b) = a""p(Ab) = -+ = p(A"D),

hence the claim is proved. |

Theorem 2.2.3. (1) If «, B8 are algebraic integers, then so are o + 8, — 3, af3.
(2) If f(x) = 2" + ap_12" L + -+ + ag with a; € C algebraic integers, then every root of f is an
algebraic integer.

Remark 2.2.4. (1) Denote the set of algebraic integers of C by Z. 1 is telling us that Z is a ring.
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(2) 2 is telling us that we don’t get anything new if we consider roots of monic polynomials whose
coeflicients are algebraic integers.

Proof of 2.2.5. (1) Consider
Z[O[, B] = {Z aija’ﬂj D Qi S Z} s

which is generated as an abelian group by {ai, BT iG> 0}. If « satisfies a monic polynomial with
integer coefficients of degree n and 8 of m, then {oﬂﬂj :0<i<n,0<5< m} generates Z|, (]
by the same argument in the proof of 2.2.1. Now for any v € Z [«, 3], we have vZ [a, 8] C Z [, ],
so 7y is an algebraic integer, so in particular o+ 3, — B8, a8 € Z [, (] are algebraic integers.
(2) Let a € C such that Ja,_1,...,ao € C algebraic integers such that a™ +a, 10" 1 +---+ag = 0.
Consider Z[ag, ..., a,—1, ], which is again finitely generated by our familiar argument. Clearly
aZlag, . ..,an-1,0] C Zlag,...,an-1, ],

So «v is an algebraic integer.

2.3. Number fields.

Definition 2.3.1. By number field, we mean a subfield K C C which is finitely dimensional as a Q-vector
space. This dimension is called the degree of K and denoted by [K : Q).

Example 2.3.2. Given an algebraic integer o € C we have the number field Q(«), the smallest subfield
of C containing Q and «. If m,, has a degree n, then {1,c,...,a" '} is a basis of K as a Q-vector space,
and hence [K : Q] = n. This together with primitive element theorem (see MATH70037 Galois theory)
makes things easier.

Definition 2.3.3. Given a number field K, we denote the set of algebraic integers in K by Ok (= ZNK)
and call it the ring of integers of K.

Remark 2.3.4. Note that the field of fractions of Ok is precisely K. It’s enough to show that
Va € K, I\ € Z: Aa € Ok. This implies Frac(Ok) D Ok, and the other inclusion is trivial.

Let o € K. Then Jag,...,a,_1 € Q: " +ap,_ 10" ' +---+ag = 0. Let A = lem(a,_1,a0), then
p(z) = 2% + Aap_12" 71 + -+ + ag) € Z[z] and p(Aa) = 0, so A« is an algebraic integer.

Proposition 2.3.5. If K is a number field, then O is integrally closed.
Proof. This follows immediately from 2.2.3.2. ]

Corollary 2.3.6. Let K be a number field O C Ok any subring with Frac(O) = K. Then O C Ok is
not integrally closed.

Proof. Take a € Ok \O, then it satisfies a monic f € Z[z] C O[z]. O

Definition 2.3.7 (Formal definition of norm and trace). Let K be a number field. For « € K, consider
the map mult, : K — K : z — ax as an endomorphism of Q-vector spaces. Define Nk («) = det mult,
and trg (o) = tr mult,,.

This doesn’t depend on choice of basis of K.

Remark 2.3.8 (Properties of norm and trace that follow from definition).
(1) YA € Q, trx(Xa) = Atrg(a).
(2) Vo, 5 € K, trg(a+ B) = trx(a) + trg(5).
(3) Vo, € K, NK(OzB) = NK(Q)NK(B).

Exercise 2.3.9. Verify that this formal definition matches the definitions we gave earlier for K = Q (\/ﬁ)

Example 2.3.10. Let K =Q (\3@) Compute try (\?/5) and Ng (\3@)

with trace 0 and

O O N

0 0
Let 1, \3/57 /4 be a basis of K. Then mult\s/i corresponds to the matrix {1 0
0 1

determinant 2.

Proposition 2.3.11. Let a € C be an algebraic number with mg (z) = 2™ + a, 12" + -+ + ag. Then
trQ(a) (OZ) = —Qp—1 and NQ(Q) (O[) — (_1)na0.
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Proof. Take the basis 1,a,...,a""! for Q(a) and write o™ + a,_ 10"t +--- +ag = 0. Then mult,
0 0 0 0 —Q
10 0 0 -—-a

corresponds to the matrix 01 0 0 -a , from which we can read off the desired result. [
0 0
0 0 1 —Qnp—-1

Remark 2.3.12. If a is an algebraic integer, then m,, € Z[z] so in particular trg)(a), Noa) (@) € Z.
Week 3, lecture 3, 22 January 2025

Lemma 2.3.13 (Tower law). Let K C L C M be inclusion of fields and suppose [M : L],[L : K] are
finite. Then [M : K] = [M : L][L : K]. More precisely, if aq,...,a, is a basis for L as a K-vector space

and Bi,...,Bn a basis for M as a L-vector space, then «;3; : 1 <i<n,1 <j <mis a basis for M as a
K-vector space.
Proof. Omitted. O

Proposition 2.3.14. Let K be a number field. For a € K, we have trg (a) = |K : Q(a)| trg(a) (o) and
Nk (a) = Ng(a) (o) EQ

Proof. Write n = degm, = [Q(a) : Q] and m = [K : Q(«)]. Let B1,...,8m be a basis of K as a
Q(a)-vector space. By the tower law,

Bla Oéﬂl, ey Oénilﬁl,ﬂg, Ceegees 7Otnilﬂ7n

is a basis of K as a Q-vector space. Then Vi = 1,...,m, the subspace spanned by f3;, af8;,...,a" ' 5; is
00 0 0 —a
10 0 0 -—a

closed under mult,,, moreover, on these subspaces, the matrix again has the form 01 0 0 -—a ,
0 0
0 0 1 —ap_1

and so the matrix of mult,, on the whole K has a block diagonal form with m blocks. O

Recall that an abelian group can be alternatively thought as a Z-module, and we say Z-module is free
of rank n if it’s isomorphic (as Z-modules, or as abelian groups) to Z".

Theorem 2.3.15 (Structure theorem, weak form). Let M be a free Z-module of rank n and M’ C M a
submodule. Then M’ is free of rank g < n.

Proof. We prove by induction on n. By assumption M = Z™, so WLOG suppose M = Z". For every i,
define p; : Z™ — 7 to be the projection into the ith coordinate. If M’ = 0 then we are done, so suppose
M’ # 0, then 3i : p;(M') # 0, s0 36 € Z : p;(M’) = 5. This means 3b € M’ : (8) = (p;(b)). Write
N = kerp;. We claim M’ = bZ @ M’ N N. Note that M’ NN C N = Z"~!, so by inductive hypothesis
M' N N is free of rank < n — 1. Clearly bZ is free of rank 1, so it remains to prove the direct sum.

First observe that bZ N (M’ N N) = {0}. Indeed, if m € bZ then m = bk for k € Z, but m € N, so
pi(m) = p;(bk) = kp;(b) = 0, but we assumed p;(b) # 0, so k = 0 and m = 0.

Now let m € M’. Then p;(m) € p;(M') = (pi(b)), so pi(m) = kp(b) for some k € Z. Hence
pi(m —kb) =0,ie. m—kbe M'NN. O

Theorem 2.3.16 (Structure theorem, strong form). Let M be a free Z-module of rank n and let M’ C M
be a submodule. If M’ is not zero, then there is a basis {e1,...,e,} of M and aq,...,a, € Z\{0} with
g < n such that {ajeq,...,aqe,} is a basis for M’ as Z-module and a1 | az | - - | aq.

Theorem 2.3.17 (Smith normal form). Let A be a nonzero m x n matrix with coefficients in Z. Then

3S € GLy(Z), T € GLy(Z), 7, dx, . .., d; € Z>o such that SAT = (dlag(dl(’)' ) 8) with dy | --- | d,.

Lemma 2.3.18. Let a1,...,a, € K be a basis of K as a Q-vector space. Then det A # 0 where A is the

matrix (trg(oe;)is).

Proof. Consider the linear transformation A : Q" — Q™ associated to the matrix A. It’s enough to show
&1

that A is injective by the rank-nullity theorem. Let ¢ = | : | € ker A, i.e. Ac =0. The ith entry of Ac
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is
n n n
ZtrK(aiaj)cj = ZtrK(aiajcj) = trg chaiaj =0 Vi=1,...,n
j=1 j=1 j=1
Denote 2?21 cjoj by o, then the above is trx(ae;) = 0. Let 8 € K, then 8 = diay + -+ + dya, sO

trx(aB) = Y7, di tr(acy;) = 0. But now take 8 = o', then trx (a3) = trg (1) = n, a contradiction. So
a =0 and hence ¢c; =0 Vj =1,...,n since ¢; is linearly independent, i.e. ¢ = 0. O

Theorem 2.3.19. Let K be a number field. Then as a group under addition, O is free of rank [K : Q).

Proof. Let aq,...,a, € Ok be a basis of K as a Q-vector space. (We can do this by Frac(Ok) = K so
we can keep multiplying a basis of K by integers to make them in O). Then every element o € Ok can
be written as ciaq + - - - + ¢, for some ¢; € Q. We want to bound denominators of ¢;’s. If we can do it
then
n ai Qn ~ 77n
7" Cloy ® - P la, COx CL—P---PL— =7",

d d
so by the weak form of structure theorem, O is free of rank > n and < n, so n.
cq my (1 my
By 2.3.18, A = (trx (a;a);5) is invertible, hence write A | @ | = | : |[,ie. | 1 | = A7}
Cn s Cn mMn
Pick d € Z such that dA~1 € M, (Z). O
Week 4, lecture 1, 27 January 2025: problem class (sheet 1)
Exercise 2.3.20. (1) Find all irreducible elements of Z [iv/2]. Characterise all integers n of the form
n=a’ + 202

Solution. We know that Z [iv/2] is a euclidean domain, so primes are precisely irreducibles.
The main idea is to use the norm function N : Z [iv/2] = Zxo.
Recall that

Z[i\@r :{QEZ[i\@} :N(a):1} :{a+i\/§b:a,bez,a2+2b2:1} — {41},

and that N is multiplicative. We claim that
(a) if a € Z [iv/2] has N(a) = p for some prime p, then « is irreducible, and
(b) p € Z prime is reducible in Z [iv2] <= 3o € Z [iv2] : N(a) = p.
Indeed,
(a) Write v = By where 3,7 € Z [iv2], then p = N(a) = N(B)N(y) € Z, so either N(j) or
N () =1, hence either 8 or -y is a unit, i.e. « is irreducible.
(b) Suppose p is reducible, then write p = 8 where N(8), N(v) # 1, but then

p* = N(p) = N(B)N(v),
so N(B) = N(y) = p. Now suppose N(a) = p, then p = a@ where N(a) = N(a) = p, hence
p is reducible.
Now Ja: N(a) =p <= Ja,b € Z: a®>+2b*> = p. Note that p cannot divide a and b both since

if so then p? | a®+2b? = p, a contradiction, hence we have a?>+2b%> = 0mod p, i.e. —2 = (%)2 mod p.

This only happens if p = 1,3 mod 8. Conversely, suppose p = 1,3 mod 8, then —2 is a square mod
p,ie Ir €Z:—2=2?modp, so 2% + 2 = 0mod p, hence p | 2% + 2 = (x +2\/§) (m — Z\/i), and
clearly pta + V2 since %ﬁ ¢ 7 [z\/ﬂ, so p is not prime, thus p is reducible.

From the above we can make a list of irreducibles of Z [2\/5]

e p=2 then p= N(iﬂ), so 1y/2 is irreducible,

e pis an odd prime and p = 5,7mod 8, then p is irreducible,

e pis an odd prime and p = 1,3 mod 8, then Ja € Z [Z\/i] :N(a) = N(a)=p=aaqa, so a,a

are irreducible.

We just proved that an odd prime p can be written as p = a? + 2b? iff p = 1,3mod 8, and if
p =5,7mod 8 then p? can be written in the same form. But using that the norm is multiplicative,
we conclude that n can be written in the same form iff Vp | n with p = 5,7mod 8, we have p? | n.

(2) Show that O =7 {HZT‘/E} is not euclidean by these steps:
(a) Assume that a euclidean norm A : O\{0} — Z~( such that A(a) < A(ab) Va,b € O exists.

Describe the set of elements in O\{0} for which A is minimal.
(b) Compute O*.
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(¢) Show that 2 and 3 are irreducible.
(d) For a € O\{0} such that A(a) is the second smallest value, describe O/aO.
(e) Deduce a |2 or a | 3 a reach a contradiction.
Solution.
(a) We claim this is precisely O*. Note that 1la = a, so A(1) < A(a) Va € O, and A(1) =1, but
AMu)=1 <= ueO0*.
(b) One has

. 2 2
Oxz{ae(’):N(a)zl}z{m:a,b Z,““gbzl}:{ﬂ}.

2 4

(c) If 2 is not irreducible, then Ja € O : N(a) = 2, but a? + 196> = 2 has no integer solutions.
Same for 3.

(d) Take b € O and write b = aq + r with the condition: either r = 0 or A(r) < A(a) (possible by
definition of euclidean norm), but then by definition of @ we have A(r) = 1, so O/aO = {0, +1},
hence O/aQ is either Z/27Z or Z/3Z.

(e) If O/aO = 7Z/2Z, then a | 2, and if O/aO = Z/3Z then a | 3. But we claim O/20 has 4
elements, contradicting that O/a® — O/20 surjectively. Consider O as Z[x]/(z* — z — 5).
But then 0/20 = Z[z]/(2* —x —5,2) = Z[z]/(2®> + 2+ 1,2) = {c+dz : ¢,d € Z/2Z}, which
has 4 elements as claimed. Same for O/30.

Week 4, lecture 2, 28 January 2025

Definition 2.3.21. Let K be a number field. An embedding of K is a ring homomorphism 7 : K — C.
Write ¥ for the set of embeddings of K.

Remark 2.3.22. (1) Recall that homomorphisms of fields are automatically injective.
(2) We defined number fields as subfields K C C finitely generated over Q. Hence incl : K < C is an
embedding.

Proposition 2.3.23. Let a be algebraic with mq(z) of degree n. Then |Sg)| = n = [Q(a) : Q].
Moreover, for each distinct roots s, ..., a, of my(z), there is an embedding 7; : Q(a) = C: a — «.

Proof. Recall that Q(a) = Q[z]/(mq(z)), and since m,, is by definition irreducible, it’s separable, i.e. it
has degm, = n distinct roots.

To give a ring homomorphism from Q(«) to C is precisely giving the image of z of the map
Q[z]/(ma(x)) % cC (since it must map 1 to 1, it’s identity on Q). But since ker¢ = (mq(x)), it
follows that ¢(mq(x)), and since ¢ is a homomorphism, m (¢(z)) = 0, hence ¢(x) can only be one of the
n roots of my,. 0

Example 2.3.24. If K = Q (\/&)7 then m (z) = 2* — d which has roots ++/d, hence
EQ(\/E):{ﬁ:@(\/;i) — C:Vdw— Vd, TQZQ(\/&) %(C:\/J—)—\/E}.

Remark 2.3.25. Recall that if mq(z) = 2™ + ap_12""" + -+ + ag, then trg)(a) = —an—1 and
Ng(a) (@) = (=1)"ag, but if we factorise mq () and write it as [} ; (z — a;), then

n

trga) (@) = Zai = Zn(a), No(a)(a) = Hozi = Hn(a).

i=1
We now want to do this for a general number field K instead of Q(«).

Lemma 2.3.26. Let K be a number field and fix an embedding 7y : K — C. Let « be algebraic, then
there are [K(«) : K] embeddings 7 : K(a) — C that restrict to 79.

Proof. Omitted; very similar to proof of 2.3.23. |

Corollary 2.3.27. Let K C L be number fields and 79 : K — C be an embedding. Then there are
|L : K| embeddings 7 : L — C that restrict to 7o.

Proof. We prove by induction on [L : K]|. If [L : K] =1 then L = K and there’s nothing to prove. Now
if [L: K] > 1, pick a € L\K, then K C K(«a) C L and by the tower law, [L : K(a)] < [L : K]|. Then
7o extends to [K(a) : K] embeddings 71 : K(a)) — C by 2.3.26, each of which extends to [L : K(«)]
embeddings by the inductive hypothesis. O
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Theorem 2.3.28. Let K be a number field. Then for o € K we have
trg (o) = Z 7(a), Ng(a)= H T().

TEXK TEXK
Proof. We already have trg (o) = [K : Q(a)] trg(a)(a), so
trg (o) = [K : Q(a)] Z To(a) = Z o(a)
TOEEQ(Q) TEXK

since each 7y € Xg(q) extends to [K : Q(a)] embeddings that agree with 79 on Q(c), in particular on a,
and K does have [K : Q(«)] ‘EQ(Q)‘ by the primitive element theorem, tower law and 2.3.23.
Similarly for the norm. |

Proposition 2.3.29. Let K be a number field and @ € O. Then a € O <= N(a) € Z* = {£1}.
Proof. If « € OF, 30 € Ok : aff =1, s0o N(a)N () = 1 where N(«a) € Z by 2.3.12, so N(a) = £1. (We
didn’t need the embeddings for this direction.)

Now if N(a) = %1, then
I[ r@=a ][] .

TEXK TE€XK\{id}
Now define 8 = N() [, 5,0\ fiay 7(@) € O (since 7(a) satisfy the minimal polynomial of o, which is
an algebraic integer), then a8 = N(a)? = 1. a

Week 4, lecture 3, 29 January 2025

2.4. Discriminant and basis.

Definition 2.4.1. Let K be a number field of degree n = [K : Q).
Define the discriminant of aq,...,a, € K as

disc(ai, ..., o) = det(trg (a;05);) € Q.
Example 2.4.2. Consider K = Q (\/;i) with d Z 1mod4. We calculate the discriminant of integral
basis {1,v/d} of Z [\/&}

disc (1,%&) - (g 20d> — 4d.

Now O = Z [”‘/E} has integral basis 1, 1+T*/E. We calculate

2
1 d
disc (1, +2f> = det (i lzd> =d.

Remark 2.4.3. We have seen (2.3.18) that if aj,...,a, is a Q-basis of a number field K then
disc(ayq, ..., ap), and clearly if a1, ..., a, € O then disc(ay, ..., a,) € Z.

Lemma 2.4.4. Suppose ay,...,0,,B1,..., 8, € K such that

A o
=5 |, SeM(Q,
Bn o
then disc(Bi, - - ., Bn) = (det )2 disc(aq, - . ., o).
Proof. Write A = (trg(a;0)i;), B = (trx(Bif;)ij) and S = (s;;), then

n

trx (BiB;) = Z sik tric () s;i,

k=1

i.e. B=SAS? so taking determinants on both sides gives the desired. O

Corollary 2.4.5. If ay,...,a, € Ok and fB1,..., B, € Ok are Z-basis of Ok as an abelian group, then
disc(aq, ..., an) = disc(B1, ..., Bn).

Proof. In this case, the change of basis matrix S € GL,(Z), so det S = %1. O
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Definition 2.4.6. Define the discriminant of a number field K to be Di = disc(ay,...,a,) where
Q1,...,0q, is any Z-basis of Ok. More generally, for a free abelian subgroup G of Ok, define disc(G) to
be the discriminant of any of G’s Z-basis (allowed by 2.3.16).

Proposition 2.4.7. Suppose M C N are free abelian subgroups of Ok of rank n. Then
disc(M) = [N : M)?*disc(N).

(Note that [IV : M] denotes the index of M as a subgroup of N, and not degree of field extension).
Proof. Let aq,...,a, be a basis of N and dya;,...,d,a, be a basis of M where dy,...,d, € Z. Then

disc(M) = det(trg (dia;d;j;))ij = (d; - - - dyy)? disc(N),
and since Ton @ - @ T
N/M = Zdlai o Zd:an ~7/d, 2@ - ®Z/d,Z,
one has [N : M| =dy---dy. O
Remark 2.4.8. In particular, if M C Ok is free of rank n, then Dg | disc(M). Also, if p | [Ok : M],

then p? | disc(M). Most importantly, if disc(M) is squarefree, then M = Of. Hence, if a,...,a, € Ok
satisfies that disc(ay, ..., ay,) is squareefree, then it is a Z-basis of O.

For example, we know that 1,v/d is not a Z-basis of Z {\/ﬁ} if d = 3mod 4, and indeed as calculated

before, disc (1, \/E) = 4d is not squarefree.

Proposition 2.4.9. Let K be a number field with X5 = {7,...,7,}. Then for ay,...,a, € K,
disc(ay, ..., an) = det(r;(a;)ij)>
Proof. Let A = (trg(a;0);;) and T = (1;(a;)5). We have

n

n
trc (o) =y mi(aiag) =Y mi(as)m(ey),
=1

=1

which is the 4, jth entry of T*T. O
Remark 2.4.10. Consider K = Q(a) with m(z) = (z — a1) -+ (x — a,,). Take 1,a,...,a" ! to be a
Q-basis of K. Then 71,...,7, satisfy 7;(a) = «;. Now suppose o = a1, then
o1y 2
1 (65} 1 1
1 [ N an_
disc(1,a,...,a" ) =det | . 2 = H (o — ).
S 1<ij<n
1 ay an~1

(Recall the Vandermonde matrix.)

Proposition 2.4.11.

dise(1, e, ...,a" 1) = (=1)" 2 Ng(a)(m,(a))
Proof. Note that
NQ(a HTZ - Hm,a(Tl(a)) = Hm;(al)v
i=1 i=1
and the desired is clear if we write ma(a:) =(@—a) - (x—ay). O

3. UNIQUE IDEAL FACTORISATION
3.1. Prime ideals in Og.
Definition 3.1.1. Let R be a ring. A subgroup under addition I C R is an ideal if ra € I Vr € R,a € I.
Remark 3.1.2. Given an ideal I C R we can form the quotient ring R/I. Denote the coset r + I by [r].
Definition 3.1.3. Given S C R, denote by (5) the smallest ideal containing S, or the ideal generated by

S. Explicitly,
S) = {ZTZ‘SZ‘ ', € Rys; € S} .

i

An ideal [ is principal if one can write I = (S) where |S| = 1.
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Definition 3.1.4. Given I, J € R ideals, define
I+J={a+b:acl,beJ}and IJ = {Zaibi:aiel,bieJ} ={ab:acl,be J}).

These two with I N J are all ideals.
Definition 3.1.5. Anideal I C R is prime ifab€e I = aorbe [.
Proposition 3.1.6. An ideal I C R is prime <= R/I is a domain.

Example 3.1.7. Recall that R =7 [\/—5 is not a UFD since 6 =2 x 3 = (1 + \/—5) (1 - \/—5). Now
let po = (2,14++/=5), ps = (3,1+/=5), p3 = (3,1 — v/=5). We will see that p3 = (2) and p3p3 = (3),
and psy is a prime ideal. Also, py is not principal; indeed, assume ps = () where a € Z [\/—5], but then
p3 = (a?) = (2), so N(a)? = N(2) = 4, hence N(a) = 2, but a? + 5b*> = 2 has no Z solutions.

p is prime: consider Z [v/=5] as Z[t]/(t* + 5) by /=5 — ¢, then ps is (2,1 +¢) and so Z [v/=5] /p2 is

Z[t))(t? +5,2,1 +t) = Z/2Z[t])(t* — 1,t + 1) = Z/2Z][t)/(t + 1) = Z/27,

which is a domain.

p3ps = (3): we prove the equality

(9.3-3v5,3+3v6) = (3).
Clearly (9,3 — 3v/5,3 + 3v/6) C (3) since 9,3 — 3v/5,3 + 3v/6 € (3), and since 9 — 6 = 3 we also have the

other inclusion.
Week 5, lecture 1, 8 February 2025
Remark 3.1.8. Denote the ideal generated by aq,...,a, € R by (a1,...,a,) C R. Then note that
(aty...yan) 4+ (b1,....bm) = (a1,...,an,b1,...,bp)
and
(a1,...,an)(b1,....bp) = {aibj}:i=1,...,n,b=1,...,m).
3.2. Dedekind domains.

Definition 3.2.1. A domain R is a Dedekind domain if
(1) R is integrally closed;
(2) Every nonzero prime ideal is maximal;
(3) R is noetherian.

Lemma 3.2.2. Let I C Ok be a nonzero ideal. Then I has finite index in Ok, i.e. [Ok : I] = |Ok/I| is
finite.

Proof. Let 0 # o € I. Then (Nk(a)) C (a) C I. Indeed, we have Nk (o) = a]], 44 7(), so it
suffices to show 8 :=[[ 4 7(a) € Ok, i.e. B € K and it’s an algebraic integer. But this is clear since

8= NKT(Q) € K and it’s a product of algebraic integers (homomorphisms preserve algebraic integers).
In particular, we now have [Of : I] < [Ok : (Nk(«))]. It suffices to show Ok /N is finite for any

N # 0 € Z, but by 2.3.19 one has O = Z" so Og/N = Z"/N = (Z/NZ)™ which has size N", in

particular finite. O

Proposition 3.2.3. If K is a number field, then O is a Dedekind domain.

Proof. (1) This follows immediately from definition of ring of integers: it’s precisely roots of monic
integer polynomials.
(2) If p C Ok be a nonzero prime ideal, then Ok /p is a finite domain, hence a field, thus p is maximal.
(3) Let I C Iy € --- be an ascending chain of ideals in Og. Then [Ok : 1] > [Og : L] > ---,
where all [Ok : I;] by previous lemma are positive integers, hence there is a least [Ok : I;] by
well-ordering principle, so the chain stabilises at I;.
([l

Proposition 3.2.4. Every PID is a Dedekind domain.

Proof. (1) This follows from 1.1.10 and 1.2.9.
(2) Let (a) C R be a nonzero prime ideal, then a is prime, so by 1.1.6 a is irreducible, so (a) is
maximal; indeed, assume (a) C (¢) C R, then a = ¢b for some b € R, so c is either a unit (then
(¢) = R) or ¢ ~ a (then (¢) = (a)).
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(3) Every ideal is generated by one element, in particular by finite number of elements.
|

Remark 3.2.5. Dedekind domains also arise from algebraic geometry: the coordinate ring (ring of regular
functions) of smooth affine curves are Dedekind domains, e.g. C[z,y]/(z™ + y™ — 1). On the other hand,
Clz,y]/(y?> — 23) where the curve y? — 23 is singular is not integrally closed, which is analogous to that

Z [\/ﬂ where d = 1 mod 4 is not integrally closed.

Week 5, lecture 2, 4 February 2025

Theorem 3.2.6. Let R be a Dedekind domain. Then any nonzero ideal I C R can be written in the form
I =p;---p, where p; C R are prime ideals. Moreover, this decomposition is unique up to permutation.

Proof. We prepare the proof by three lemmas for a Dedekind domain R which we will prove later:

(1) If p is a prime ideal and I, J C R are ideals, then IJ Cp = I Cpor J Cp.
(2) If I, J, K C R are nonzero ideals, then IK = JK = [ =J.
(3) If I, J C R are nonzero ideals, then I C J <= IK CR: [ =JK.

Now the proof of theorem has two parts:

(1) Ezistence of factorisation. Let S be the set of ideals which are not products of prime ideals. For
a contradiction, suppose S # @. Since R is noetherian, let I be a maximal element of S. Pick p
to be a maximal ideal of R such that I C p (if T = p then I is maximal so prime so in particular a
product of prime ideals, then I ¢ S). By lemma 3, 3J € R: I =pJ. Then I C J, but I # J since
if I = J then p = R. This implies J ¢ S, so J is a product of prime ideals, but then I = pJ is too.

(2) Uniqueness. If p1---p, = q1---qs where p;,q;’s are prime, then we can prove by induction that
r = s and p = q up to reordering. Indeed, we have q; ---qs = p1---p, C P1, so by lemma 1 and
after necessary reordering we have ¢q; C p;. But they are both prime, so both maximal, hence
g1 = p1. Cancel them from the equation by lemma 2 and proceed inductively.

]
Lemma 3.2.7. Let I C R be an ideal of a Dedekind domain R and « € Frac(R). If ol C I then o € R.

Proof. Since R is noetherian, write I = (a1, ...,a,) where a; € R. Then aa; = Y., ¢;;a;, where ¢;j € R.
Consider the matrix A = (¢;;) and its characteristic polynomial x 4(¢) € R[t]. Then xa(a)l = xa(A)I =0,
50 xa(a) = 0. Finally, since x4 is monic and R is integrally closed, we have o € R. O

Lemma 3.2.8. Let I C R be a nonzero ideal of a Dedekind domain R. Then there are nonzero prime
ideals p1,...,p, C R such that p;---p, C I.

Proof. Let S be the set of nonzero ideals such that the statement of the lemma fails. Again, for a
contradiction, suppose S # @ and let I € S be a maximal element. I is not prime by construction, so
let a,b € R satisty that ab € I and a,b ¢ I. Then I C (a) + I and I C (b) + I, so the lemma applies to
(a)+ I and (b) + I. Write py---p, C (a) +1 and q1 - - - g, C (b) + I where p;, q;’s are nonzero and prime.
But then

P Padne G C (@) + 1)((0) + 1) = (ab) + (o) + (D) +I* C I,

a contradiction. O
Lemma 3.2.9. Lemma 1 in proof of 3.2.6.

Proof. Suppose I ¢ p,ie. Ja€l:a¢p. Thenabe IJCpVbe J,sobepVbe J since p is prime and
ag¢p, ie JCp. O

Lemma 3.2.10. Let I C R be a nonzero proper ideal of a Dedekind domain R. Then 3z € Frac(R) : x ¢ R
and 21 C R.

Proof. Let 0 # o € I. Then by 3.2.8, one can write p; ---p, C («) where p;’s are nonzero and prime
and r is minimal (i.e. if we remove one p; then the inclusion fails). Let m be a maximal ideal such that
(o) ¢ I € m. Then by previous lemma, WLOG p; C m, but p; is prime so it’s maximal as well, hence
p1 = m. Since r is minimal, po---p, Z (@), so let b € py---p,.\(«), then bI C bm =bp; C py---p, C (@),
S0 g[ C R, where g is the desired z. Indeed g ¢ R since b € (a) by construction. O

Lemma 3.2.11. Let I C R be a nonzero ideal and 0 # a € I. Then there is an ideal J C R such that
IJ = (a).
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Proof. We claim J = {b € R : bl C (a)} is the ideal we want. First this is indeed an ideal since (a) is.
Also by construction IJ C (a), so it remains to see (a) C IJ. For a contradiction, suppose IJ C (a),
then K = %IJ C R is a nonzero proper ideal. By previous lemma, let 2 € Frac(R)\R satisfy 2K C R, so
xIJ = zaK C (a). Now since a € I, we have aJ C I.J,so J C K and J C 2K C R. Let b € J. Then
2b € R and zbl C zJI C (a), so b € J by definition of J. This implies zJ C J, so by 3.2.7 ¢ € R, a
contradiction. ]

Lemma 3.2.12. Lemma 2 in proof of 3.2.6.
Proof. By 3.2.11, let K’ be an ideal such that KK’ = (a) for some a € K. Then
I(a) =IKK' = JKK' = J(a),
so I = J by the usual cancellation since R is a domain. O
Corollary 3.2.13. Lemma 3 in proof of 3.2.6.

Proof. <= Clearly I =JK C J.
= By 3.2.11, write JJ' = (b) where b € J, so IJ' C JJ' = (b), then take K = b~11.J’, and indeed
JK =b"YJJ =1
(]

Week 5, lecture 3, 5 February 2025
3.3. Class groups, or how far is my Dedekind domain from a UFD?.

Definition 3.3.1. Let R be a Dedekind domain. Two nonzero ideals I,.J C R are in the same class,
denoted by I ~ J, if Ja € Frac(R)* : al = J. The set of equivalences classes of ideals of R, denoted by
CI(R), is called the class group of R, and the class of I C R is denoted by [I].

Remark 3.3.2. (1) By definition [I] = [R] <= I = aR <= I is principal, so all principal ideals
are in the same class (as the whole ring).
(2) Define an operation on CI(K) by [I] - [J] = [IJ]. Check this is well-defined, commutative and
associative.

Proposition 3.3.3. The class group is indeed a group (and an abelian one too).
Proof. Note that the class [R] serves as the identity: [I][R] = [IR] = [I]. Then inverses exists by 3.2.11. [
Example 3.3.4. Let po = (2,1 + /=5) and ps = (3,1 + +/=5) again be ideals of Z [v/=5]. Then

papz = (6,34 3v5,2 4 275, (14+V=5)") = (1+v=5)

(since 6 = (1++/=5) (1 —v/=5). In particular [pops] =1, i.e. [po] = [p3]. Similarly p3 = (2) is principal,
so [p2] has order 2 in CI(R). We will eventually see that this is the whole group: CI(R) = {1, [P2]} = Z/2Z.

Proposition 3.3.5. Let R be a Dedekind domain. The following are equivalent:
(1) CI(R) ={1}.
(2) Risa PID.
(3) Ris a UFD.

Proof. Clearly 1 < 2.

2 = 3is 1.1.10.

It remains to show 3 = 2. To prove R is a PID, it suffices to show that every prime ideal is principal
since then every ideal is a product of prime ideals and hence principal as well. Let p C R be a nonzero
ideal ad 0 # « € p. Since R is a UFD, write o = imy - - - 1 where u € R* and m;’s are irreducible/prime.
Then some (m;) C p, but both are maximal so (m;) = p, in particular p is principal. ([l

Proposition 3.3.6 (Computations with ideals). Let R be a Dedekind domain and I, J C R nonzero
ideals. Write I = p{*---p% and J = pll’1 - -pb where a;, b;’s could be 0 and p;’s are distinct prime ideals.
Then

(1) 1J = p‘flerl “n pgr+b7
(2) ICJ < a; >b; Vi
(3) I+ J = prin{onbid . pminfarbr}
(4) 1N J = ppextonkid | gmaxtarbe}

Proof. (1) This follows from commutativity and p®p® = p+?.
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ecall that I C J <= didea CR:I= . Write K = p7*---psr or some ldea. C .

2) Recall that I C J Jdideal K C R: I = JK. Write K I e K ideal K’ C R
Using unique factorisation, a; = b; + e; Vi and K’ = R.

(3) Write I + J =p7*---pSr. Then I, J C I+ J, so ¢; < a;, by, i.e. ¢; <min{ay,b;}, hence

pliﬂin{aq‘,ybi} . _pTr:ﬂin{aT,bT} cI + J
by (2). But I,.J C pynientd . pminterbed goain by (2) so
I+JcC prlnin{a,i,bi} . p;nin{ar,br},

hence equality.
(4) Again write I + J = p' ---pS. Since INJ C I, J, by (2) a;,b; < ¢;, i.e. ¢; > max{a;,b;}, hence

InJc pinax{ai,bi} . ?ax{ambr}_

But prexlendid . gmaxtantel o p g g
praxactd o gmax{arb} 1 g
0

Theorem 3.3.7 (Chinese remainder theorem). Let R be a commutative ring and I, J C R ideals. If
I+J = R then INJ = IJ and there is an isomorphism of rings R/IJ — R/IXR/J : a+I1J — (a+I,a+J).

In general if ideals I1,...,I, C R satisty I; +I; = R Vi, j then (I; = [[; and
R/I, -+ I, 2 R/I x -+ x R/I,.

In particular on Dedekind domains, if p1, po are distinct prime ideals then necessarily p{* + p5* = R for
all ay,ao > 0 by 3.3.6. It follows that for a Dedekind domain R,

R/pi"---pim = R/pT X - X R/pyr

for any collection pq, . ..p, of distinct prime ideals. We will most often use particularly surjection; namely
the system of equations
x = x1 mod p7*

x = x, mod por

is solvable.

Proposition 3.3.8. Let R be a Dedekind domain and I C R a nonzero ideal with 0 # « € I. Then
38 € I: 1= («a,B). In particular, every ideal in R can be generated by two elements.

Proof. Write the prime factorisation I = p¢*---p%. Then (a) = p%* - plrq$* -~ q¢ for some distinct

prime ideals g;’s. Since (a) C I we have b; > a;. Fori = 1,...,r clearly p?*t" C p%i, so let z; € p*\p&iT!.
And since q; C R, let z; € R\q;. Now use CRT to find 3 € R such that

B = z;mod pfit!

B = z; mod g5,

in particular g ¢ p%it!

ST, pep and B ¢ q;. This implies in the prime factorisation of (3) we won’t see
q;’s and p;’s are of order exactly a;, i.e. (8) =p]"*-- -p;}rTldl e Tldk where 7;’s are different from p;’s and

a;’s. Then (cr, ) = (a) + (8) = py™ o7 Foppiterted = pio e = 1. 0
Week 6, lecture 1, 10 February 2025: problem class (sheet 2)

Exercise 3.3.9. (3) Let O_5 =Z [V=5], p2 = (2,14++V=5), ps = (3,1 +v=5), ps = (3,1 — V/-5).
(b) Check (2) = p3, (3) = psbs.
(c) Show that p3 is principal and find a generator.
(d) What is 0_5/p2?
(e) Prove that (7) is not prime.
Solution.
(b) Showed in class.
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(¢c) We can do this by hand by multiplying generators, but there is a trick. We already know
paps = (1 ++/=5) by 3.3.4. Write

2p3 = p3p3 = (pops)® = (1 +vV=5)" = (—4 + 2\/5) =(2)(-2+v=5).

The trick is useful when we have enough information of other ideals in the class group.
(d) Similarly to before, write O_5 = Z[t]/(t?> 4+ 5) and hence

O_5/p2 = Z[t]/(t* +5,2,1 + 1) = Z/2Z[t]/(#* — 1,1+ 1)
=Z/2Z[t)/(1+t) = Z/2Z.
(e) We can prove this in two ways.
(i) Again, write O_5/(7) = Z[t]/(t*> + 5,7) = Z/TZ[t]/(t* + 5) = Z/TZ[t]/((t — 3)(t + 3)),

which is not a domain.
(i) 21 = (4+ v/=5) (4 — v=5) € (7) but (4 +/=5), (4 — /=5) ¢ (7). We can get these
two elements by mapping ¢t — 3,¢ + 3 back to O_s.
(4) Give examples of a ring that has two of the following properties but not third one: noetherian,
integrally closed, and every nonzero prime ideal is maximal (i.e. definition of a Dedekind domain).
Solution.

(a) Z[z] is noetherian by Hilbert, it’s a UFD by Gauss hence integrally closed by 1.2.9, but ()
is prime and not maximal ((z) € (z,2) for example).

(b) Z [\/j3] is noetherian since it’s a quotient of Z[z]. For the third property, the argument
used in proof of 3.2.3 still applies. But it’s not integrally closed since H'T\/?S is a solution of
22—z +1.

(c) Z, the set of all algebraic integers in C, is clearly integrally closed. For the third property,
we need the following lemma.

Lemma 3.3.10. Let ¢ : A — B be a ring morphism. Then V prime ideals p C B,
¢~ p={a€ A: ¢(a) € p}is prime. In particular if ¢ is an embedding, denote pNA = ¢~ (p).

Now take p C Z be a nonzero prime ideal and assume p C q for some other prime ideal q C Z.
Then p NZ,q N Z are both nonzero prime ideals, so p NZ, ¢ N Z are maximal hence equal to
some (p) with p prime. Now take 5 € q\p, then

Fr—1,...,b0 EZ: B+ by1 P+ 4 o = 0.
Assume j is the minimal integer such that b; ¢ (p). Then
6n*j(ﬁj +"'+bj) — (bj+1ﬁj+1 4. +b0) c (p),

so 37 +---+b; € (p) C q, hence 3; € q, a contradiction. Hence p = q and p is maximal.
But Z is not noetherian: the chain

@¢(v2)c(Va) g g ()¢
doesn’t stabilise.
Week 6, lecture 2, 11 February 2025
Proof of 3.3.10. Tt’s clear that ¢~1(p) is indeed an ideal. Now
ab € ¢~ (p) = ¢(ab) = ¢(a)p(b) € p = ¢(a) or p(b) €p = aorbe ¢~ ().
O

In particular, given a number field K we always have a natural inclusion ¢ : Z < O, so given a prime
ideal p C Ok we have pNZ = 1"1(p) C Z is a prime ideal.

Lemma 3.3.11. Let K be a number field and p C Ok a nonzero prime ideal. Then there is a unique
prime number p € Z such that p € p.

Proof. Two ways to see this:
(1) We have just seen that pNZ is a prime ideal, so since Z is a PID, if we can prove this is nonzero we
are done. Take 0 # « € p. Then N (o) = a][, 44 7(a)p. Also Nk (a) € Z since a € 7. Hence
Nk (a) €epNZ.
(2) We know Ok /p is finite, so Ok /p is a field of characteristic p > 0, so p = 0 in Ok /p, hence p € p.
O
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3.4. Factorisation of prime ideals into Dedekind domain prime factors.

Definition 3.4.1. A nonzero prime ideal p C Ok lies above the prime p € Z if p € p (or equivalently
pNZ=(p))

Proposition 3.4.2. Let p € Z be prime and suppose O D (p) = pi*---p2 with p1,...,p, distinct
prime ideals using 3.2.6. Then they are exactly the prime ideals that lie above p.

Proof. (p) =p{*---p Cp; Vi, so p € p; Vi. Conversely, if p C Ok and p € p, then (p) C p, so there is
an ideal I C Ok such that (p) = pI. The desired then follows from 3.2.6. O

Example 3.4.3. K = Q(i), Ok = Z[i]. First note that Z[i] is a euclidean domain, so every prime ideal
p is generated by a irreducible element.

(1) If p = 3mod4, then p is irreducible, so (p) is prime.
(2) If p = 1mod4 then p = 7,7, for some irreducible 7,, and Ny (7p) = Ng@) (T,) = p. Hence
(p) = (mp) (Tp) =: p1p2. Moreover, p1 # po; if p1 = po then Ju € Z[i]* : m, = um,. But we know
Z[i]* = {£1,%i}, and if we write 7, = x + iy with Ng (v + iy) = 22 + y? = p, we now that
z,y # 0 and = # ymod 2. Now no u satisfies these two conditions, so a contradiction.
(3) If p = 2 then p = (14 4)(1 —4) where 1 44,1 — ¢ are irreducible, so (2) = (1 +14)(1 — i), but
1+i=1i(1—1i),so (2) =p? for a prime ideal p.
Definition 3.4.4. Let K be a number field and p C Ok a nonzero prime ideal lying above p. The
ramification index e(p) of p is the multiplicity with which p occurs in the factorisation of (p).

For example, in the above example, (1 4 ¢) has ramification index 2, but 7, has ramification index 1.
Definition 3.4.5. The inertia degree of a prime ideal p C Ok is f(p) = [Ok /p : F,] = dimg, (Ok /p).
Example 3.4.6. K = Q (v/-5), Ok = Z [/=5] with py being as usual. Then (2) = p3 so e(p2) = 2,
and (3) = psP3 50 e(ps) = 1. Clearly (5) = (v/=5)° := p2 s0 e(ps) = 2.

One can check that (7) = (7,3 + v/=5) (7,3 — v/=5).

Theorem 3.4.7. Let K be a number field fix p € Z prime. Then
> e(p)f(p) = degg(K).
pCOKk,pEP
Remark 3.4.8. What is the theorem saying above K = Q (\/ﬁ)(? One of the following 3 possibilities
happen:
(1) There is just one prime p C Ok lying above p € Z with e(p) = 2 and f(p) =

(b
(2) There is just one prime p C Ok lying above p € Z with e(p) =1 and f(p) =
(3) There are two distinct prime py # po with e(p1) = e(p2) =1 and f(p1) = f(p )

The main tool we are using to prove the theorem is the following notion.

Definition 3.4.9. Let I C Ok be a nonzero ideal. The norm of I, denoted by Ng(I), is the index
[Ok : 1]
Remark 3.4.10. (1) If p C Ok is a prime ideal, then [O : p] = p/®).
(2) If n € Z then
Ni ((n)) = [n|*8e") = | Nk (n)]
(we will see that Vo € Ok we have Nx(aOk) = |Ng(«)]); indeed, recall (after fixing an integral
basis of Ok) that O = 7988 | s0 Ok /nOf = (Z/nZ)de K

Week 6, lecture 3, 12 February 2025
Proposition 3.4.11. If I, J are nonzero ideals of Ok, then Ng(IJ) = Ng(I)Ng(J).
Proof. By 3.2.6, it suffices to show N (p'---p) = Ng(p1)® --- Ng(p,)% where p; are prime ideals.

Chinese remainder theorem says
Ok /pit - pir = Ok /py" x -+ x Ok /p}7,

so it remains to see Ni (p®) = Nk (p)® for a prime ideal p. We prove it by induction on a. The base case
a =1 is tautological. Now by Lagrange and 3rd isomorphism theorem (in particular for abelian groups

A C BCC,wehave [C: Al =[B: A][(C/A): (B/A)] = [B: A][C: B]),
Ni(p**h) =[Ok p*1] =[O+ p][p" : p™ 1] = Nie(p)"[p" : p* ],
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now it suffices to show [p® : p2*1] = Ni (p). We build a isomorphism of abelian groups O /p — p¢/pa+t.
Take b € p®\p®*! and define the map by y + p — yb + p+1. The map is

(1) well-defined: suppose ' —y € p, i.e. ¥’ =y + x for some = € p. Then
Y +p =y b+ p T = yb+ab 4 pott

but z € p,b € p* = b € potl;

(2) injective: recall that in Dedekind domains every nonzero prime ideal is maximal, so p is maximal,
so for any nonzero x ¢ p we have p + (z) = Ok. Hence 1 = y + zz’ for some y € p and 2’ € Ok.
If z +p— 0, then b € p®™. Write b = b(y + z2’) = by + bzx’ Then

beptyep = byep® zbep™! = baa’ € p*t,
so b € p®*t1, contradicting our assumption of b;
(3) surjective: note that (b) = p®I with I coprime to p by 3.2.6 since b ¢ p®*t. Then (b) + po+! = p?
by 3.3.6.3. Now let z € p® write z = yb + ¢/ where y € Ok, y' € p®™1. Then
y+p e yb+pPtt = yb+y +pth
O
Proof of 3.4.7. By definition, pOg = pi(pl) e pf(pr), and Ny = pde8e K = Ny (py)e®1) ... N (p,) ) by

3.4.11. But by definition N (p;) = [Ox : pi] = p/ ), hence pdese K = pe)f(p1) ... peler)f(#r)  giving us
the desired. O

Remark 3.4.12. An implication is if I C Ok is an ideal and Nk (I) = p € Z is prime, then I is a prime
ideal.

Proposition 3.4.13. Let 0 # a € Ok, then Ng(aOk) = [Nk (a)|.

Proof. Recall that Ni(«a) = det A where A is the matrix associated to mult, : Ox — Og. But then
[Ok : aOk] = [Z™ : AZ™] = | det A| by 2.3.19 and linear algebra (in particular Smith normal form). O

Remark 3.4.14. If a € Ok and Nk (a) = p, then Ng(aOk) = p by above so aOk is a prime ideal,
hence « is a prime element. But before introducing norm of ideals, we only know that Nk (o) = +p — «
is irreducible.

Theorem 3.4.15. Let d # 0,1 be a squarefree integer and p € Z an odd prime. Then pOg factorises in
OQ(\/E) = Ok as follows.

2
(1) If p | d then p ramifies as pOx = (p, \/&)

(2) If ptd and Ja € Z : a®> = dmod p, then pOy splits as (p,a + \/3) <p7a — \/&)
(3) If ptd and fla € Z : a®> = dmod p, then pOj is inert, i.e. is a prime ideal.
2
Proof. (1) One has (p, \/&) = (pQ,p\/g, d) C (p). But then p?,d € (pQ,p\/g7 d) and ged(p?,d) = p
so by Bézout p € (pz,p\/g, d). It remains to show ( ,\/Zl) :=p is prime. Indeed,

Ni (pOx) = |p|?e5e @) — 2,

so Nk (p) =p.
(2) One has

(p,a+\/g> (p,af\/g) = (pz,p(awL\/g),p(af\/g),azfd) C (p)
since p | a? — d. Nowp(a—&—\/a) —i—p(a—\/g) = 2pa € (pQ,p(a—i—\/g),p(a—\/a),aQ—d)

and ged(2pa, p?) = p (p1 a since a®> = dmod p and p 1 d), so one has equality.
Week 7, lecture 1, 17 February 2025
(3) Suppose for a contradiction that pOf is not prime, then Ip C Ok prime such that pOx C p. Then
Nx(p) = p; indeed, Ng(p) | Nk (pOr) = p?, so Ng(p) = 1,p or p?. But p is prime so not 1, and
the inclusion is strict so not p%. This means Ok /p = F,. Moreover, (\/8 + p)2 =d+peOk/p,
but this is saying d is a quadratic residue modulo p, a contradiction.

O
Theorem 3.4.16. If p = 2, then
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(1) If d # 1mod 4 then 2 ramifies in Ok as follows:
2
(a) If 2| d then (2) = (2, \/&) .
2
(b) If 24 d, then d = 3mod 4 and (2) = (2, v+ 1) .

(2) If d = 1mod 4, then
(2):<21+\/g> (21—\/3>
2 T2 -

(a) If d = 1mod 8, then
(b) If d = 5mod 8 then (2) is prime.

Proof. Let’s see the proof of 2(a). If d = 1 mod 8 then in particular d = 1 mod4 so O = Z [1+2\/E] . Write

p1= (2, Lﬁ) and po = (2, 1‘2‘/3). Then

1—
plPZZ (471—’_\/&71_\/&74d> C(2)

since d is assumed to be 1 mod 8. The other inclusion follows from

2<1+\/E>+2<1_\/&> = 2.
2 2

To see p1, po are prime, note that Nx(p1p2) = Nk (2) =4 = Ng(p1) Nk (p2), but p1,p2 are both proper
so don’t have norm 1, hence Nk (p1) = Nk (p2) = 2, so prime.

It remains to see p; # pp. Suppose p; = po, then 1+2\/E € po, SO 12—‘/3 + 1’—2\/3 =1¢py,ie py =0k,
a contradiction.

Proofs for other cases employ similar strategies and are omitted. O

We have seen that the discriminant DQ(\/E) of Q (\/3) is 4d if d = 1mod 4 and d if d = 1mod 4. With

the theorems above this gives

Corollary 3.4.17. A prime p ramifies in OQ(\/E) <~ p| DQ(\/E)'

We now take inspiration from this and investigate ramification more generally.

Definition 3.4.18. We say a prime p € Z ramifies in a number field K if in the factorisation of pO

there is at least one repeated factor, i.e. for pOx = p7* - - pSr with p; distinct prime ideals, Ji : e; > 1.

The aim of this week is to partially prove the following theorem for K = Q(«). By primitive element
theorem from MATH70037 Galois theory, this is actually for all number fields.

Theorem 3.4.19. Let K be a number field. Then a prime number p € Z ramifies in O <= p | Dk.
We used several times that Z [\/ﬂ = Z[t]/ (t* — d). In general,

Lemma 3.4.20. Let o € C be a nonzero algebraic integer and m,, € Z[z] be its minimal polynomial.
Then there is an isomorphism Z[a] — Z[z]/(may,).

Proof. We see that ¢ : Z[zx] — Z[a] : © — « is a surjective morphism (by definition of Z[«]) with
kernel (m,); this is a bit subtle since we can’t just use Definition 2.0.3. Clearly (m,) C ker¢. If
fezZx]:o(f) = fla) =0, write f(z) = g(xz)mq(x), which is only true over Q[z]. If deg f < degmq
then f =0 and f € (m,) trivially. If deg f > deg m,, write

flx)=apna™ + - +ag= anr I8 Ma o 4+ b

where h is some polynomial with degh < deg f. Moreover, f(a) = h(a), so by induction we are
done. (]

Moreover, if an ideal I C Z[z] is generated by fi,..., fr then Z[a]/I = Z[z]/(ma, f1,---, fr)-
Week 7, lecture 2, 18 February 2025
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Theorem 3.4.21 (Dedekind’s factorisation criteria). Let K = Q(«) where « € C is a nonzero algebraic
integer with minimal polynomial m,. Let p be a prime number such that p{ [Ok : Z[«]]. If

e = g% -
is the factorisation of m, modulo p with g;’s being distinct monic irreducible polynomials, then
PO =i by
where p; = (p, gi(@)) with g; being any lift in Z[x] at g; € F,[z]. Moreover, p;’s are distinct prime ideals
of Ok and f(p;) = deg ().
Remark 3.4.22. p; indeed doesn’t depend on choice of the lift: let g;, g; € Z[x] be two different lifts of
i € Fp[z]. Then g; — gi € (p), so (p, gi(a)) = (p, gi(a)).
Example 3.4.23. Let’s convince ourselves that the theorem is true using the previous two theorems.
Consider the quadratic case K = Q (\/&) with d #Z 1mod4so O =7 [\/Zi] Now Mg (7) = 22 —d € Fp[z].
We have following possibilities:
(1) If ma(x) = (x —a)(z — b) for some a,b € F, and a # b, then p  d and a is a root of i, so
d is a quadratic residue, so we are in case 2 of 3.4.15, hence pOg = (p,a — \/&) (p, a+ \/Zi)
which is indeed (p, g1 (\/&)) (p, g2 (\/&)), we only need to see that b = —a, but this is forced
by (x —a)(z — b) = 22 — (a + b)x + ab = 2% — d. Also note that
Ok /pOk = Lz]/(p,2* — d) = Fyla]/(2* — d)
= Fpla]/(x —a)(x —b) = Fp[z]/(z — a) x Fplz]/(z - b).
(2) If mg(z) = (v — a)? for some a € Fp, thenif p# 2,22 —d= (v —a)? = 2a=0 = a=0,
and My (z) = 2. If p = 2 then a can be either 0 or 1, i.e. T, () is either 2% or (z — 1)2.

_ 2
(a) f p£2thena=0 = d=0 = ptd, so weare in case 1 of 3.4.15, i.e. pOg = (p, \/@
2
which is indeed (p7 a1 (\/3))

(b) If p = 2 then we are either in case 1(a) or 2(b) of 3.4.16, and the rest reasoning is similar.
Example 3.4.24. Let’s now observe how the theorem applies to a higher degree case. Let K = Q(«) where
a = /2 with m, (z) = 2% —2. From coursework 1 we know disc(Z[a]) = —27-4, so Dedekind can be applied
for any p # 2,3 (since disc(Z[a]) = [Ok : Z[a]]?Dk). Take p = 5. Then 2° —2 = (z — 3)(2? + 3z — 1)
which tells us 50k = (5, V2 — 3) (5, (\?75)2 +3v2 - 1). If p = 7 then 23 — 2 is irreducible (check there’s

no roots), so 7Ok is prime.

Lemma 3.4.25. If p t [Ok : Z[o]], then the map Z[a]/pZ[a] — Ok /pOk induced by the inclusion
Z|a] — Ok is an isomorphism.

Proof. Surjectivity: by Lagrange, [Ok : Z[o]|Ox C Z[a]. Moreover, p 1 [Ok : Z[o]] implies that
Jda,b € Z : a|Ok : Z[a]] + bp = 1. Take z € Og. Then
x4+ pOk = (a[Ok : Zla]] + bp)z + pOk = a|Ok : Z]a]]z + pOk
where a[Ok : Z[a]]x € Z]a].
Injectivity is proved similarly. O

Proof of 3.4.21. From Z[a] = Z[x]/(m,) and previous lemma we have
Ok /PO = Z[a][pLle] = Z[z]/(p, ma) = Fp[lz]/(Ma).
Suppose Ty (x) = g1(z)° -+ gr(x)°" where g;’s are monic, irreducible and distinct. We first show that
p; = (p, 9i(@v)) is prime by showing O /p; is a field. By above this is Fp[z]/(7a, Gi) but g; | Mq so it’s
F,[x]/(gi) which is a field since g; is assumed to be irreducible. Moreover,
PP = Ok /pil = [Fp 2]/ (i) = p?e 7,
so f(p:) = deggi.
We now show that p;’s are pairwise distinct. Indeed, for ¢ # 7,
Ok (pi + ;) = Ok /(p, 9i, 9;) = Fplz](4i, ;) = 0

since g;, g; are monic, irreducible and distinct.
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Finally it remains to show pOg = p§* - - - per. Clearly p7* - - pS C (p, g7, ..., 9"), and by construction
git -+ gtr = mg mod p, hence

g1 gy (@) = ma(a) + (97" -+ 977 — ma) (@) € POk,
——
0 epOx

in particular p{* - pér C pOg. But Ng(p§'---per) = pleedi...pdeedr — pdeema — N (pOf), so we

have equality. (]
Week 7, lecture 3, 19 February 2025

Remark 3.4.26. Note that an immediate consequence of 3.4.19 is that only finitely many primes ramify.
By partially, we mean we are going to show:

(1) If K = Q(«) then finitely many primes ramify.

(2) If a prime p ramifies, then p | D.

Proposition 3.4.27. Let f € Z[z] be irreducible and monic. Then for all but finitely many primes p,
f € Fplz] has no repeated irreducible factors.

Proof. Note that if F is any field and h € F[x] has ¢g? | h for g € F[z], then g | I/ since if we write
h = g*h; then h' = 2gg’hy + g?h). This means if gcd(h, k') = 1, i.e. if (k) + (1) = Flx], then h cannot
have any repeated factors.

In our setting, since f € Z[z] is irreducible, (f) + (f') = Q[z], i.e. Jg1,92 € Qlz] : o1.f + g2f' = 1.
Clear denominators and write dg; f + dgo f' = d for some d € Z and we have dgy, dgs € Z[z]. But now for

!/

all primes p with p{d, one has dg, f + dgof = d € ¥, hence (f) + (f) = Fp[z], i.e. f has no repeated
irreducible factors. |

Taking d to be the discriminant of f with 3.4.21, we have proved the first claim in previous remark.

For the second claim, we give a sketch of proof. Suppose p ramifies, i.e. pOx = p'p; - --p, for some
prime ideal p. Note that p;’s are not necessarily distinct. Take x € ppy -+ - p,\pOk. Then [z] in O /pOk
is nilpotent, since 22 € p?p?---p2 C pOf. Take an integral basis ay,...,a, of Ok such that [a;] is
nilpotent. But then each ajq; is nilpotent, so p | tr(aj«;). Hence p | D by definition of discriminant.

4. CYCLOTOMIC FIELDS

Let p be an odd prime and consider Q(¢,) where ¢, is a primitive pth root of unity. Explicitly one

can have ¢, = s . The minimal polynomial of (, is ®,(z) = ’C;:ll =P~ 4 ... 4+ 2+ 1, the cyclotomic

polynomial. Recall that using Eisenstein’s criteria and the shift ®,(x + 1) we can show @, is irreducible.

Proposition 4.0.1. Let K = Q(«) where « is an algebraic integer and suppose that m,, is Eisenstein at
p. Then p{ [Of : Z[a]] and pO = (p, )0,

Proof. Write mq(x) = 2™ + ap_12" "' 4+ -+ + ag. For a contradiction, suppose p | [Ok : Z[a]], then
Jy € Ok : y & Zla),py € Z]a]. Write py = cop+c1a+---+c, 10" L andsoy = DtLat+ C"T‘lanfl.
Let i be the minimal such that ¢; ¢ pZ. Then %ai +F C"p;loz”’l € Ok. Multiplying by a1~ gives

ci a” ;
ﬁan_l + > (Ciy1+- Fen1a"7?) € Ok,

but a” = —(a,_1a" 1 + -+ ag) € pOk since m,, is Eisenstein at p, so %a"‘l € Ok. But

e (5) = (5) o = (5 et (3

but since p? { ap (again since m,, is Eisenstein at p), p" { af ', so Ng (%a"*) ¢ 7, a contradiction.
To see the last part, use 3.4.21 on m, = x™.

Week 8, lecture 1, 24 February 2025: problem class (sheet 3)

Exercise 4.0.2. (5) Let a be a root of 22 + z + 1 and let K = Q(«). We've seen disc(Z[a]) = —31
which implies O = Z[«]. Use Dedekind’s criteria to factor 2,3,5 in Ok.

Solution. First observe that we can apply Dedekind to primes not dividing [Ok : Z[a]] = 1,
hence all primes can be factorised, in particular 2,3, 5. Since x> + = + 1 is irreducible it must be
the minimal polynomial of «

(a) Modulo 2 the polynomial looks the same has no roots over Fy, so irreducible and 2 is thus
prime.
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(b) Modulo 3 the polynomial looks again the same but has root 1, and indeed can be factorised
as (z — 1)(2? + 2 — 1), 50 30k = (3,a — 1)(3,a* + a — 1).
(¢) Modulo 5 the polynomial is again irreducible, so 5 is prime.
Bonus: what about p = 317 It divides Ok, and we’ve seen 3.4.19 which in this case says 31 ramifies.
Hence we expect T, mod 31 to have multiple roots, which are roots shared with m/, = 3z%+1, which
has root 14. We find that T, = (z — 14)%(z — 3), and therefore 310k = (31, — 14)%(31, @ — 3).
(6) We give an example of a number field K such that O # Z[a] Va € Ok.
(a) Prove that if [K : Q] = 3 and (2) = p1paps where p;’s are distinct, then Ok # Zla] Va € Ok.
In fact, 2| [Ok : Z[«]].
(b) Prove that 2% — 2% — 2z — 8 is irreducible. Let 6 be a root of it and denote K = Q(6) and
0 = %. Prove that 0 € O.
(c) By showing 02 = 6 + 2 + 20" and (0")? = —0' — 2 + 20, prove that Z + Z0 + Z8' C Ok is a
subring.
) Compute disc(1,6,6") and deduce 1,6,6’ is an integral basis for Ok
(e) Prove that as rings, Ok /20k = Fy x Fo x Fy.
(f) Deduce that Ox # Z[a] Yo € Ok.
Solution.
(a) Since Fy has only two elements, a degree 3 polynomial cannot factor as three distinct linear
polynomials. This doesn’t contradict Dedekind only if 2 | [Ok : Z[a]] Va € Ok.

(b) Modulo 3 the polynomial has no roots, so irreducible. Note that §% — 62 — 20 — 8 = 0 gives
1 2 8 64 16 8
1 77777 -_ = —_— —_— —_ fr
e 0:>93+92+9+8 0

4
== gisarootofx3+x2+2x+8,

(d

hence ¢ € Ok.
¢ e two desired equations can be obtaine multiplyin —0°—=20—-8= T an
(¢) Th desired i be obtained by multiplying 6% — 6% — 20 — 8 = 0 by §~! and
03 4+ 62 — 20" + 8 by 26072
(d) We find disc(1,6,0") = —503 is squarefree.
(e) By (c) and (d), Z+Z0+Z8" — Ok is in fact a ring isomorphism, so O /20 = Fa xFo0 xFo0’.
Note that 1+ 6+ 6',0,6 is a full system of orthogonal idempotents; indeed, by (c),
00’ =4=0mod2, 6+ 6% +4=20+2+20+4=0mod?2
and 0’ + 0% 4+ 4= -2+ 20+ 4 = 0mod 2, with
02 =0mod2, 07 =0 mod?2, (14+0+6)>=1+6>+60%=1+60+6 mod2.

(f) If (2) ramifies then Ok /20k has a nilpotent element, contradicting (e) since any product
of fields doesn’t have nilpotent elements. But if (2) = pq where p # q are distinct, then

e(p)f(p) +e(a)f(a) = f(p) + f(q) = 3, hence either f(p) or f(q) =2, so
0/2(9}( = OK/]J X OK/q =4 x oy,
again contradicting (e).
Week 8, lecture 2, 25 February 2025

Example 4.0.3. Let a = /2 and K = Q(a). We want to show O = Z[a]. Recall disc Z[a] = —32 - 22.
We claim it is enough to prove 2,3t [Ok : Z[a]], since together with disc Z[a] = [Ok : Z[a]]? D it follows
that [Ok : Z[a]] = 1, i.e. Ox = Z[a]. Now mg(z) = 23 — 2 which is Eisenstein at p = 2, so by 4.0.1
2| [Ok : Z]a]]. For 3, we instead consider the minimal polynomial of o + A where A € Z. This is indeed
valid since Z[a] = Z[oo + A], and so mq4x Eisenstein at 3 would imply 3 1 [Ok : Z[a]] again by 4.0.1. We
find that A\ = —2 does the job since mq_2(x) = my(z +2) = (x +2)% — 2 = 23 + 622 + 127 + 6.

Exercise 4.0.4. Now in general, let d # +1 and squarefree, and K = Q (\7&) First show that
discZ {\S/g] =-27d*>. s O =7 {\3/&} ? To show equality, again it’s enough to show no prime dividing

—27d? divides [OK A [f/ﬁ” Such prime is either 3 or not 3.

If p # 3 then p | d but then m g;; = 2% — d is Eisenstein at p so by 4.0.1 the equality follows.
If p=3and d # +1mod9, then mgy , = (v +d)* —d = 2° 4 3dz* + 3d°z + d(d + 1)(d — 1) is
Eisenstein at 3, and the equality follows similarly.

3, 2
But if p = 3 and d = £1mod 9 then one can check (Va_d) € Ox\Z {{o’/ﬁ]

3
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Theorem 4.0.5. Oq(,) = Z[(,] and Dg(¢,) = (—l)pT_lpp_Q. Also, pOqc,) = (¢p — 1)P~* is principal and
totally ramified.

Proof. We first compute ®;,((;). Note that (z — 1)®p(x) = 2? — 1, so ®,(z) + (x — 1)@} (z) = pzP ™, ie.

S
@;(Cp);: é_ = i_ 9
-1 -1
S0
Natep (B)(Gy)) = ~—— o) A
DT Naen @ Nae) (G =1~ L-p P
Now since p is odd, (—1)? = —1 and 17 = 1, hence (—1) Pt (—1)%2, so by 2.4.11,

disc Z[¢,) = (—1)"= pP~2.

Now again, to show Oqc,) = Z[(p] and Dg(,) = (— 1)p21pp 2, since disc Z[(p] = [0k, : [Cp]] Doc,)s

it suffices to show any prime dividing disc Z[(,] = (—1)"% Fpp—2 (which would be p) does not divide
(O, : Z[(p)]], but this follows precisely from 4.0.1, that ®p(z + 1) is Eisenstein at p and Z[(,] = Z[(, — 1].
Now again by 4.0.1, pOg(c,) = pPOq(¢,-1) = (P, (p — 1)P~1, but as calculated before, Noe,) (G — 1) =p,
hence p € (¢, — 1) and pOgc,) = ({ — 1)P~* as desired. O

We’ve now seen how p ramifies in the pth cyclotomic field, now let’s fix p and see how a general prime
q behaves in the pth cyclotomic field.

Theorem 4.0.6. Let ¢ € Z be prime and g # p. Let f be the order of [¢] in (Z/pZ)* and r = p . Then
q0q(¢,) = 91 - g, where q;’s are distinct prime ideals with f(q;) = f.

Proof. Write h(z) = 2P — 1. Then h/(z) = prP~! and note that —ph(x) + zh/(z) = —pa? + p — pz? = p.

This means h and i’ cannot have common roots mod g. Otherwise, if « is a common root, then 0 = pmod g
h(x)
rz—1

doesn’t either, i.e. ®,(z) =g1---gr in Fylz] for some r where g;’s are distinct irreducible polynomials.
Now F,[z]/(g;) = F; has cardinality ¢°®9:, hence for any a € F/*, by Lagrange, a?™ -1 = 1.
In particular, take a = [z] € F/*, and [z]? = 1 since g;(z) | 2P — 1. This means p | ¢%°&9% — 1, i..
q?°®9% = 1 mod p. By our construction of f, this implies f | deg g;. To prove the theorem, it now suffices
to show f = degg;, which would imply deg g;’s are the same and hence p — 1 = deg g;v = fr, thus r is

indeed the r = 2 ;1 we constructed.

Consider the subfield F; = {b € F; : b%/ = b} of F;. Then F; contains [z]: indeed,

which contradicts our assumption for ¢. This means & doesn’t have multiple roots mod ¢, so ®,(z) =

a€F, «— a(a¥ ' —1)=0 «—= a¥ ' =1 «— " —1=0 for some \ € Z

(since ¢f = 1 mod p by construction), and we saw that [z]? = 1. Hence F, = F,, so qiee9 = |Fy| = |Fv2| < qf,
i.e. degg; < f, but f | degg; in particular implies f < degg;, hence f = deg g; as desired. O

Week 8, lecture 3, 26 February 2025
4.1. Quadratic reciprocity. If a quadratic field K lives inside a cyclotomic field Q((,), then we may be

able to read information on splitting in K from Q({,). In fact one can always find such an embedding:

Lemma 4.1.1. Q( (—1)1)21;0) C Q(¢p)-

Proof. The roots of ®,(x) are (p,Cf), .. .,Cgil, so the embeddings 71,...,7, : Q(¢,) — C are given by
Ti i Cp = (. Also, by 4.0.5, {(p, ..., (571} is an integral basis of Og¢,) = Z[(p]. Again according to 4.0.5,

p—1 . 2
Dy = (-1 92 = det(r( ()} = et (7, )

2 y

_ det (¢id det (37
and dividing both sides by pP~3 gives (—1)*z p = <e(<p31>> where #é) € Q(¢p), hence
p 2

P 2
\/(*1)7}7%127 € Q(¢p), 50 Q < (1)p21p> C Q(¢p) as desired. 0

Exercise 4.1.2. Show that this is the only thing we can do: if K C Q({,) is a quadratic field, then the

p—1

only prime that can ramifies in K is p and K = Q < (—1)2p).
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From now on, for an odd prime p, we denote p* = (—1)%_1]9. Note that p* = 1mod4: if p = 1mod4

then prl is even and p* = p, and if p = 3mod 4 then % is odd and p* = —p.

Lemma 4.1.3. Let ¢ € Z be prime and g # p. Let f be the order of [¢] in (Z/pZ)* and r = %, which
we now know is the number of prime factors of ¢Z[(,]. Then

(1) If g splits in Q (y/p*) then r is even.
(2) If p=3mod4 then the converse also holds.

o
in DQ( V)" So this lemma does almost describe everything about behaviour of ¢ in the quadratic field

Remark 4.1.4. Since p* = 1 mod 4, D@(\ﬁ) =p*, so if g # p then ¢ 1 DQ(\/?), hence g does not ramify

(knowing about the ambient cyclotomic field).

Proof. (1) g splits means qOQ(\/p—*) = qq, hence ¢Z[(,] = (9Z[¢)) (4Z[¢p]). We prove that qZ[(,] and

GZ[(p) have the same number of factors. Take 79 : Q (/p*) = C: z — Z. By 2.3.26, there is an
embedding 7 : Q((,) — C that restricts to 79. Note that 7 is of the form ¢, — C,i, for some i;

T(Q()) = Q(&p); and T(Z[(,]) = Z[¢p]- Then 7(4Z[(p)) = 7(q)Z[(p], but q is an ideal of OQ(\/F)’

so this is 70(q)Z[(p]) = GZ[(,]. Hence {qZ[(p]} and {GZ[(,]} are in bijection, so in particular have
the same number of factors.
(2) For a contradiction, suppose g does not split. Recall 3.4.8 which says this means f = f(q) = 2, in
particular even. But rf = p — 1 and since p = 3 mod 4, this implies r is odd.
|

Lemma 4.1.5. Let p be an odd prime. Then

(1) VYa,b € Z, (?b) _ (;) (%)

(2) (%) =1 < r= % is even where f is the order of [a] € (Z/pZ)*,
3 (34) = (-

Theorem 4.1.6 (Gauss’ reciprocity law). Let p, ¢ be distinct odd primes, then

Equivalently,

() ()=
Po(v)

Proof. If ( : > - (%) — 1, by 3.4.15 g splits, so by 4.1.3 r is even, hence by 4.1.5 (g) 1. O

Week 9, lecture 1, 3 March 2025

5. CLASS GROUPS, REPRISE
5.1. Finiteness of class groups.
Theorem 5.1.1. The class group Cl(Ok) of a number field K is finite.
Lemma 5.1.2. For any ¢ € R, the number of ideals I C Ok with Nk (I) < ¢ is finite.

Proof. Let I C Ok and write I = p7* - - pS~ where p;’s are distinct prime ideals and e; > 1. We prove the
finiteness by first bounding r and then bounding the number of primes p € Z N I.

The only ideal with norm one is the whole ring Ok since [Ok : I] =1 <= I = Ok, so assume
Nk (p;) > 2, hence 261 Fer < Np(I) < ¢, ie. 7 < ey + -+ e, <logy(c).

Now each p; lies above some p € Z, so ¢ > N (I) > N (p;) = p/P) > p, hence the number of possible
such p’s is finite. But then by 3.4.2, for each such p, the number of prime ideals lying above p is also

finite. O

Lemma 5.1.3. Let K be a number field and suppose there is a constant ¢ € Ry such that for each
nonzero ideal I C Ok, there is a nonzero o € I such that |[Ng(a)| < eNg(I).
Then V[I] € Cl(Ok), 3I' C Ok : [I] =[I'] and Ng(I') < e.

If we can find such a constant for K then together with 5.1.2, the lemma implies the desired 5.1.1.
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Proof. Suppose [I]7! = [J]. Then 30 # a € J : [Nk (a)| < ¢Ng(J), and by 3.2.13 we have ideal I’ with
JI' = (a). Now [I'] = [J]~! = [I] by definition of class groups, and
Ng (J)Nk(I') = Nk (JI') = Nk ((a)) = [Nk ()] < Nk (J)
by 3.4.10, so Ng(I') < c. O
Definition 5.1.4. An embedding 7 : K — C of a number field K is real if 7(K) C R. Denote by r the
number of real embeddings. If 7 : K < C is not real then it’s complex, and 7 : a — 7(«) is a different

embedding, so complex embeddings always come in pairs. Denote by s the number of pairs of complex
embeddings. By 2.3.26, one can write n = [K : Q] = |ox| =1 + 2s.

Theorem 5.1.5 (Minkowski’s bound). For a number field K, the constant

O = (i) VIDk|

n’l’L

satisfies the condition in previous lemma.

Example 5.1.6. Before proving this let’s see how useful it is. In the quadratic case K = Q (\/E)7 if
d < 0thenr=0,s=1 and

2 4

9 4 9 —V—-4d=—-v—-d if d # 1mod4

Ok = 5 VIPkl = _VIDk| = 5 i
—V—=d if d=1mod4
7r

and if d > 0 then r =2,s =0 and

1
“Vad =d if d % 1mod4

21 1
Ck = ?\/|DK| = 5\/|DK| =
d if d=1mod4

DO = N

For instance, take K = Q (v/=5), Ok = Z [v/=5], then Cx = 2v/5 < 3, s0 Cl(Ok) = {[I] : Nx(I) < 2}
by 5.1.3. Since we've seen (2) = (2,1+ \/—5)2 = p2, by 3.4.2 py is the only ideal of norm 2, so
Cl(Ok) = {[Ok], [p2]} = Z/27Z.

Theorem 5.1.7. O_19, O_43, O_g7, O_163 are PIDs.

Proof. By 3.3.5 it suffices to show Cl(Og) = {1} in each case. Note that —19, —43, —67, —163 = 1 mod 4,
so the constants C'x are approximately 2.8, 4.2, 5.2 and 8.1 respectively. Let’s look at O_143 in particular
and the rest follows from a similar process.
We need to check there is no non-principal ideal of norm < 8, which by the proof of 5.1.2 is generated

by prime ideals lying above 2,3,5,7.

e 2: by 3.4.16 and the fact that —163 = 5mod 8, (2) is prime and hence the only ideal lying above

2 is principal.

e 3: by 3.4.15 and the fact that 3 { 163 with fa : > = 2mod 3, (3) is prime.

e 5: similarly, 51163 and fa : a®> = 2mod 5.

e 7: similarly, 71163 and fa : a®> = 5mod 7.

5.2. Proof of Minkowski’s bound using lattices.

Definition 5.2.1. A lattice is a subgroup A C R™ with basis vy, ...,v, as a Z-module which is also a
basis of R™ as an R-vector space.

Example 5.2.2. (1) Z™ C R™ is a lattice (take the standard basis).
(2) Og(vay € C <> R : 21 (R(:),9(2) is a lattice if d < 0 by taking {1, \/&} if d = 1mod4 and

{1,442} if d # 1mod 4.

Definition 5.2.3. The fundamental parallelotope of a lattice A C R™ with respect to basis v1,...,v, is

the set
P(vy,...,vp) = {Zcivi :0< ¢ < 1}.

i=1
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Remark 5.2.4. (1) It’s clear that P(vq,...,v,) is a fundamental domain for the lattice, i.e.
R" = | |+ P(vr,...,vn)).
vEA
(2) Recall that from linear algebra vol(P(vy,...,v,)) = |det A| where A= (v1 -+ wy).
Lemma 5.2.5. If vy,...,v, and w1, ...,w, are two Z-basis for a lattice A C R™, then

vol(P(v1,...,vn)) = vol(P(wy,...,wy)).
Proof. Recall again from linear algebra that determinant of a matrix is invariant under change of basis. [

Definition 5.2.6. Define the covolume of a lattice A C R™ to be covol(A) = vol(P(v1,...,v,)) where
v;’s can be any basis for A by previous lemma. Then covol(A) = vol(R™/A).

Week 9, lecture 2, 4 March 2025

Lemma 5.2.7. Let A € R™ be a lattice and S C R™ a measurable set. If vol(S) > covol(A), then
Jr,ye S:0#£x—y €A

Proof. Fix a basis v1,...,v, for A and let P = P(vy,...,v,). Write
R" = |_|(U+P) and hence S = |_|(v+P)ﬂS,

vEA vEA
vol(S) = Y “vol((v+P)NS) = vol(PN (S —v)).
vEA vEA

If the sets P N (S — v) are pairwise disjoint over v € A then by the equation above,
vol(S) < vol(P) = covol(A),

contradicting assumption. This means (S—v)N(S—w) # & for some v # w € A. Take a € (S—v)N(S—w),
then a+v,a+w € S,s0 (a+v) — (a —w)=v—w € A. O

Theorem 5.2.8 (Minkowski). Let A C R™ be a lattice and S C R™ be measurable, convex, symmetric
(i,e. z €S = —x € 8) subset. If vol(S) > 2" covol(A), then 30 # z € SNA.

Proof. Apply the previous lemma to %S = {% :s€e S } Since S is symmetric,

1 1
vol (25) = o0 vol(S) > covol(A),
so dz,y € %S :0#x—y e A. Hence 22,2y € S and %(295) + %(—Qy) =z —y € S by symmetry and
convexity, so x —y € S NA. O

Lemma 5.2.9. Let A C R™ be a lattice and A’ C A a subgroup of finite index. Then A’ is also a lattice
and covol(A’) = [A : A'] covol(A).
Proof. Omitted; similar to 2.4.7. O

Remark 5.2.10. If we can embed Of into R” as a lattice A via 7 : Ox — A where n = [K : Q]
(we choose n since Ok is a free Z-module of rank n; this was 2.3.19), then for an ideal I C Ok,
Nk (I) = |0k /I| = |A/T(I)], so by 5.2.9 7(I) is a lattice and covol(7(I)) = Ng(I) covol(Ok).
Theorem 5.2.11 (Minkowski bound for imaginary quadratic case). Fix squarefree d < 0 and let
K=Q (\/Zl) For any nonzero ideal I C Ok, 30 # a € I such that

V(@) < (2 VIDT) )

thus making the Minkowski bound Cx = 2./|Dx]|, agreeing with 5.1.5 and our calculation in 5.1.6.

™

Proof. Embed O < R? as lattice A as mentioned in 5.2.2. Then if d # 1 mod 4 then

—4d D
covol(A) = |1(vV—=d)| =V —d = — = \/|27K|;
and if d = 1mod4 then
- - D
covol(A) = ‘—\/27' = \/? = \/|27K|7

so either case we have the same result with respect to the discriminant.
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Take Sk = {(z,y) € R? : 22 + 92 < R}, a circle (hence convex and symmetric) with vol(Sg) = 7R.
Take an ideal I C Op, and hence a lattice with covol(I) = NK(I)ivl;w{l by 5.2.9. If

v/ |D
TR > QQNK(I)% =2,/|Dk|Nk(I),

ie. R> 2,/|[Dk|Nk(I), then by 5.2.8 30 # a € I N Sk, where
a € Sp <= Ng(a) =R(a)’+S3(a)? <R
(|

Remark 5.2.12. With the real case (d > 0), we use another embedding ¢ : O — R? : a = (11(), 2(c))
where 7;’s are the two real embeddings of Q (\/&) — C. Then

(1) «(Ok) C R? is a lattice with covol = /| D] (follows from 2.4.9 and 2.4.5),
(2) VI C Ok, (I) C R? is a lattice with covol(«(I)) = Nk (I)\/|Dk| (follows from 5.2.9).
Week 9, lecture 3, 5 March 2025
If we were to play the same game with imaginary case, the natural choice for S would be
{(z,y) €R?: |2y| < R}
since Ni(a) = m(a)m(a) for a € Ok (2.3.28), but this is not convex. Instead we take a subset of it

which still works for the norm argument: Sk = {(x,y) C R?: |z| + |y| < 2V/R}, a square with side
length 2v/2R (hence convex and symmetric) with vol(Sg) = 8R. Indeed (z,y) € Sg = |zy| < R since

2

If S8R > 22Ng(I)N(I)\/|Dxl, ie. R > 1Nk(I)\/[Dx], then by 5.2.8 30 # a € IN Sk where
o € S = Nk(a) < R. Hence similarly, the Minkowski bound in this case is Cx = 3+/|Dk], again
agreeing with 5.1.6.

Remark 5.2.13 (Minkowski in general). Let K be a number field with [K : Q] = n = r + 2s and write
2I{ = {Tla .. -77—7“’0-1’0-717' .. 70-870-78} .
Embed the number field as a lattice using

L K =R aw (11(a),...7(a), R(o1 (@), S(o1(a)), ..., R(os(a)), S(os())) -

We claim ¢(Of) is indeed a lattice with covol(¢(Ok)) = ¥ \213;(\' Indeed, fix an integral basis aq, ..., a,
of Og. It suffices to calculate

Tl(al) Tl(an)
) o m(aw)
4 Ror()) - R(oi(an))
Rios(@)) - R(owlan))

since if it’s nonzero then by definition ¢(O) is a lattice, and its absolute value is the covolume. But by

the identities R(z) = 52, S(z) = %%, we have that the above matrix is equal to

1 (1) - Ti(an)
1 Tr(al) Ty (an)

% i o1(a) o1(am)

> - o1(a1) o1(om)

;5 | (ox(e) o oulan)

T 03(041) Us(an)

with determinant

(Z5-5) von-(5) vor
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by 2.4.9, and hence covol(¢(Ok)) = ‘(%)2 \/DK‘ =Y |2€K| as desired.

Similarly we would want to work with

T s
MR: {(I17"'71'T‘7y15217'"7ySaZS) eR": H|zZ|H(y12+Z'L2) SR}
i=1 i=1

but it’s not generally convex, so we use

s S
1
SR:{(xh...,xhyl,zl,...,ys,zs)GR": E ;| + E 2\/yi2+zi2<an}
i=1 i=1

It’s left as an multivariable calculus exercise to show Sg C Mp and vol(Sg) = 7:1, 2" (g)s R. Now if

n’ﬂ

s D n
_gr (f) R> Q"MNK(I) — Y rR> 2% /| Dk | Nk (I)
n! 2 28 n!
4 S
() VDxINk (D)

™

!
— R> n—n
n

then by 5.2.8 30 # o € I N Sk where a € Sg = Nk (o) < R.
5.3. Computation of class groups.

Example 5.3.1. Let’s use this to compute Cl(O_14). Since —14 # 1mod4, O_14 = Z [\/—14 . The
Minkowski bound is %\/4 x 14 = %\/ﬁ ~ 4.76. Hence C1(O_4) is generated by [p] where p is prime with
Nk (p) < 5. Now (2) = (2,\/—14)2 = p3 and (3) = (3,14 +/—14) (3,1 — v/=14) = p3p3. By the norm
argument one can check po, p3, p3 are all non-principal. This means [ps], [ps], [p3] # 1 € CI(O_14). But
are they three distinct classes?

Suppose [p2] = [pa], then [p3]~[ps] = 1, but [p2]? = 1, i.e. [p] is its own inverse, so [pa][ps] = 1, i.e.
paps is principal. But Nk (pap3) = 6 and again by the norm argument this is not possible. Similarly
[p2] # [p3]-

Now suppose [p3] = [p3], then [p3]? = 1; write p3 = (), then Ng(a) = 9, so o = +3 and we have
p2 = (3) = p3P3, so by 3.2.12 p3 = Pz, a contradiction.

Hence we have one element of order 2 and two elements of order 4 in C1(O_14); this can only be Z/4Z.

Example 5.3.2. Let K =Q (\/33) and write O = 7Z [%] The Minkowski bound is ll;Kl = 32—3 <3,

so it suffices to see how (2) splits. By 3.4.16, (2) = (2, 1+§/§) (2, 1_5/§) = pop2. But py is principal:
note that

1 2 4a% 4+ 4 2 2
Nx <a+b<+2\/§>> =NK( a+b+g\/ﬁ> _daT A dab T b e s,

2 4 4

and a? + ab — 8b% = 42 does have solution a = 2,b = 1, with 2 + HT@ € Pa, SO po = (2 + @) It

follows that [p2] -1 =1, i.e. pa is principal as well, hence Cl(Of) = {1} and in particular Ok is a PID by
3.3.5.

Week 10, lecture 1, 10 March 2025: problem class (sheet 4)

Exercise 5.3.3. 5. At the end of this problem we will have proved that if Oy = (’)Q( Vd) is a PID

for d < 0 then either d = —1,—2,—7, or d = 5mod 8 and —d is prime.

(a) Suppose Oy is a PID. Show that Oy has elements of norm 2 iff d = —1, —2, —7, and deduce
that if O4 has no norm 2 elements, 2 must be inert in Oy (and so d = 5mod 8 by 3.4.16).

(b) It now remains to show that in the case that Q4 has no norm 2 elements, —d is prime. We
first show this: if d = 1mod 4 and a prime p is the norm of some element, then p > %.
Deduce that any prime p < % is inert in Oy.

(¢) Deduce that if d = 5mod 8 then —d is prime.

(d) Prove that n? —n + 41 is prime for 1 < n < 40 by using O_ 143 is a PID.

Solution.
(a) If d # 1mod4 then Oy = Z [\/ﬁ} and N (a + \/Eb) = a® — db?, hence either b = 0 and

N (a—l— \/&b) is a square, or b # 0 and N (a—l— \/Eb) > —d. If d = 1mod then Oy = 7Z {H—ﬁ}
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and N (a + bH—Q\/E) a? + ab+ (152) b%, hence again either b = 0 and N (a + bH‘f) is a

square, or b # 0 and N (a + bl%f) > 1-d

Hence we cannot exclude elements of norm 2 if d > —2 and d # 1mod4 or d > —7 and

d = 1mod4, i.e. d = —1,-2 or —3,—7. Now indeed 1 +i € O_;,v/—2 € O_5 and

1 —+/=7 € O_7 has norm 2, but we claim a® + ab + b?> = 2 has no integer solutions so O_3

has no norm 2 elements after all, i.e. Q4 has no norm 2 elements unless d = —1, -2, —7 as

desired.

To prove that last claim, suppose per contra a,b € Z satisfies a® + ab+b* = (a +b)? —ab = 2,

then (a + b) and ab are either both even or both odd. If ab is even then WLOG a is even,

but then a? + b? being forces b to be even, so 3 % is another solution. Infinite descent gives
a contradiction, so suppose ab is odd. Then both a and b are odd, so a? and b? are odd, but
then a? + b? is even, another contradiction.
Now assume d # —1,—2,—7 and suppose per contra 2 is not inert in Oq4. If 2045 = p3
(ramifies) or 204 = paps (splits), then N(py) = 2 so since Oy has no norm 2 elements, psy is
not principal, contradicting that Op is a PID. Hence 2 is inert.

(b) We already know if d = 1 mod 4 then N(«) is either a square or > 154 for any a € Oq4, and
clearly a prime is never a square, so the first part is proved. p cannot ramify or split by the
same argument for 2 in the last paragraph of (a).

(¢) Suppose per contra —d is not prime. We claim it has a prime factor p < = 5 . Indeed, since
d=5mod8, —d = 3mod 8, but 3,11, 19 are all prime, so —d > 27, in partlcular —d > 25. If
every prime factor p satisfies p > _Td, then in particular for distinct prime factors p, g of —d,

we have pg > m > —d, an absurdity Hence we have some p | d (hence p ramifies in O,

by 3.4.15 and 3. 4 16) with p < 3¢ < 124 which is inert by (b), a contradiction.
(d) Note that —163 = 1mod 4 and

-1 -1
N(n—{—ﬂ): —n+41.
Write the prime factorisation
—1++/-163
<n+2) =Pp1-Pr

If there is some i with p; = (p) then p | n + —=F¥=1% which is clearly not possible, so
each p;’s lies above some prime that either splits or rannﬁes. By (b), these primes > 41, so

N(p;) > 41 Vi. But since 1 <n <40, 41 <n? —n +41 < 412, so (n—|— =Lty 163 V2_163) is prime
and since n + 1+V —163

4. Compute class group of O_s3.
Solution. Since —23 = 1 mod 4, by our calculation in 5.1.6 the Minkowski bound is %\/ 23 < 4,
so we need to investigate the primes 2 and 3. By 3.4.16, since —23 = 1 mod 8, we have

1++v/-23 1—+/-23 _
(2) = (27 9 ) (27 9 ) = p2p2,
so N(p2) = N(pz2) = 2, and by 3.4.15, since —23 = 1 = 12mod 3, we have
(3)=(3,1+v-23) (3,1 —v=23) = p3p3

with N(p3) = N(p3) = 3 similarly. We therefore have CI(K) = {1, [p2], [p2], [P3], [P3]}-
Now a® + ab+ 23p? = a? + ab+ 6b> = 2,3 doesn’t have integer solutions, so

[pQL [pj], [pB]a [pi?)] 7é L

2

¢ 7, we have n® — n + 41 is prime.

But N (2472) = 6 and

1+ =2 V=2
i (6, 2 4 2./223, w 114 \/—23)

2
(since 1+ V2723 = 4+42V —23 SHV 23) where N(paps) = N(p2)N(p3) = 6, so we must have
Paps = (Hi ‘2723>, in particular prlnc1pal, so [pa] = [p3] ™! = [p2] 7}, in particular [p3] = [p3]. Also,

N(p3) = N(p2°) = 4 but the only solutions to a? +ab-+6b*> = 4 is a = £2,b = 0, and p2, Pz~ # (2)
since otherwise ps = p2 which is false, so [p2]?, [p2]? # 1 (which implies [ps] # [p3]), and similarly
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[p3]? # 1. Hence in the group we have at least 3 (1, [p2], [p3]) and at most 4 (we don’t know if [p3]
is any of the 3 before) distinct elements with no elements of order 2; the group must be Z/3Z.

Week 10, lecture 2, 11 March 2025

5.4. Class groups as machinery to solve Diophantine equations.

Theorem 5.4.1 (Fermat). Let p be a prime. Then
(1) p=a?+y?forz,y€Z <= p=2or p=1mod4,
(2) p=a2?+2y*forz,y €Z < p=2or p=1,3mod8.

Proof. We’ve seen numerous times how to prove the first statement using Minkowski (in elementary
number theory and in exercise for elliptic curves). But there’s a quicker way.

Note that p = 22 + 4> = N(z +iy) = (x + iy)(z — iy) in the larger ring Z[i]. Since N(p) = p?
and Z[i] is a PID, this means p cannot be inert, and by 3.4.16 and 3.4.15, this means either p = 2 or

da €Z:a?> = —1modp, i.e. (%) =1, which by 4.1.5 is equivalent to (—1)2951 =1,1ie. prl is even, i.e.
p = 1mod4.

The same argument with Z (v/—2) implies the second statement. O

Let’s now see how the class group helps us in the case that our ring is not a PID. We’ve seen in 5.1.6
that C1(O_5) = Z/2Z.

Theorem 5.4.2. Let p be a prime.
(1) If p = 1,9mod 20, then pO_5 = pp splits where p,p are principal. In particular, p = 22 + 5y for
some z,y € Z by the same argument.
(2) If p = 3,7mod 20, then pO_5 = pp where [p] = [p] = [p2] where ps = (2, 14+ \/75) is non-principal.
In particular, 2p = x2 + 59°.
(3) 2 and 5 ramify.
(4) In any other case p is inert.
Proof. By 3.4.15, p splits <= (775) = 1. By 4.1.6, (%’) = (%) (%) = (—1)1)%1 (g) = 1 either
if p=1mod4 and p = £1mod5 (hence p = 1,9mod 20) or if p = 3mod4 and p = +2mod5 (hence
p = 3,7mod 20). Hence together with (3) (follows immediately from 3.4.19), this already gives (4).
Now the case pO_5 = pp remains. There are two possibilities:
(1) [p] =1, then [p] =1-17' =1 as well, so 3z,y € Z : N (z + v/=5y) = z* + 5y> = N(p) = p. This
cannot happen if p is not a square modulo 5, so p = 1,9mod 20. This proves (1).
(2) [p] = [p2], then [p] = [pa]~' = [p2]. But this also means [p][p2] = [p2]?> = 1, i.e. pps is principal,
so dz,y € Z : 2% + 5y? = N(pp2) = N(p2)N(p) = 2p, which cannot happen if 2p is not a square
modulo 5, i.e. if p is a square modulo 5, so p = 3,7mod 20. This proves (2).

O

5.4.1. Mordell equations. Mordell equations are of the form y? = 3 +d. The general strategy is to rewrite

itasx3:y2—d=(y+\/3> (y—\/a) inZ[x/&}.

Example 5.4.3. y? = 23 — 1. As above, rewrite it as (y —i)(y + i) = 2°. We solve it in the following
steps.

(1) Show that the ideals (y —7), (y + i) C O_; are coprime.

Ifp | (y—14),(y+ i) then p | (24), so either 2 € p or i € p. But i € OF, and p is proper, so
2 € p, i.e. p lies above 2. Now 2 = (1 +4)(1 — ), so p is either (1 +4) or (1 —i). In either case,
N(p)=2|N((y —i)(y +1i)) = 23, s0 8 | 2% and y?> = —1mod 8, which is impossible.

(2) By unique ideal factorisation of (z)* = (y —4)(y + i) and step 1, (y —4) = q° and (y + i) = g° for
some ideals ¢, .

(3) Since CI(O_,) is trivial, g = (a + ib) for some a,b € Z, in particular y — i = u(a + ib)> where
u € Z[i)* = {£1,%i}. Similar for y + . Up to signs and relabelling a and b we can write
y—i=(a+ib)3.

(4) We now simply expand:

(a+ib)® = a® — 3ab® +i (b (3a® — b%)),

and we have y = a® — 3ab?, 1 = b (3a® — b?). Hence b = 3a? — b? = 1. If b =1 then 3a*> = 0 so
a=0. If b= —1 then 3a® = 2 which is impossible.
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(5) Hence we have y = 0 in any case (b=1,a=0, b=—-1,a=0, b=0,a=1, b=0,a = —1), so
the only solution is z = 1,y = 0.
Example 5.4.4. y? = 2® — 5. Again rewrite it as (y — v/=5) (y + vV—=5) = 2°.
(1) Show that the ideals (y — \/—5) , (y + \/—5) C O_j5 are coprime.
Similarly, if (y — \/75) , (y + \/75) C p where p is prime then 2v/—5 € p, so
N(p) | N (2\/—5) = 20,
and so p lies above 2 or 5. On the other hand, 2> = (y — \/—5) (y + \/—5) €p,soxep. If p lies

above 2 then z € (2), so again 8 | #® hence y?> = 3mod 8 which is impossible. If p lies above 5
then 5|z = 5| 2% —5 = 5]y, but then 25 | 2* — y?> = 5 which is also impossible.

(2) By unique ideal factorisation of (z)* = (y — v/=5) (y + v/=5) and step 1, (y + v/—5) = ¢° and
(y — \/—75) =g° for some ideals q, 4.

Week 10, lecture 3, 12 March 2025

(3) We can’t immediately conclude q is principal since C1(O_5) = Z/2Z, but since > is principal, its

order divides 3, hence in Z/27 it must be the identity, i.e. q (and similarly q) is principal. Now

(y + v —5) = (a + b\/—5)3 for some a,b € Z, so
y+vV->5=u(a+ b\/—5)3 where u € Z [v/=5] t = {£1},

so up to signs y + /=5 = (a + b\/—5)3.
(4) Again we expand: (a + v/ —5)3 = a(a? — 15b2) + v/—5b(3a? — 5b%), hence b = 3a? — 56> = £1. If
b = 1 then 3a? = 6 which is impossible, if b = —1 then 3a? = 4 which is again impossible.
(5) Hence y? = 23 — 5 has no integer solutions.
In more generality. Consider d < 0 squarefree and d # 1mod4. Then Oy = Z {\/3} We solve
y? = 23 + d following the same steps and see what can go wrong.
(1) Suppose (y + \/g) , (y — \/&) C p for some prime ideal p. Then 2v/—d € p. This tells us p lies
above either 2 or some p that divides d.
If p lies above 2, note that x> = (y + \/&) (y — \/ﬁ) EPNZ=1(2),s0 8|22 s0y? =dmodS8,
but only quadratic residues of 8 are 0,1,4, and d is squarefree and d Z 1mod 4, so this case is
excluded.

Otherwise, similarly p | 22, but also p | d, so p | y and hence p? | 23 — y?> = —d, but d is
squarefree, again impossible.

We conclude that (y + \/&) , (y - \/&) are coprime.
(2) This allows to write (y + \/ﬁ) = g2 for some ideal q C Oy, similar for (y — \/&)
(3) If 31 |CL(O4)| then Cl(O4) cannot have order 3 elements, so g is principal.

3 +1 ifd< -1
(4) If q is principal then y+ Vd=u (a + b\/&) forueZ {\/ﬂ = {{ ! , and again

{£1,+i} ifd=-1
3
up to signs (and relabelling if d = —1) we can simply write y + Vid = (a + b\/&) .
3
(5) (a + b\/ZZ) = a(a® + 3db?) + Vdb(3a? + db?), so in general (d # —1) one has b = 3a + db*> = *1.
If this does have a solution a = +ag, then y = +ag(a + 3d), and
3 3 .
z? = (y—i—\/&) (y—\/g) = (ao—i—\/g) (ao—\/g) = (a%—d)d,
so « = a3 — d, hence in this case we have solutions (ag — d, +ag (af + 3d)).
Theorem 5.4.5. Suppose d < 0 is squarefree and d # 1 mod4. If 3a € Z : 3a® + d = %1, then
(z,y) = (a® — d,%a (a® + 3d))

is a solution of the Diophantine equation y? = x3 + d. Moreover, if 31 |C1(Oy)|, then these are the only
solutions.

Example 5.4.6. (1) d = —13: in this case 3a% = 12 has solutions a = 42, so
(z,y) = (44 13,22 (4 — 3 x 13)) = (17, £70)
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are solutions to y? = 2% — 13. Moreover, %\/4 - 13 < 5, with the primes 2 ramifying (3.4.16) and 3
inert (3.4.15 and 2 is not a square modulo 3), so Cl(O_13) = Z/2Z and so the above solutions are
all.

(2) d = —26: 3a® = 27 has solutions a = +3, so (x,y) = (9 + 26,43 (9 — 3 x 26)) = (35, £207) are
solutions to y? = x® — 26. But by staring, (3,41) is another solution, so 3 | C1(O_g) (i.e. we can
also reverse the process to obtain information of the class group).

Theorem 5.4.7. For d # 0, the Diophantine equation 32 = 22 + d has finitely many integer solutions.

5.4.2. Units in real quadratic fields. In previous section we only considered Z [\/&} with d < 0, where
there are a very limited set of units and hence makes step 4 in the general “algorithm” simpler. But
it turns out in Z [\/&} with d > 0 we have infinite number of units, which can still be systematically
described.

Example 5.4.8. Note that 1+ V2 e 05, since N (1 + \/5) = (1 + \/5) (1 — \/5) = —1. But this means
(1 + ﬂ)n € O Vn € Z, and since 1 + v/2 > 1, this means they are all distinct and we have an infinite
family of units. We will later see that these together with +1 generate all units in Os.

Theorem 5.4.9. Let d > 1 be squarefree. Then Jle € O with e > 1 such that O] = {£e" : n € Z}.
This ¢ is called the fundamental unit. In particular, O = Z/27 x Z.

Remark 5.4.10. When d # 1 mod 4, the units give solutions to the Diophantine equations x? — dy? = +1
(Pell). Indeed, z 4+ Vdy € Oy is a unit <= N (x + \/&g) = +1.

Example 5.4.11. 1+ /2 is the fundamental unit of O, 2 + /3 for O, 1+2ﬁ for O, 170 + 39v/19 for
O, and 2143295 + 221064y/94 for O,

Week 11, lecture 1, 17 March 2025

Lemma 5.4.12. Let d > 1 be squarefree, K = Q (\/&) and Oy the ring of integer of K. Then there
exists u € O with u # +1.

Proof. We claim that 3¢ > 0 such that there are infinitely many o € Oy with [Nk ()| < ¢. Let’s first see
how this claim suffices to imply the lemma. Recall 5.1.2 which says that there are finitely many ideals
with norm < ¢. By pigeonhole, Ja # 8 # v : (a) = (8) = () with at least one of § and + distinct from
—a. WLOG suppose it’s 8. Hence 8 = ua where u ¢ {£1}.

Now let’s prove our claim. Recall the realisation of real quadratic fields as lattices (5.2.12). Take

C
S, = {(x,y) ER?: |z <yl < ;} ={(z,y) €ER*: N(z,y) = |z -y| < c}

as the convex, symmetric subset of R? to be applied to 5.2.8. Let ¢ > /|Dk| = covol(1(O)). Then
2
vol(S,) = (2r) <c> = 4¢ > 2% covol(L(Ok)),
r

soVr >0, 30 # a € Og : (o) € S, ie. |af <7 and [r(a)| < £, so [Ng(a)| = [n(a)n(a)] < c
Take 0 # a1 € Og N S1, 0 # az € Og N S|, and iterate infinitely to get a sequence («;). Since by
this construction |ai| > |az| > |ag| > ---, we have an infinite number of elements with norm < ¢, as
desired. 0

Lemma 5.4.13. Let d, K, O, be as previous lemma. Let u = a + bVd € OF. Thenu>1 < a,b> 0;
moreover, if v’ = a’ + b v/d with o' > 1, then u > v/ < a>a’ and b > V. In fact, u > v < b> ¥
1+v5 3+vV6

2 2 -

[
, U =

with the only exception d =5, u =

Proof. (1) <=: a,b> 0 in particular means a,b > %, but then u = a + byv/d > 1+72\/E > 1.
—:ue0; = Ng(u)==%1l=ug,sou>1 = [u] <1. This implies u + T, u —u > 0,
where u + T = 2a and u — T = 2V/db, so a,b > 0.
(2) Write
(%) w—u' =2Vdb—b)+u—u.
If b # b, then if d # 1 mod 4, we have |b—b'| > 1 and so 2v/d|b — b'| > 2, and if d = 1 mod 4 then
|b—b'| > % s02Vd[b— | > Vd > 2 as well. Since again [a], [u/| < 1, we have [T — u/| < 2, so

b>b — 2Vdb—b)+a—u/ >0 = u>u



MATH70042 ALGEBRAIC NUMBER THEORY 33

by (*), and similarly b < ¥ = wu < u/. It remains to see what happens when b = &’. Then
by (%), u > v <= u > /. Since a,a’ > 0, WLOG a? — db?> = 1 and (a/)? — d(V')? = —1, so
a®? — (a)? = 2. If d # 1 mod 4, then a,a’ € Z, so since (n+1)2 —n?>=2n+1> 2, a*> — (a’)? =2
can never happen. If d = 1mod4, then b € 1 +Z and a,a’ € $Z\Z. Write o’ = 2L and

a= 72”'*';]”'1. Then

2~ (d)? = (2n+ 2k + 1212 —(@2n+1)% 5
has only solution n =0,k =1, s0 a’ = %, a= %, hence db? = %, so it can only be that b = % and
d=75.

O

Proof of 5.4.9. Let e € O be minimal with € > 1. Let u € O with u # 1. Write v’ = |u/, in particular
u' > 0. Then ¥ < v’ for some small enough k£ < 0. Similarly ¥ > v for some big enough k > 0. This
means 3k maximal with e¥ <« and v/ < eF*1 ie. 1< g—; < &. By minimality of ¢, this implies ;‘—; =1,
ie. u= ek (I

Example 5.4.14. The proof also gives a constructive way to find the fundamental unit: we find solution
to a® — db% = £1 w1th a,b > 0 and b minimal. For instance, for O;1, We solve a? — 11b? = £1 starting
from b = 1. Then a? = 12 or 10, which yields no solutions; if b = 2 then a? = 45 or 43, again no solutions;
if b =3 then a® = 100 (so a = 10) or 98 (no solution), so € = 10 + 3v/11 is the fundamental unit of Oy;.

Remark 5.4.15. We often need to solve equations of the form Ng(a) = n for n € Z. But now
Ng (:l:nka) =n Vk > 1 where n > 1 is the smallest unit Ng(n) = 1. We can pick k in a way that

Vinln ™t <o’ = +efa < /nn?,

then |o/| = 2 < /|n[n? implies |a’ — o/| = [2bv/d| < 2+/|n|n2, so b < ”ln . This gives us: any solution

[e%

to Ni(a) = n for a € Oy has the form a = 4" (a—&-b\/a) where Ny (a—i—\/ab) =nand |b] < \/%

with > 1 and Nk (n) = 1. Such 1 does always exist; it’s either the fundamental unit ¢ or £2.

Week 11, lecture 2, 18 March 2025

Example 5.4.16. We compute ClI(K) where K = Q (m) and write O79 = Og. The Minkowski bound
is Cx = /79 < 9, so we need to investigate primes 2, 3, 5 and 7.
By 3.4.16 and 3.4.15,

(1) 20k = (2,V79+1)" =: p3 since 79 = 3mod 4;

(2) 30k = (3,V/79+1) (3, JT) — 1) =: p3p3 since 79 =1 = 12 mod 3;

(3) 50K = (5,79 +2) (5,v/79 — 2) =: psp5 since 79 =4 =22 =5.

(4) 7OK:(7,m+3)( 7,79 — 3) =:p7Pp7 since 79=2=32=7.
We now have a lot of primes. The vague idea is to find elements with small norm to find relations between
them. We start with b = 1,2 and find a that gives small values of a®> — 79b2, and we have that

N(8+\/%) — 15, N(9+x/@) — 9, N(10+\/%) — 91, N(17+2\/ﬁ) — o7,

and this tells us (8 + \/@) is the product of either p3 or ps and either p5 or ps, but in any of these 4 cases,
we have [ps] = [ps] or [ps] = [ps] !, i.e. we can already get rid of ps and p5. Similarly, with (10 + v/79)
we can get rid of p; and p7. Now 9+ /79 =4 x 2+ /79 + 1 € p,, so since (9 + \/@) and po have the
same norm, they must be the same ideal and [ps] = 1. We have thus deduced that C1(K) is generated by
[ps] alone.
We claim that (17 +2y/79) is either p} or p3”; by its norm it suffices to show pspz (17 + 2v/79).
Indeed, 17 + 21/79 € psp3 = (3) is clearly false. This tells us [ps]® = [p3]® = 1.
It remains to see p3 is not principal to conclude ClI(K) =2 Z/3Z. We prove a® — 79b> = 43 has no
integer solutions:
(1) a® — 796* = a® = 3mod 79 doesn’t have solutions since (&) = — (2) = — (3) = —1.
(2) The fundamental unit of O is ¢ = 80 + 9v/79 with N(¢) = 1. By 5.4.15, if Nx(a) = -3

has a solution, it also has a solution a + bv/79 with |b| < /55 3¢ ~ 2.46, so it is enough to solve

(a + bV T ) = —3 for @ when b = 0,+1,£2. If b = 0 then a? = —3 has no solution. If b = +1
then a? = 76 also has no solution. If b = £2 then a? = 313 again has no solution.

2
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Theorem 5.4.17 (Dirichlet’s unit theorem). Let K be a number field and suppose k has r real embeddings
and s conjugate pairs of complex embeddings. Let u(K) = {x € K : 2™ = 1 for some n} be the set of
roots of unity. Then Oy = u(K) x Z" 71, In other words, Je1,...,&r45-1 € O such that every u € O
can be written as (e}* --- e/ L " for some ¢ € p(K) and n; € N.
Example 5.4.18. (1) K=Q, r=1, s=0, r+s—1=0and indeed O = Z* = {+1} = pu(Q).
(2) K = Q(\/Td) where d > 0 is squarefree, then r = 0, s = 1 so again r + s — 1 = 0 and
Ok = p(Q(V=d)) = {£1} unless K = Q(i) (then O} = {£1,+i}) and K = Q((3) (then
O = {£1,£¢, £G3}).
3) K=Q (\/&) where d > 0 is squarefree, then r =2, s=0sor+s—1=1 and

;= n(2(0) <2
as in 5.4.9.

Example 5.4.19. (1) K=Q(V2),thenr =1, s=1, r+s—1=1,s0 Of = {1} x Z. One can
check N(1+ v/2+ \3/1) =1 and it turns out this is the fundamental unit.
(2) Cyclotomic field K = Q((5), then r =0, s =2, r +s—1 =1, so again O = u(Q({)) x Z.

Note that Q (v5) € Q(s), so O = {i (HT‘/g)n ‘nE Z} C OF. Tt turns out that

0x = {C{“o <1+2¢g> :k,neZ}.

Week 11, lecture 8, 19 March 2025: problem class (sheet 5)

Exercise 5.4.20. 3. Let K be a number field and suppose aff = 7" for «a, 8,7 € Og and n > 0.
Suppose (a, 8) = Ok, i.e. a,f are coprime. Prove that if (n,|Cl(Ok)|) = 1 then o = ué™ for
some u € O and § € O.

Solution. Since (@), (8) C Ok are coprime ideals, i.e. the factorisations of () and (3) don’t
have any common prime factor, and that («)(8) = ()", we have (o) = I and (8) = J" for some
ideals I, J C Ok. But then [I]™ = 1, and since n 1 |Cl(Ok)|, [I] = 1 and I = () for some ¢ € Ok,
so a = ud™ as desired.

(1) We investigate primes of the form 22 + 13y? where x,y € Z. Show that:
(a) Cl(O_13) = {1, [po]}.
(b) p splits in O_y3 iff p=1mod 4 and (&) =1 or p=3mod4 and (&) = —1.
(¢) In the case p = 1mod4, (p) = pp where p,p are principal, and in the case p = 3mod4,
() = pb where [p] = [f] — [pa].
(d) p=2a2+13y? iff p=13 or p = 1mod 4 and (1%) =1
Solution.
(a) We did this in 5.4.6.

(b) Since —13 = 3mod 4, 8, by 3.4.16, 3.4.15, a prime p splits iff p is odd, pt —13 and (—713) ~ 1.

p is odd means either p = 1 mod 4 or p = 3mod 4. If former, then
BRORCICTRN
13 p P p

and if latter than
-1 -1
(3): V(B2
13 P p

(c) We know p is principal iff p = 22 + 13y? has a solution over Z, which implies (%) =1, and
[p] = [p2] iff [p2][p] = [p2] ‘[p2] = 1 iff 2p = 22 + 13y? has a solution over Z, which implies
(5) =1 = (45) = —1 (since (f3) = —1).
(d) Clearly 13 = 0% + 13 - 12. The second case follows from (c) since p = 2% + 13y? iff there is a
principal ideal p with N(p) = p.
4. We demonstrate a trick to solve y? = z3 4+ d where d > 0. In particular let d = 7. Write the
equation as y? + 1 = 2% + 8 = (z + 2) (2 — 2z + 4). Show that:
(a) x is odd.
(b) 22 — 2z +4=3mod4 and 2% — 2z + 4 > 0.
(¢) Ip = 3mod 4 prime with p | 22 — 22 + 4 (and so p | y? + 1).
(d) The equation y? = z3 + 7 has no solutions over Z.
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Solution.
(a) If x is even then 8 | 23, so y
residue mod 8.
(b) 22 =2z +4=(x — 1)+ 3.
(c) Write 22 —2x+4 = p; - - - p, where p;’s are prime. If all p = 1 mod 4 then 22 —2z2+4 = 1 mod 4,
contradicting (b).
(d) (c) says there is a prime p = 3mod 4 such that y* + 1 = 22 — 22 + 4 = O mod p, contradicting

that (%) =1 <= p=1mod4.

(2) Let pos = (2, \/—14) C O_14. You can assume it’s nonprincipal. Show that:
(a) There is an ideal p C O_14 with N(p) = p and [p] = [p2] <= p = 22% + Ty? for z,y € Z.
(b) 22 + 14y? and 222 + Ty? take the same set of values mod N VN > 0.
Solution.

(a) We first show that p = 222 + 7y? for some z,y € Z iff 2p = a® + 14b* for some a,b € Z.

<= : Modulo 2 we have a? = 0mod?2, i.e. a is even, so 2p = a? + 14b? can be reduced to
2p = (2a9)? + 14b* < p = 2a3 + Tb°.

= p=222+ 70 = 2p=42? + 14b® = (22)% + 14b°.
Now note that 2p = a? + 14b? for a,b € Z iff there is a principal ideal of norm 2p iff (by
calculation in 5.3.1, Cl(O_14) = Z/4Z) there is a principal ideal of the form pps where
N(p) = p iff there is a p C O_14 such that Ng(p) = p and [p] = [p2] ! = [pa].

(b) Modulo 7 we have 2% + 14y* = 22 and 22% + 7y? = 222, and since 2 = 9 = 32 mod 7, we have
222 = (3x)?mod 7.
Modulo 8 (by brute-force computation) they both take values {0, £1, £2, +4}.
Modulo p for p # 2,7, we prove that in general azx? + by? where a,b € F) takes all
values. Note that ax? take p—;l values, and similarly for k — by® for k € F,. But then
{az? 1z € Fp} N {k —by? : k,y € F,} # @ since p+ 1 > p, so any k can be written as
az? + by? for some z,y € F,,.

5. Prove that (x,y) = (1,0) is the only solution to y? = 2% — 1 over Z.
Solution. Rewrite (y+14)(y — i) = 2° and follow the same strategy of solving Mordell equations
(note that u® = u Vu € Z[i]*).

2 = —1mod 8 which is impossible since —1 is not a quadratic
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