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Week 2, lecture 1, 13 January 2025

Motivation. One of the goal of number theory is to solve Diophantine equations: given

p(x1, . . . , xn) ∈ Z[x1, . . . , xn],

we want to describe the set {(a1, . . . , an) ∈ Zn : p(a1, . . . , an) = 0}.

Theorem 0.0.1 (Fermat’s last, Wiles 1994). If xn + yn = zn for x, y, z ∈ Z and n ≥ 3, then xyz = 0.

The case n = 2 is much easier, and such x, y, z ∈ Z are called a Pythagoras triple.
(1) Reduction 1: observe that to describe these triples, one can assume x, y, z > 0 since if one of them

is zero, the solutions are of the form (0,±a,±a) or (±a, 0,±a), and if (x, y, z) is a solution, then
(±x,±y,±z) is a solution.

(2) Reduction 2: one can also assume that x, y, z are pairwise coprime. first note that if p | x, y, z and
(x, y, z) is a solution, then

(
x
p ,

y
p ,

z
p

)
is a solution. Now if a prime p divides two of x, y, z then it

divides also the third one. Suppose p | x, y, then z2 = x2 + y2 = p2a2 + p2b2, so p | z.
(3) Reduction 3: one can further assume that only one of x and y is odd. Suppose both are, then

x2 = y2 ≡ 1mod 4, so z2 ≡ 2mod 4, which is not a square, a contradiction. Hence z is also odd.
Suppose WLOG that x is even.

Now rewrite x2 + y2 = z2 as y2 = z2 − x2 = (z − x)(z + x). Note that:
(1) gcd(z−x, z+x) = 1. If p | z−x and p | z+x, then p | z−x+z+x = 2z and p | −z+x+z+x = 2x,

but gcd(x, z) = 1, so p = 2, but z − x is odd by reduction 3, a contradiction.
(2) ∃α, β ∈ Z : z − x = α2, z + x = β2. Write y as its unique prime factorisation

∏n
i=1 p

ai
i where pi

are primes and ai > 0. But then y2 =
∏n

i=1 p
2ai
i = (z − x)(z + x) and by the above observation,

pi | z − x =⇒ p2ai
i | z − x.

1
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(3) Now, rewrite

x =
z + x− (z − x)

2
=

β2 − α2

2

y = α2β2

z =
z + x+ z − x

2
=

β2 + α2

2
where α, β are both odd and coprime. This parameterises all Pythagoras triples.

Remark 0.0.2. A crucial step that we used is called “separating powers” for n = 2 over Z.

Lemma 0.0.3. Let a, b, c ∈ Z\{0} and n > 0 such that an = bc. If gcd(b, c) = 1, then

∃b1, c1 ∈ Z : b = ±bn1 , c = ±cn1 .

Proof. The proof is similar to the argument above, using the fact that Z is a unique factorisation
domain. □

Now let’s consider the case n = p where p is an odd prime. Then one can write

xp + yp = (x+ y)(x+ ξpp) · · · (x+ ξp−1
p y)

where ξp is the pth root of unity. What happens now is the factors are not the usual integers, but in the
larger ring Z[ξp] =

{∑p−1
i=0 aiξ

i
p : ai ∈ Z

}
⊂ C. Does Z[ξp] have unique factorisation? Does the analogue of

the lemma above work then? How does it help us solving Diophantine equations? These are the questions
we will strive to answer in this course.

Week 2, lecture 2, 14 January 2025
We will see that for a certain class of primes (regular primes), Z[ξp] has the separating power property

for n = p and we will show how to use this to prove Fermat’s last theorem for these primes.
Another example: suppose x, y ∈ Z satisfy y2 = x3 + 16. If x = 0 then y2 = 16 so y = ±4. We claim

these are all the solutions.
(1) Case 1: x ̸= 0 and y is odd. Write (y − 4)(y + 4) = y2 − 16 = x3. Then gcd(y − 4, y + 4) = 1,

since if p | y − 4, y + 4, then p | y + 4− y + 4 = 8, so p = 2, but y is odd so y − 4, y + 4 are odd.
This implies both y − 4, y + 4 are cubes, i.e. y − 4 = α3, y + 4 = β3 for some α, β ∈ Z, but then
8 = β3 − α3, and there are no two cubes different by 8.

(2) Case 2: x ̸= 0 and y is even. (Similar)
In general, these y2 = x3 + k where k ∈ Z are called Mordell equations, and we study the solutions by

looking into rings Z
[√

k
]
.

1. Introduction

All rings are commutative with unit.

1.1. Unique factorisation domains.

Definition 1.1.1. A ring R is an integral domain if x, y ∈ R, xy = 0 =⇒ x = 0 or y = 0.

Definition 1.1.2. The group of units of R is R× = {a ∈ R : ∃b ∈ R : ab = 1}, which is indeed a group
with respect to multiplication.

Definition 1.1.3. For a, b ∈ R, we say a divides b, or write a | b, if ∃c ∈ R : ac = b.

Definition 1.1.4. a ∈ R\{0} is irreducible if a /∈ R× and for every b, c ∈ R : a = bc, either b or c is a
unit.

Definition 1.1.5. a ∈ R\{0} is prime if a /∈ R× and b, c ∈ R, a | bc =⇒ a | b or a | c.

Lemma 1.1.6. If a ∈ R is prime where R is a domain, then a is irreducible.

Proof. Let a be prime and b, c ∈ R : a = bc. Then a | bc, so WLOG a | b, i.e. ∃u ∈ R : b = au, so
a = bc = auc, i.e. uc = 1 since R is a domain, in particular c is a unit. □

Definition 1.1.7. A domain R is a unique factorisation domain (UFD) if every a ∈ R\{0} has a
factorisation a = up1 · · · pn where u ∈ R× and pi ∈ R are irreducible. Moreover, if there is another
factorisation a = vq1 · · · qm with v ∈ R×, qi ∈ R irreducible, then n = m and after reordering pi ∼ qi (i.e.
∃ui ∈ R× : pi = uqi).
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Lemma 1.1.8. In a UFD, every irreducible element is prime.

Proof. Let a be irreducible and b, c ∈ R : a | bc, i.e. ∃d ∈ R : ad = bc. Write

d = up1 · · · pm, b = vq1 · · · qn, c = wr1 · · · rt
where u, v, w ∈ R×, pi, qj , rs are irreducible. Then

uap1 · · · pm = vwq1 · · · qnr1 · · · rt =⇒ a ∼ qi or a ∼ rs for some i or s =⇒ a | b or a | c
as desired. □

Definition 1.1.9. A domain R is a principal ideal domain (PID) if every ideal of R is principal.

Theorem 1.1.10. Every PID is a UFD.

Example 1.1.11. The ring Z
[
i
√
3
]

is not a UFD: note that 4 = 2× 2 =
(
1 + i

√
3
) (

1− i
√
3
)
. But how

do we know 2 and 1 ± i
√
3 are irreducible and the two factorisations are indeed not equivalent? The

idea is to introduce the norm map to use properties of the integers, which we are familiar with, to study
unfamiliar ring of integers.

Definition 1.1.12. Define norm to be the map

N : Z
[
i
√
k
]
→ Z≥0 : a+ i

√
kb 7→ a2 + kb2 =

(
a+ i

√
kb
)(

a− i
√
kb
)
.

Proposition 1.1.13. The norm map satisfies N(α) = 0 ⇐⇒ α = 0, N(αβ) = N(α)N(β) and

N(α) = 1 ⇐⇒ α ∈ Z
[
i
√
k
]×

.

Proof. The first two are clear since N(α) = αα. Now if N(α) = 1 then α−1 = αN(α)−1 = α, and if

α ∈ Z
[
i
√
k
]×

then N(αα−1) = 1 = N(α)N(α−1), so N(α) ∈ Z× = {±1}, hence N(α) = 1. □

Lemma 1.1.14. α ∈ Z
[
i
√
3
]

cannot have norm 2.

Proof. Indeed, N
(
a+ i

√
3b
)
= a2 + 3b2 = 2 has no solutions. □

Example 1.1.15. Continuing the last example, the three elements are indeed irreducible: if 2 = αβ then
N(2) = N(α)N(β) = 4, so by the lemma above one has WLOG N(α) = 1 so α ∈ Z

[
i
√
3
]×

. Similar for
1± i

√
3. And note that 2 ∤ 1± i

√
3.

Week 2, lecture 3, 15 January 2025

1.2. Euclidean domains.

Definition 1.2.1. A domain R is an euclidean domain if there is a map ϕ : R\{0} → Z>0 such that
∀a, b ∈ R\{0}:

(1) ϕ(a) ≤ ϕ(ab),
(2) ∃q, r ∈ R such that b = qa+ r with either r = 0 pr ϕ(r) < ϕ(a).

Remark 1.2.2. (1) Sometimes in the definition of euclidean domains, ϕ is allowed to have value 0,
but given such a ϕ, we have ϕ̃ = nϕ for any n > 1 satisfying our definition.

(2) Technically, the first condition was not necessary, since given ϕ satisfying the second, ϕ̃ given by
a 7→ minb∈R\{0} ϕ(ab) satisfies the first by construction.

Example 1.2.3. (1) Z is a euclidean domain with ϕ given by the absolute value.
(2) For any field k, the polynomial ring k[x] is a euclidean domain: fix n > 1 and define ϕ = ndeg

where deg is the usual degree.

Definition 1.2.4. The Gaussian integers are Z[i] = {a+ ib : a, b ∈ Z} which is a subring of C.

Theorem 1.2.5. The norm N gives a ϕ satisfying the above definition, so Z[i] is a euclidean domain.

Proof. For a, b ∈ Z[i], write z = b
a . Then ∃q ∈ Z[i] : |z − q| ≤

√
2
2 . (Think of the lattice). Now let

r = b− qa, then N(r) = N(b− qa) = N(a)N(z − q) < N(a). □

Theorem 1.2.6. Every euclidean domain is a PID (hence a UFD).

Proof. Let I ⊂ R be an ideal of a euclidean domain R. If I = 0 then we’re done. If I ̸= 0, take
a ∈ I such that ϕ(a) is minimal. For a contradiction, suppose ∃b ∈ I\(a), then in particular a ∤ b, so
∃q, r ∈ R : b = qa+ r with ϕ(r) < ϕ(a), but r = b− qa ∈ I. □
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Remark 1.2.7. Note that the proof of 1.2.5 relies on the lattice of Z[i], which makes sure that any point
in the ambient complex plane is close enough (to be precise, distance is less than 1) to a point on Z[i].

The maximal such distance on the lattice Z
[
i
√
k
]

is
√(

1
2

)2
+
(√

k
2

)2
=

√
1+k
2 , hence by the same proof,

Z
[
i
√
k
]

is a euclidean domain for k < 3.

Definition 1.2.8. Let R be a domain with field of fractions K. We say R is integrally closed if for every
monic f ∈ R[x] and a

b ∈ K, we have f
(
a
b

)
= 0 =⇒ a

b ∈ R.

Lemma 1.2.9. Every UFD is integrally closed.

Proof. Let R be a UFD with field of fractions K. Take a
b ∈ K such that

∃a0, . . . , an−1 ∈ R :
(a
b

)n
+ an−1

(a
b

)n−1

+ · · ·+ a0 = 0,

and (up to unit) a and b have no common factor (we can do this since R is a UFD). Then we have

an = −b(an−1a
n−1 + · · ·+ a0b

n−1),

so b | an, hence our assumption forces b ∈ R×, so a
b ∈ R as desired. □

Corollary 1.2.10. Z
[
i
√
k
]

is not a euclidean domain for k > 0 with k ≡ 3mod 4.

Proof. We show that such Z
[
i
√
k
]

is not integrally closed, hence not a UFD, so not a euclidean domain:

take 1+i
√
k

2 /∈ Z
[
i
√
k
]
, which is a root of x2 − x+ 1+k

4 ∈ Z
[
i
√
k
]
[x]. □

Week 3, lecture 1, 20 January 2025

2. Algebraic integers

Lemma 2.0.1 (Gauss). If g, h ∈ Q[x] are monic polynomials with gh ∈ Z[x], then gh ∈ Z[x].

Definition 2.0.2. α ∈ C is algebraic if there is a nonzero f ∈ Q[x] such that f(α) = 0.
α is an algebraic integer if there is a monic nonzero f ∈ Z[x] such that f(x) = 0.

Definition 2.0.3. Given an algebraic element α, consider I = {f ∈ Q[x] : f(α) = 0} ⊂ Q[x]. Clearly
this is is an ideal, and since Q[x] is a PID, write I = (mα) where mα is monic and called the minimal
polynomial of α.

Proposition 2.0.4. Let α ∈ C be an algebraic element with minimal (monic) polynomial mα ∈ Q[x].
Then α is an algebraic integer iff mα ∈ Z[x].

Proof. The ⇐= follows immediately from definition.
Conversely, suppose α is an algebraic integer and let f ∈ Z[x] be monic with f(α) = 0. By definition

of minimal polynomial, ∃g ∈ Q[x] : f = gmα. Since f,mα are monic, g is monic, so by Gauss lemma,
g,mα ∈ Z[x]. □

Example 2.0.5. Let α ∈ Q, then mα(x) = x− α, so α is an algebraic integer iff α ∈ Z, i.e. the algebraic
integers of rationals are exactly the (usual) integers.

2.1. Quadratic numbers.

Definition 2.1.1. α ∈ C is a quadratic integer if mα ∈ Z[x] and has degree 2.
Any quadratic integer lies in a quadratic field Q

(√
d
)
=
{
a+ b

√
d : a, b ∈ Q

}
.

Recall that if d ∈ Z, d ̸= 0, 1,−1 is square free, then Q
(√

d
)
⊋ Q and if d1 ̸= d2 satisfy the same

conditions, then Q
(√

d1

)
̸= Q

(√
d2

)
. We now want to understand algebraic integers in Q

(√
d
)
.

Definition 2.1.2. Define the trace function by tr : Q
(√

d
)
→ Q : α 7→ α+ α.

Note that if α ∈ Q
(√

d
)
, then p(x) = x2 − tr(α)x + N(α) ∈ Q[x] is a polynomial that vanishes at

α. If α /∈ Q, then p(x) = mα(x), hence α is an algebraic integer iff tr(α), N(α) ∈ Z, i.e. if one writes
α = a+

√
db, then the conditio nis 2a, a2 − db2 ∈ Z.

Write a′ = 2a, b′ = 2b. Then a′ ∈ Z, and a′2 − db′2 = 4a2 − d4b2 ∈ 4Z. But then in particular db′2 ∈ Z,
and since d is squarefree, b′ ∈ Z. Modulo 4 we have a′2 ≡ db′2 mod4, so:
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(1) If a′ is even then db′ ≡ 0mod 4, but d is squarefree, so b′ is even as well, hence a, b ∈ Z, then α is
an algebraic integer;

(2) or, if a′ is odd, then db′ ≡ 1mod 4 hence b′ can’t be even, so b′ is odd as well and b′2 ≡ 1mod 4,
hence d ≡ 1mod 4.

We therefore found that algebraic integers of Q
(√

d
)

are

Od =


{
a+ b

√
d : a, b ∈ Z

}
= Z

[√
d
]

if d ̸= 1mod 4{
a′ + b′

√
d

2
: a′, b′ ∈ Z, a′ ≡ b′ mod2

}
= Z

[
1 +

√
d

2

]
if d = 1mod 4

2.2. Algebraic integers in C form a ring.

Proposition 2.2.1. Let α ∈ C. The following are equivalent.
(1) α is an algebraic integer.
(2) Z[α] is finitely generated as an additive abelian group.
(3) There is a nonzero, finitely generated subgroup M ⊂ C such that α ·M ⊂ M .

Remark 2.2.2. (1) We usually say Z[α] is defined to be the smallest subring of C containing Z and
α, but it can also be formally described as {f(α) : f ∈ Z[x]}, or the image of the evaluation map
Z[x] → C : x 7→ α.

(2) An abelian group M is finitely generated if

∃m1, . . . ,mn ∈ M : ∀m ∈ M,m = λ1m1 + · · ·+ λnmn, λi ∈ Z.

Proof of 2.2.1. 1 =⇒ 2: let a0, . . . , an−1 ∈ Z such that

(∗) αn + an−1α
n−1 + · · ·+ a0 = 0.

We want to show that {1, α, . . . , αn−1} generates Z[α] as an abelian group. We know {αk : k ∈ N} surely
generates Z[α]. It now suffices to show αK can be expressed as a Z-linear combination of {1, . . . , αn−1} if
k ≥ n. We prove this by induction on k. If k = n then the desired is immediate from (∗). Now suppose
αk =

∑n−1
i=0 ciα

i, ci ∈ Z. Then

αk+1 =

n−2∑
i=0

ciα
i+1 + cn−1α

n =

n−2∑
i=0

ciα
i+1 + cn−1(−an−1α

n−1 − · · · − a0).

2 =⇒ 3: One has αZ[α] ⊂ Z[α].
3 =⇒ 1: let m1, . . . ,mn be generators of M and αM ⊂ M . Then αmi =

∑n
j=1 aijmj , aij ∈ Z. Let

A = (aij) ∈ Mn×n(Z). Then there is a surjective ring morphism p : Zn → M :

a1
...
an

 7→
∑

i aimi and for

every a ∈ Zn we have αp(a) = α (
∑n

i=0 ami) p(Aa).
We claim that ∀f ∈ Z[x], one has f(α)p(a) = p(f(α)a).
Consider the characteristic (monic) polynomial χA(x) = det(xI − A) ∈ Z[x] of A. By Cayley–

Hamilton, χA(A) = 0, then χA(α)M = 0 since each m ∈ M is some p(a), so (if we believe the claim)
χA(α)p(a) = p(χA(α)a) = 0. But since M ̸= 0, it must be χA(α) = 0, so α is an algebraic integer.

Week 3, lecture 2, 21 January 2025

It remains to prove the claim. Note that we do have

αp(b) =

n∑
i=1

αmibi =

n∑
i,j=1

aijmjbi =

n∑
j=1

(
k∑

i=1

aijbi

)
mj = p(Ab).

Since p is a ring morphism, we have λp(b) = p(λb)∀λ ∈ Z, and for any n ∈ Z>0, we have

αnp(b) = αn−1αp(b) = αn−1p(Ab) = · · · = p(Anb),

hence the claim is proved. □

Theorem 2.2.3. (1) If α, β are algebraic integers, then so are α+ β, α− β, αβ.
(2) If f(x) = xn + an−1x

n−1 + · · · + a0 with ai ∈ C algebraic integers, then every root of f is an
algebraic integer.

Remark 2.2.4. (1) Denote the set of algebraic integers of C by Z. 1 is telling us that Z is a ring.
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(2) 2 is telling us that we don’t get anything new if we consider roots of monic polynomials whose
coefficients are algebraic integers.

Proof of 2.2.3. (1) Consider

Z[α, β] =
{∑

aijα
iβj : aij ∈ Z

}
,

which is generated as an abelian group by
{
αi, βj : i, j ≥ 0

}
. If α satisfies a monic polynomial with

integer coefficients of degree n and β of m, then
{
αiβj : 0 ≤ i ≤ n, 0 ≤ j ≤ m

}
generates Z[α, β]

by the same argument in the proof of 2.2.1. Now for any γ ∈ Z [α, β], we have γZ [α, β] ⊂ Z [α, β],
so γ is an algebraic integer, so in particular α+ β, α− β, αβ ∈ Z [α, β] are algebraic integers.

(2) Let α ∈ C such that ∃an−1, . . . , a0 ∈ C algebraic integers such that αn + an−1α
n−1 + · · ·+ a0 = 0.

Consider Z[a0, . . . , an−1, α], which is again finitely generated by our familiar argument. Clearly

αZ[a0, . . . , an−1, α] ⊂ Z[a0, . . . , an−1, α],

so α is an algebraic integer.
□

2.3. Number fields.

Definition 2.3.1. By number field, we mean a subfield K ⊂ C which is finitely dimensional as a Q-vector
space. This dimension is called the degree of K and denoted by [K : Q].

Example 2.3.2. Given an algebraic integer α ∈ C we have the number field Q(α), the smallest subfield
of C containing Q and α. If mα has a degree n, then {1, α, . . . , αn−1} is a basis of K as a Q-vector space,
and hence [K : Q] = n. This together with primitive element theorem (see MATH70037 Galois theory)
makes things easier.

Definition 2.3.3. Given a number field K, we denote the set of algebraic integers in K by OK (= Z∩K)
and call it the ring of integers of K.

Remark 2.3.4. Note that the field of fractions of OK is precisely K. It’s enough to show that
∀α ∈ K, ∃λ ∈ Z : λα ∈ OK . This implies Frac(OK) ⊃ OK , and the other inclusion is trivial.

Let α ∈ K. Then ∃a0, . . . , an−1 ∈ Q : αn + an−1α
n−1 + · · · + a0 = 0. Let λ = lcm(an−1, a0), then

p(x) = xb + λ(an−1x
n−1 + · · ·+ a0) ∈ Z[x] and p(λα) = 0, so λα is an algebraic integer.

Proposition 2.3.5. If K is a number field, then OK is integrally closed.

Proof. This follows immediately from 2.2.3.2. □

Corollary 2.3.6. Let K be a number field O ⊂ OK any subring with Frac(O) = K. Then O ⊊ OK is
not integrally closed.

Proof. Take α ∈ OK\O, then it satisfies a monic f ∈ Z[x] ⊂ O[x]. □

Definition 2.3.7 (Formal definition of norm and trace). Let K be a number field. For α ∈ K, consider
the map multα : K → K : x 7→ αx as an endomorphism of Q-vector spaces. Define NK(α) = detmultα
and trK(α) = trmultα.

This doesn’t depend on choice of basis of K.

Remark 2.3.8 (Properties of norm and trace that follow from definition).
(1) ∀λ ∈ Q, trK(λa) = λ trK(a).
(2) ∀α, β ∈ K, trK(α+ β) = trK(α) + trK(β).
(3) ∀α, β ∈ K, NK(αβ) = NK(α)NK(β).

Exercise 2.3.9. Verify that this formal definition matches the definitions we gave earlier for K = Q
(√

d
)
.

Example 2.3.10. Let K = Q
(

3
√
2
)
. Compute trK

(
3
√
2
)

and NK

(
3
√
2
)
.

Let 1, 3
√
2, 3

√
4 be a basis of K. Then mult 3√2 corresponds to the matrix

0 0 2
1 0 0
0 1 0

 with trace 0 and

determinant 2.

Proposition 2.3.11. Let α ∈ C be an algebraic number with mα(x) = xn + an−1x
n−1 + · · ·+ a0. Then

trQ(α)(α) = −an−1 and NQ(α)(α) = (−1)na0.
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Proof. Take the basis 1, α, . . . , αn−1 for Q(α) and write αn + an−1α
n−1 + · · · + a0 = 0. Then multα

corresponds to the matrix


0 0 0 0 −a0
1 0 0 0 −a1
0 1 0 0 −a2

0
. . . 0

...
0 0 · · · 1 −an−1

, from which we can read off the desired result. □

Remark 2.3.12. If α is an algebraic integer, then mα ∈ Z[x] so in particular trQ(α)(α), NQ(α)(α) ∈ Z.

Week 3, lecture 3, 22 January 2025

Lemma 2.3.13 (Tower law). Let K ⊂ L ⊂ M be inclusion of fields and suppose [M : L], [L : K] are
finite. Then [M : K] = [M : L][L : K]. More precisely, if α1, . . . , αn is a basis for L as a K-vector space
and β1, . . . , βm a basis for M as a L-vector space, then αiβj : 1 ≤ i ≤ n, 1 ≤ j ≤ m is a basis for M as a
K-vector space.

Proof. Omitted. □

Proposition 2.3.14. Let K be a number field. For α ∈ K, we have trK(α) = |K : Q(α)| trQ(α)(α) and
NK(α) = NQ(α)(α)

|K:Q(α)|.

Proof. Write n = degmα = [Q(α) : Q] and m = [K : Q(α)]. Let β1, . . . , βm be a basis of K as a
Q(α)-vector space. By the tower law,

β1, αβ1, . . . , α
n−1β1, β2, . . . , . . . , α

n−1βm

is a basis of K as a Q-vector space. Then ∀i = 1, . . . ,m, the subspace spanned by βi, αβi, . . . , α
n−1βi is

closed under multα, moreover, on these subspaces, the matrix again has the form


0 0 0 0 −a0
1 0 0 0 −a1
0 1 0 0 −a2

0
. . . 0

...
0 0 · · · 1 −an−1

,

and so the matrix of multα on the whole K has a block diagonal form with m blocks. □

Recall that an abelian group can be alternatively thought as a Z-module, and we say Z-module is free
of rank n if it’s isomorphic (as Z-modules, or as abelian groups) to Zn.

Theorem 2.3.15 (Structure theorem, weak form). Let M be a free Z-module of rank n and M ′ ⊂ M a
submodule. Then M ′ is free of rank q ≤ n.

Proof. We prove by induction on n. By assumption M ∼= Zn, so WLOG suppose M = Zn. For every i,
define pi : Zn → Z to be the projection into the ith coordinate. If M ′ = 0 then we are done, so suppose
M ′ ̸= 0, then ∃i : pi(M ′) ̸= 0, so ∃β ∈ Z : pi(M

′) = β. This means ∃b ∈ M ′ : (β) = (pi(b)). Write
N = ker pi. We claim M ′ = bZ⊕M ′ ∩N . Note that M ′ ∩N ⊂ N ∼= Zn−1, so by inductive hypothesis
M ′ ∩N is free of rank ≤ n− 1. Clearly bZ is free of rank 1, so it remains to prove the direct sum.

First observe that bZ ∩ (M ′ ∩ N) = {0}. Indeed, if m ∈ bZ then m = bk for k ∈ Z, but m ∈ N , so
pi(m) = pi(bk) = kpi(b) = 0, but we assumed pi(b) ̸= 0, so k = 0 and m = 0.

Now let m ∈ M ′. Then pi(m) ∈ pi(M
′) = (pi(b)), so pi(m) = kp(b) for some k ∈ Z. Hence

pi(m− kb) = 0, i.e. m− kb ∈ M ′ ∩N . □

Theorem 2.3.16 (Structure theorem, strong form). Let M be a free Z-module of rank n and let M ′ ⊂ M
be a submodule. If M ′ is not zero, then there is a basis {e1, . . . , en} of M and a1, . . . , aq ∈ Z\{0} with
q ≤ n such that {a1e1, . . . , aqeq} is a basis for M ′ as Z-module and a1 | a2 | · · · | aq.

Theorem 2.3.17 (Smith normal form). Let A be a nonzero m× n matrix with coefficients in Z. Then

∃S ∈ GLm(Z), T ∈ GLn(Z), r, d1, . . . , dr ∈ Z>0 such that SAT =

(
diag(d1, . . . , dr) 0

0 0

)
with d1 | · · · | dr.

Lemma 2.3.18. Let α1, . . . , αn ∈ K be a basis of K as a Q-vector space. Then detA ̸= 0 where A is the
matrix (trK(αiαj)ij).

Proof. Consider the linear transformation A : Qn → Qn associated to the matrix A. It’s enough to show

that A is injective by the rank–nullity theorem. Let c =

c1
...
cn

 ∈ kerA, i.e. Ac = 0. The ith entry of Ac
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is
n∑

j=1

trK(αiαj)cj =

n∑
j=1

trK(αiαjcj) = trK

 n∑
j=1

cjαiαj

 = 0 ∀i = 1, . . . , n

Denote
∑n

j=1 cjαj by α, then the above is trK(ααi) = 0. Let β ∈ K, then β = d1α1 + · · · + dnαn, so
trK(αβ) =

∑n
i=1 di tr(ααi) = 0. But now take β = α−1, then trK(αβ) = trK(1) = n, a contradiction. So

α = 0 and hence cj = 0 ∀j = 1, . . . , n since αj is linearly independent, i.e. c = 0. □

Theorem 2.3.19. Let K be a number field. Then as a group under addition, OK is free of rank [K : Q].

Proof. Let α1, . . . , αn ∈ OK be a basis of K as a Q-vector space. (We can do this by Frac(OK) = K so
we can keep multiplying a basis of K by integers to make them in OK). Then every element α ∈ OK can
be written as c1α1 + · · ·+ cnαn for some ci ∈ Q. We want to bound denominators of ci’s. If we can do it
then

Zn ⊂ Zα1 ⊕ · · · ⊕ Zαn ⊂ OK ⊂ Z
α1

d
⊕ · · · ⊕ Z

αn

d
∼= Zn,

so by the weak form of structure theorem, OK is free of rank ≥ n and ≤ n, so n.

By 2.3.18, A = (trK(αiαj)ij) is invertible, hence write A

c1
...
cn

 =

m1

...
mn

, i.e.

c1
...
cn

 = A−1

m1

...
mn

.

Pick d ∈ Z such that dA−1 ∈ Mn(Z). □

Week 4, lecture 1, 27 January 2025: problem class (sheet 1)

Exercise 2.3.20. (1) Find all irreducible elements of Z
[
i
√
2
]
. Characterise all integers n of the form

n = a2 + 2b2.
Solution. We know that Z

[
i
√
2
]

is a euclidean domain, so primes are precisely irreducibles.
The main idea is to use the norm function N : Z

[
i
√
2
]
→ Z≥0.

Recall that

Z
[
i
√
2
]×

=
{
α ∈ Z

[
i
√
2
]
: N(α) = 1

}
=
{
a+ i

√
2b : a, b ∈ Z, a2 + 2b2 = 1

}
= {±1},

and that N is multiplicative. We claim that
(a) if α ∈ Z

[
i
√
2
]

has N(α) = p for some prime p, then α is irreducible, and
(b) p ∈ Z prime is reducible in Z

[
i
√
2
]
⇐⇒ ∃α ∈ Z

[
i
√
2
]
: N(α) = p.

Indeed,
(a) Write α = βγ where β, γ ∈ Z

[
i
√
2
]
, then p = N(α) = N(β)N(γ) ∈ Z, so either N(β) or

N(γ) = 1, hence either β or γ is a unit, i.e. α is irreducible.
(b) Suppose p is reducible, then write p = βγ where N(β), N(γ) ̸= 1, but then

p2 = N(p) = N(β)N(γ),

so N(β) = N(γ) = p. Now suppose N(α) = p, then p = αα where N(α) = N(α) = p, hence
p is reducible.

Now ∃α : N(α) = p ⇐⇒ ∃a, b ∈ Z : a2+2b2 = p. Note that p cannot divide a and b both since
if so then p2 | a2+2b2 = p, a contradiction, hence we have a2+2b2 ≡ 0mod p, i.e. −2 ≡

(
a
b

)2
mod p.

This only happens if p ≡ 1, 3mod 8. Conversely, suppose p ≡ 1, 3mod 8, then −2 is a square mod
p, i.e. ∃x ∈ Z : −2 ≡ x2 mod p, so x2 + 2 ≡ 0mod p, hence p | x2 + 2 =

(
x+ i

√
2
) (

x− i
√
2
)
, and

clearly p ∤ x± i
√
2 since x+i

√
2

p /∈ Z
[
i
√
2
]
, so p is not prime, thus p is reducible.

From the above we can make a list of irreducibles of Z
[
i
√
2
]
:

• p = 2, then p = N(i
√
2), so i

√
2 is irreducible,

• p is an odd prime and p ≡ 5, 7mod 8, then p is irreducible,
• p is an odd prime and p ≡ 1, 3mod 8, then ∃α ∈ Z

[
i
√
2
]
: N(α) = N(α) = p = αα, so α, α

are irreducible.
We just proved that an odd prime p can be written as p = a2 + 2b2 iff p ≡ 1, 3mod 8, and if
p ≡ 5, 7mod 8 then p2 can be written in the same form. But using that the norm is multiplicative,
we conclude that n can be written in the same form iff ∀p | n with p ≡ 5, 7mod 8, we have p2 | n.

(2) Show that O = Z
[
1+i

√
19

2

]
is not euclidean by these steps:

(a) Assume that a euclidean norm λ : O\{0} → Z>0 such that λ(a) ≤ λ(ab) ∀a, b ∈ O exists.
Describe the set of elements in O\{0} for which λ is minimal.

(b) Compute O×.
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(c) Show that 2 and 3 are irreducible.
(d) For a ∈ O\{0} such that λ(a) is the second smallest value, describe O/aO.
(e) Deduce a | 2 or a | 3 a reach a contradiction.

Solution.
(a) We claim this is precisely O×. Note that 1a = a, so λ(1) ≤ λ(a) ∀a ∈ O, and λ(1) = 1, but

λ(u) = 1 ⇐⇒ u ∈ O×.
(b) One has

O× = {α ∈ O : N(α) = 1} =

{
a+ bi

√
19

2
: a, b ∈ Z,

a2 + 19b2

4
= 1

}
= {±1}.

(c) If 2 is not irreducible, then ∃α ∈ O : N(α) = 2, but a2 + 19b2 = 2 has no integer solutions.
Same for 3.

(d) Take b ∈ O and write b = aq + r with the condition: either r = 0 or λ(r) < λ(a) (possible by
definition of euclidean norm), but then by definition of a we have λ(r) = 1, so O/aO = {0,±1},
hence O/aO is either Z/2Z or Z/3Z.

(e) If O/aO = Z/2Z, then a | 2, and if O/aO = Z/3Z then a | 3. But we claim O/2O has 4
elements, contradicting that O/aO ↠ O/2O surjectively. Consider O as Z[x]/(x2 − x− 5).
But then O/2O = Z[x]/(x2 −x− 5, 2) = Z[x]/(x2 +x+1, 2) = {c+ dx : c, d ∈ Z/2Z}, which
has 4 elements as claimed. Same for O/3O.

Week 4, lecture 2, 28 January 2025

Definition 2.3.21. Let K be a number field. An embedding of K is a ring homomorphism τ : K → C.
Write ΣK for the set of embeddings of K.

Remark 2.3.22. (1) Recall that homomorphisms of fields are automatically injective.
(2) We defined number fields as subfields K ⊂ C finitely generated over Q. Hence incl : K ↪→ C is an

embedding.

Proposition 2.3.23. Let α be algebraic with mα(x) of degree n. Then
∣∣ΣQ(α)

∣∣ = n = [Q(α) : Q].
Moreover, for each distinct roots α1, . . . , αn of mα(x), there is an embedding τi : Q(α) → C : α 7→ αi.

Proof. Recall that Q(α) ∼= Q[x]/(mα(x)), and since mα is by definition irreducible, it’s separable, i.e. it
has degmα = n distinct roots.

To give a ring homomorphism from Q(α) to C is precisely giving the image of x of the map
Q[x]/(mα(x))

ϕ−→ C (since it must map 1 to 1, it’s identity on Q). But since kerϕ = (mα(x)), it
follows that ϕ(mα(x)), and since ϕ is a homomorphism, mα(ϕ(x)) = 0, hence ϕ(x) can only be one of the
n roots of mα. □

Example 2.3.24. If K = Q
(√

d
)
, then m√

d(x) = x2 − d which has roots ±
√
d, hence

ΣQ(
√
d) =

{
τ1 : Q

(√
d
)
→ C :

√
d 7→

√
d, τ2 : Q

(√
d
)
→ C :

√
d 7→ −

√
d
}
.

Remark 2.3.25. Recall that if mα(x) = xn + an−1x
n−1 + · · · + a0, then trQ(α)(α) = −an−1 and

NQ(α)(α) = (−1)na0, but if we factorise mα(x) and write it as
∏n

i=1(x− αi), then

trQ(α)(α) =

n∑
i=1

αi =

n∑
i=1

τi(α), NQ(α)(α) =

n∏
i=1

αi =

n∏
i=1

τi(α).

We now want to do this for a general number field K instead of Q(α).

Lemma 2.3.26. Let K be a number field and fix an embedding τ0 : K → C. Let α be algebraic, then
there are [K(α) : K] embeddings τ : K(α) → C that restrict to τ0.

Proof. Omitted; very similar to proof of 2.3.23. □

Corollary 2.3.27. Let K ⊂ L be number fields and τ0 : K → C be an embedding. Then there are
|L : K| embeddings τ : L → C that restrict to τ0.

Proof. We prove by induction on [L : K]|. If [L : K] = 1 then L = K and there’s nothing to prove. Now
if [L : K] > 1, pick α ∈ L\K, then K ⊊ K(α) ⊂ L and by the tower law, [L : K(α)] < [L : K]. Then
τ0 extends to [K(α) : K] embeddings τ1 : K(α)) → C by 2.3.26, each of which extends to [L : K(α)]
embeddings by the inductive hypothesis. □
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Theorem 2.3.28. Let K be a number field. Then for α ∈ K we have

trK(α) =
∑

τ∈ΣK

τ(α), NK(α) =
∏

τ∈ΣK

τ(α).

Proof. We already have trK(α) = [K : Q(α)] trQ(α)(α), so

trK(α) = [K : Q(α)]
∑

τ0∈ΣQ(α)

τ0(α) =
∑

τ∈ΣK

σ(α)

since each τ0 ∈ ΣQ(α) extends to [K : Q(α)] embeddings that agree with τ0 on Q(α), in particular on α,
and K does have [K : Q(α)]

∣∣ΣQ(α)

∣∣ by the primitive element theorem, tower law and 2.3.23.
Similarly for the norm. □

Proposition 2.3.29. Let K be a number field and α ∈ OK . Then α ∈ O×
K ⇐⇒ N(α) ∈ Z× = {±1}.

Proof. If α ∈ O×
K , ∃β ∈ OK : αβ = 1, so N(α)N(β) = 1 where N(α) ∈ Z by 2.3.12, so N(α) = ±1. (We

didn’t need the embeddings for this direction.)
Now if N(α) = ±1, then ∏

τ∈ΣK

τ(α) = α
∏

τ∈ΣK\{id}

τ(α).

Now define β = N(α)
∏

τ∈ΣK\{id} τ(α) ∈ OK (since τ(α) satisfy the minimal polynomial of α, which is
an algebraic integer), then αβ = N(α)2 = 1. □

Week 4, lecture 3, 29 January 2025

2.4. Discriminant and basis.

Definition 2.4.1. Let K be a number field of degree n = [K : Q].
Define the discriminant of α1, . . . , αn ∈ K as

disc(α1, . . . , αn) = det(trK(αiαj)ij) ∈ Q.

Example 2.4.2. Consider K = Q
(√

d
)

with d ̸≡ 1mod 4. We calculate the discriminant of integral

basis {1,
√
d} of Z

[√
d
]
:

disc
(
1,
√
d
)
=

(
2 0
0 2d

)
= 4d.

Now OK = Z
[
1+

√
d

2

]
has integral basis 1, 1+

√
d

2 . We calculate

disc

(
1,

1 +
√
d

2

)
= det

(
2 1
1 1+d

2

)
= d.

Remark 2.4.3. We have seen (2.3.18) that if α1, . . . , αn is a Q-basis of a number field K then
disc(α1, . . . , αn), and clearly if α1, . . . , αn ∈ OK then disc(α1, . . . , αn) ∈ Z.

Lemma 2.4.4. Suppose α1, . . . , αn, β1, . . . , βn ∈ K such thatβ1

...
βn

 = S

α1

...
αn

 , S ∈ Mn(Q),

then disc(β1, . . . , βn) = (detS)2 disc(α1, . . . , αn).

Proof. Write A = (trK(αiαj)ij), B = (trK(βiβj)ij) and S = (sij), then

trK(βiβj) =

n∑
k,l=1

sik trK(αkαl)sjl,

i.e. B = SASt, so taking determinants on both sides gives the desired. □

Corollary 2.4.5. If α1, . . . , αn ∈ OK and β1, . . . , βn ∈ OK are Z-basis of OK as an abelian group, then
disc(α1, . . . , αn) = disc(β1, . . . , βn).

Proof. In this case, the change of basis matrix S ∈ GLn(Z), so detS = ±1. □
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Definition 2.4.6. Define the discriminant of a number field K to be DK = disc(α1, . . . , αn) where
α1, . . . , αn is any Z-basis of OK . More generally, for a free abelian subgroup G of OK , define disc(G) to
be the discriminant of any of G’s Z-basis (allowed by 2.3.16).

Proposition 2.4.7. Suppose M ⊂ N are free abelian subgroups of OK of rank n. Then

disc(M) = [N : M ]2 disc(N).

(Note that [N : M ] denotes the index of M as a subgroup of N , and not degree of field extension).

Proof. Let α1, . . . , αn be a basis of N and d1α1, . . . , dnαn be a basis of M where d1, . . . , dn ∈ Z. Then

disc(M) = det(trK(diαidjαj))ij = (di · · · dn)2 disc(N),

and since
N/M =

Zα1 ⊕ · · · ⊕ Zαn

Zd1α1 ⊕ · · · ⊕ Zdnαn

∼= Z/dnZ⊕ · · · ⊕ Z/dnZ,

one has [N : M ] = d1 · · · dn. □

Remark 2.4.8. In particular, if M ⊂ OK is free of rank n, then DK | disc(M). Also, if p | [OK : M ],
then p2 | disc(M). Most importantly, if disc(M) is squarefree, then M = OK . Hence, if α1, . . . , αn ∈ OK

satisfies that disc(α1, . . . , αn) is squareefree, then it is a Z-basis of OK .
For example, we know that 1,

√
d is not a Z-basis of Z

[√
d
]

if d ≡ 3mod 4, and indeed as calculated

before, disc
(
1,
√
d
)
= 4d is not squarefree.

Proposition 2.4.9. Let K be a number field with ΣK = {τ1, . . . , τn}. Then for α1, . . . , αn ∈ K,

disc(α1, . . . , αn) = det(τi(αj)ij)
2.

Proof. Let A = (trK(αiαj)ij) and T = (τi(αj)ij). We have

trK(αiαj) =

n∑
l=1

τl(αiαj) =

n∑
l=1

τl(αi)τl(αj),

which is the i, jth entry of T tT . □

Remark 2.4.10. Consider K = Q(α) with mα(x) = (x− α1) · · · (x− αn). Take 1, α, . . . , αn−1 to be a
Q-basis of K. Then τ1, . . . , τn satisfy τi(α) = αi. Now suppose α = α1, then

disc(1, α, . . . , αn−1) = det


1 α1 · · · αn−1

1

1 α2 · · · αn−1
2

...
...

. . .
...

1 αn · · · αn−1
n


2

=
∏

1≤i,j≤n

(αi − αj)
2.

(Recall the Vandermonde matrix.)

Proposition 2.4.11.
disc(1, α, . . . , αn−1) = (−1)

n(n−1)
2 NQ(α)(m

′
α(α)).

Proof. Note that

NQ(α)(m
′
α(α)) =

n∏
i=1

τi(m
′
α(α)) =

n∏
i=1

m′
α(τi(α)) =

n∏
i=1

m′
α(αi),

and the desired is clear if we write mα(x) = (x− α1) · · · (x− αn). □

3. Unique ideal factorisation

3.1. Prime ideals in OK .

Definition 3.1.1. Let R be a ring. A subgroup under addition I ⊂ R is an ideal if ra ∈ I ∀r ∈ R, a ∈ I.

Remark 3.1.2. Given an ideal I ⊂ R we can form the quotient ring R/I. Denote the coset r + I by [r].

Definition 3.1.3. Given S ⊂ R, denote by (S) the smallest ideal containing S, or the ideal generated by
S. Explicitly,

(S) =

{∑
i

risi : ri ∈ R, si ∈ S

}
.

An ideal I is principal if one can write I = (S) where |S| = 1.
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Definition 3.1.4. Given I, J ∈ R ideals, define

I + J = {a+ b : a ∈ I, b ∈ J} and IJ =

{∑
i

aibi : ai ∈ I, bi ∈ J

}
= ({ab : a ∈ I, b ∈ J}) .

These two with I ∩ J are all ideals.

Definition 3.1.5. An ideal I ⊂ R is prime if ab ∈ I =⇒ a or b ∈ I.

Proposition 3.1.6. An ideal I ⊂ R is prime ⇐⇒ R/I is a domain.

Example 3.1.7. Recall that R = Z
[√

−5
]

is not a UFD since 6 = 2× 3 =
(
1 +

√
−5
) (

1−
√
−5
)
. Now

let p2 =
(
2, 1 +

√
−5
)
, p3 =

(
3, 1 +

√
−5
)
, p3 =

(
3, 1−

√
−5
)
. We will see that p22 = (2) and p3p3 = (3),

and p2 is a prime ideal. Also, p2 is not principal; indeed, assume p2 = (α) where α ∈ Z
[√

−5
]
, but then

p22 = (α2) = (2), so N(α)2 = N(2) = 4, hence N(α) = 2, but a2 + 5b2 = 2 has no Z solutions.
p2 is prime: consider Z

[√
−5
]

as Z[t]/(t2 + 5) by
√
−5 → t, then p2 is (2, 1 + t) and so Z

[√
−5
]
/p2 is

Z[t]/(t2 + 5, 2, 1 + t) = Z/2Z[t]/(t2 − 1, t+ 1) = Z/2Z[t]/(t+ 1) = Z/2Z,
which is a domain.

p3p3 = (3): we prove the equality (
9, 3− 3

√
5, 3 + 3

√
6
)
= (3).

Clearly
(
9, 3− 3

√
5, 3 + 3

√
6
)
⊂ (3) since 9, 3− 3

√
5, 3 + 3

√
6 ∈ (3), and since 9− 6 = 3 we also have the

other inclusion.

Week 5, lecture 1, 3 February 2025

Remark 3.1.8. Denote the ideal generated by a1, . . . , an ∈ R by (a1, . . . , an) ⊂ R. Then note that

(a1, . . . , an) + (b1, . . . , bm) = (a1, . . . , an, b1, . . . , bm)

and
(a1, . . . , an)(b1, . . . , bm) = ({aibj} : i = 1, . . . , n, b = 1, . . . ,m) .

3.2. Dedekind domains.

Definition 3.2.1. A domain R is a Dedekind domain if
(1) R is integrally closed;
(2) Every nonzero prime ideal is maximal;
(3) R is noetherian.

Lemma 3.2.2. Let I ⊂ OK be a nonzero ideal. Then I has finite index in OK , i.e. [OK : I] = |OK/I| is
finite.

Proof. Let 0 ̸= α ∈ I. Then (NK(α)) ⊂ (α) ⊂ I. Indeed, we have NK(α) = α
∏

τ ̸=id τ(α), so it
suffices to show β :=

∏
τ ̸=id τ(α) ∈ OK , i.e. β ∈ K and it’s an algebraic integer. But this is clear since

β = NK(α)
α ∈ K and it’s a product of algebraic integers (homomorphisms preserve algebraic integers).

In particular, we now have [OK : I] ≤ [OK : (NK(α))]. It suffices to show OK/N is finite for any
N ̸= 0 ∈ Z, but by 2.3.19 one has OK

∼= Zn so OK/N ∼= Zn/N ∼= (Z/NZ)n which has size Nn, in
particular finite. □

Proposition 3.2.3. If K is a number field, then OK is a Dedekind domain.

Proof. (1) This follows immediately from definition of ring of integers: it’s precisely roots of monic
integer polynomials.

(2) If p ⊂ OK be a nonzero prime ideal, then OK/p is a finite domain, hence a field, thus p is maximal.
(3) Let I1 ⊊ I2 ⊊ · · · be an ascending chain of ideals in OK . Then [OK : I1] > [OK : I2] > · · · ,

where all [OK : Ii] by previous lemma are positive integers, hence there is a least [OK : Ii] by
well-ordering principle, so the chain stabilises at Ii.

□

Proposition 3.2.4. Every PID is a Dedekind domain.

Proof. (1) This follows from 1.1.10 and 1.2.9.
(2) Let (a) ⊂ R be a nonzero prime ideal, then a is prime, so by 1.1.6 a is irreducible, so (a) is

maximal; indeed, assume (a) ⊂ (c) ⊂ R, then a = cb for some b ∈ R, so c is either a unit (then
(c) = R) or c ∼ a (then (c) = (a)).
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(3) Every ideal is generated by one element, in particular by finite number of elements.
□

Remark 3.2.5. Dedekind domains also arise from algebraic geometry: the coordinate ring (ring of regular
functions) of smooth affine curves are Dedekind domains, e.g. C[x, y]/(xn + yn − 1). On the other hand,
C[x, y]/(y2 − x3) where the curve y2 − x3 is singular is not integrally closed, which is analogous to that
Z
[√

d
]

where d ≡ 1mod 4 is not integrally closed.

Week 5, lecture 2, 4 February 2025

Theorem 3.2.6. Let R be a Dedekind domain. Then any nonzero ideal I ⊊ R can be written in the form
I = p1 · · · pr where pi ⊂ R are prime ideals. Moreover, this decomposition is unique up to permutation.

Proof. We prepare the proof by three lemmas for a Dedekind domain R which we will prove later:
(1) If p is a prime ideal and I, J ⊂ R are ideals, then IJ ⊂ p =⇒ I ⊂ p or J ⊂ p.
(2) If I, J,K ⊂ R are nonzero ideals, then IK = JK =⇒ I = J .
(3) If I, J ⊂ R are nonzero ideals, then I ⊂ J ⇐⇒ ∃K ⊂ R : I = JK.

Now the proof of theorem has two parts:
(1) Existence of factorisation. Let S be the set of ideals which are not products of prime ideals. For

a contradiction, suppose S ̸= ∅. Since R is noetherian, let I be a maximal element of S. Pick p
to be a maximal ideal of R such that I ⊊ p (if I = p then I is maximal so prime so in particular a
product of prime ideals, then I /∈ S). By lemma 3, ∃J ∈ R : I = pJ . Then I ⊂ J , but I ̸= J since
if I = J then p = R. This implies J /∈ S, so J is a product of prime ideals, but then I = pJ is too.

(2) Uniqueness. If p1 · · · pr = q1 · · · qs where pi, qi’s are prime, then we can prove by induction that
r = s and p = q up to reordering. Indeed, we have q1 · · · qs = p1 · · · pr ⊂ p1, so by lemma 1 and
after necessary reordering we have q1 ⊂ p1. But they are both prime, so both maximal, hence
q1 = p1. Cancel them from the equation by lemma 2 and proceed inductively.

□

Lemma 3.2.7. Let I ⊂ R be an ideal of a Dedekind domain R and α ∈ Frac(R). If αI ⊂ I then α ∈ R.

Proof. Since R is noetherian, write I = (a1, . . . , an) where ai ∈ R. Then αaj =
∑n

i=1 cijai where cij ∈ R.
Consider the matrix A = (cij) and its characteristic polynomial χA(t) ∈ R[t]. Then χA(α)I = χA(A)I = 0,
so χA(α) = 0. Finally, since χA is monic and R is integrally closed, we have α ∈ R. □

Lemma 3.2.8. Let I ⊂ R be a nonzero ideal of a Dedekind domain R. Then there are nonzero prime
ideals p1, . . . , pr ⊂ R such that p1 · · · pr ⊂ I.

Proof. Let S be the set of nonzero ideals such that the statement of the lemma fails. Again, for a
contradiction, suppose S ̸= ∅ and let I ∈ S be a maximal element. I is not prime by construction, so
let a, b ∈ R satisfy that ab ∈ I and a, b /∈ I. Then I ⊊ (a) + I and I ⊊ (b) + I, so the lemma applies to
(a) + I and (b) + I. Write p1 · · · pn ⊂ (a) + I and q1 · · · qm ⊂ (b) + I where pi, qi’s are nonzero and prime.
But then

p1 · · · pnq1 · · · qm ⊂ ((a) + I)((b) + I) = (ab) + (a)I + (b)I + I2 ⊂ I,

a contradiction. □

Lemma 3.2.9. Lemma 1 in proof of 3.2.6.

Proof. Suppose I ̸⊂ p, i.e. ∃a ∈ I : a /∈ p. Then ab ∈ IJ ⊂ p ∀b ∈ J , so b ∈ p ∀b ∈ J since p is prime and
a /∈ p, i.e. J ⊂ p. □

Lemma 3.2.10. Let I ⊊ R be a nonzero proper ideal of a Dedekind domain R. Then ∃x ∈ Frac(R) : x /∈ R
and xI ⊂ R.

Proof. Let 0 ̸= α ∈ I. Then by 3.2.8, one can write p1 · · · pr ⊂ (α) where pi’s are nonzero and prime
and r is minimal (i.e. if we remove one pi then the inclusion fails). Let m be a maximal ideal such that
(α) ⊂ I ⊂ m. Then by previous lemma, WLOG p1 ⊂ m, but p1 is prime so it’s maximal as well, hence
p1 = m. Since r is minimal, p2 · · · pr ̸⊂ (α), so let b ∈ p2 · · · pr\(α), then bI ⊂ bm = bp1 ⊂ p1 · · · pr ⊂ (α),
so b

αI ⊂ R, where b
α is the desired x. Indeed b

α /∈ R since b ∈ (α) by construction. □

Lemma 3.2.11. Let I ⊂ R be a nonzero ideal and 0 ̸= a ∈ I. Then there is an ideal J ⊂ R such that
IJ = (a).
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Proof. We claim J = {b ∈ R : bI ⊂ (a)} is the ideal we want. First this is indeed an ideal since (a) is.
Also by construction IJ ⊂ (a), so it remains to see (a) ⊂ IJ . For a contradiction, suppose IJ ⊊ (a),
then K = 1

aIJ ⊊ R is a nonzero proper ideal. By previous lemma, let x ∈ Frac(R)\R satisfy xK ⊂ R, so
xIJ = xaK ⊂ (a). Now since a ∈ I, we have aJ ⊂ IJ , so J ⊂ K and xJ ⊂ xK ⊂ R. Let b ∈ J . Then
xb ∈ R and xbI ⊂ xJI ⊂ (a), so xb ∈ J by definition of J . This implies xJ ⊂ J , so by 3.2.7 x ∈ R, a
contradiction. □

Lemma 3.2.12. Lemma 2 in proof of 3.2.6.

Proof. By 3.2.11, let K ′ be an ideal such that KK ′ = (a) for some a ∈ K. Then

I(a) = IKK ′ = JKK ′ = J(a),

so I = J by the usual cancellation since R is a domain. □

Corollary 3.2.13. Lemma 3 in proof of 3.2.6.

Proof. ⇐= Clearly I = JK ⊂ J .
=⇒ By 3.2.11, write JJ ′ = (b) where b ∈ J , so IJ ′ ⊂ JJ ′ = (b), then take K = b−1IJ ′, and indeed

JK = b−1JJ ′I = I.
□

Week 5, lecture 3, 5 February 2025

3.3. Class groups, or how far is my Dedekind domain from a UFD?.

Definition 3.3.1. Let R be a Dedekind domain. Two nonzero ideals I, J ⊂ R are in the same class,
denoted by I ∼ J , if ∃α ∈ Frac(R)× : αI = J . The set of equivalences classes of ideals of R, denoted by
Cl(R), is called the class group of R, and the class of I ⊂ R is denoted by [I].

Remark 3.3.2. (1) By definition [I] = [R] ⇐⇒ I = αR ⇐⇒ I is principal, so all principal ideals
are in the same class (as the whole ring).

(2) Define an operation on Cl(K) by [I] · [J ] = [IJ ]. Check this is well-defined, commutative and
associative.

Proposition 3.3.3. The class group is indeed a group (and an abelian one too).

Proof. Note that the class [R] serves as the identity: [I][R] = [IR] = [I]. Then inverses exists by 3.2.11. □

Example 3.3.4. Let p2 =
(
2, 1 +

√
−5
)

and p3 =
(
3, 1 +

√
−5
)

again be ideals of Z
[√

−5
]
. Then

p3p2 =
(
6, 3 + 3

√
−5, 2 + 2

√
−5,

(
1 +

√
−5
)2)

=
(
1 +

√
−5
)

(since 6 =
(
1 +

√
−5
) (

1−
√
−5
)
. In particular [p2p3] = 1, i.e. [p2] = [p3]. Similarly p22 = (2) is principal,

so [p2] has order 2 in Cl(R). We will eventually see that this is the whole group: Cl(R) = {1, [P2]} ∼= Z/2Z.

Proposition 3.3.5. Let R be a Dedekind domain. The following are equivalent:
(1) Cl(R) = {1}.
(2) R is a PID.
(3) R is a UFD.

Proof. Clearly 1 ⇐⇒ 2.
2 =⇒ 3 is 1.1.10.
It remains to show 3 =⇒ 2. To prove R is a PID, it suffices to show that every prime ideal is principal

since then every ideal is a product of prime ideals and hence principal as well. Let p ⊂ R be a nonzero
ideal ad 0 ̸= α ∈ p. Since R is a UFD, write α = iπ1 · · ·πr where u ∈ R× and πi’s are irreducible/prime.
Then some (πi) ⊂ p, but both are maximal so (πi) = p, in particular p is principal. □

Proposition 3.3.6 (Computations with ideals). Let R be a Dedekind domain and I, J ⊂ R nonzero
ideals. Write I = pa1

1 · · · par
r and J = pb11 · · · pbrr where ai, bi’s could be 0 and pi’s are distinct prime ideals.

Then
(1) IJ = pa1+b1

1 · · · par+br
r

(2) I ⊂ J ⇐⇒ ai ≥ bi ∀i
(3) I + J = p

min{ai,bi}
1 · · · pmin{ar,br}

r

(4) I ∩ J = p
max{ai,bi}
1 · · · pmax{ar,br}

r

Proof. (1) This follows from commutativity and papb = pa+b.
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(2) Recall that I ⊂ J ⇐⇒ ∃ ideal K ⊂ R : I = JK. Write K = pe11 · · · perr K ′ for some ideal K ′ ⊂ R.
Using unique factorisation, ai = bi + ei ∀i and K ′ = R.

(3) Write I + J = pc11 · · · pcrr . Then I, J ⊂ I + J , so ci ≤ ai, bi, i.e. ci ≤ min{ai, bi}, hence

p
min{ai,bi}
1 · · · pmin{ar,br}

r ⊂ I + J

by (2). But I, J ⊂ p
min{ai,bi}
1 · · · pmin{ar,br}

r again by (2) so

I + J ⊂ p
min{ai,bi}
1 · · · pmin{ar,br}

r ,

hence equality.
(4) Again write I + J = pc11 · · · pcrr . Since I ∩ J ⊂ I, J , by (2) ai, bi ≤ ci, i.e. ci ≥ max{ai, bi}, hence

I ∩ J ⊂ p
max{ai,bi}
1 · · · pmax{ar,br}

r .

But p
max{ai,bi}
1 · · · pmax{ar,br}

r ⊂ I, J , so

p
max{ai,bi}
1 · · · pmax{ar,br}

r ⊂ I ∩ J.

□

Theorem 3.3.7 (Chinese remainder theorem). Let R be a commutative ring and I, J ⊂ R ideals. If
I+J = R then I∩J = IJ and there is an isomorphism of rings R/IJ → R/I×R/J : a+IJ 7→ (a+I, a+J).

In general if ideals I1, . . . , Ir ⊂ R satisfy Ii + Ij = R ∀i, j then
⋂

Ii =
∏

Ii and

R/I1 · · · Ir ∼= R/I1 × · · · ×R/Ir.

In particular on Dedekind domains, if p1, p2 are distinct prime ideals then necessarily pa1
1 + pa2

2 = R for
all a1, a2 ≥ 0 by 3.3.6. It follows that for a Dedekind domain R,

R/pa1
1 · · · par

r
∼= R/pa1

1 × · · · ×R/par
r

for any collection p1, . . . pr of distinct prime ideals. We will most often use particularly surjection; namely
the system of equations 

x ≡ x1 mod pa1
1

...
x ≡ xr mod par

r

is solvable.

Proposition 3.3.8. Let R be a Dedekind domain and I ⊂ R a nonzero ideal with 0 ̸= α ∈ I. Then
∃β ∈ I : I = (α, β). In particular, every ideal in R can be generated by two elements.

Proof. Write the prime factorisation I = pa1
1 · · · par

r . Then (a) = pb11 · · · pbrr qc11 · · · qcss for some distinct
prime ideals qj ’s. Since (a) ⊂ I we have bi ≥ ai. For i = 1, . . . , r clearly pai+1

i ⊊ pai
i , so let xi ∈ pai

i \pai+1
i .

And since qj ⊊ R, let xj ∈ R\qj . Now use CRT to find β ∈ R such that
β ≡ xi mod pai+1

i

...
β ≡ xj mod qj ,

in particular β /∈ pai+1
i , β ∈ pai

i and β /∈ qj . This implies in the prime factorisation of (β) we won’t see
qj ’s and pi’s are of order exactly ai, i.e. (β) = pa1

1 · · · par
r τd1

1 · · · τdk

l where τj ’s are different from pi’s and
qj ’s. Then (α, β) = (α) + (β) = p

min{ai,bi}
1 · · · pmin{ar,br}

r = pa1
1 · · · par

r = I. □

Week 6, lecture 1, 10 February 2025: problem class (sheet 2)

Exercise 3.3.9. (3) Let O−5 = Z
[√

−5
]
, p2 =

(
2, 1 +

√
−5
)
, p3 =

(
3, 1 +

√
−5
)
, p3 =

(
3, 1−

√
−5
)
.

(b) Check (2) = p22, (3) = p3p3.
(c) Show that p23 is principal and find a generator.
(d) What is O−5/p2?
(e) Prove that (7) is not prime.

Solution.
(b) Showed in class.
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(c) We can do this by hand by multiplying generators, but there is a trick. We already know
p2p3 =

(
1 +

√
−5
)

by 3.3.4. Write

2p23 = p22p
2
3 = (p2p3)

2 =
(
1 +

√
−5
)2

=
(
−4 + 2

√
5
)
= (2)

(
−2 +

√
−5
)
.

The trick is useful when we have enough information of other ideals in the class group.
(d) Similarly to before, write O−5 = Z[t]/(t2 + 5) and hence

O−5/p2 = Z[t]/(t2 + 5, 2, 1 + t) = Z/2Z[t]/(t2 − 1, 1 + t)

= Z/2Z[t]/(1 + t) = Z/2Z.

(e) We can prove this in two ways.
(i) Again, write O−5/(7) = Z[t]/(t2 + 5, 7) = Z/7Z[t]/(t2 + 5) = Z/7Z[t]/((t− 3)(t+ 3)),

which is not a domain.
(ii) 21 =

(
4 +

√
−5
) (

4−
√
−5
)
∈ (7) but

(
4 +

√
−5
)
,
(
4−

√
−5
)
/∈ (7). We can get these

two elements by mapping t− 3, t+ 3 back to O−5.
(4) Give examples of a ring that has two of the following properties but not third one: noetherian,

integrally closed, and every nonzero prime ideal is maximal (i.e. definition of a Dedekind domain).
Solution.

(a) Z[x] is noetherian by Hilbert, it’s a UFD by Gauss hence integrally closed by 1.2.9, but (x)
is prime and not maximal ((x) ⊊ (x, 2) for example).

(b) Z
[√

−3
]

is noetherian since it’s a quotient of Z[x]. For the third property, the argument
used in proof of 3.2.3 still applies. But it’s not integrally closed since 1+

√
−3

2 is a solution of
x2 − x+ 1.

(c) Z, the set of all algebraic integers in C, is clearly integrally closed. For the third property,
we need the following lemma.

Lemma 3.3.10. Let ϕ : A → B be a ring morphism. Then ∀ prime ideals p ⊂ B,
ϕ−1p = {a ∈ A : ϕ(a) ∈ p} is prime. In particular if ϕ is an embedding, denote p∩A = ϕ−1(p).

Now take p ⊂ Z be a nonzero prime ideal and assume p ⊊ q for some other prime ideal q ⊂ Z.
Then p ∩ Z, q ∩ Z are both nonzero prime ideals, so p ∩ Z, q ∩ Z are maximal hence equal to
some (p) with p prime. Now take β ∈ q\p, then

∃bn−1, . . . , b0 ∈ Z : βn + bn−1β
n−1 + · · ·+ β0 = 0.

Assume j is the minimal integer such that bj /∈ (p). Then

βn−j(βj + · · ·+ bj) = −
(
bj+1β

j+1 + · · ·+ b0
)
∈ (p),

so βj + · · ·+ bj ∈ (p) ⊂ q, hence βj ∈ q, a contradiction. Hence p = q and p is maximal.
But Z is not noetherian: the chain

(2) ⊊
(√

2
)
⊊
(

4
√
2
)
⊊ · · · ⊊

(
2

1
2n

)
⊊ · · ·

doesn’t stabilise.

Week 6, lecture 2, 11 February 2025

Proof of 3.3.10. It’s clear that ϕ−1(p) is indeed an ideal. Now

ab ∈ ϕ−1(p) =⇒ ϕ(ab) = ϕ(a)ϕ(b) ∈ p =⇒ ϕ(a) or ϕ(b) ∈ p =⇒ a or b ∈ ϕ−1(p).

□

In particular, given a number field K we always have a natural inclusion ι : Z ↪→ OK , so given a prime
ideal p ⊂ OK we have p ∩ Z = ι−1(p) ⊂ Z is a prime ideal.

Lemma 3.3.11. Let K be a number field and p ⊂ OK a nonzero prime ideal. Then there is a unique
prime number p ∈ Z such that p ∈ p.

Proof. Two ways to see this:
(1) We have just seen that p∩Z is a prime ideal, so since Z is a PID, if we can prove this is nonzero we

are done. Take 0 ̸= α ∈ p. Then NK(α) = α
∏

τ ̸=id τ(α)p. Also NK(α) ∈ Z since α ∈ Z. Hence
NK(α) ∈ p ∩ Z.

(2) We know OK/p is finite, so OK/p is a field of characteristic p > 0, so p = 0 in OK/p, hence p ∈ p.
□
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3.4. Factorisation of prime ideals into Dedekind domain prime factors.

Definition 3.4.1. A nonzero prime ideal p ⊂ OK lies above the prime p ∈ Z if p ∈ p (or equivalently
p ∩ Z = (p).)

Proposition 3.4.2. Let p ∈ Z be prime and suppose OK ⊃ (p) = pa1
1 · · · par

r with p1, . . . , pr distinct
prime ideals using 3.2.6. Then they are exactly the prime ideals that lie above p.

Proof. (p) = pa1
1 · · · par

r ⊂ pi ∀i, so p ∈ pi ∀i. Conversely, if p ⊂ OK and p ∈ p, then (p) ⊂ p, so there is
an ideal I ⊂ OK such that (p) = pI. The desired then follows from 3.2.6. □

Example 3.4.3. K = Q(i), OK = Z[i]. First note that Z[i] is a euclidean domain, so every prime ideal
p is generated by a irreducible element.

(1) If p ≡ 3mod 4, then p is irreducible, so (p) is prime.
(2) If p ≡ 1mod 4 then p = πpπp for some irreducible πp, and NQ(i)(πp) = NQ(i) (πp) = p. Hence

(p) = (πp) (πp) =: p1p2. Moreover, p1 ̸= p2; if p1 = p2 then ∃u ∈ Z[i]× : πp = uπp. But we know
Z[i]× = {±1,±i}, and if we write πp = x + iy with NQ(i)(x + iy) = x2 + y2 = p, we now that
x, y ̸= 0 and x ̸= ymod 2. Now no u satisfies these two conditions, so a contradiction.

(3) If p = 2 then p = (1 + i)(1 − i) where 1 + i, 1 − i are irreducible, so (2) = (1 + i)(1 − i), but
1 + i = i(1− i), so (2) = p2 for a prime ideal p.

Definition 3.4.4. Let K be a number field and p ⊂ OK a nonzero prime ideal lying above p. The
ramification index e(p) of p is the multiplicity with which p occurs in the factorisation of (p).

For example, in the above example, (1 + i) has ramification index 2, but πp has ramification index 1.

Definition 3.4.5. The inertia degree of a prime ideal p ⊂ OK is f(p) = [OK/p : Fp] = dimFp
(OK/p).

Example 3.4.6. K = Q
(√

−5
)
, OK = Z

[√
−5
]

with p2 being as usual. Then (2) = p22 so e(p2) = 2,
and (3) = p3p3 so e(p3) = 1. Clearly (5) =

(√
−5
)2

:= p25 so e(p5) = 2.
One can check that (7) =

(
7, 3 +

√
−5
) (

7, 3−
√
−5
)
.

Theorem 3.4.7. Let K be a number field fix p ∈ Z prime. Then∑
p⊂OK ,p∈p

e(p)f(p) = degQ(K).

Remark 3.4.8. What is the theorem saying above K = Q
(√

d
)
? One of the following 3 possibilities

happen:
(1) There is just one prime p ⊂ OK lying above p ∈ Z with e(p) = 2 and f(p) = 1.
(2) There is just one prime p ⊂ OK lying above p ∈ Z with e(p) = 1 and f(p) = 2.
(3) There are two distinct prime p1 ̸= p2 with e(p1) = e(p2) = 1 and f(p1) = f(p2) = 1.

The main tool we are using to prove the theorem is the following notion.

Definition 3.4.9. Let I ⊂ OK be a nonzero ideal. The norm of I, denoted by NK(I), is the index
[OK : I].

Remark 3.4.10. (1) If p ⊂ OK is a prime ideal, then [OK : p] = pf(p).
(2) If n ∈ Z then

NK((n)) = |n|degQ(K) = |NK(n)|
(we will see that ∀α ∈ OK we have NK(αOK) = |NK(α)|); indeed, recall (after fixing an integral
basis of OK) that OK

∼= ZdegK
Q , so OK/nOK

∼= (Z/nZ)degQ K .

Week 6, lecture 3, 12 February 2025

Proposition 3.4.11. If I, J are nonzero ideals of OK , then NK(IJ) = NK(I)NK(J).

Proof. By 3.2.6, it suffices to show NK(pa1
1 · · · par

r ) = NK(p1)
ar · · ·NK(pr)

ar where pi are prime ideals.
Chinese remainder theorem says

OK/pa1
1 · · · par

r
∼= OK/pa1

1 × · · · × OK/par
r ,

so it remains to see NK(pa) = NK(p)a for a prime ideal p. We prove it by induction on a. The base case
a = 1 is tautological. Now by Lagrange and 3rd isomorphism theorem (in particular for abelian groups
A ⊂ B ⊂ C, we have [C : A] = [B : A][(C/A) : (B/A)] = [B : A][C : B]),

NK(pa+1) = [OK : pa+1] = [OK : pa][pa : pa+1] = NK(p)a[pa : pa+1],
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now it suffices to show [pa : pa+1] = NK(p). We build a isomorphism of abelian groups OK/p → pa/pa+1.
Take b ∈ pa\pa+1 and define the map by y + p 7→ yb+ pa+1. The map is

(1) well-defined: suppose y′ − y ∈ p, i.e. y′ = y + x for some x ∈ p. Then

y′ + p 7→ y′b+ pa+1 = yb+ xb+ pa+1,

but x ∈ p, b ∈ pa =⇒ xb ∈ pa+1;
(2) injective: recall that in Dedekind domains every nonzero prime ideal is maximal, so p is maximal,

so for any nonzero x /∈ p we have p+ (x) = OK . Hence 1 = y + xx′ for some y ∈ p and x′ ∈ OK .
If x+ p 7→ 0, then xb ∈ pa+1. Write b = b(y + xx′) = by + bxx′ Then

b ∈ pa, y ∈ p =⇒ by ∈ pa+1, xb ∈ pa+1 =⇒ bxx′ ∈ pa+1,

so b ∈ pa+1, contradicting our assumption of b;
(3) surjective: note that (b) = paI with I coprime to p by 3.2.6 since b /∈ pa+1. Then (b) + pa+1 = pa

by 3.3.6.3. Now let x ∈ pa write x = yb+ y′ where y ∈ OK , y′ ∈ pa+1. Then

y + p 7→ yb+ pp+1 = yb+ y′ + pa+1.

□

Proof of 3.4.7. By definition, pOK = p
e(p1)
1 · · · pe(pr)

r , and NK = pdegQ K = NK(p1)
e(p1) · · ·NK(pr)

e(pr) by
3.4.11. But by definition NK(pi) = [OK : pi] = pf(pi), hence pdegQ K = pe(p1)f(p1) · · · pe(pr)f(pr), giving us
the desired. □

Remark 3.4.12. An implication is if I ⊂ OK is an ideal and NK(I) = p ∈ Z is prime, then I is a prime
ideal.

Proposition 3.4.13. Let 0 ̸= α ∈ OK , then NK(αOK) = |NK(α)|.

Proof. Recall that NK(α) = detA where A is the matrix associated to multα : OK → OK . But then
[OK : αOK ] = [Zn : AZn] = |detA| by 2.3.19 and linear algebra (in particular Smith normal form). □

Remark 3.4.14. If α ∈ OK and NK(α) = p, then NK(αOK) = p by above so αOK is a prime ideal,
hence α is a prime element. But before introducing norm of ideals, we only know that NK(α) = ±p =⇒ α
is irreducible.

Theorem 3.4.15. Let d ̸= 0, 1 be a squarefree integer and p ∈ Z an odd prime. Then pOK factorises in
OQ(

√
d) = OK as follows.

(1) If p | d then p ramifies as pOK =
(
p,
√
d
)2

.

(2) If p ∤ d and ∃a ∈ Z : a2 ≡ dmod p, then pOK splits as
(
p, a+

√
d
)(

p, a−
√
d
)
.

(3) If p ∤ d and ∄a ∈ Z : a2 ≡ dmod p, then pOK is inert, i.e. is a prime ideal.

Proof. (1) One has
(
p,
√
d
)2

=
(
p2, p

√
d, d
)
⊂ (p). But then p2, d ∈

(
p2, p

√
d, d
)

and gcd(p2, d) = p

so by Bézout p ∈
(
p2, p

√
d, d
)
. It remains to show

(
p,
√
d
)
:= p is prime. Indeed,

NK(pOK) = |p|degQ Q(
√
d) = p2,

so NK(p) = p.
(2) One has (

p, a+
√
d
)(

p, a−
√
d
)
=
(
p2, p

(
a+

√
d
)
, p
(
a−

√
d
)
, a2 − d

)
⊂ (p)

since p | a2 − d. Now p
(
a+

√
d
)
+ p

(
a−

√
d
)
= 2pa ∈

(
p2, p

(
a+

√
d
)
, p
(
a−

√
d
)
, a2 − d

)
and gcd(2pa, p2) = p (p ∤ a since a2 ≡ dmod p and p ∤ d), so one has equality.

Week 7, lecture 1, 17 February 2025
(3) Suppose for a contradiction that pOK is not prime, then ∃p ⊂ OK prime such that pOK ⊊ p. Then

NK(p) = p; indeed, NK(p) | NK(pOK) = p2, so NK(p) = 1, p or p2. But p is prime so not 1, and

the inclusion is strict so not p2. This means OK/p ∼= Fp. Moreover,
(√

d+ p
)2

= d+ p ∈ OK/p,
but this is saying d is a quadratic residue modulo p, a contradiction.

□

Theorem 3.4.16. If p = 2, then
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(1) If d ̸≡ 1mod 4 then 2 ramifies in OK as follows:

(a) If 2 | d then (2) =
(
2,
√
d
)2

.

(b) If 2 ∤ d, then d ≡ 3mod 4 and (2) =
(
2,
√
d+ 1

)2
.

(2) If d ≡ 1mod 4, then
(a) If d ≡ 1mod 8, then

(2) =

(
2,

1 +
√
d

2

)(
2,

1−
√
d

2

)
.

(b) If d ≡ 5mod 8 then (2) is prime.

Proof. Let’s see the proof of 2(a). If d ≡ 1mod 8 then in particular d ≡ 1mod 4 so OK = Z
[
1+

√
d

2

]
. Write

p1 =
(
2, 1+

√
d

2

)
and p2 =

(
2, 1−

√
d

2

)
. Then

p1p2 =

(
4, 1 +

√
d, 1−

√
d,

1− d

4

)
⊂ (2)

since d is assumed to be 1 mod 8. The other inclusion follows from

2

(
1 +

√
d

2

)
+ 2

(
1−

√
d

2

)
= 2.

To see p1, p2 are prime, note that NK(p1p2) = NK(2) = 4 = NK(p1)NK(p2), but p1, p2 are both proper
so don’t have norm 1, hence NK(p1) = NK(p2) = 2, so prime.

It remains to see p1 ̸= p2. Suppose p1 = p2, then 1+
√
d

2 ∈ p2, so 1+
√
d

2 + 1−
√
d

2 = 1 ∈ p2, i.e. p2 = OK ,
a contradiction.

Proofs for other cases employ similar strategies and are omitted. □

We have seen that the discriminant DQ(
√
d) of Q

(√
d
)

is 4d if d ≡ 1mod 4 and d if d ≡ 1mod 4. With
the theorems above this gives

Corollary 3.4.17. A prime p ramifies in OQ(
√
d) ⇐⇒ p | DQ(

√
d).

We now take inspiration from this and investigate ramification more generally.

Definition 3.4.18. We say a prime p ∈ Z ramifies in a number field K if in the factorisation of pOK

there is at least one repeated factor, i.e. for pOK = pe11 · · · perr with pi distinct prime ideals, ∃i : ei > 1.

The aim of this week is to partially prove the following theorem for K = Q(α). By primitive element
theorem from MATH70037 Galois theory, this is actually for all number fields.

Theorem 3.4.19. Let K be a number field. Then a prime number p ∈ Z ramifies in OK ⇐⇒ p | DK .

We used several times that Z
[√

d
]
= Z[t]/

(
t2 − d

)
. In general,

Lemma 3.4.20. Let α ∈ C be a nonzero algebraic integer and mα ∈ Z[x] be its minimal polynomial.
Then there is an isomorphism Z[α] → Z[x]/(mα).

Proof. We see that ϕ : Z[x] → Z[α] : x 7→ α is a surjective morphism (by definition of Z[α]) with
kernel (mα); this is a bit subtle since we can’t just use Definition 2.0.3. Clearly (mα) ⊂ kerϕ. If
f ∈ Z[x] : ϕ(f) = f(α) = 0, write f(x) = g(x)mα(x), which is only true over Q[x]. If deg f < degmα

then f = 0 and f ∈ (mα) trivially. If deg f ≥ degmα, write

f(x) = anx
n + · · ·+ a0 = anx

n−degmαmα+ h

where h is some polynomial with deg h < deg f . Moreover, f(α) =⇒ h(α), so by induction we are
done. □

Moreover, if an ideal I ⊂ Z[x] is generated by f1, . . . , fr then Z[α]/I = Z[x]/(mα, f1, . . . , fr).

Week 7, lecture 2, 18 February 2025



20 MARGHERITA PAGANO

Theorem 3.4.21 (Dedekind’s factorisation criteria). Let K = Q(α) where α ∈ C is a nonzero algebraic
integer with minimal polynomial mα. Let p be a prime number such that p ∤ [OK : Z[α]]. If

mα = g1
e1 · · · grer

is the factorisation of mα modulo p with gi’s being distinct monic irreducible polynomials, then

pOK = pe11 · · · perr
where pi = (p, gi(α)) with gi being any lift in Z[x] at gi ∈ Fp[x]. Moreover, pi’s are distinct prime ideals
of OK and f(pi) = deg (gi).

Remark 3.4.22. pi indeed doesn’t depend on choice of the lift: let gi, g̃i ∈ Z[x] be two different lifts of
gi ∈ Fp[x]. Then gi − g̃i ∈ (p), so (p, gi(α)) = (p, g̃i(α)).

Example 3.4.23. Let’s convince ourselves that the theorem is true using the previous two theorems.
Consider the quadratic case K = Q

(√
d
)

with d ̸≡ 1mod 4 so OK = Z
[√

d
]
. Now mα(x) = x2−d ∈ Fp[x].

We have following possibilities:
(1) If mα(x) = (x − a)(x − b) for some a, b ∈ Fp and a ̸= b, then p ∤ d and a is a root of mα so

d is a quadratic residue, so we are in case 2 of 3.4.15, hence pOK =
(
p, a−

√
d
)(

p, a+
√
d
)

which is indeed
(
p, g1

(√
d
))(

p, g2

(√
d
))

; we only need to see that b = −a, but this is forced
by (x− a)(x− b) = x2 − (a+ b)x+ ab = x2 − d. Also note that

OK/pOK = Z[x]/(p, x2 − d) = Fp[x]/(x
2 − d)

= Fp[x]/(x− a)(x− b) = Fp[x]/(x− a)× Fp[x]/(x− b).

(2) If mα(x) = (x − a)2 for some a ∈ Fp, then if p ̸= 2, x2 − d = (x − a)2 =⇒ 2a = 0 =⇒ a = 0,
and mα(x) = x2. If p = 2 then a can be either 0 or 1, i.e. mα(x) is either x2 or (x− 1)2.

(a) If p ̸= 2 then a = 0 =⇒ d = 0 =⇒ p ∤ d, so we are in case 1 of 3.4.15, i.e. pOK =
(
p,
√
d
)2

which is indeed
(
p, g1

(√
d
))2

.
(b) If p = 2 then we are either in case 1(a) or 2(b) of 3.4.16, and the rest reasoning is similar.

Example 3.4.24. Let’s now observe how the theorem applies to a higher degree case. Let K = Q(α) where
α = 3

√
2 with mα(x) = x3−2. From coursework 1 we know disc(Z[α]) = −27·4, so Dedekind can be applied

for any p ̸= 2, 3 (since disc(Z[α]) = [OK : Z[α]]2DK). Take p = 5. Then x3 − 2 = (x − 3)(x2 + 3x − 1)

which tells us 5OK =
(
5, 3

√
2− 3

) (
5,
(

3
√
2
)2

+ 3 3
√
2− 1

)
. If p = 7 then x3 − 2 is irreducible (check there’s

no roots), so 7OK is prime.

Lemma 3.4.25. If p ∤ [OK : Z[α]], then the map Z[α]/pZ[α] → OK/pOK induced by the inclusion
Z[α] ↪→ OK is an isomorphism.

Proof. Surjectivity: by Lagrange, [OK : Z[α]]OK ⊂ Z[α]. Moreover, p ∤ [OK : Z[α]] implies that
∃a, b ∈ Z : a[OK : Z[α]] + bp = 1. Take x ∈ OK . Then

x+ pOK = (a[OK : Z[α]] + bp)x+ pOK = a[OK : Z[α]]x+ pOK

where a[OK : Z[α]]x ∈ Z[α].
Injectivity is proved similarly. □

Proof of 3.4.21. From Z[α] = Z[x]/(mα) and previous lemma we have

OK/pOK = Z[α]/pZ[α] = Z[x]/(p,mα) = Fp[]x]/(mα).

Suppose mα(x) = g1(x)
e1 · · · gr(x)er where gi’s are monic, irreducible and distinct. We first show that

pi = (p, gi(α)) is prime by showing OK/pi is a field. By above this is Fp[x]/(mα, gi) but gi | mα so it’s
Fp[x]/(gi) which is a field since gi is assumed to be irreducible. Moreover,

pf(pi) = |OK/pi| = |Fp[x]/(gi)| = pdeg gi ,

so f(pi) = deg gi.
We now show that pi’s are pairwise distinct. Indeed, for i ̸= j,

OK(pi + pj) = OK/(p, gi, gj) = Fp[x](gi, gj) = 0

since gi, gj are monic, irreducible and distinct.
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Finally it remains to show pOK = pe11 · · · perr . Clearly pe11 · · · perr ⊂ (p, ge11 , . . . , gerr ), and by construction
ge11 · · · gerr ≡ mα mod p, hence

ge11 · · · gerr (α) = mα(α)︸ ︷︷ ︸
0

+(ge11 · · · gerr −mα)(α)︸ ︷︷ ︸
∈pOK

∈ pOK ,

in particular pe11 · · · perr ⊂ pOK . But NK(pe11 · · · perr ) = pdeg g1 · · · pdeg gr = pdegmα = NK(pOK), so we
have equality. □

Week 7, lecture 3, 19 February 2025

Remark 3.4.26. Note that an immediate consequence of 3.4.19 is that only finitely many primes ramify.
By partially, we mean we are going to show:

(1) If K = Q(α) then finitely many primes ramify.
(2) If a prime p ramifies, then p | DK .

Proposition 3.4.27. Let f ∈ Z[x] be irreducible and monic. Then for all but finitely many primes p,
f ∈ Fp[x] has no repeated irreducible factors.

Proof. Note that if F is any field and h ∈ F [x] has g2 | h for g ∈ F [x], then g | h′ since if we write
h = g2h1 then h′ = 2gg′h1 + g2h′

1. This means if gcd(h, h′) = 1, i.e. if (h) + (h′) = F [x], then h cannot
have any repeated factors.

In our setting, since f ∈ Z[x] is irreducible, (f) + (f ′) = Q[x], i.e. ∃g1, g2 ∈ Q[x] : g1f + g2f
′ = 1.

Clear denominators and write dg1f + dg2f
′ = d for some d ∈ Z and we have dg1, dg2 ∈ Z[x]. But now for

all primes p with p ∤ d, one has dg1f + dg2f = d ∈ F×
p , hence (f) + (f

′
) = Fp[x], i.e. f has no repeated

irreducible factors. □

Taking d to be the discriminant of f with 3.4.21, we have proved the first claim in previous remark.
For the second claim, we give a sketch of proof. Suppose p ramifies, i.e. pOK = p1p1 · · · pr for some

prime ideal p. Note that pi’s are not necessarily distinct. Take x ∈ pp1 · · · pr\pOK . Then [x] in OK/pOK

is nilpotent, since x2 ∈ p2p21 · · · p2r ⊂ pOK . Take an integral basis α1, . . . , αn of OK such that [α1] is
nilpotent. But then each α1αi is nilpotent, so p | tr(α1αi). Hence p | DK by definition of discriminant.

4. Cyclotomic fields

Let p be an odd prime and consider Q(ζp) where ζp is a primitive pth root of unity. Explicitly one
can have ζp = e

2πi
p . The minimal polynomial of ζp is Φp(x) =

xp−1
x−1 = xp−1 + · · ·+ x+ 1, the cyclotomic

polynomial. Recall that using Eisenstein’s criteria and the shift Φp(x+ 1) we can show Φp is irreducible.

Proposition 4.0.1. Let K = Q(α) where α is an algebraic integer and suppose that mα is Eisenstein at
p. Then p ∤ [OK : Z[α]] and pOK = (p, α)[K:Q].

Proof. Write mα(x) = xn + an−1x
n−1 + · · · + a0. For a contradiction, suppose p | [OK : Z[α]], then

∃y ∈ OK : y /∈ Z[α], py ∈ Z[α]. Write py = c0+c1α+ · · ·+cn−1α
n−1 and so y = c0

p + c1
p α+ · · ·+ cn−1

p αn−1.
Let i be the minimal such that ci /∈ pZ. Then ci

p α
i + · · ·+ cn−1

p αn−1 ∈ OK . Multiplying by αn−1−i gives

ci
p
αn−1 +

αn

p

(
ci+1 + · · ·+ cn−1α

n−i−2
)
∈ OK ,

but αn = −(an−1α
n−1 + · · ·+ a0) ∈ pOK since mα is Eisenstein at p, so ci

p α
n−1 ∈ OK . But

NK

(
ci
p
αn−1

)
=

(
ci
p

)n

NK(α)n−1 =

(
ci
p

)n

((−1)na0)
n−1 = ±

(
ci
p

)n

an−1
0 ,

but since p2 ∤ a0 (again since mα is Eisenstein at p), pn ∤ an−1
0 , so NK

(
ci
p α

n−1
)
/∈ Z, a contradiction.

To see the last part, use 3.4.21 on mα = xn. □

Week 8, lecture 1, 24 February 2025: problem class (sheet 3)

Exercise 4.0.2. (5) Let α be a root of x3 + x+ 1 and let K = Q(α). We’ve seen disc(Z[α]) = −31
which implies OK = Z[α]. Use Dedekind’s criteria to factor 2, 3, 5 in OK .

Solution. First observe that we can apply Dedekind to primes not dividing [OK : Z[α]] = 1,
hence all primes can be factorised, in particular 2, 3, 5. Since x3 + x+ 1 is irreducible it must be
the minimal polynomial of α
(a) Modulo 2 the polynomial looks the same has no roots over F2, so irreducible and 2 is thus

prime.
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(b) Modulo 3 the polynomial looks again the same but has root 1, and indeed can be factorised
as (x− 1)(x2 + x− 1), so 3OK = (3, α− 1)(3, α2 + α− 1).

(c) Modulo 5 the polynomial is again irreducible, so 5 is prime.
Bonus: what about p = 31? It divides OK , and we’ve seen 3.4.19 which in this case says 31 ramifies.
Hence we expect mα mod31 to have multiple roots, which are roots shared with m′

α = 3x2+1, which
has root 14. We find that mα = (x− 14)2(x− 3), and therefore 31OK = (31, α− 14)2(31, α− 3).

(6) We give an example of a number field K such that OK ̸= Z[α] ∀α ∈ OK .
(a) Prove that if [K : Q] = 3 and (2) = p1p2p3 where pi’s are distinct, then OK ̸= Z[α] ∀α ∈ OK .

In fact, 2 | [OK : Z[α]].
(b) Prove that x3 − x2 − 2x− 8 is irreducible. Let θ be a root of it and denote K = Q(θ) and

θ′ = 4
θ . Prove that θ′ ∈ OK .

(c) By showing θ2 = θ + 2 + 2θ′ and (θ′)2 = −θ′ − 2 + 2θ, prove that Z+ Zθ + Zθ′ ⊂ OK is a
subring.

(d) Compute disc(1, θ, θ′) and deduce 1, θ, θ′ is an integral basis for OK .
(e) Prove that as rings, OK/2OK

∼= F2 × F2 × F2.
(f) Deduce that OK ̸= Z[α] ∀α ∈ OK .

Solution.
(a) Since F2 has only two elements, a degree 3 polynomial cannot factor as three distinct linear

polynomials. This doesn’t contradict Dedekind only if 2 | [OK : Z[α]] ∀α ∈ OK .
(b) Modulo 3 the polynomial has no roots, so irreducible. Note that θ3 − θ2 − 2θ − 8 = 0 gives

1− 1

θ
− 2

θ2
− 8

θ3
= 0 =⇒ 64

θ3
+

16

θ2
+

8

θ
+ 8 = 0

=⇒ 4

θ
is a root of x3 + x2 + 2x+ 8,

hence θ′ ∈ OK .
(c) The two desired equations can be obtained by multiplying θ3 − θ2 − 2θ − 8 = 0 by θ−1 and

θ′3 + θ′2 − 2θ′ + 8 by 2θ−2.
(d) We find disc(1, θ, θ′) = −503 is squarefree.
(e) By (c) and (d), Z+Zθ+Zθ′ ↪→ OK is in fact a ring isomorphism, so OK/2OK

∼= F2×F2θ×F2θ
′.

Note that 1 + θ + θ′, θ, θ′ is a full system of orthogonal idempotents; indeed, by (c),

θθ′ = 4 ≡ 0mod 2, θ + θ2 + 4 = 2θ + 2 + 2θ′ + 4 ≡ 0mod 2

and θ′ + θ′2 + 4 = −2 + 2θ + 4 ≡ 0mod 2, with

θ2 ≡ θmod 2, θ′2 = θ′ mod2, (1 + θ + θ′)2 ≡ 1 + θ2 + θ′2 ≡ 1 + θ + θ′ mod2.

(f) If (2) ramifies then OK/2OK has a nilpotent element, contradicting (e) since any product
of fields doesn’t have nilpotent elements. But if (2) = pq where p ̸= q are distinct, then
e(p)f(p) + e(q)f(q) = f(p) + f(q) = 3, hence either f(p) or f(q) = 2, so

O/2OK = OK/p×OK/q = F4 × F2,

again contradicting (e).

Week 8, lecture 2, 25 February 2025

Example 4.0.3. Let α = 3
√
2 and K = Q(α). We want to show OK = Z[α]. Recall discZ[α] = −32 · 22.

We claim it is enough to prove 2, 3 ∤ [OK : Z[α]], since together with discZ[α] = [OK : Z[α]]2DK it follows
that [OK : Z[α]] = 1, i.e. OK = Z[α]. Now mα(x) = x3 − 2 which is Eisenstein at p = 2, so by 4.0.1
2 | [OK : Z[α]]. For 3, we instead consider the minimal polynomial of α+ λ where λ ∈ Z. This is indeed
valid since Z[α] = Z[α+ λ], and so mα+λ Eisenstein at 3 would imply 3 ∤ [OK : Z[α]] again by 4.0.1. We
find that λ = −2 does the job since mα−2(x) = mα(x+ 2) = (x+ 2)3 − 2 = x3 + 6x2 + 12x+ 6.

Exercise 4.0.4. Now in general, let d ̸= ±1 and squarefree, and K = Q
(

3
√
d
)
. First show that

discZ
[

3
√
d
]
= −27d2. Is OK = Z

[
3
√
d
]
? To show equality, again it’s enough to show no prime dividing

−27d2 divides
[
OK : Z

[
3
√
d
]]

. Such prime is either 3 or not 3.
If p ̸= 3 then p | d but then m 3√

d = x3 − d is Eisenstein at p so by 4.0.1 the equality follows.
If p = 3 and d ̸≡ ±1mod 9, then m 3√

d−d = (x + d)3 − d = x3 + 3dx2 + 3d2x + d(d + 1)(d − 1) is
Eisenstein at 3, and the equality follows similarly.

But if p = 3 and d ≡ ±1mod 9 then one can check ( 3√
d−d)

2

3 ∈ OK\Z
[

3
√
d
]
.
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Theorem 4.0.5. OQ(ζp) = Z[ζp] and DQ(ζp) = (−1)
p−1
2 pp−2. Also, pOQ(ζp) = (ζp − 1)p−1 is principal and

totally ramified.

Proof. We first compute Φ′
p(ζp). Note that (x− 1)Φp(x) = xp − 1, so Φp(x) + (x− 1)Φ′

p(x) = pxp−1, i.e.

Φ′
p(ζp) =

pζp−1
p

ζp − 1
=

pζ−1
p

ζp − 1
,

so

NQ(ζp)(Φ
′
p(ζp)) =

NQ(ζp)(p)

NQ(ζp)(ζp)NQ(ζp)(ζp − 1)
=

p[Q(ζp):Q]

1 · p
=

pp−1

p
= pp−2.

Now since p is odd, (−1)p = −1 and 1p = 1, hence (−1)
p(p−1)

2 = (−1)
p−1
2 , so by 2.4.11,

discZ[ζp] = (−1)
p−1
2 pp−2.

Now again, to show OQ(ζp) = Z[ζp] and DQ(ζp) = (−1)
p−1
2 pp−2, since discZ[ζp] =

[
Oζp : Z[ζp]

]2
DQ(ζp),

it suffices to show any prime dividing discZ[ζp] = (−1)
p−1
2 pp−2 (which would be p) does not divide[

Oζp : Z[ζp]
]
, but this follows precisely from 4.0.1, that ΦP (x+ 1) is Eisenstein at p and Z[ζp] = Z[ζp − 1].

Now again by 4.0.1, pOQ(ζp) = pOQ(ζp−1) = (p, ζp − 1)p−1, but as calculated before, NQ(ζp)(ζp − 1) = p,
hence p ∈ (ζp − 1) and pOQ(ζp) = (ζp − 1)p−1 as desired. □

We’ve now seen how p ramifies in the pth cyclotomic field, now let’s fix p and see how a general prime
q behaves in the pth cyclotomic field.

Theorem 4.0.6. Let q ∈ Z be prime and q ̸= p. Let f be the order of [q] in (Z/pZ)× and r = p−1
f . Then

qOQ(ζp) = q1 · · · qr where qi’s are distinct prime ideals with f(qi) = f .

Proof. Write h(x) = xp − 1. Then h′(x) = pxp−1 and note that −ph(x) + xh′(x) = −pxp + p− pxp = p.
This means h and h′ cannot have common roots mod q. Otherwise, if α is a common root, then 0 ≡ pmod q

which contradicts our assumption for q. This means h doesn’t have multiple roots mod q, so Φp(x) =
h(x)
x−1

doesn’t either, i.e. Φp(x) = g1 · · · gr in Fq[x] for some r where gi’s are distinct irreducible polynomials.
Now Fq[x]/(gi) = Fi has cardinality qdeg gi , hence for any a ∈ F×

i , by Lagrange, aq
deg gi−1 = 1.

In particular, take a = [x] ∈ F×
i , and [x]p = 1 since gi(x) | xp − 1. This means p | qdeg gi − 1, i.e.

qdeg gi ≡ 1mod p. By our construction of f , this implies f | deg gi. To prove the theorem, it now suffices
to show f = deg gi, which would imply deg gi’s are the same and hence p− 1 = deg gir = fr, thus r is
indeed the r = p−1

f we constructed.
Consider the subfield F̃i = {b ∈ Fi : b

qf = b} of Fi. Then F̃i contains [x]: indeed,

a ∈ F̃i ⇐= a(aqf−1 − 1) = 0 ⇐= aqf−1 = 1 ⇐= apλ − 1 = 0 for some λ ∈ Z

(since qf = 1mod p by construction), and we saw that [x]p = 1. Hence F̃i = Fi, so qdeg gi = |Fi| = |F̃i| ≤ qf ,
i.e. deg gi ≤ f , but f | deg gi in particular implies f ≤ deg gi, hence f = deg gi as desired. □

Week 8, lecture 3, 26 February 2025

4.1. Quadratic reciprocity. If a quadratic field K lives inside a cyclotomic field Q(ζp), then we may be
able to read information on splitting in K from Q(ζp). In fact one can always find such an embedding:

Lemma 4.1.1. Q
(√

(−1)
p−1
2 p

)
⊂ Q(ζp).

Proof. The roots of Φp(x) are ζp, ζ
2
p , . . . , ζ

p−1
p , so the embeddings τ1, . . . , τp : Q(ζp) → C are given by

τi : ζp 7→ ζip. Also, by 4.0.5,
{
ζp, . . . , ζ

p−1
p

}
is an integral basis of OQ(ζp) = Z[ζp]. Again according to 4.0.5,

DQ(ζp) = (−1)
p−1
2 pp−2 = det(τi(ζ

j
p))

2
ij = det

(
ζijp ij

)2
,

and dividing both sides by pp−3 gives (−1)
p−1
2 p =

(
det

(
ζij
p ij

)
p

p−3
2

)2

where
det

(
ζij
p ij

)
p

p−3
2

∈ Q(ζp), hence√
(−1)

p−1
2 p ∈ Q(ζp), so Q

(√
(−1)

p−1
2 p

)
⊂ Q(ζp) as desired. □

Exercise 4.1.2. Show that this is the only thing we can do: if K ⊂ Q(ζp) is a quadratic field, then the

only prime that can ramifies in K is p and K = Q
(√

(−1)
p−1
2 p

)
.
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From now on, for an odd prime p, we denote p∗ = (−1)
p−1
2 p. Note that p∗ ≡ 1mod 4: if p ≡ 1mod 4

then p−1
2 is even and p∗ = p, and if p ≡ 3mod 4 then p−1

4 is odd and p∗ = −p.

Lemma 4.1.3. Let q ∈ Z be prime and q ̸= p. Let f be the order of [q] in (Z/pZ)× and r = p−1
f , which

we now know is the number of prime factors of qZ[ζp]. Then
(1) If q splits in Q (

√
p∗) then r is even.

(2) If p ≡ 3mod 4 then the converse also holds.

Remark 4.1.4. Since p∗ ≡ 1mod 4, DQ(
√
p∗) = p∗, so if q ̸= p then q ∤ DQ(

√
p∗), hence q does not ramify

in DQ(
√
p∗). So this lemma does almost describe everything about behaviour of q in the quadratic field

(knowing about the ambient cyclotomic field).

Proof. (1) q splits means qOQ(
√
p∗) = qq, hence qZ[ζp] = (qZ[ζp]) (qZ[ζp]). We prove that qZ[ζp] and

qZ[ζp] have the same number of factors. Take τ0 : Q (
√
p∗) → C : x 7→ x. By 2.3.26, there is an

embedding τ : Q(ζp) → C that restricts to τ0. Note that τ is of the form ζp 7→ ζip for some i;
τ(Q(ζp)) = Q(ζp); and τ(Z[ζp]) = Z[ζp]. Then τ(qZ[ζp]) = τ(q)Z[ζp], but q is an ideal of OQ(

√
p∗),

so this is τ0(q)Z[ζp] = qZ[ζp]. Hence {qZ[ζp]} and {qZ[ζp]} are in bijection, so in particular have
the same number of factors.

(2) For a contradiction, suppose q does not split. Recall 3.4.8 which says this means f = f(q) = 2, in
particular even. But rf = p− 1 and since p ≡ 3mod 4, this implies r is odd.

□

Lemma 4.1.5. Let p be an odd prime. Then

(1) ∀a, b ∈ Z,
(

ab
p

)
=
(

a
p

)(
b
p

)
,

(2)
(

a
p

)
= 1 ⇐⇒ r = p−1

f is even where f is the order of [a] ∈ (Z/pZ)×,

(3)
(

−1
p

)
= (−1)

p−1
2 .

Theorem 4.1.6 (Gauss’ reciprocity law). Let p, q be distinct odd primes, then(
p∗

q

)
=

(
q

p

)
.

Equivalently, (
p

q

)(
q

p

)
= (−1)

p−1
2

q−1
2 .

Proof. If
(D

Q(
√

p∗)
q

)
=
(

p∗

q

)
= 1, by 3.4.15 q splits, so by 4.1.3 r is even, hence by 4.1.5

(
q
p

)
= 1. □

Week 9, lecture 1, 3 March 2025

5. Class groups, reprise

5.1. Finiteness of class groups.

Theorem 5.1.1. The class group Cl(OK) of a number field K is finite.

Lemma 5.1.2. For any c ∈ R>0, the number of ideals I ⊂ OK with NK(I) ≤ c is finite.

Proof. Let I ⊂ OK and write I = pe11 · · · perr where pi’s are distinct prime ideals and ei ≥ 1. We prove the
finiteness by first bounding r and then bounding the number of primes p ∈ Z ∩ I.

The only ideal with norm one is the whole ring OK since [OK : I] = 1 ⇐⇒ I = OK , so assume
NK(pi) ≥ 2, hence 2e1+···+er ≤ NK(I) ≤ c, i.e. r ≤ e1 + · · ·+ er ≤ log2(c).

Now each pi lies above some p ∈ Z, so c ≥ NK(I) ≥ NK(pi) = pf(pi) ≥ p, hence the number of possible
such p’s is finite. But then by 3.4.2, for each such p, the number of prime ideals lying above p is also
finite. □

Lemma 5.1.3. Let K be a number field and suppose there is a constant c ∈ R>0 such that for each
nonzero ideal I ⊂ OK , there is a nonzero α ∈ I such that |NK(α)| ≤ cNK(I).

Then ∀[I] ∈ Cl(OK), ∃I ′ ⊂ OK : [I] = [I ′] and NK(I ′) ≤ c.

If we can find such a constant for K then together with 5.1.2, the lemma implies the desired 5.1.1.
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Proof. Suppose [I]−1 = [J ]. Then ∃0 ̸= α ∈ J : |NK(α)| ≤ cNK(J), and by 3.2.13 we have ideal I ′ with
JI ′ = (α). Now [I ′] = [J ]−1 = [I] by definition of class groups, and

NK(J)NK(I ′) = NK(JI ′) = NK((α)) = |NK(α)| ≤ NK(J)

by 3.4.10, so NK(I ′) ≤ c. □

Definition 5.1.4. An embedding τ : K ↪→ C of a number field K is real if τ(K) ⊂ R. Denote by r the
number of real embeddings. If τ : K ↪→ C is not real then it’s complex, and τ : α 7→ τ(α) is a different
embedding, so complex embeddings always come in pairs. Denote by s the number of pairs of complex
embeddings. By 2.3.26, one can write n = [K : Q] = |σK | = r + 2s.

Theorem 5.1.5 (Minkowski’s bound). For a number field K, the constant

CK =
n!

nn

(
4

π

)s√
|DK |

satisfies the condition in previous lemma.

Example 5.1.6. Before proving this let’s see how useful it is. In the quadratic case K = Q
(√

d
)
, if

d < 0 then r = 0, s = 1 and

CK =
2!

22
4

π

√
|DK | = 2

π

√
|DK | =


2

π

√
−4d =

4

π

√
−d if d ̸≡ 1mod 4

2

π

√
−d if d ≡ 1mod 4

and if d > 0 then r = 2, s = 0 and

CK =
2!

22

√
|DK | = 1

2

√
|DK | =


1

2

√
4d =

√
d if d ̸≡ 1mod 4

1

2

√
d if d ≡ 1mod 4

For instance, take K = Q
(√

−5
)
, OK = Z

[√
−5
]
, then CK = 4

π

√
5 < 3, so Cl(OK) = {[I] : NK(I) ≤ 2}

by 5.1.3. Since we’ve seen (2) =
(
2, 1 +

√
−5
)2

= p22, by 3.4.2 p2 is the only ideal of norm 2, so
Cl(OK) = {[OK ], [p2]} = Z/2Z.

Theorem 5.1.7. O−19, O−43, O−67, O−163 are PIDs.

Proof. By 3.3.5 it suffices to show Cl(OK) = {1} in each case. Note that −19,−43,−67,−163 ≡ 1mod 4,
so the constants CK are approximately 2.8, 4.2, 5.2 and 8.1 respectively. Let’s look at O−163 in particular
and the rest follows from a similar process.

We need to check there is no non-principal ideal of norm ≤ 8, which by the proof of 5.1.2 is generated
by prime ideals lying above 2, 3, 5, 7.

• 2: by 3.4.16 and the fact that −163 ≡ 5mod 8, (2) is prime and hence the only ideal lying above
2 is principal.

• 3: by 3.4.15 and the fact that 3 ∤ 163 with ∄a : a2 ≡ 2mod 3, (3) is prime.
• 5: similarly, 5 ∤ 163 and ∄a : a2 ≡ 2mod 5.
• 7: similarly, 7 ∤ 163 and ∄a : a2 ≡ 5mod 7.

□

5.2. Proof of Minkowski’s bound using lattices.

Definition 5.2.1. A lattice is a subgroup Λ ⊂ Rn with basis v1, . . . , vn as a Z-module which is also a
basis of Rn as an R-vector space.

Example 5.2.2. (1) Zn ⊂ Rn is a lattice (take the standard basis).
(2) OQ(

√
d) ⊂ C ∼−→ R2 : z 7→ (ℜ(z),ℑ(z)) is a lattice if d < 0 by taking

{
1,
√
d
}

if d ≡ 1mod 4 and{
1, 1+

√
d

2

}
if d ̸≡ 1mod 4.

Definition 5.2.3. The fundamental parallelotope of a lattice Λ ⊂ Rn with respect to basis v1, . . . , vn is
the set

P (v1, . . . , vn) =

{
n∑

i=1

civi : 0 ≤ ci ≤ 1

}
.
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Remark 5.2.4. (1) It’s clear that P (v1, . . . , vn) is a fundamental domain for the lattice, i.e.

Rn =
⊔
v∈Λ

(v + P (v1, . . . , vn)).

(2) Recall that from linear algebra vol(P (v1, . . . , vn)) = |detA| where A =
(
v1 · · · vn

)
.

Lemma 5.2.5. If v1, . . . , vn and w1, . . . , wn are two Z-basis for a lattice Λ ⊂ Rn, then

vol(P (v1, . . . , vn)) = vol(P (w1, . . . , wn)).

Proof. Recall again from linear algebra that determinant of a matrix is invariant under change of basis. □

Definition 5.2.6. Define the covolume of a lattice Λ ⊂ Rn to be covol(Λ) = vol(P (v1, . . . , vn)) where
vi’s can be any basis for Λ by previous lemma. Then covol(Λ) = vol(Rn/Λ).

Week 9, lecture 2, 4 March 2025

Lemma 5.2.7. Let Λ ∈ Rn be a lattice and S ⊂ Rn a measurable set. If vol(S) > covol(Λ), then
∃x, y ∈ S : 0 ̸= x− y ∈ Λ.

Proof. Fix a basis v1, . . . , vn for Λ and let P = P (v1, . . . , vn). Write

Rn =
⊔
v∈Λ

(v + P ) and hence S =
⊔
v∈Λ

(v + P ) ∩ S,

so
vol(S) =

∑
v∈Λ

vol((v + P ) ∩ S) =
∑
v∈Λ

vol(P ∩ (S − v)).

If the sets P ∩ (S − v) are pairwise disjoint over v ∈ Λ then by the equation above,

vol(S) ≤ vol(P ) = covol(Λ),

contradicting assumption. This means (S−v)∩(S−w) ̸= ∅ for some v ̸= w ∈ Λ. Take a ∈ (S−v)∩(S−w),
then a+ v, a+ w ∈ S, so (a+ v)− (a− w) = v − w ∈ Λ. □

Theorem 5.2.8 (Minkowski). Let Λ ⊂ Rn be a lattice and S ⊂ Rn be measurable, convex, symmetric
(i.e. x ∈ S =⇒ −x ∈ S) subset. If vol(S) > 2n covol(Λ), then ∃0 ̸= x ∈ S ∩ Λ.

Proof. Apply the previous lemma to 1
2S =

{
s
2 : s ∈ S

}
. Since S is symmetric,

vol

(
1

2
S

)
=

1

2n
vol(S) > covol(Λ),

so ∃x, y ∈ 1
2S : 0 ̸= x − y ∈ Λ. Hence 2x, 2y ∈ S and 1

2 (2x) +
1
2 (−2y) = x − y ∈ S by symmetry and

convexity, so x− y ∈ S ∩ Λ. □

Lemma 5.2.9. Let Λ ⊂ Rn be a lattice and Λ′ ⊂ Λ a subgroup of finite index. Then Λ′ is also a lattice
and covol(Λ′) = [Λ : Λ′] covol(Λ).

Proof. Omitted; similar to 2.4.7. □

Remark 5.2.10. If we can embed OK into Rn as a lattice Λ via τ : OK
∼−→ Λ where n = [K : Q]

(we choose n since OK is a free Z-module of rank n; this was 2.3.19), then for an ideal I ⊂ OK ,
NK(I) = |OK/I| = |Λ/τ(I)|, so by 5.2.9 τ(I) is a lattice and covol(τ(I)) = NK(I) covol(OK).

Theorem 5.2.11 (Minkowski bound for imaginary quadratic case). Fix squarefree d < 0 and let
K = Q

(√
d
)
. For any nonzero ideal I ⊂ OK , ∃0 ̸= α ∈ I such that

|NK(α)| ≤
(
2

π

√
|DK |

)
NK(I),

thus making the Minkowski bound CK = 2
π

√
|DK |, agreeing with 5.1.5 and our calculation in 5.1.6.

Proof. Embed OK ↪→ R2 as lattice Λ as mentioned in 5.2.2. Then if d ̸≡ 1mod 4 then

covol(Λ) = |1(
√
−d)| =

√
−d =

√
−4d

2
=

√
|DK |
2

;

and if d ≡ 1mod 4 then

covol(Λ) =

∣∣∣∣−√
−d

2

∣∣∣∣ = √
−d

2
=

√
|DK |
2

,

so either case we have the same result with respect to the discriminant.
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Take SR = {(x, y) ∈ R2 : x2 + y2 ≤ R}, a circle (hence convex and symmetric) with vol(SR) = πR.

Take an ideal I ⊂ OD, and hence a lattice with covol(I) = NK(I)

√
|DK |
2 by 5.2.9. If

πR > 22NK(I)

√
|DK |
2

= 2
√

|DK |NK(I),

i.e. R > 2
π

√
|DK |NK(I), then by 5.2.8 ∃0 ̸= α ∈ I ∩ SR, where

α ∈ SR ⇐⇒ NK(α) = ℜ(α)2 + ℑ(α)2 ≤ R.

□

Remark 5.2.12. With the real case (d > 0), we use another embedding ι : OK → R2 : α 7→ (τ1(α), τ2(α))

where τi’s are the two real embeddings of Q
(√

d
)
↪→ C. Then

(1) ι(OK) ⊂ R2 is a lattice with covol =
√
|DK | (follows from 2.4.9 and 2.4.5),

(2) ∀I ⊂ OK , ι(I) ⊂ R2 is a lattice with covol(ι(I)) = NK(I)
√
|DK | (follows from 5.2.9).

Week 9, lecture 3, 5 March 2025
If we were to play the same game with imaginary case, the natural choice for SR would be

{(x, y) ∈ R2 : |xy| ≤ R}
since NK(α) = τ1(α)τ2(α) for α ∈ OK (2.3.28), but this is not convex. Instead we take a subset of it
which still works for the norm argument: SR = {(x, y) ⊂ R2 : |x| + |y| ≤ 2

√
R}, a square with side

length 2
√
2R (hence convex and symmetric) with vol(SR) = 8R. Indeed (x, y) ∈ SR =⇒ |xy| < R since

|xy| ≤
(

|x|+|y|
2

)2
≤ R.

If 8R > 22NK(I)NK(I)
√
|DK |, i.e. R > 1

2NK(I)
√

|DK |, then by 5.2.8 ∃0 ̸= α ∈ I ∩ SR where
α ∈ SR =⇒ NK(α) ≤ R. Hence similarly, the Minkowski bound in this case is CK = 1

2

√
|DK |, again

agreeing with 5.1.6.

Remark 5.2.13 (Minkowski in general). Let K be a number field with [K : Q] = n = r + 2s and write

ΣK = {τ1, . . . , τr, σ1, σ1, . . . , σs, σs} .
Embed the number field as a lattice using

ι : K ↪→ Rn : α 7→ (τ1(α), . . . τr(α),ℜ(σ1(α)),ℑ(σ1(α)), . . . ,ℜ(σs(α)),ℑ(σs(α))) .

We claim ι(OK) is indeed a lattice with covol(ι(OK)) =

√
|DK |
2s . Indeed, fix an integral basis α1, . . . , αn

of OK . It suffices to calculate

det



τ1(α1) · · · τ1(αn)
...

. . .
...

τr(α1) · · · τr(αn)
ℜ(σ1(α1)) · · · ℜ(σ1(αn))

...
. . .

...
ℜ(σs(α1)) · · · ℜ(σs(αn))


,

since if it’s nonzero then by definition ι(OK) is a lattice, and its absolute value is the covolume. But by
the identities ℜ(z) = z+z

2 , ℑ(z) = z−z
2i , we have that the above matrix is equal to

1
. . .

1
1
2

1
2

1
2i − 1

2i
. . .

1
2

1
2

1
2i − 1

2i





τ1(α1) · · · τ1(αn)
...

. . .
...

τr(α1) · · · τr(αn)
σ1(α1) · · · σ1(αn)
σ1(α1) · · · σ1(αn)

...
. . .

...
σs(α1) · · · σs(αn)
σs(α1) · · · σs(αn)


with determinant (

1

−4i
− 1

4i

)s√
DK =

(
i

2

)2√
DK
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by 2.4.9, and hence covol(ι(OK)) =
∣∣∣( i

2

)2 √
DK

∣∣∣ = √
|DK |
2s as desired.

Similarly we would want to work with

MR =

{
(x1, . . . , xr, y1, z1, . . . , ys, zs) ∈ Rn :

r∏
i=1

|xi|
s∏

i=1

(
y2i + z2i

)
≤ R

}
but it’s not generally convex, so we use

SR =

{
(x1, . . . , xr, y1, z1, . . . , ys, zs) ∈ Rn :

r∑
i=1

|xi|+
s∑

i=1

2
√
y2i + z2i ≤ nR

1
n

}
It’s left as an multivariable calculus exercise to show SR ⊂ MR and vol(SR) =

nn

n! 2
r
(
π
2

)s
R. Now if

nn

n!
2r
(π
2

)s
R > 2n

√
|DK |
2s

NK(I) ⇐⇒ nn

n!
πsR > 22s

√
|DK |NK(I)

⇐⇒ R >
n!

nn

(
4

π

)s√
|DK |NK(I)

then by 5.2.8 ∃0 ̸= α ∈ I ∩ SR where α ∈ SR =⇒ NK(α) ≤ R.

5.3. Computation of class groups.

Example 5.3.1. Let’s use this to compute Cl(O−14). Since −14 ̸≡ 1mod 4, O−14 = Z
[√

−14
]
. The

Minkowski bound is 2
π

√
4× 14 = 4

π

√
14 ≈ 4.76. Hence Cl(O−14) is generated by [p] where p is prime with

NK(p) < 5. Now (2) =
(
2,
√
−14

)2
= p22 and (3) =

(
3, 1 +

√
−14

) (
3, 1−

√
−14

)
= p3p3. By the norm

argument one can check p2, p3, p3 are all non-principal. This means [p2], [p3], [p3] ̸= 1 ∈ Cl(O−14). But
are they three distinct classes?

Suppose [p2] = [p3], then [p3]
−1[p3] = 1, but [p2]

2 = 1, i.e. [p] is its own inverse, so [p2][p3] = 1, i.e.
p2p3 is principal. But NK(p2p3) = 6 and again by the norm argument this is not possible. Similarly
[p2] ̸= [p3].

Now suppose [p3] = [p3], then [p3]
2 = 1; write p3 = (α), then NK(α) = 9, so α = ±3 and we have

p23 = (3) = p3p3, so by 3.2.12 p3 = p3, a contradiction.
Hence we have one element of order 2 and two elements of order 4 in Cl(O−14); this can only be Z/4Z.

Example 5.3.2. Let K = Q
(√

33
)

and write OK = Z
[
1+

√
33

2

]
. The Minkowski bound is

√
|DK |
2 = 33

2 < 3,

so it suffices to see how (2) splits. By 3.4.16, (2) =
(
2, 1+

√
33

2

)(
2, 1−

√
33

2

)
= p2p2. But p2 is principal:

note that

NK

(
a+ b

(
1 +

√
33

2

))
= NK

(
2a+ b

2
+

b

2

√
33

)
=

4a2 + 4ab+ b2

4
− 33

b2

4
= a2 + ab− 8b2,

and a2 + ab− 8b2 = ±2 does have solution a = 2, b = 1, with 2 + 1+
√
33

2 ∈ p2, so p2 =
(
2 + 1+

√
33

2

)
. It

follows that [p2] · 1 = 1, i.e. p2 is principal as well, hence Cl(OK) = {1} and in particular OK is a PID by
3.3.5.

Week 10, lecture 1, 10 March 2025: problem class (sheet 4)

Exercise 5.3.3. 5. At the end of this problem we will have proved that if Od = OQ(
√
d) is a PID

for d < 0 then either d = −1,−2,−7, or d ≡ 5mod 8 and −d is prime.
(a) Suppose Od is a PID. Show that Od has elements of norm 2 iff d = −1,−2,−7, and deduce

that if Od has no norm 2 elements, 2 must be inert in Od (and so d ≡ 5mod 8 by 3.4.16).
(b) It now remains to show that in the case that Od has no norm 2 elements, −d is prime. We

first show this: if d ≡ 1mod 4 and a prime p is the norm of some element, then p ≥ 1−d
4 .

Deduce that any prime p < 1−d
4 is inert in Od.

(c) Deduce that if d ≡ 5mod 8 then −d is prime.
(d) Prove that n2 − n+ 41 is prime for 1 ≤ n ≤ 40 by using O−163 is a PID.

Solution.
(a) If d ̸≡ 1mod 4 then Od = Z

[√
d
]

and N
(
a+

√
db
)

= a2 − db2, hence either b = 0 and

N
(
a+

√
db
)

is a square, or b ̸= 0 and N
(
a+

√
db
)
≥ −d. If d ≡ 1mod then Od = Z

[
1+

√
d

2

]
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and N
(
a+ b 1+

√
d

2

)
= a2 + ab+

(
1−d
4

)
b2, hence again either b = 0 and N

(
a+ b 1+

√
d

2

)
is a

square, or b ̸= 0 and N
(
a+ b 1+

√
d

2

)
≥ 1−d

4 .
Hence we cannot exclude elements of norm 2 if d ≥ −2 and d ̸≡ 1mod 4 or d ≥ −7 and
d ≡ 1mod 4, i.e. d = −1,−2 or −3,−7. Now indeed 1 + i ∈ O−1,

√
−2 ∈ O−2 and

1−
√
−7 ∈ O−7 has norm 2, but we claim a2 + ab+ b2 = 2 has no integer solutions so O−3

has no norm 2 elements after all, i.e. Od has no norm 2 elements unless d = −1,−2,−7 as
desired.
To prove that last claim, suppose per contra a, b ∈ Z satisfies a2+ab+ b2 = (a+ b)2−ab = 2,
then (a+ b)2 and ab are either both even or both odd. If ab is even then WLOG a is even,
but then a2 + b2 being forces b to be even, so a

2 ,
b
2 is another solution. Infinite descent gives

a contradiction, so suppose ab is odd. Then both a and b are odd, so a2 and b2 are odd, but
then a2 + b2 is even, another contradiction.
Now assume d ̸= −1,−2,−7 and suppose per contra 2 is not inert in Od. If 2Od = p22
(ramifies) or 2Od = p2p2 (splits), then N(p2) = 2 so since Od has no norm 2 elements, p2 is
not principal, contradicting that OD is a PID. Hence 2 is inert.

(b) We already know if d ≡ 1mod 4 then N(α) is either a square or ≥ 1−d
4 for any α ∈ Od, and

clearly a prime is never a square, so the first part is proved. p cannot ramify or split by the
same argument for 2 in the last paragraph of (a).

(c) Suppose per contra −d is not prime. We claim it has a prime factor p ≤ −d
5 . Indeed, since

d ≡ 5mod 8, −d ≡ 3mod 8, but 3, 11, 19 are all prime, so −d ≥ 27, in particular −d > 25. If
every prime factor p satisfies p > −d

5 , then in particular for distinct prime factors p, q of −d,
we have pq > (−d)(−d)

25 > −d, an absurdity. Hence we have some p | d (hence p ramifies in Od

by 3.4.15 and 3.4.16) with p ≤ −d
5 < 1−d

4 which is inert by (b), a contradiction.
(d) Note that −163 ≡ 1mod 4 and

N

(
n+

−1 +
√
−163

2

)
= n2 − n+ 41.

Write the prime factorisation(
n+

−1 +
√
−163

2

)
= p1 · · · pr.

If there is some i with pi = (p) then p | n + −1+
√
−163

2 which is clearly not possible, so
each pi’s lies above some prime that either splits or ramifies. By (b), these primes ≥ 41, so
N(pi) ≥ 41 ∀i. But since 1 ≤ n ≤ 40, 41 ≤ n2 − n+ 41 < 412, so

(
n+ −1+

√
−163

2

)
is prime

and since n+ −1+
√
−163

2 /∈ Z, we have n2 − n+ 41 is prime.
4. Compute class group of O−23.

Solution. Since −23 ≡ 1mod 4, by our calculation in 5.1.6 the Minkowski bound is 2
π

√
23 < 4,

so we need to investigate the primes 2 and 3. By 3.4.16, since −23 ≡ 1mod 8, we have

(2) =

(
2,

1 +
√
−23

2

)(
2,

1−
√
−23

2

)
= p2p2,

so N(p2) = N(p2) = 2, and by 3.4.15, since −23 ≡ 1 ≡ 12 mod3, we have

(3) =
(
3, 1 +

√
−23

) (
3, 1−

√
−23

)
= p3p3

with N(p3) = N(p3) = 3 similarly. We therefore have Cl(K) = {1, [p2], [p2], [p3], [p3]}.
Now a2 + ab+ 1+23

4 b2 = a2 + ab+ 6b2 = 2, 3 doesn’t have integer solutions, so

[p2], [p2], [p3], [p3] ̸= 1.

But N
(

1+
√
−23
2

)
= 6 and

1 +
√
−23

2
∈ p2p3 =

(
6, 2 + 2

√
−23,

3 + 3
√
−23

2
,−11 +

√
−23

)
(since 1+

√
−23
2 = 4+4

√
−23

2 − 3+3
√
−23

2 ) where N(p2p3) = N(p2)N(p3) = 6, so we must have

p2p3 =
(

1+
√
−23
2

)
, in particular principal, so [p2] = [p3]

−1 = [p2]
−1, in particular [p2] = [p3]. Also,

N(p22) = N(p2
2) = 4 but the only solutions to a2+ab+6b2 = 4 is a = ±2, b = 0, and p22, p2

2 ̸= (2)
since otherwise p2 = p2 which is false, so [p2]

2, [p2]
2 ̸= 1 (which implies [p2] ̸= [p3]), and similarly
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[p3]
2 ̸= 1. Hence in the group we have at least 3 (1, [p2], [p3]) and at most 4 (we don’t know if [p3]

is any of the 3 before) distinct elements with no elements of order 2; the group must be Z/3Z.

Week 10, lecture 2, 11 March 2025

5.4. Class groups as machinery to solve Diophantine equations.

Theorem 5.4.1 (Fermat). Let p be a prime. Then
(1) p = x2 + y2 for x, y ∈ Z ⇐⇒ p = 2 or p ≡ 1mod 4,
(2) p = x2 + 2y2 for x, y ∈ Z ⇐⇒ p = 2 or p ≡ 1, 3mod 8.

Proof. We’ve seen numerous times how to prove the first statement using Minkowski (in elementary
number theory and in exercise for elliptic curves). But there’s a quicker way.

Note that p = x2 + y2 = N(x + iy) = (x + iy)(x − iy) in the larger ring Z[i]. Since N(p) = p2

and Z[i] is a PID, this means p cannot be inert, and by 3.4.16 and 3.4.15, this means either p = 2 or
∃a ∈ Z : a2 ≡ −1mod p, i.e.

(
−1
p

)
= 1, which by 4.1.5 is equivalent to (−1)

p−1
2 = 1, i.e. p−1

2 is even, i.e.
p ≡ 1mod 4.

The same argument with Z
(√

−2
)

implies the second statement. □

Let’s now see how the class group helps us in the case that our ring is not a PID. We’ve seen in 5.1.6
that Cl(O−5) = Z/2Z.

Theorem 5.4.2. Let p be a prime.
(1) If p ≡ 1, 9mod 20, then pO−5 = pp splits where p, p are principal. In particular, p = x2 + 5y2 for

some x, y ∈ Z by the same argument.
(2) If p ≡ 3, 7mod 20, then pO−5 = pp where [p] = [p] = [p2] where p2 =

(
2, 1 +

√
−5
)

is non-principal.
In particular, 2p = x2 + 5y2.

(3) 2 and 5 ramify.
(4) In any other case p is inert.

Proof. By 3.4.15, p splits ⇐⇒
(

−5
p

)
= 1. By 4.1.6,

(
−5
p

)
=
(

−1
p

)(
5
p

)
= (−1)

p−1
2

(
p
5

)
= 1 either

if p ≡ 1mod 4 and p ≡ ±1mod 5 (hence p ≡ 1, 9mod 20) or if p ≡ 3mod 4 and p ≡ ±2mod 5 (hence
p ≡ 3, 7mod 20). Hence together with (3) (follows immediately from 3.4.19), this already gives (4).

Now the case pO−5 = pp remains. There are two possibilities:
(1) [p] = 1, then [p] = 1 · 1−1 = 1 as well, so ∃x, y ∈ Z : N

(
x+

√
−5y

)
= x2 + 5y2 = N(p) = p. This

cannot happen if p is not a square modulo 5, so p ≡ 1, 9mod 20. This proves (1).
(2) [p] = [p2], then [p] = [p2]

−1 = [p2]. But this also means [p][p2] = [p2]
2 = 1, i.e. pp2 is principal,

so ∃x, y ∈ Z : x2 + 5y2 = N(pp2) = N(p2)N(p) = 2p, which cannot happen if 2p is not a square
modulo 5, i.e. if p is a square modulo 5, so p ≡ 3, 7mod 20. This proves (2).

□

5.4.1. Mordell equations. Mordell equations are of the form y2 = x3+d. The general strategy is to rewrite
it as x3 = y2 − d =

(
y +

√
d
)(

y −
√
d
)

in Z
[√

d
]
.

Example 5.4.3. y2 = x3 − 1. As above, rewrite it as (y − i)(y + i) = x3. We solve it in the following
steps.

(1) Show that the ideals (y − i), (y + i) ⊂ O−1 are coprime.
If p | (y − i), (y + i) then p | (2i), so either 2 ∈ p or i ∈ p. But i ∈ O×

−1 and p is proper, so
2 ∈ p, i.e. p lies above 2. Now 2 = (1 + i)(1− i), so p is either (1 + i) or (1− i). In either case,
N(p) = 2 | N((y − i)(y + i)) = x3, so 8 | x3 and y2 ≡ −1mod 8, which is impossible.

(2) By unique ideal factorisation of (x)3 = (y − i)(y + i) and step 1, (y − i) = q3 and (y + i) = q3 for
some ideals q, q.

(3) Since Cl(O−1) is trivial, q = (a + ib) for some a, b ∈ Z, in particular y − i = u(a + ib)3 where
u ∈ Z[i]× = {±1,±i}. Similar for y + i. Up to signs and relabelling a and b we can write
y − i = (a+ ib)3.

(4) We now simply expand:

(a+ ib)3 = a3 − 3ab2 + i
(
b
(
3a2 − b2

))
,

and we have y = a3 − 3ab2, 1 = b
(
3a2 − b2

)
. Hence b = 3a2 − b2 = ±1. If b = 1 then 3a2 = 0 so

a = 0. If b = −1 then 3a2 = 2 which is impossible.
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(5) Hence we have y = 0 in any case (b = 1, a = 0, b = −1, a = 0, b = 0, a = 1, b = 0, a = −1), so
the only solution is x = 1, y = 0.

Example 5.4.4. y2 = x3 − 5. Again rewrite it as
(
y −

√
−5
) (

y +
√
−5
)
= x3.

(1) Show that the ideals
(
y −

√
−5
)
,
(
y +

√
−5
)
⊂ O−5 are coprime.

Similarly, if
(
y −

√
−5
)
,
(
y +

√
−5
)
⊂ p where p is prime then 2

√
−5 ∈ p, so

N(p) | N
(
2
√
−5
)
= 20,

and so p lies above 2 or 5. On the other hand, x3 =
(
y −

√
−5
) (

y +
√
−5
)
∈ p, so x ∈ p. If p lies

above 2 then x ∈ (2), so again 8 | x3 hence y2 ≡ 3mod 8 which is impossible. If p lies above 5
then 5 | x =⇒ 5 | x3 − 5 =⇒ 5 | y, but then 25 | x3 − y2 = 5 which is also impossible.

(2) By unique ideal factorisation of (x)3 =
(
y −

√
−5
) (

y +
√
−5
)

and step 1,
(
y +

√
−5
)
= q3 and(

y −
√
−5
)
= q3 for some ideals q, q.

Week 10, lecture 3, 12 March 2025
(3) We can’t immediately conclude q is principal since Cl(O−5) = Z/2Z, but since q3 is principal, its

order divides 3, hence in Z/2Z it must be the identity, i.e. q (and similarly q) is principal. Now(
y +

√
−5
)
=
(
a+ b

√
−5
)3 for some a, b ∈ Z, so

y +
√
−5 = u

(
a+ b

√
−5
)3

where u ∈ Z
[√

−5
]×

= {±1},

so up to signs y +
√
−5 =

(
a+ b

√
−5
)3.

(4) Again we expand:
(
a+

√
−5
)3

= a(a2 − 15b2) +
√
−5b(3a2 − 5b2), hence b = 3a2 − 5b2 = ±1. If

b = 1 then 3a2 = 6 which is impossible, if b = −1 then 3a2 = 4 which is again impossible.
(5) Hence y2 = x3 − 5 has no integer solutions.

In more generality. Consider d < 0 squarefree and d ̸≡ 1mod 4. Then Od = Z
[√

d
]
. We solve

y2 = x3 + d following the same steps and see what can go wrong.

(1) Suppose
(
y +

√
d
)
,
(
y −

√
d
)
⊂ p for some prime ideal p. Then 2

√
−d ∈ p. This tells us p lies

above either 2 or some p that divides d.
If p lies above 2, note that x3 =

(
y +

√
d
)(

y −
√
d
)
∈ p ∩ Z = (2), so 8 | x3, so y2 ≡ dmod8,

but only quadratic residues of 8 are 0, 1, 4, and d is squarefree and d ̸≡ 1mod 4, so this case is
excluded.

Otherwise, similarly p | x3, but also p | d, so p | y and hence p2 | x3 − y2 = −d, but d is
squarefree, again impossible.

We conclude that
(
y +

√
d
)
,
(
y −

√
d
)

are coprime.

(2) This allows to write
(
y +

√
d
)
= q3 for some ideal q ⊂ Od, similar for

(
y −

√
d
)
.

(3) If 3 ∤ |Cl(Od)| then Cl(Od) cannot have order 3 elements, so q is principal.

(4) If q is principal then y+
√
d = u

(
a+ b

√
d
)3

for u ∈ Z
[√

d
]
=

{
{±1} if d < −1

{±1,±i} if d = −1
, and again

up to signs (and relabelling if d = −1) we can simply write y +
√
d =

(
a+ b

√
d
)3

.

(5)
(
a+ b

√
d
)3

= a(a2 +3db2) +
√
db(3a2 + db2), so in general (d ̸= −1) one has b = 3a2 + db2 = ±1.

If this does have a solution a = ±a0, then y = ±a0(a
2
0 + 3d), and

x3 =
(
y +

√
d
)(

y −
√
d
)
=
(
a0 +

√
d
)3 (

a0 −
√
d
)3

=
(
a20 − d

)3
,

so x = a20 − d, hence in this case we have solutions
(
a20 − d,±a0

(
a20 + 3d

))
.

Theorem 5.4.5. Suppose d < 0 is squarefree and d ̸≡ 1mod 4. If ∃a ∈ Z : 3a2 + d = ±1, then

(x, y) =
(
a2 − d,±a

(
a2 + 3d

))
is a solution of the Diophantine equation y2 = x3 + d. Moreover, if 3 ∤ |Cl(Od)|, then these are the only
solutions.

Example 5.4.6. (1) d = −13: in this case 3a2 = 12 has solutions a = ±2, so

(x, y) = (4 + 13,±2 (4− 3× 13)) = (17,±70)
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are solutions to y2 = x3 − 13. Moreover, 2
π

√
4 · 13 < 5, with the primes 2 ramifying (3.4.16) and 3

inert (3.4.15 and 2 is not a square modulo 3), so Cl(O−13) = Z/2Z and so the above solutions are
all.

(2) d = −26: 3a2 = 27 has solutions a = ±3, so (x, y) = (9 + 26,±3 (9− 3× 26)) = (35,±207) are
solutions to y2 = x3 − 26. But by staring, (3,±1) is another solution, so 3 | Cl(O−26) (i.e. we can
also reverse the process to obtain information of the class group).

Theorem 5.4.7. For d ̸= 0, the Diophantine equation y2 = x3 + d has finitely many integer solutions.

5.4.2. Units in real quadratic fields. In previous section we only considered Z
[√

d
]

with d < 0, where
there are a very limited set of units and hence makes step 4 in the general “algorithm” simpler. But
it turns out in Z

[√
d
]

with d > 0 we have infinite number of units, which can still be systematically
described.

Example 5.4.8. Note that 1 +
√
2 ∈ O×

2 , since N
(
1 +

√
2
)
=
(
1 +

√
2
) (

1−
√
2
)
= −1. But this means(

1 +
√
2
)n ∈ O×

2 ∀n ∈ Z, and since 1 +
√
2 > 1, this means they are all distinct and we have an infinite

family of units. We will later see that these together with ±1 generate all units in O2.

Theorem 5.4.9. Let d > 1 be squarefree. Then ∃!ε ∈ O×
d with ε > 1 such that O×

d = {±εn : n ∈ Z}.
This ε is called the fundamental unit. In particular, O×

d
∼= Z/2Z× Z.

Remark 5.4.10. When d ̸≡ 1mod 4, the units give solutions to the Diophantine equations x2− dy2 = ±1

(Pell). Indeed, x+
√
dy ∈ Od is a unit ⇐⇒ N

(
x+

√
dy
)
= ±1.

Example 5.4.11. 1 +
√
2 is the fundamental unit of O×

2 , 2 +
√
3 for O×

3 , 1+
√
5

2 for O×
5 , 170 + 39

√
19 for

O×
19, and 2143295 + 221064

√
94 for O×

94.

Week 11, lecture 1, 17 March 2025

Lemma 5.4.12. Let d > 1 be squarefree, K = Q
(√

d
)

and Od the ring of integer of K. Then there

exists u ∈ O×
d with u ̸= ±1.

Proof. We claim that ∃c > 0 such that there are infinitely many α ∈ Od with |NK(α)| < c. Let’s first see
how this claim suffices to imply the lemma. Recall 5.1.2 which says that there are finitely many ideals
with norm < c. By pigeonhole, ∃α ̸= β ̸= γ : (α) = (β) = (γ) with at least one of β and γ distinct from
−α. WLOG suppose it’s β. Hence β = uα where u /∈ {±1}.

Now let’s prove our claim. Recall the realisation of real quadratic fields as lattices (5.2.12). Take

Sr =
{
(x, y) ∈ R2 : |x| < r, |y| < c

r

}
=
{
(x, y) ∈ R2 : N(x, y) = |x · y| < c

}
as the convex, symmetric subset of R2 to be applied to 5.2.8. Let c >

√
|DK | = covol(ι(OK)). Then

vol(Sr) = (2r)

(
2c

r

)
= 4c > 22 covol(ι(OK)),

so ∀r > 0, ∃0 ̸= α ∈ Od : ι(α) ∈ Sr, i.e. |α| < r and |τ2(α)| < c
r , so |NK(α)| = |τ1(α)τ2(α)| < c.

Take 0 ̸= α1 ∈ Od ∩ S1, 0 ̸= α2 ∈ Od ∩ S|a1| and iterate infinitely to get a sequence (αi). Since by
this construction |α1| > |α2| > |α3| > · · · , we have an infinite number of elements with norm < c, as
desired. □

Lemma 5.4.13. Let d,K,Od be as previous lemma. Let u = a+ b
√
d ∈ O×

d . Then u > 1 ⇐⇒ a, b > 0;
moreover, if u′ = a′ + b′

√
d with u′ > 1, then u ≥ u′ ⇐⇒ a ≥ a′ and b ≥ b′. In fact, u ≥ u′ ⇐⇒ b ≥ b′

with the only exception d = 5, u = 1+
√
5

2 , u′ = 3+
√
5

2 .

Proof. (1) ⇐= : a, b > 0 in particular means a, b ≥ 1
2 , but then u = a+ b

√
d ≥ 1+

√
d

2 > 1.
=⇒ : u ∈ O×

d =⇒ NK(u) = ±1 = uu, so u > 1 =⇒ |u| < 1. This implies u+ u, u− u > 0,
where u+ u = 2a and u− u = 2

√
db, so a, b > 0.

(2) Write

(∗) u− u′ = 2
√
d(b− b′) + u− u′.

If b ̸= b′, then if d ̸≡ 1mod 4, we have |b− b′| ≥ 1 and so 2
√
d|b− b′| ≥ 2, and if d ≡ 1mod 4 then

|b− b′| ≥ 1
2 so 2

√
d|b− b′| ≥

√
d ≥ 2 as well. Since again |u|, |u′| < 1, we have |u− u′| < 2, so

b > b′ =⇒ 2
√
d(b− b′) + u− u′ > 0 =⇒ u > u′
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by (∗), and similarly b < b′ =⇒ u < u′. It remains to see what happens when b = b′. Then
by (∗), u ≥ u′ ⇐⇒ u ≥ u′. Since a, a′ > 0, WLOG a2 − db2 = 1 and (a′)2 − d(b′)2 = −1, so
a2 − (a′)2 = 2. If d ̸≡ 1mod 4, then a, a′ ∈ Z, so since (n+ 1)2 − n2 = 2n+ 1 > 2, a2 − (a′)2 = 2
can never happen. If d ≡ 1mod 4, then b ∈ 1

2 + Z and a, a′ ∈ 1
2Z\Z. Write a′ = 2n+1

2 and
a = 2n+2k+1

2 . Then

a2 − (a′)2 =
(2n+ 2k + 1)2 − (2n+ 1)2

4
= 2

has only solution n = 0, k = 1, so a′ = 1
2 , a = 3

2 , hence db2 = 5
4 , so it can only be that b = 1

2 and
d = 5.

□

Proof of 5.4.9. Let ε ∈ O×
d be minimal with ε > 1. Let u ∈ O×

d with u ̸= ±1. Write u′ = |u|, in particular
u′ > 0. Then εk < u′ for some small enough k < 0. Similarly εk > u′ for some big enough k > 0. This
means ∃k maximal with εk ≤ u′ and u′ < εk+1, i.e. 1 ≤ u′

εk
< ε. By minimality of ε, this implies u′

εk
= 1,

i.e. u = ±εk. □

Example 5.4.14. The proof also gives a constructive way to find the fundamental unit: we find solution
to a2 − db2 = ±1 with a, b > 0 and b minimal. For instance, for O11, we solve a2 − 11b2 = ±1 starting
from b = 1. Then a2 = 12 or 10, which yields no solutions; if b = 2 then a2 = 45 or 43, again no solutions;
if b = 3 then a2 = 100 (so a = 10) or 98 (no solution), so ε = 10 + 3

√
11 is the fundamental unit of O11.

Remark 5.4.15. We often need to solve equations of the form NK(α) = n for n ∈ Z. But now
NK

(
±ηkα

)
= n ∀k ≥ 1 where η > 1 is the smallest unit NK(η) = 1. We can pick k in a way that√

|n|η− 1
2 ≤ α′ := ±εkα ≤

√
|n|η 1

2 ,

then |α′| = n
α′ ≤

√
|n|η 1

2 implies |α′ −α′| = |2b
√
d| ≤ 2

√
|n|η 1

2 , so b ≤
√

η|n|
d . This gives us: any solution

to NK(α) = n for α ∈ Od has the form α = ±ηk
(
a+ b

√
d
)

where NK

(
a+

√
db
)
= n and |b| ≤

√
η|n|
d

with η > 1 and NK(η) = 1. Such η does always exist; it’s either the fundamental unit ε or ε2.

Week 11, lecture 2, 18 March 2025

Example 5.4.16. We compute Cl(K) where K = Q
(√

79
)

and write O79 = OK . The Minkowski bound
is CK =

√
79 < 9, so we need to investigate primes 2, 3, 5 and 7.

By 3.4.16 and 3.4.15,

(1) 2OK =
(
2,
√
79 + 1

)2
=: p22 since 79 ≡ 3mod 4;

(2) 3OK =
(
3,
√
79 + 1

) (
3,
√
79− 1

)
=: p3p3 since 79 ≡ 1 = 12 mod3;

(3) 5OK =
(
5,
√
79 + 2

) (
5,
√
79− 2

)
=: p5p5 since 79 ≡ 4 = 22 ≡ 5.

(4) 7OK =
(
7,
√
79 + 3

) (
7,
√
79− 3

)
=: p7p7 since 79 ≡ 2 ≡ 32 ≡ 7.

We now have a lot of primes. The vague idea is to find elements with small norm to find relations between
them. We start with b = 1, 2 and find a that gives small values of a2 − 79b2, and we have that

N
(
8 +

√
79
)
= −15, N

(
9 +

√
79
)
= 2, N

(
10 +

√
79
)
= 21, N

(
17 + 2

√
79
)
= −27,

and this tells us
(
8 +

√
79
)

is the product of either p3 or p3 and either p5 or p5, but in any of these 4 cases,
we have [p3] = [p5] or [p3] = [p5]

−1, i.e. we can already get rid of p5 and p5. Similarly, with
(
10 +

√
79
)

we can get rid of p7 and p7. Now 9 +
√
79 = 4× 2 +

√
79 + 1 ∈ p2, so since

(
9 +

√
79
)

and p2 have the
same norm, they must be the same ideal and [p2] = 1. We have thus deduced that Cl(K) is generated by
[p3] alone.

We claim that
(
17 + 2

√
79
)

is either p33 or p3
3; by its norm it suffices to show p3p3 ∤

(
17 + 2

√
79
)
.

Indeed, 17 + 2
√
79 ∈ p3p3 = (3) is clearly false. This tells us [p3]

3 = [p3]
3 = 1.

It remains to see p3 is not principal to conclude Cl(K) ∼= Z/3Z. We prove a2 − 79b2 = ±3 has no
integer solutions:

(1) a2 − 79b2 ≡ a2 ≡ 3mod 79 doesn’t have solutions since
(

3
79

)
= −

(
79
3

)
= −

(
1
3

)
= −1.

(2) The fundamental unit of O79 is ε = 80 + 9
√
79 with N(ε) = 1. By 5.4.15, if NK(α) = −3

has a solution, it also has a solution a + b
√
79 with |b| <

√
3ε
79 ≈ 2.46, so it is enough to solve

N
(
a+ b

√
79
)
= −3 for a when b = 0,±1,±2. If b = 0 then a2 = −3 has no solution. If b = ±1

then a2 = 76 also has no solution. If b = ±2 then a2 = 313 again has no solution.
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Theorem 5.4.17 (Dirichlet’s unit theorem). Let K be a number field and suppose k has r real embeddings
and s conjugate pairs of complex embeddings. Let µ(K) = {x ∈ K : xn = 1 for some n} be the set of
roots of unity. Then O×

K
∼= µ(K)×Zr+s−1. In other words, ∃ε1, . . . , εr+s−1 ∈ O×

K such that every u ∈ O×
K

can be written as ζεn1
1 · · · εnr+s−1

r+s−1 for some ζ ∈ µ(K) and ni ∈ N.

Example 5.4.18. (1) K = Q, r = 1, s = 0, r + s− 1 = 0 and indeed O×
K = Z× = {±1} = µ(Q).

(2) K = Q
(√

−d
)

where d > 0 is squarefree, then r = 0, s = 1 so again r + s − 1 = 0 and
O×

K = µ
(
Q
(√

−d
))

= {±1} unless K = Q(i) (then O×
K = {±1,±i}) and K = Q(ζ3) (then

O×
K = {±1,±ζ3,±ζ23}).

(3) K = Q
(√

d
)

where d > 0 is squarefree, then r = 2, s = 0 so r + s− 1 = 1 and

O×
d
∼= µ

(
Q
(√

d
))

× Z

as in 5.4.9.

Example 5.4.19. (1) K = Q
(

3
√
2
)
, then r = 1, s = 1, r + s− 1 = 1, so O×

K
∼= {±1} × Z. One can

check N(1 + 3
√
2 + 3

√
4) = 1 and it turns out this is the fundamental unit.

(2) Cyclotomic field K = Q (ζ5), then r = 0, s = 2, r + s − 1 = 1, so again O×
K

∼= µ (Q (ζ5)) × Z.

Note that Q
(√

5
)
⊂ Q(ζ5), so O×

5 =
{
±
(

1+
√
5

2

)n
: n ∈ Z

}
⊂ O×

K . It turns out that

O×
K =

{
ζk10

(
1 +

√
5

2

)n

: k, n ∈ Z

}
.

Week 11, lecture 3, 19 March 2025: problem class (sheet 5)

Exercise 5.4.20. 3. Let K be a number field and suppose αβ = γn for α, β, γ ∈ OK and n > 0.
Suppose (α, β) = OK , i.e. α, β are coprime. Prove that if (n, |Cl(OK)|) = 1 then α = uδn for
some u ∈ O×

K and δ ∈ OK .
Solution. Since (α), (β) ⊂ OK are coprime ideals, i.e. the factorisations of (α) and (β) don’t

have any common prime factor, and that (α)(β) = (γ)n, we have (α) = In and (β) = Jn for some
ideals I, J ⊂ OK . But then [I]n = 1, and since n ∤ |Cl(OK)|, [I] = 1 and I = (δ) for some δ ∈ OK ,
so α = uδn as desired.

(1) We investigate primes of the form x2 + 13y2 where x, y ∈ Z. Show that:
(a) Cl(O−13) = {1, [p2]}.
(b) p splits in O−13 iff p ≡ 1mod 4 and

(
p
13

)
= 1 or p ≡ 3mod 4 and

(
p
13

)
= −1.

(c) In the case p ≡ 1mod 4, (p) = pp where p, p are principal, and in the case p ≡ 3mod 4,
(p) = pp where [p] = [p] = [p2].

(d) p = x2 + 13y2 iff p = 13 or p ≡ 1mod 4 and
(

p
13

)
= 1.

Solution.
(a) We did this in 5.4.6.
(b) Since −13 ≡ 3mod 4, 8, by 3.4.16, 3.4.15, a prime p splits iff p is odd, p ∤ −13 and

(
−13
p

)
= 1.

p is odd means either p ≡ 1mod 4 or p ≡ 3mod 4. If former, then( p

13

)
=

(
13

p

)
=

(
−1

p

)(
−13

p

)
= 1× 1 = 1,

and if latter than ( p

13

)
=

(
−1

p

)(
−13

p

)
= −1× 1 = −1.

(c) We know p is principal iff p = x2 + 13y2 has a solution over Z, which implies
(

p
13

)
= 1, and

[p] = [p2] iff [p2][p] = [p2]
−1[p2] = 1 iff 2p = x2 + 13y2 has a solution over Z, which implies(

2p
13

)
= 1 =⇒

(
p
13

)
= −1

(
since

(
2
13

)
= −1

)
.

(d) Clearly 13 = 02 + 13 · 12. The second case follows from (c) since p = x2 + 13y2 iff there is a
principal ideal p with N(p) = p.

4. We demonstrate a trick to solve y2 = x3 + d where d > 0. In particular let d = 7. Write the
equation as y2 + 1 = x3 + 8 = (x+ 2)

(
x2 − 2x+ 4

)
. Show that:

(a) x is odd.
(b) x2 − 2x+ 4 ≡ 3mod 4 and x2 − 2x+ 4 > 0.
(c) ∃p ≡ 3mod 4 prime with p | x2 − 2x+ 4 (and so p | y2 + 1).
(d) The equation y2 = x3 + 7 has no solutions over Z.
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Solution.
(a) If x is even then 8 | x3, so y2 ≡ −1mod 8 which is impossible since −1 is not a quadratic

residue mod 8.
(b) x2 − 2x+ 4 = (x− 1)2 + 3.
(c) Write x2−2x+4 = p1 · · · pr where pi’s are prime. If all p ≡ 1mod 4 then x2−2x+4 ≡ 1mod 4,

contradicting (b).
(d) (c) says there is a prime p ≡ 3mod 4 such that y2 +1 ≡ x2 − 2x+4 ≡ 0mod p, contradicting

that
(

−1
p

)
= 1 ⇐⇒ p ≡ 1mod 4.

(2) Let p2 =
(
2,
√
−14

)
⊂ O−14. You can assume it’s nonprincipal. Show that:

(a) There is an ideal p ⊂ O−14 with N(p) = p and [p] = [p2] ⇐⇒ p = 2x2 + 7y2 for x, y ∈ Z.
(b) x2 + 14y2 and 2x2 + 7y2 take the same set of values modN ∀N > 0.

Solution.
(a) We first show that p = 2x2 + 7y2 for some x, y ∈ Z iff 2p = a2 + 14b2 for some a, b ∈ Z.

⇐= : Modulo 2 we have a2 ≡ 0mod 2, i.e. a is even, so 2p = a2 + 14b2 can be reduced to
2p = (2a0)

2 + 14b2 ⇐⇒ p = 2a20 + 7b2.
=⇒ : p = 2x2 + 7b2 =⇒ 2p = 4x2 + 14b2 = (2x)2 + 14b2.
Now note that 2p = a2 + 14b2 for a, b ∈ Z iff there is a principal ideal of norm 2p iff (by
calculation in 5.3.1, Cl(O−14) ∼= Z/4Z) there is a principal ideal of the form pp2 where
N(p) = p iff there is a p ⊂ O−14 such that NK(p) = p and [p] = [p2]

−1 = [p2].
(b) Modulo 7 we have x2 +14y2 = x2 and 2x2 +7y2 = 2x2, and since 2 ≡ 9 = 32 mod7, we have

2x2 ≡ (3x)2 mod7.
Modulo 8 (by brute-force computation) they both take values {0,±1,±2,±4}.
Modulo p for p ̸= 2, 7, we prove that in general ax2 + by2 where a, b ∈ F×

p takes all
values. Note that ax2 take p+1

2 values, and similarly for k − by2 for k ∈ Fp. But then
{ax2 : x ∈ Fp} ∩ {k − by2 : k, y ∈ Fp} ̸= ∅ since p + 1 > p, so any k can be written as
ax2 + by2 for some x, y ∈ Fp.

5. Prove that (x, y) = (1, 0) is the only solution to y2 = x5 − 1 over Z.
Solution. Rewrite (y+ i)(y− i) = x5 and follow the same strategy of solving Mordell equations

(note that u5 = u ∀u ∈ Z[i]×).
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