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Week 1, lecture 1, 4 October 202/

Broadly there are two parts to this module: I. rings and modules, II. matrix groups.

1. RINGS

Example 1.0.1. (1) Z, integers.

(2) R[z] = {apz™ + a1z ' +--- +ay : agp,...,a, € R}, e.g. Q[z].

(3) Z/mZ where m € N.

(4) Z[i] = {a +bi:a,b € Z,i* = —1}, Gaussian integers.

(5) Rlr1,...,zn) = Rlz1,...,Tn_1][zn] =

(6) Monoid rings R[P] where P is a monoid (group without inverses, e.g. N).

(7) M,xn(R), a noncommutative ring.

(8) Qli,j, k] = {a+bi+cj+dk:abcde Q,i®=j2=k>=—1,ij =k,jk =i,ki=j}, another
noncommutative one.

(9) Weyl algebra K|z, d], generated by differentiation operator ¢ and multiplication by x, with identity
(by product rule) éx — 2§ = 1.

(10) Heisenberg algebra Clz,p] = zp — px = ih.

In ring theory we abstract from these examples and study phenomena that apply to all.
Week 2, lecture 1, 7 October 202/

Definition 1.0.2. A monoid is a triple (P,-,1) where P is a set and - a binary operation P x P — P
such that - is associativeand a-1=1-a =a Va € P.

Definition 1.0.3. A ring is a quintuple (R, +,-,0,1) where R is a set, +, - binary operations R x R — R
such that (R, +,0) is an abelian group and (R, -, 1) is a monoid with distributivity: (a 4 b)c = ac + bc
and c(a + b) = ca + cb.

Definition 1.0.4. Let R, S be rings. A function f: R — S is a ring homomorphism if f : (R,+,0) —
(S,4+,0) is a group homomorphism and f: (R,-,1) — (S,-,1) is a monoid homomorphism, i.e.

Va,b € R, f(ab) = f(a)f(b) and f(1) = 1.

Example 1.0.5. Let R be a ring and P a monoid, then one has a monoid ring, denoted R[P], with

elements formal linear combinations of (a,p) (or simply ap) where a € R, p € P. For instance, with

P = G and R = Z one has the group ring / group algebra Z[G]. If there is a group homomorphism
1
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¢ : G — H then one can write a map ¢ : Z[G] — Z[H] defined by }_ 5 aq9 — >_ cc ag(g), which we
claim is a ring homomorphism.

Week 2, lecture 2, 8 October 202/

Definition 1.0.6. If f : R — S is a ring homomorphism, then ker f := {r € R: f(r) = 0} is the kernel
of f.

Definition 1.0.7. A left-sided ideal of a ring R is a subset I C R such that I is a subgroup with respect
to addition and Vr € R,a €l :ra € 1.
The definitions for a right-sided ideal and a two-sided ideal are as expected.

Lemma 1.0.8. ker f is not a subring of R but is a two-sided ideal.

Proof. Indeed,
(1) a,bel = fla—0b)= f(a)— f(b))=0-0=0.
(2) reR,ael = f(ra) = f(r)f(a) = f(r) -0 =0 and similarly for ar.

Example 1.0.9. Let R = Z, then all ideals of R are principal, i.e.

VI<R, Ime R:1=(m):={rm:r € R}.
We call these rings principal ideal domains, or PID. One can see this by the division algorithm. Let
0 # I < R, then pick the smallest 0 < m € I by the well-ordering principle. We claim I = (m). Indeed,

suppose a € I, then dg,r : a = gm + r where 0 < r < m, but then » = a — gm € I, hence r must be 0, i.e.
a = gm € (m). This proves that every ring with the division algorithm has this property, i.e.

Proposition 1.0.10. Every euclidean domain is a PID.

Definition 1.0.11. A ring R is an integral domain or simply domain if Vu,v € R, uv =0 = either
u=0orwv=0.

Definition 1.0.12. A euclidean domain is a domain R with a function deg : R\{0} — N such that
Va,b € R where b # 0, 3q,r : a = gb + r where either degr < degb or r = 0.

Example 1.0.13. (1) If k is a field, then the ring k[X] is a euclidean domain where the degree
function is the usual degree of a polynomial.
(2) The gaussian integers form a euclidean domain with deg : a + bi — a? + b2, usually called the
norm.
Week 2, lecture 3, 11 October 2024
(3) The ring of Hurwitz quaternions R = 7Z[i, j, k] + WZ with deg : @ — N(«) where for
a =z +iy+ jz+ kt one defines N(a) == aa = 2% + 3% + 22 + 2 (where @ = & — iy — jz — kt; the
definition helps to see this norm is multiplicative) is a noncommutative euclidean domain (for
all nonzero o, € R, Iy,p € R: a = By + p with N(p) < N(B) and Fy,p' € R: a=+8+p
with N(p') < N(B)). The key point to prove this is V¢ € R[i, j, k], o € R: N(( — ) < 1. This
would not be true if R = Z[i, j, k]; consider ¢ = W

1.1. Homomorphism theorems.
Lemma 1.1.1. A ring homomorphism ¢ : R — S is injective <= ker ¢ = (0).

Proof.
(pla) =p(b) = a=0) < (pla—b)=0 = a=Db)
<~ ((a—b) €kerp = a—b=0)
<= keryp = (0).
(]

Example 1.1.2. Let G, H be groups and ¢ : G — H a group homomorphism. Consider ¢ : Z[G| — Z[H],
the induced ring homomorphism. Note that if g € ker ¢ then 1 — g € ker ¢ since then g(1—g) =1—1=0.
We claim S = {1 — g : g € ker ¢} generates ker @.

Definition 1.1.3. If R is a ring and I C R a two-sided ideal, then I defines an equivalence relation on R:
r1 ~ 19 if 7o — 71 € I. The equivalence classes are denoted by [r] =r+ I = {r +a:a € I}. The quotient
set of these classes R/I is a ring, called the quotient ring, with the natural quotient map R — R/I a
surjective ring homomorphism.
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Theorem 1.1.4 (1st homomorphism). Let ¢ : R — S be a ring homomorphism. Then there is a unique
factorisation of ¢:
N
R/ ker ¢
where 1 is injective.

The quotient construction allows us to make a lot of rings. An important class is finitely generated k-
algebras (quotients of a polynomial ring over k, k[z1,...,z,] by a finitely generated ideal I = (f1,..., fn)).
In fact, for all ideals I C k[z1,...,2,], 3 finitely many fi,...,f- € I: 1= (f1,...,[f): the Hilbert basis
theorem. We now define the language we just used more rigorously.

Definition 1.1.5. Let R be a commutative ring. R is a k-algebra if (R, +) is a vector space over k.
Definition 1.1.6. A k-algebra R is finitely generated if Jaq,...,a, € R : the obvious ring homomorphism
Elxi,...,2n] &> R:xzi— a4

is surjective.
Week 3, lecture 1, 1 October 2024

Theorem 1.1.7 (2nd homomorphism). For rings R, S, if R C S and I C S is a two-sided ideal, then
R+ Tisaringand (R+1)/I=R/(RNI).

Theorem 1.1.8 (3rd homomorphism). For a ring R, if I C J C R are two-sided ideals, then
R R/

J o J/I
1.2. Commutative rings. All rings are commutative domains today from now on.

Definition 1.2.1. ¢ € Ris a unit if Ir € R: ar = 1. Write R* := {u € R : u is a unit}, which is a group
called the unit group.

Definition 1.2.2. m € R is irreducible if one writes for mq, ms € R that m = mimsy then either m; or
me € R*.
m € Ris prime if m | ab = either 7| a or 7 | b Va,b € R.

For example, R is a domain <= 0 is prime.

Definition 1.2.3. A ring R is a unique factorisation domain if every m € R can be written asm = my - - - 7,
where 7; € R are prime and this decomposition is unique up to reordering and units.

Remark 1.2.4. An element is irreducible if it’s prime. Suppose 7 is prime and write 7 = ab, then WLOG
7 | a, so a = wu, hence m = wub, so ub = 1, i.e. b is a unit.

In a euclidean domain, an element is irreducible only if it’s prime. Suppose m is irreducible and m | ab
and let ¢ = ged(a, m), so m = cu for some u. Either c or w € R*. If u € R* then m | a. If ¢ € R* then
Ip,q € R:1=pa+ gm, so b= pab+ gmb, hence m | b.

Remark 1.2.5. A euclidean domain is a UFD. By above it suffices to prove every element has a unique
factorisation into irreducibles. For existence, one proves by induction on the norm (if m is not irreducible,
write m = mimsg and by inductive hypothesis mq,my have unique factorisations). For uniqueness, now
note that irreducibles are primes, and by definition if a prime appears in a factorisation and divides other,
it must appear in the other one as well.

Lemma 1.2.6. If R is a domain then R[z] is a domain.

Proof. Tt suffices to show for f,g € R[z], f,g #0 = fg # 0, but mutliplication in R[z] is multiplication
of coefficients which are in R, which is a domain. O

Definition 1.2.7. For a commutative ring R (not necessarily a domain), S C R is a multiplicative subset
if 1€ S and sy,50 €8 — s189 € 8S.

The localisation of R in S is the ring S™'R := {(a,s) : a € R, s € S} with the expected operations and
modulo the equivalence relation (a1, s1) ~ (ag, s9) if I3t € S : t(a1s2 — azsy) = 0.

If R is a domain and one takes S = R\{0} then S~'R is a field, the fraction field of R, denoted by
Frac(R).
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Definition 1.2.8. For f(z) = apa™ + a12" "' + --- + a, € R[z], define the content of f to be

C(f) = ng(U‘Oa ceey an)'
f is content-free if ¢(f) = 1. Clearly ﬁf is content-free Vf € R[z].

Definition 1.2.9. An ideal P of a commutative ring R is prime if Va,b € R, abe P = aor b € P.
By definition, a principal ideal is prime iff it’s generated by a prime.

Remark 1.2.10. R/I is a domain iff I is prime which follows almost immediately from definitions.

Lemma 1.2.11 (Gauss). Let R be a UFD and K = Frac(R). Suppose for f € R[z| 3h1,hs € K|a]
nonconstant such that f = hihg, then A1, Ao € K : A{A2 = 1 and h1 = Ahi, h2 = Aohs € R[z], so in

particular f = hlhg, i.e. a polynomial in a UFD is irreducible iff it’s irreducible in the UFD’s fraction
field.

Week 3, lecture 2, 15 October 2024

Proof. WLOG suppose c(f) = 1. Note that ec1,co € R : c1hy =t by, cohe =t b, € R[z] (clear denominat-
ors). One then has the factorisation in R[z]: cicaf = hihb. It remains to get rid of ¢ics.

The following claim is useful: Vhy, he € R[z], c(hih2) = c(h1)e(he). In paticular, if hy, he are content-
free then hyho is content-free, which is the special case we are now going to prove. Suppose for a
contradiction that ¢(hihs) is not a unit and let # € R be prime such that 7 | every coefficient of hqhs.
Then [h1hs] =0 € R/7[z]. But since (7) is prime, R/7 is a domain, hence WLOG [h1] = 0, i.e. 7 | every
coefficient of hj.

But then cjco = ¢(cieaf) = c(h))c(h)), so one can write

hi by

= C(h/l) c(hé) = hth S R[.T]

Again all rings are commutative domains today.

Theorem 1.2.12 (Eisenstein’s criterion). Let R be a UFD, f(z) = apz™ + a12" ' + -+ + a,, € R[z] and
7 € R be prime. If 7 {ag, Vi > 1, 7 | a; and 7% { a,,, then f is irreducible.

Proof. Consider R = R/, which is a domain since 7 is prime, so R[z] is a domain as well. One has
f(x) = @pa™. Suppose for a contradiction f = hg € R[z], then agz"™ = h(z) - g(x). It must be that

h(z) = a;2** and g(z) = apx*? since otherwise @paz™ contains a nonzero product of monomials of smallest
degree in h and g. But then 7 divides constant terms of h and g, so 72 | a,,, a contradiction. ([l

Week 3, lecture 3, 18 October 2024

Definition 1.2.13. For ay,...,a, € R, (a1,...,a,) = {>_ Na; : \; € R}, which is the left ideal (finitely)
generated by aq,...,a.

A ring R is left-Noetherian if every left ideal of R is finitely generateted. R is Noetherian if it’s both
left- and right-Noetherian.

Lemma 1.2.14. A ring is left-Noetherian <= it satisfies the ascending chain condition, i.e. V infinite
chain of left ideals 1 C Iy C -+ I, CLhy1 C---, AN: 5> N = Iy =1;.

Proof. = Let I; C I C --- be an ascending chain of left ideals, then Uj Ij =1 is a left ideal.
By assumption, one can write I = (a1,...,a,). But then 3N : q; € Iy Vj = 1,...,r, so
Vi>N, I;=In=1.

<= Let I be a left-ideal and ay € I. If T = (a1) then we are done, so let Iy = (a1) and as € I\I;.
Again if T = Iy = (a1, a2) then we are done, so let az € I\I5. One continues inductively and
obtains an infinite ascending chain of left ideals I3 C I C --- which stabilises by assumption, i.e.
at some point Pa, 1 € I\I, so I = I, = (a1,...,a,).

a

Example 1.2.15. The ring of polynomials with infinite number of variables K[z1, z2,...] is clearly not
Noetherian since one has the chain (x1) C (z1,22) C - -+ not satisfying ACC.

Theorem 1.2.16 (Hilbert basis). If R is Noetherian then R[z] is Noetherian.
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Proof. Let J C R[x] be an ideal and define
I, = {a : a is the leading coefficient of f € J where deg f = k}.
Note that I is an ideal in R (since J is an ideal of R[z]) and I} C Ij41 VE (since
acl, = f=a"+.--c¢J = zf=ax"' 4. €] = ac ).
By assumption, the chain of ideals I}, C Ij41 C I C --- stablises at Iy = (a1,...,a,). Then
Vi=1,...,m, 3f; =a;z™ +--- € J.

We claim J = (f1,..., fm). Indeed, let f = c,a” +c,_12"" L+ -+ ¢o € J and suppose v > N. Then
c, €1, =1yN,1e. ¢, = Aa; + -+ Apapm. Then

f= (@ "M+ 2 NN fm) €7

has degree strictly less than f. We have therefore shown that J is generated by fi, ..., f;» and polynomials
in J with degree < N. O

Week 4, lecture 1, 21 October 2024
Theorem 1.2.17. If R is a UFD then R[z] is a UFD.

1.3. Rings of invariants.

1.3.1. Motivation and examples.
Definition 1.3.1. Let a finite group G C GL,,(C) act on Clxy,...,z,]. Define the ring of invariant as
Clzy,...,z,)¢ ={f €Clzy,..., x5 : VY € G, vf = f}.
Example 1.3.2. Consider the symmetric group S,, 3 ¢ with the action
o fx1,..,20) = f(To@)s - Tom))-

For example, write Sy = {id, o} then o - f(z,y) = f(y,z) (l.e. z =y, y+— x).

Note that polynomials of the form x, + - - - + x,,, ZKJ- x;ixj, 1--- Ty (In general Zi1<mik Ty o Ty, )
are invariant under these actions. Denote them by o1, 02, 0, and oy, respectively and call them elementary
symmetric functions. We claim they generate all other such invariants.

Theorem 1.3.3. (1) Clzy,...,z,])%" is generated by 1,01, ...,0,.
(2) The map
¢:Clys,. .. yn] = Clz1, ..., z,]5"
Yi > 04
is a ring isomorphism, i.e. there are no algebraic relations between the o;’s and C[zy, ..., x,]%" is

itself a polynomial ring.
We will later see a proof.
27i

Example 1.3.4. Consider , ={¢:(™ =1} C C* (generated by ( = e™» ) with the action

nm(C[x,y](x:Cx, Cy:é'_ly

Note that w = xy,u = 2™ and v = y™ are invariant. It turns out that

¢ : Clu,v,w] = Clz,y] " tu— 2™, v y", w—ay

is surjective, i.e. u,v,w generate all invariants, and ¢ has kernel (uv — w™) as probably expected.

Now consider the same group with a different action: (-2 = {x and ¢ -y = Cy. Then Clx,y] » is
generated by monomials of degree n, i.e. z™, 2" 'y,...,y". This time one can write down a similar
surjective homomorphism as above, but the kernel is huge: it’s the 2 x 2 minors of

U U1 -+ Up—1
ul u2 PRI un
n—i,,t

where u; = 2™ "y".

Week 4, lecture 2, 22 October 202/
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Example 1.3.5. The group G = BDy, = < on = {(g C01> (( = 1} ,B= <(1) _01)> C SLy(C)

acts on C[z,y]. Note that C[z,y]® C C[z,y] 2", so it remains to see how B acts on Clu,v,w] where

u=2?"v=y? and w = 2y. One has B : u + v,v — u and w — —w. Note that one has B-invariants

E=w?n=u+v,z=w(u—v). It turns out &, 7, z generate C[z,y]%, but clearly they have some relations.
One calculates

€2 = w(u? + 0% = 2uv) = w?((u +v)? — 4(w*)") = 2(n? — 427).
It turns out this relation generates the ideal of relations, i.e. C[z,y]% = Clx,y, z]/(2? — y?z + 42"F1).

1.3.2. Noether’s theorem.

Definition 1.3.6. A ring R is graded if R = @,,., R, as additive groups where R, Ry, C Ry 4n-
a € R is homogeneous of degree n if a € R,,.

Example 1.3.7. R=C[zy,...,x,] is a graded ring,.

Theorem 1.3.8 (Noether). Let finite G < GL,(C) ~ R = C[z1,...,x,]. Then R is a finitely generated
C-algebra.
Observe that

(1) R is graded and G preserves the grading, i.e. Y¥n > 0,7y € G, f € R,,, vf € R,.
(2) There is an operation called “averaging over G”:

1
p:R—)RG:fH@ZWf
~EG

which also preserves the grading: im p(R,,) C RS.
Note that p is additive: p(f + g) = p(f) + p(g), which is clear from the definition, but it’s in
fact RC-linear, i.e. if f € R and g € R, then p(fg) = fp(g).

Week 4, lecture 3, 25 October 2024

Proof 1. Let I be the ideal of R generated by RE (all invariances except the constants). By Hilbert’s

basis theorem, Jas,...,am € R: I = (a1,...,a,). Note that a;’s are not necessarily invariant, but
one can write a; = Ajirin + -+ Ak Trr(s) Where Ay € Coryy € RY by our first observation, so
I = (r11,712, -+, "mk(m)) = T~. We claim 7,...,7y generate R as a C-algebra. Let S be the ring

generated by the r;’s, i.e. let S be the image of the ring homomorphism Clyi,...,y.] = R : y; — 7.
Clearly by construction S C R“. We prove by induction that RS C S. Clearly R§ = C C S, so assume
ROG69~ . ~€BR§71 € Sandlet f € R,Cf. Then f € I,s0da; € R: f=ayr1+---+anry. If a;’s are invariant
then we are done since dega; < deg f = n and by inductive hypothesis a; are C-combinations of r;’s as
well. If a;’s are not invariant, recall our second observation and take f = p(f) = p(a1)r1 + -+ + plan)rny
where each p(a;) is invariant. O

Example 1.3.9. Not all subrings S C R = Clz1, ..., x,] are finitely generated. Take the monoid P to be
all monomials in C[z,y] except {z,z?, ...} and the monoid ring C[P].

Week 5, lecture 1, 28 October 2024

Proof 2 of 1.8.8: the original proof by Emmy. The advantage of this proof is that it’s constructive: it
gives a way to actually find the ring of invariance.
Consider R[T]. Vf € R, define

PH(T) = [ (T =)

~EG

a polynomial of degree |G| with its coefficients in R. In particular, write

Po(T) = [ (T = yz) =T + aly TV '+ +d

vEG
where a5 € RY. Let S =C[a}:i=1,...,n,j=1,...,|G|] C R be a subring.
For a monomial 2" = z1* - - - 2] define |r| = max{ry,...,r,}. We claim

§:{Zfrxr:fr65,|r|<N}:R.
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It suffices to show 2™ € S Vr. If |r| < N then we are done, so suppose |r| > N. Note that z; is a root of
P*i(T) since id € G and z; —idz; = 0. Hence
Po%(z;) =0=2x +a§lefvfl + -t af,

hence we have a rewriting machine grinding down the degree of any monomial.
We now claim R is generated as a ring by S (hence ultimately by the a%) and {p(z") : |[r| < N}. Let
f € RY. By above, f =" s,a" for some s, € S with |[r| < N. Then f = p(f) =3, srp(z"). O

Theorem 1.3.10. For G = S,,, ~ R = Clzy,...,2,], one has RY = Cley,. .., e,] where e;(x1,...,7,)
is the jth elementary symmetric polynomial Zl<k1<m<kj<n Tk, -+ Tk,;. Moreover, the natural map

Cly1,- .-, Ym) = CY : y; — e; is a ring isomorphism.
Proof. Order monomials lexicographically:

f =t x> a® =gt ---xyr if for the first ¢ : oy # s, one has r; > ;.

Hence for f € R one can define hm(f) to be the highest monomial that appears in f. Now clearly for
f € RE hm(f) =" 2™ where m; > --- > m, since f is invariant. But then

ki, ... ky : hm(f) = hm (e’fl ~-~ef]‘) .
U
Week 5, lecture 2, 29 October 202/

2. MODULES
As much as for today’s discussion, a ring R is not necessarily commutative.

Definition 2.0.1. A left R-module is a triple (M, +,-,0) where (M,+,0) is an abelian group and
-t Rx M — M satisfies r1(rom) = (ryra)m Vri,ro € Rym € M and (ry 4 r2)m = rim + rom.

Example 2.0.2. Any abelian group A is a Z-module: define maby a+---+aifm>0and —a—---—a
m times —m times
itm <0.
R®" = {(ry,...,7,) : 7, € R} is an R-module. In fact, any direct sums of modules is a module:

My & My = {(ml,mg) tmy; € Ml}
If I C R is a left ideal, then I and R/I = {r+ I : r € R} are R-modules.

2.1. Construction of R-modules.

Definition 2.1.1. N C M is a submodule if it is an additive subgroup of M and rn € N Vr € R,n € N.
If N C M is a submodule, one can make the quotient module M /N, which is the usual quotient group
with an induced multiplication.

Definition 2.1.2. For modules M, M5, a map ¢ : M1 — M, is a module homomorphism if
gb : (M17 +) — (M27+)
is a group homomorphism and
¢(rm) =r¢(m) Vr € R,m € M.
(Analogous to linear maps.)

For a homomorphism ¢ : M7 — Ms, o(M1) C My is a submodule, called the image of ¢ and denoted
by im . The set {m € M; : ¢(m) = 0} C M; is a submodule, called the kernel of ¢ and denoted by
ker .

The quotient module Ms/im ¢ is called the cokernel of ¢ and denoted by coker .

Definition 2.1.3. An R-module M is finitely generated if 3o : R™ — M, a surjective homomorphism of
R-modules. Equivalently, 3my,...,m, e M :Yme M, Iry,...,rp € R:r1my + -+ +rpymy, = m.

For the rest of our discussion of modules, we focus on classification of finitely generated modules over
commutative PIDs.

Theorem 2.1.4 (Homomorphism theorems).
(1) ¢ : M — N homomorphism = M/ ker p = im ¢.
(2) (A+B)/A=B/(ANB).
(3) LCNCM = M/N = (M/L)/(N/L).
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Week 5, lecture 3, 1 November 2024: example class
Week 6, lecture 1, 4 November 202/

Definition 2.1.5. A left R-module M is finitely generated if 3 a surjective R-module homomoprhism
R" —» M, ie. Imy,...,m, € M :¥Ym € M, m =rymy +---+ r,m, for some ry,...,r, € R.

Definition 2.1.6. For a set S, write
R = @R ={a:S — R:as; =0 for all but finitely many s € S}.
ses

An element of R is a tuple, with addition and multiplication defined pointwise. We call this type of
modules free.
Week 6, lecture 2, 5 November 2024: in-class test
Week 6, lecture 3, 8 November 202/
Definition 2.1.7. Let M be an R-module and m : .S < M where S C M.

We say S generates M if Vo € M, 3 a finite expression = Y r¢ms where ry € R,mg, € S.
We say S is linearly independent if 0 = Zﬁnite rems = all ry = 0.

Proposition 2.1.8. M = R® <= S generates M and S is linearly independent.
Definition 2.1.9. An ideal I C R is mazimal if any ideal I’ D I is either I or R.
Proposition 2.1.10. I C R is maximal <= R/I is a field.

Proof. Recall the correspondence between ideals R € R/I and J: I C J C R.

If R/I is a field then, then the only ideals J of R is 0 or R/I, so J is either I or R.

If I is maximal, let T € R/I where T is the image of € R, and suppose = ¢ I (so T # 0). Consider
(Z), an ideal of R/I. Then its preimage is either I or R, but x ¢ I so it’s R. But then (Z) = R/I, i.e.
dJy:yx =1. O

Theorem 2.1.11. Every commutative ring R has a maximal ideal.

Proof sketch. Let I; be an ideal of R. If it’s maximal then we’re done. If it’s not maximal, then 3 ideal
I5 D I;. One continue inductively and obtains a chain of ideals. If R is Noetherian we can stop here. If
not, we have to believe in the axoim of choice. O

Theorem 2.1.12. If R is a commutative ring, then R™ = R™ (as R-modules) <= n = m.

Remark 2.1.13. This is false for modules over noncommutative rings.
The theorem is surprisingly not a trivial result. The proof is a brutal reduction to the case of vector
spaces over fields.

Proof sketch. Suppose R™ = R™ and by 2.1.11 and 2.1.10, let I be a maximal ideal of R and
(R/I)" = (R/I)™
as vector spaces, then by linear algebra n = m. O

2.2. Classification of finitely generated modules over a PID.

Theorem 2.2.1. Let R be a PID and M a finitely generated R-module. Then M = R" & @le R/d;
where d; | diy1 Vi =1,...,k — 1. Moreover, m, called the rank of M, k and all d;’s are uniquely (up to
multiplication by units in R) determined.

The proof is slightly easier for Euclidean domains (but only slightly). But it’s the worth the effort,
since in practice there’s virtually no way to know if something is a Euclidean domain or not. In particular,
to prove it is, you have to construct a norm function a priori from scratch, and even worse, to prove it’s
not, you have to prove that every possible function doesn’t work.

Week 7, lecture 1, 11 November 2024

Proposition 2.2.2. If R is a Noetherian ring, N is a finitely generated R-module and M C N is a
submodule, then M is also finitely generated.
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Proof sketch. Consider the short exact sequence of R-modules 0 — M’ 2 M S M” — 0 where @ is
injective, 7 is surjective and im ¢ = ker 7. In this situation, clearly M’, M" are finitely generated =— M
is finitely generated.

Now since N is assumed to be finitely generated, there is a surjective homomorphism ¢ : R™ - N for
some n. We prove by induction on n. The base case n = 1 follows from that R is Noetherian. Take M’ to
be the ¢ (R"1) N M where R"! is the first n — 1 copies of R in R", and M" to be ¥(R) where R is the
last copy. By inductive hypothesis, M’ and M" are finitely generated as submodules of ¥(R"~1), so by
our observation above, M is finitely generated. O

The result 2.2.1 is a consequence of the existence of the Smith normal form for matrices with coefficients
in R:

Theorem 2.2.3. Let R be a PID. For A € M,,«m(R),

dy
d>

dP € GL,(R),Q € GL,,(R) : PAQ = , 0 elsewhere
dr

where d; | d;y1 Vi =1,...,r — 1 are uniquely determined by A. This is called the Smith normal form.

Proof of 2.2.1. Since M is finitely generated, 3 a surjective homomorphism 7 : R™ — M. Let N = kerm,
which as a submodule of R™ is finitely generated by 2.2.2, so there is a surjective homomorphism
p: R" » N C R™. Then ¢ correspond to a matrix A € M, «,, with coefficients in R, which we can
assume is is SNF by 2.2.3 by change of bases for R™ and R™. (]

Proof of 2.2.3. We first prove first for a Euclidean domain R and then explain how to change the proof so
that it works for PIDs.

Note that for a general matrix (i b), the multipliation on the left by (é I) gives (a J; re

b+rd
d )

d

so0 it corresponds to the row operation of adding r times row 2 to row 1. Similarly, <_01 (1)> multiplies

row 1 by —1, and swaps the two rows. In general, multiplications on the left correspond to all

1
10
row operations, and on the right correspond to all column operations. Hence it suffices to show that after
row and column operations, a matrix can be brought to the desired form. We show this in steps.

(1) We first achieve that aqq divides all a1; and all a1, i.e. elements in the same row and column. To
do this, we first make sure |aq1| = min{|a,;|} by swapping rows and columns. Now if a11 1 a1,
write a;; = gqai1 + r with |r| < |a11], then subtract row [ by ¢ times row 1 so that now a; = r,
and bring 7 to a1; again by swapping rows and columns. Similarly if a;; t ay;. This can’t go on

indefinitely since | - | is bounded below, hence the desired is achieved.
air ‘ 0 --- 0
0

(2) Now by row/columns operations, our matrix is of the form
B

0
(3) We now achieve that a1, divides each b;;. If a11 1 b;;, we add row 4 to row 1 and repeat step 1,
which reduces |a11| and again this can’t go on indefinitely.
(4) Repeat steps 1-3 for B, B/, ...
Now if R is a PID, we are not allowed to do induction on the norm (because there isn’t one).
Define N(a) := #{prime factors in the prime decomposition of a, counting multiplicities}, i.e.

ifa= 1_[]0?7 then N(a) = Zri.

We now prove by induction on N(A) = min{N(a;;): 1 <i<n,1 <j<m}. If a =0 then N(a) = oco.
This is our “norm”.

To have something similar to the Euclidean algorithm, recall that for any a,b € R we have (a,b) = (c)
for some ¢ € R: denote this by ¢ = ged(a, b). Tautologically, in this case, 3z, y € R : ax + by = ¢, and
as naively expected, d | a,b = d| ¢, and ¢ | a,b. Also, in the form ax + by = ¢, one has ged(x,y) =1,
since if we write a = ca’,b = b/, then c¢(a’z + b'y) = ¢, so a’z + 'y = 1 (since R is a domain).
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The key mechanism of the proof is then the following. Let a,b € R and ¢ = ged(a,b) with x,y,d’, b as
above. Consider the calculation

(v ) ()= (525%) = ()

We are now prepared to construct the Smith normal form following the construction for Euclidean domains.
(1) Make sure N(A) = N(aq1) and that a1y | agi,ay; for all k =1,...,n, 0 =1,...,m. If a11 1 a1,
WLOG assume k = 2 and let ¢ = ged(aq1,a21), then N(c) < N(ay1). Write ¢ = xa11 + yas1, then

the multiplying the matrix

T Y
—ay; ap |0
0
c
0

on the left gives us , so we have a matrix with smaller “norm”.

(2) Again by row/column operations we get the form same as in step 2 of the Euclidean domain
process.

(3) Again make sure a;; divides each ay; for k =2,...,n,0l =2,...,m. Suppose a1 { ag;, then add
row k to row 1, so ag; is in row 1 now as ag1, and we repeat step 1 and again have a matrix of
strictly smaller “norm”.

(4) Repeat these steps to inner submatrices...
]

Week 7, lecture 2, 12 November 2024
Remark 2.2.4. In fact, the torsion part can be further decomposed:
M=R"&R/(pi")® - & R/(p.*) where n; > 0 and py,...,py are irreducibles of R.

Example 2.2.5. Take R = Z, then R-modules are exactly abelian groups, so 2.2.1 are simply the
fundamental theorem of finitely generated abelian groups.
Suppose A is an abelian group generated by a,b,c subject to 2a + 3b+ ¢ = 0,a + 2b = 0 and

2 1 5 2 1 5
5a + 6b+ 7c = 0. ThenA:Z3/< 31,112,116 > Let X =13 2 6. Let’s reduce X to SNF:
1 0 7 1 0 7
2 1 5 1 2 5 1 2 5 1 0 0 1 0 0 1 0 0
3 2 6|~12 3 6]~10 -1 —4]~|[0 1 4] ~]|0 1 4] ~{0 1 0],
1 0 7 01 7 0 1 7 01 7 0 0 3 00 3
1 0 0
henceA’iZ?’/< 0),11],(0 >EZ/Z@Z/Z@Z/3ZQC&
0 0 3

2.3. Jordan normal form. Let F' be a field, V' a F-vector space and « : V — V a linear map. The key
idea is to endow V with the structure of a module over F[z] by letting = acts as «. Thus a polynomial f acts
on V as f(«): this means if f(z) = a,a™+- - -+ag where a; € F, then f(z)-v = ana™(v)+- - -+ar1a(v)+agv.
So V becomes an F[x]-module; call it V,.

Lemma 2.3.1. If V is a finite-dimensional F-vector space, then V, is a finitely generated F'[x]-module.

Proof. Take a finite basis vy, ..., v, of V, then they generate V,, as an F[z]-module.
(Trivially F C Flx]). O
Consider Fx]/d where 0 # d € F[z].
Example 2.3.2. Take d(z) = 2". Then as usual, images of 1,z,...,2"~! form a basis of F[z]/d as a
F-vector space. The action of left mutliplication by € F[x] can be written as the matrix
0
1
1

everywhere else is 0,
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now if a: Flx]/d — F[z]/d is represented by this matrix, then V,, is F[x]/d.
Example 2.3.3. Let V,, = F[z]/((z — \)") for some A € F and 8 =« — AI. Then §:V — V is a linear
map with matrix as in above, so « is given by
A
1 A
1 A

1 A
which is the Jordan normal form (sometimes the 1’s are above the diagonal but it actually doesn’t matter).

Example 2.3.4. What do we get in general? Suppose V,, = F|z]/(f) where f = 2" +a,_12" 1+ +ag
where a; € F. As before, 1,z,...,2""! form a basis of V' as an F-vector space. Then « is given by the
matrix (same as 2.3.2 except the last column)

0 —ao
1 —ay
c(f) = 1 ~@2 | the companion matrix of f
1 —a,_1

Theorem 2.3.5 (Rational canonical form). Let F be any field, V' a finite dimensional F-vector space,
and o : V — V a linear map. Then as F[z]-modules,

Fla] Fla] : ,
Vo = b @ where f; #0 with f; | fixar Vi=1,...,r— 1.
) 7 S
There is a basis for V in which « is given by the block diagnoal matrix
C(f1)

C(f2)

Cfr)

The word “rational” means you don’t have to leave your ground field to its algebraic closure, so for example
you can work over Q, the “rationals”, as desired.

Proof. By 2.3.1 and 2.2.1, one can write
Flal . Fla
(f1) (fr)

with the desired properties for f;’s, so it suffices to show that n = 0, but this is trivial: V is finite
dimensional over F, but F[z] is not. The desired basis is

0 2 deg fi—1 _0 deg fa—1
T, L1, T, .., 2 s Loy L2y vy Ly

V,, =

@ Flz]"

PR

where z; is the image of = in F[z]/(f;). O

Example 2.3.6. Consider the field Q and Q[z]/(z? — 1), which is already in rational canonical form.
It’s clearly isomorphic to Q[z]/(z — 1) @ Q[x]/(x + 1), but divisibility doesn’t hold, so it’s not a rational
canonical form.

Week 7, lecture 3, 15 November 2024

The lecture started by continuing the proof of 2.2.3 for principal ideal domains, so see Week 7, lecture
1, 11 November 2024.

Corollary 2.3.7 (Jordan normal form). Let V' be a C-vector space and T : V' — V a C-linear map. Then
3 a basis of V' such that the matrix of T has the form

Jnl (/\1)

In, (Ar)

where J,,,(\;), a Jordan block, is a n; x n; matrix with A on the diagonal and 1 below.
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Remark 2.3.8 (Alternative form of classification of finitely generated modules over a PID). We have
M= R*" & P R/(p}"),

indeed, consider a C[z]-module V' with the action = - v = Tv. Then J,(A) < Clz]/((z — \)™)...
Week 8, lecture 1, 18 November 2024

3. MATRIX LIE GROUPS

3.1. Subgroups of the general linear group. For a commutative ring R, define
GL,(R) ={A € M,xn(R):3B € Mpxn(R) : AB=BA=1,xn} ={A € M,xn(R):det A€ R*}.

We will work with closed subgroups G < GL,,(F) where F' =R or C. The point of this is that GL,,(F)
is a topological group:

Definition 3.1.1. A topological group is a group G that is also a topological space such that the
multiplication map m : G x G — G : (g1, 92) — g192 and the inverse map i : G — G : g — g~ ! are both
continuous.

Lemma 3.1.2. GL,(F) is a topological group in a natural way.

Proof. To give it a topology, note that GL,,(F') is a subset of M,, ., (F'), which, as a set, can be considered
as F ”2, which has the usual Euclidean topology. Since det : F’ " 5 F is continuous (it’s a polynomial),
GL,(F) as the preimage of F\{0}, an open set, is open. We then endow GL,,(F) with induced topology:
v € GL,,(F) is open <= v € P s open. Then m and ¢ are continuous since one is a polynomial and
the other is a rational function. ]

Example 3.1.3. Special linear group
SL,(F) = {g € GL,(F) : det g = 1}.
In particular, SL,,(C) acts on C N {oo}: consider the Mdbius transformation z +—
SL,(R) acts on h = {z € C: Iz > 0} again by z — %jrrdb.
Unitary group U, = {g € GL,(C) : TAA = I,,x,,} acts on S** ' = {z € C": ||z]| = 1}.
SU,, = {g € U, : det g = 1} also acts on this sphere.
FEuclidean group

az+b
cz+d*

Eucl,(R) = {g € GL,(R) : d(gv — gu) = d(v — u)}
= {rigid motions with respect to its natural metric}.

Consider the subgroup R™ of translations, which is a normal subgroup of Eucl, (R), with
Eucl, (R)/R™ = O,(R) = {g € GLa(R)} = {"gg = id} = {gz - gy = = - y},
the orthogonal group. Choosing an “origin” O € R", one can consider O,,(R) as a group of “rotations”,
and Eucl,, (R) = R" x O, (R).
Affine group Aff,,(F), on the other hand, can be similarly constructed as F" x GL,(F). But how is

this a subgroup of GL,, (F)? Well, it’s not, it’s a subgroup of GL,,+1(F), and one can think of an element

as
by
nxn by

b
0 0‘1

and think of Aff,,(F) as
{9 € GL,1(F): gr C 7t} where 7 = {x € F"™!: x,,, = 1}, the hyperplane
Projective general linear group
PGL,(F) = PSL,,(F) = GL,(F)/{ M\ pxn : A € F*}

acts on P"(F) = F""1\{0}/ ~ where v ~ Av VA € F*. It’s not entirely obvious that this is a subgroup
of some GL,, (F).

Week 8, lecture 2, 19 November 2024
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Special orthogonal group SO, (F) ={4 € O, : det A = 1}.

Indefinite orthogonal group O, , = {4 € GL,(R) : *AB, ;A = B, ,} where B, , is the diagonal matrix
with first p I’s and ¢ —1’s.

Any finite subgroup G of any of the above.

To
Example 3.1.4 (A very special case). Let SLy(C) act on R*: identify » = 2 as the matrix
z3
xz(l‘o—f—l’g T — 1To
T1+1iT2  To — T3
and corresponds uniquely to an element of R*, so we are identifying R* as {x € May2(C) : '7 = x}, a
vector space isomorphism), and define g - z as gz'g. This action preserves determinants, and since

> (which satisfies T = z; in fact all such matrices can be written in this way

To+x3 X1 — 1%
T, +1ry o — T3

_ .2 2 2 2
=Ty — T — Ty — T3,

so we have a group homomorphism SLs(C) — O 3. Now

SLy(C) —— 01 3(C)

J

where SU,(C) = {<—ab 2) ca,beC,lal?> + |b)? = 1}7 which is homeomorphic to the three dimen-

sional sphere S, which is also homeomorphic to the unit quaternions

{yo+ I +yod +ysK - y2 + 97 +y3 +ys2 = 1}.

a b 0
Now recall that elements of SO3(C) have the canonical form | —b a 0 |. Hence SU3(C) — SO3(C)
0 0 =+£1

is not an isomorphism, but a 2-to-1 map, with the kernel {+I5}. In fact, SOz is topologically P3(R)
(identify antipodal points as equivalent).

Lemma 3.1.5. GL,(C) is path-connected, i.e.
Vz,y € GL,(C), 3v:[0,1] = GL,(C) continuous : y(0) = z, (1) = .
Proof. Let A € GL,,(C). It suffices to find a v : v(0) = I,,v(1) = A. If A is a Jordan block, then pick
tz

e

z € C:e* =\, and define a : t — t - , which is the desired «. If A is not a Jordan
t etz

block but for some P one has P~1AP is a Jordan block, then define v as PaP~!. If the Jordan normal

form of A is several Jordan blocks, do the necessary modifications. O

Week 8, lecture 3, 22 November 202/

3.2. Matrix exponentials. The plan for the rest of the module is a tiny bit of theory on Lie algebras
g = Lie G, which really come from groups, something that a whole course on Lie algebras may not even
mention, which is a little perverse, but the reason algebraists just go for Lie algebras and forget about
the group is that technically one needs to learn about manifolds first. Moreover, as expected, a group
homomorphism f : G — H induces a Lie algebra homomorphism f, : g — . That’s the theory. The rest
is going to be examples of finite matrix groups (e.g. finite reflection groups and Coxeter groups).

Today we cannot quite get started with the theory, but will be a preliminary discussion of exponentials
of matrices so that we are able to talk about Lie algebras.

Definition 3.2.1. For a matrix A € M,,«,(F) where F is either R or C, define

Ak
A=Y

k>0
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Remark 3.2.2 (Issues of convergence). We are in the n x n-dimensional vector space of matrices over R
or C. How do we define the notion of convergence? With the norm

[|A]| = max{|a;;|:i¢=1,...,n,5=1,...,n},
the series does converge. Note that ||AB|| = max{|c;;|} where for any i, j one has

n
> aikbi;

k=1

|cij| =

n
<> lawkllbis| < nllAJJ||B]],
k=1

so ||AB|| < n||A|l|B|| and
[|AF+L| k! LN
(k+ D!AF]| — k+1
so the (absolute) convergence follows from the ratio test.
Hence, the thing defined above is a C* function M, xn(F) = Muxn(F). Also, if AB = BA, then
eAtB = eAeB (which implies that every e is invertible with inverse e=#). If A is invertible, then

VB, eA ' BA = A-1(eB)A.

[T},

A1
Suppose A is diagonalisable, i.e. P : P~'AP = , then

A1

6A _ PeP_lAprl —-pP P*l‘

If A is not diagonalisable, recall the part on functions of matrices in MA251 Linear algebra.
Finally, we claim det(e?) = e*4. B can be put in upper triangular form, i.e.

/\1 *
3P € GL,(C): P*AP = ,
An

, hence

A

det e = det (P~'eP P) = det (ePilAP> =M. et = Mt — ptr A
Week 9, lecture 1, 25 November 202/
Proposition 3.2.3. Fix B € M, «,,(F) and consider vg : ' — GL,,(F) defined by t ++ 2. Then

(1) vg : (F,4+) — (GL,(F),) is a continuous group homomorphism.
(2) In fact it’s differentiable with derivative

dvs

i = Be'P € My, (F).

t=to

Note that B and e!*® commute.
(3) The exponential map exp : My xn(F) — GL, (F) defined last time is differentiable itself, and

Dexplg_q =id : Myyn(F) —=: Mpyn(F).

Proof. 1 and 2 are proved last time; for the derivative let’s first look at how dg—tB o0 = Be' = B:
0 hB)*
dyp| s —ap(0) _ S, MR 1
dt |,_, h—0 h h—0 h
I B -1
i LEPBHOW) =T (B o) = B
h—0 h h—0

and for a general t = tg:

dvs .. aBlto+h) —vB(te) .. vB(to)yB(h) —vB(t0)
il = lim =1l
dt t=to h—0 h h—0 h
h)—1
= v5(tp) lim ;}/B( ) =¢Bp

h—0
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Finally, note that vy is a composition of the map ¢p : F' — M, «,(F) defined by ¢ — tB and exp.
Then by the chain rule,

_ dip
dt

so Dexp|z_, = id as desired. O

B = DeXp|B:ga(O):O D(pBltZO = Dexp|B:O B

t=0

Theorem 3.2.4. Suppose 7 : R — GL,,(F') is a continuous group homomorphism where R is seen as an
additive group. Then 3B € M,,«,,(F) such that v(t) = v5(t) = e*B.

Proof. Recall the inverse function theorem, which implies that for 0 € M, (F) and exp0 = I € M, (F),
there are open neighbourhoods U, V' which contain 0 and I (so that V' C GL,,(F')) respectively such that
exp(U) C V and exp|, : U — V is invertible. Call its inverse log. By 3 above, Dlog|, = I.

Week 9, lecture 2, 26 November 2024

In particular, 3§ > 0 : y([-4,d]) C V. Let 8: [—4,0] = U be defined by log oy. By possibly choosing a
smaller ¢, we can also assume that Viq,ts € [—4,d], by continuity of addition, 5(t1) + B(t2) € U.

We claim Vt € [—5, 5} and Vr € [-1,1], B(rt) = rB(t), i.e. B behaves additively. Let’s first look at how
B(t) =28 (5) First of all by our choice of 4, both 5(t),208 (%) € U. To show they are equal, it suffices to
show their exponentials are equal, but exp(5t) = v(t) and exp (26 ( )) = (expﬁ ( ))2 =7 (%)2 = (t)
by 3.2.3.1. Moreover, Vt € [75, 5} and Vk,p € Z with 0 < p < 2*, one has B( ) = gxB(t). This will
imply our claim by continuity (binary decimal expansion). We prove by induction on k. We just looked at

the k& = 1 case. Now if p is even then £ = 2’;/ + and we are done by induction, so suppose p is odd. Then

1 -1 +1
212:2<p2k +p2k )
-1 -1 1 1
5 (Tgtt) =g a0. 8 (Pte) = Tota,

5(5) =5 (5 )+ ()

Again, since they are both in U, it suffices to show their exponentials are the same. By induction on

B@)=2B<;>

and 3.2.3.1, one has that the LHS is v (%%)p. Now write p = 2¢ + 1, then p2_k1 = 5T, p;,'f = 2‘1,;"_11, SO
the RHS is

exp (8 (g ) + 0+ 08 (1) ) = e (8 (i 1)>exp(1q+1 (5 2>1)
A R e

Finally, to prove the theorem, we claim V¢ € R, one can write v(t) = et? T Indeed, 3N € N : | ‘ 4,

so £ = ré for some r € [—1,1]. Then

o
7 () =209) = exp 5000) = exp(r5))

and by induction,

so we need to show that

SO

v(t) =~ (;)N = exp(rB(8))N = exp(rNB(5)) = exp (ﬂg@)

O

Week 9, lecture 3, 29 November 2024: problem class

Worksheet 3 Q 1. let R be a commutative ring and M, M’ be R-modules with submodules
N < M,N"< M'. Suppose N = N’ and M/N = M'/N’. (i) If N is free, does this imply M = M'? (ii)
What about M/N?

Solution. The situation can be summarised as a short exact sequence 0 - N — M — M /N — 0, and
the natural question is: given a module N and P, we want to study all modules M such that N < M and
M/N = P. It’s like in the study of finite groups, when we want to understand all groups of a certain
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order, we find two smaller groups and see how we can “multiply” them to form the bigger one. Hence M
is called an extension of P by N. The point is to make new modules out of known modules.

The answer to (i) is false. For example, take R = N = Z (which is free) and P = Z/2Z. Then there
are at least 2 M that contains N as a submodule and P as the quotient: take M = Z and inject N into
M by multiplication by 2, so M/N = Z/27Z = P, or take M = Z @ Z /27 and inject N into M trivially.

But (ii) is true, i.e. given N and P, then if P is free, all extensions of P by N are isomorphic to N @ P.

Indeed, let M be such an extension, then there is an injective homomorphism ¢; : N — M and a
surjective homomorphism (projection) M — P. Now the universal property of direct sum M; & My of
two modules My, M, is:

(1) There are injective (inclusion) maps i1 : My — M7 ® My and is : My — M; & Mo;
(2) For any N and homomorphisms f; : M7 — N and fo : My — N, thereis a unique f : M1®M; — N
such that fi, = f1, fio = fo.

Therefore, in order to prove M = My & Ms, we simply need to show M satisfies the two properties.

We already have i1, so what we need is a homomorphism i, from P back to M. The thing about free
modules is that they are absolutely tailored for defining morphisms from them to something. Recall that
P is free iff 3B = {ey,...,e,} C P is a basis, so defining P — M is just giving r elements in M. For each
i, choose m; such that 7(m;) = e;, and define iy : P — M by e; — m,;.

Now f is unique since iy is defined to be the inverse of 7.

Week 10, lecture 1, 2 December 2024

3.3. Lie algebras.

Definition 3.3.1. For A € G < GL,(F), the tangent space to G at A is
dy
TyG =<%(0) = —
A {’Y( ) dt
Call T7G the Lie algebra of G and denote it by g.
Remark 3.3.2 (Properties of the tangent space). (1) TAG = A(T;G): indeed, take v : (—¢,e) = G
and consider 4" = A~, then y(0) =id <= ~/(0) = A, and 4'(0) = A¥(0) by chain rule.
(2) T7G is a vector space: the key thing is to prove XY € /G — X +Y € T;G. Let
a,f: (—e,e) = G with a(0) = B(0) = I and &(0) = X,5(0) =Y. Consider v = af. Then
Y(0) = &(0)8(0) + (0)5(0) = X + Y.
Example 3.3.3. Consider G = 0,(R) € GL,(R). What’s g = 0,7 Write v : (—¢,e) —» G as
v(t) =I+tX + O(t) where X = 4(0). Now
Yt) €0, <= I[="yy=IT+t!'X+0t)[+tX+0@1) =1+t('X +X) +O(2)
— X+ X=0,

iy : (—¢,e) = G is differentiable as a function with values in M, (F), v(0) = A}

t=o0

s0 0, is precisely {z € M, x,(R) : 'X = —X}, the antisymmetric matrices (which have only 0’s on the
diagonal).
Example 3.3.4. Consider {A € M,,«,,(C) : YAA = I} = U, < GL,(C). By the same process as above,
U, = {X € Mpxn(C) : "X + X =0},
so in particular a;; € R Vi and u,, is a real vector space, or U, is a “real” Lie group.
Example 3.3.5. Consider SL,,. For v(t) € SL,,,
1=dety(t) =det(I +tX +O@1)) =1+ttr X + O(t) < trX =0.

Remark 3.3.6 (Key properties of g). (1) Again, g is a vector space.

(2) G acts on g by (g, X) = gXg L.

(3) For X,Y € g, the Lie bracket defined by [X,Y] := XY — Y X € g, which is an anti-commutative
operation (i.e. [X,Y] = —[Y, X]). Indeed, if X € g then suppose y(—¢,¢) — G has y(0) = I and
4(0) = X, and write y(t) = I + tX + O(t). Then by (2),

g2 YY)t = (I +tX +0W)Y(I —tX +0'(t) = +t(XY - YX)+0"(1),

SO %|t20 Y)Y y(#) "l =XY -YX €g.

(4) All X,Y, Z € g satisfy the Jacobi identity:

(X, [V, Z]] + [V, [Z, X]| + [Z,[X, Y]] = 0.

Week 10, lecture 2, 3 December 2024
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Example 3.3.7. G = 0,(R) C GL,(R). Then we said Lie(G) = 0, (R) = {X € M, x»,(R) : ' X + X =0}
by series expansion. Now suppose ‘X + X = 0. Then in particular *X and X commute. Consider
7(t) = €. We claim v(t) € On(R). Indeed, ‘y(t)y(t) =" (") ¥ = et XetX = ot XHX) — 0 = I Tp’s
also clear that v(0) = I and 4(0) = X.

Theorem 3.3.8. We can identify a Lie algebra with
g={v:(R,+) = G :~is a continuous group homomorphism} = {t — e'*}.

Proof. Clearly {t — !X} C g, so now suppose X € Lie(G), i.e. Iy : (—¢,6) = G :v(0) =1, %(0) = X.
We claim that for all t € (—¢,¢), one has
!X = lim ¥ <t) ,
n—oo n

and since G is closed, if we can prove this, we have X € G. Choose, as we have done in the past, open
neighbourhoods V' of 0 € M,,«,(F) and V of I € GL,,(F) such that exp|; : U = V is differentiable. By
shrinking e, we may assume v(—¢e,e) C V, and v = €? where 3 : (—¢,¢) — V and 3(0) = 0. By the chain
rule, (0) = %(0) = X. Then

" n t t n t
lim ~y (t) = lim (eﬁ(%)) = lim (65X+O(W)> = lim (etX'Hm(?)) = !X,

n—00 n

Theorem 3.3.9. Let G, H be matrix Lie groups and f : G — H a continuous group homomorphism.
Define f, : g — b using the above identification (if v : (R, +) — G is a continuous group homomorphism
then fi(vy) = f o). Then f, is a homomorphism of Lie algebras which (i) is a linear map of real vector
spaces and (i) VX,Y € g, f«[X, Y] =[f: X, f:Y].

Remark 3.3.10. We don’t know how to prove this theorem without using exponentials (other than heavy
manifold theory) and this is the real reason for spending time on exponentials.

Week 10, lecture 3, 6 December 2024

Proof. Let yx,yy € g be given by ¢+ ' and ¢~ "', Consider §(t) = vx (t)yy (t) = yx+v (t). Note
that §(0) = I and by the product rule, 6(0) = X + Y. Then by the proof of 3.3.8,

Yx+y () = lim (’YX <t) Y <t>> ;
n— oo n n
and so
V. x+fy (t) = lim <’Yf*X <t> VY (t)>n = lim <f07x (t> fovy <t>)n
n—00 n n n—oo n n

t t\\"
= lim f ((WX () Yy ()) ) since f is a group homomorphism
n—00 n n

=f ( lim <’YX (t) 0% (t)> ) since f is continuous
= f(vx+v (1)) by above

Now let X,Y € g and for s € R, consider &5 : R — G : t — vyx(8)yy (t)yx(s) !, which is a group homo-
morphism, and §4(0) = vx (s)Yvx(s)~! € g. Now consider the map R — g : 5 — d5(0), whose derivative
at s = 0 is precisely XY — Y X = [X,Y]. Now similarly consider 3s(t) = v¢. x (s)vf.y (). x(s)"'. By
the same argument, s — (,(0) again has derivative [f, X, f,Y], but 8,(t) = f o d,(t), so by definition
B5(0) = £.0,(0), and the desired follows precisely. O

Week 11, lecture 1, 9 December 2024: problem class
Problem. Suppose G < SL3(C) is the subgroup generated by

-1 0 0 ~1.0 0
A=[0 -1 0|, B=|0 1 o0
0 o0 1 0 0 -1

and G ~ C[z,y, 2] in the usual way. Compute a set of generators of ring of invariants C[z, v, 2]¢.
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Solution. We use Noether’s method. Note that G = Cy x Cy. Then for x one has

po(T) = [[(T = g2) = (T — 2)(T — Ax)(T — Bx)(T — ABz) = (T — 2)*(T + 2)* = (T* — 2°)?,
geG
and similarly p, (T) = (T%—y?)?, p,(T) = (T?—2%)%. From coefficients of these three polynomials we have
invariants 22, 74, y2, y*, 22, z%. We also need to average all monomials z%y°2¢ with max{a,b,c} < 2 = |G|.
Now x —x = 0 and xy — xy = 0, so we are left with zyz, and hence a set of generators of ring of invariants
is 22,2, 22, zyz.
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