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Week 1, lecture 1, 4 October 2024
Broadly there are two parts to this module: I. rings and modules, II. matrix groups.

1. Rings

Example 1.0.1. (1) Z, integers.
(2) R[x] := {a0xn + a1x

n−1 + · · ·+ an : a0, . . . , an ∈ R}, e.g. Q[x].
(3) Z/mZ where m ∈ N.
(4) Z[i] := {a+ bi : a, b ∈ Z, i2 = −1}, Gaussian integers.
(5) R[x1, . . . , xn] = R[x1, . . . , xn−1][xn] = · · · .
(6) Monoid rings R[P ] where P is a monoid (group without inverses, e.g. N).
(7) Mn×n(R), a noncommutative ring.
(8) Q[i, j, k] = {a + bi + cj + dk : a, b, c, d ∈ Q, i2 = j2 = k2 = −1, ij = k, jk = i, ki = j}, another

noncommutative one.
(9) Weyl algebra K[x, δ], generated by differentiation operator δ and multiplication by x, with identity

(by product rule) δx− xδ = 1.
(10) Heisenberg algebra C[x, p] = xp− px = iℏ.

In ring theory we abstract from these examples and study phenomena that apply to all.
Week 2, lecture 1, 7 October 2024

Definition 1.0.2. A monoid is a triple (P, ·, 1) where P is a set and · a binary operation P × P → P
such that · is associative and a · 1 = 1 · a = a ∀a ∈ P .

Definition 1.0.3. A ring is a quintuple (R,+, ·, 0, 1) where R is a set, +, · binary operations R×R→ R
such that (R,+, 0) is an abelian group and (R, ·, 1) is a monoid with distributivity: (a + b)c = ac + bc
and c(a+ b) = ca+ cb.

Definition 1.0.4. Let R,S be rings. A function f : R → S is a ring homomorphism if f : (R,+, 0) →
(S,+, 0) is a group homomorphism and f : (R, ·, 1) → (S, ·, 1) is a monoid homomorphism, i.e.

∀a, b ∈ R, f(ab) = f(a)f(b) and f(1) = 1.

Example 1.0.5. Let R be a ring and P a monoid, then one has a monoid ring, denoted R[P ], with
elements formal linear combinations of (a, p) (or simply ap) where a ∈ R, p ∈ P . For instance, with
P = G and R = Z one has the group ring / group algebra Z[G]. If there is a group homomorphism
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φ : G→ H then one can write a map φ̃ : Z[G] → Z[H] defined by
∑
g∈G agg 7→

∑
g∈G agφ(g), which we

claim is a ring homomorphism.

Week 2, lecture 2, 8 October 2024

Definition 1.0.6. If f : R→ S is a ring homomorphism, then ker f := {r ∈ R : f(r) = 0} is the kernel
of f .

Definition 1.0.7. A left-sided ideal of a ring R is a subset I ⊆ R such that I is a subgroup with respect
to addition and ∀r ∈ R, a ∈ I : ra ∈ I.

The definitions for a right-sided ideal and a two-sided ideal are as expected.

Lemma 1.0.8. ker f is not a subring of R but is a two-sided ideal.

Proof. Indeed,
(1) a, b ∈ I =⇒ f(a− b) = f(a)− f(b) = 0− 0 = 0.
(2) r ∈ R, a ∈ I =⇒ f(ra) = f(r)f(a) = f(r) · 0 = 0 and similarly for ar.

□

Example 1.0.9. Let R = Z, then all ideals of R are principal, i.e.

∀I ◁R, ∃m ∈ R : I = (m) := {rm : r ∈ R}.
We call these rings principal ideal domains, or PID. One can see this by the division algorithm. Let
0 ̸= I ◁R, then pick the smallest 0 < m ∈ I by the well-ordering principle. We claim I = (m). Indeed,
suppose a ∈ I, then ∃q, r : a = qm+ r where 0 ≤ r < m, but then r = a− qm ∈ I, hence r must be 0, i.e.
a = qm ∈ (m). This proves that every ring with the division algorithm has this property, i.e.

Proposition 1.0.10. Every euclidean domain is a PID.

Definition 1.0.11. A ring R is an integral domain or simply domain if ∀u, v ∈ R, uv = 0 =⇒ either
u = 0 or v = 0.

Definition 1.0.12. A euclidean domain is a domain R with a function deg : R\{0} → N such that
∀a, b ∈ R where b ̸= 0, ∃q, r : a = qb+ r where either deg r < deg b or r = 0.

Example 1.0.13. (1) If k is a field, then the ring k[X] is a euclidean domain where the degree
function is the usual degree of a polynomial.

(2) The gaussian integers form a euclidean domain with deg : a + bi 7→ a2 + b2, usually called the
norm.

Week 2, lecture 3, 11 October 2024
(3) The ring of Hurwitz quaternions R = Z[i, j, k] + 1+i+j+k

2 Z with deg : α 7→ N(α) where for
α = x+ iy+ jz+ kt one defines N(α) := αα = x2 + y2 + z2 + t2 (where α = x− iy− jz− kt; the
definition helps to see this norm is multiplicative) is a noncommutative euclidean domain (for
all nonzero α, β ∈ R, ∃γ, ρ ∈ R : α = βγ + ρ with N(ρ) < N(β) and ∃γ′, ρ′ ∈ R : α = γ′β + ρ′

with N(ρ′) < N(β)). The key point to prove this is ∀ζ ∈ R[i, j, k], ∃α ∈ R : N(ζ − α) < 1. This
would not be true if R = Z[i, j, k]; consider ζ = 1+i+j+k

2 .

1.1. Homomorphism theorems.

Lemma 1.1.1. A ring homomorphism φ : R→ S is injective ⇐⇒ kerφ = (0).

Proof.
(φ(a) = φ(b) =⇒ a = b) ⇐⇒ (φ(a− b) = 0 =⇒ a = b)

⇐⇒ ((a− b) ∈ kerφ =⇒ a− b = 0)

⇐⇒ kerφ = (0).

□

Example 1.1.2. Let G,H be groups and φ : G→ H a group homomorphism. Consider φ̃ : Z[G] → Z[H],
the induced ring homomorphism. Note that if g ∈ kerφ then 1− g ∈ ker φ̃ since then φ̃(1− g) = 1− 1 = 0.
We claim S = {1− g : g ∈ kerφ} generates ker φ̃.

Definition 1.1.3. If R is a ring and I ⊂ R a two-sided ideal, then I defines an equivalence relation on R:
r1 ∼ r2 if r2 − r1 ∈ I. The equivalence classes are denoted by [r] = r + I = {r + a : a ∈ I}. The quotient
set of these classes R/I is a ring, called the quotient ring, with the natural quotient map R → R/I a
surjective ring homomorphism.
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Theorem 1.1.4 (1st homomorphism). Let φ : R→ S be a ring homomorphism. Then there is a unique
factorisation of φ:

R

π ""

φ
// S

R/ kerφ
ψ

==

where ψ is injective.

The quotient construction allows us to make a lot of rings. An important class is finitely generated k-
algebras (quotients of a polynomial ring over k, k[x1, . . . , xn] by a finitely generated ideal I = (f1, . . . , fn)).
In fact, for all ideals I ⊂ k[x1, . . . , xn], ∃ finitely many f1, . . . , fr ∈ I : I = (f1, . . . , fr): the Hilbert basis
theorem. We now define the language we just used more rigorously.

Definition 1.1.5. Let R be a commutative ring. R is a k-algebra if (R,+) is a vector space over k.

Definition 1.1.6. A k-algebra R is finitely generated if ∃a1, . . . , an ∈ R : the obvious ring homomorphism

k[x1, . . . , xn] → R : xi 7→ ai

is surjective.

Week 3, lecture 1, 14 October 2024

Theorem 1.1.7 (2nd homomorphism). For rings R,S, if R ⊂ S and I ⊂ S is a two-sided ideal, then
R+ I is a ring and (R+ I)/I = R/(R ∩ I).

Theorem 1.1.8 (3rd homomorphism). For a ring R, if I ⊂ J ⊂ R are two-sided ideals, then

R

J
=
R/I

J/I
.

1.2. Commutative rings. All rings are commutative domains today from now on.

Definition 1.2.1. a ∈ R is a unit if ∃r ∈ R : ar = 1. Write R× := {u ∈ R : u is a unit}, which is a group
called the unit group.

Definition 1.2.2. m ∈ R is irreducible if one writes for m1,m2 ∈ R that m = m1m2 then either m1 or
m2 ∈ R×.
π ∈ R is prime if π | ab =⇒ either π | a or π | b ∀a, b ∈ R.

For example, R is a domain ⇐⇒ 0 is prime.

Definition 1.2.3. A ring R is a unique factorisation domain if everym ∈ R can be written asm = π1 · · ·πr
where πi ∈ R are prime and this decomposition is unique up to reordering and units.

Remark 1.2.4. An element is irreducible if it’s prime. Suppose π is prime and write π = ab, then WLOG
π | a, so a = πu, hence π = πub, so ub = 1, i.e. b is a unit.

In a euclidean domain, an element is irreducible only if it’s prime. Suppose m is irreducible and m | ab
and let c = gcd(a,m), so m = cu for some u. Either c or u ∈ R×. If u ∈ R× then m | a. If c ∈ R× then
∃p, q ∈ R : 1 = pa+ qm, so b = pab+ qmb, hence m | b.

Remark 1.2.5. A euclidean domain is a UFD. By above it suffices to prove every element has a unique
factorisation into irreducibles. For existence, one proves by induction on the norm (if m is not irreducible,
write m = m1m2 and by inductive hypothesis m1,m2 have unique factorisations). For uniqueness, now
note that irreducibles are primes, and by definition if a prime appears in a factorisation and divides other,
it must appear in the other one as well.

Lemma 1.2.6. If R is a domain then R[x] is a domain.

Proof. It suffices to show for f, g ∈ R[x], f, g ̸= 0 =⇒ fg ̸= 0, but mutliplication in R[x] is multiplication
of coefficients which are in R, which is a domain. □

Definition 1.2.7. For a commutative ring R (not necessarily a domain), S ⊂ R is a multiplicative subset
if 1 ∈ S and s1, s2 ∈ S =⇒ s1s2 ∈ S.

The localisation of R in S is the ring S−1R := {(a, s) : a ∈ R, s ∈ S} with the expected operations and
modulo the equivalence relation (a1, s1) ∼ (a2, s2) if ∃t ∈ S : t(a1s2 − a2s1) = 0.

If R is a domain and one takes S = R\{0} then S−1R is a field, the fraction field of R, denoted by
Frac(R).
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Definition 1.2.8. For f(x) = a0x
n + a1x

n−1 + · · ·+ an ∈ R[x], define the content of f to be

c(f) := gcd(a0, . . . , an).

f is content-free if c(f) = 1. Clearly 1
c(f)f is content-free ∀f ∈ R[x].

Definition 1.2.9. An ideal P of a commutative ring R is prime if ∀a, b ∈ R, ab ∈ P =⇒ a or b ∈ P .
By definition, a principal ideal is prime iff it’s generated by a prime.

Remark 1.2.10. R/I is a domain iff I is prime which follows almost immediately from definitions.

Lemma 1.2.11 (Gauss). Let R be a UFD and K = Frac(R). Suppose for f ∈ R[x] ∃h1, h2 ∈ K[x]

nonconstant such that f = h1h2, then ∃λ1, λ2 ∈ K : λ1λ2 = 1 and h̃1 = λ1h1, h̃2 = λ2h2 ∈ R[x], so in
particular f = h̃1h̃2, i.e. a polynomial in a UFD is irreducible iff it’s irreducible in the UFD’s fraction
field.

Week 3, lecture 2, 15 October 2024

Proof. WLOG suppose c(f) = 1. Note that ∃c1, c2 ∈ R : c1h1 =: h′1, c2h2 =: h′2 ∈ R[x] (clear denominat-
ors). One then has the factorisation in R[x]: c1c2f = h′1h

′
2. It remains to get rid of c1c2.

The following claim is useful: ∀h1, h2 ∈ R[x], c(h1h2) = c(h1)c(h2). In paticular, if h1, h2 are content-
free then h1h2 is content-free, which is the special case we are now going to prove. Suppose for a
contradiction that c(h1h2) is not a unit and let π ∈ R be prime such that π | every coefficient of h1h2.
Then [h1h2] = 0 ∈ R/π[x]. But since (π) is prime, R/π is a domain, hence WLOG [h1] = 0, i.e. π | every
coefficient of h1.

But then c1c2 = c(c1c2f) = c(h′1)c(h
′
2), so one can write

f =
h′1
c(h′1)

h′2
c(h′2)

=: h̃1h̃2 ∈ R[x].

□

Again all rings are commutative domains today.

Theorem 1.2.12 (Eisenstein’s criterion). Let R be a UFD, f(x) = a0x
n + a1x

n−1 + · · ·+ an ∈ R[x] and
π ∈ R be prime. If π ∤ a0, ∀i ≥ 1, π | ai and π2 ∤ an, then f is irreducible.

Proof. Consider R = R/π, which is a domain since π is prime, so R[x] is a domain as well. One has
f(x) = a0x

n. Suppose for a contradiction f = hg ∈ R[x], then a0x
n = h(x) · g(x). It must be that

h(x) = a1x
k1 and g(x) = a2x

k2 since otherwise a0xn contains a nonzero product of monomials of smallest
degree in h and g. But then π divides constant terms of h and g, so π2 | an, a contradiction. □

Week 3, lecture 3, 18 October 2024

Definition 1.2.13. For a1, . . . , ar ∈ R, (a1, . . . , ar) := {
∑
λiai : λi ∈ R}, which is the left ideal (finitely)

generated by a1, . . . , ar.
A ring R is left-Noetherian if every left ideal of R is finitely generateted. R is Noetherian if it’s both

left- and right-Noetherian.

Lemma 1.2.14. A ring is left-Noetherian ⇐⇒ it satisfies the ascending chain condition, i.e. ∀ infinite
chain of left ideals I1 ⊂ I2 ⊂ · · · Ir ⊂ Ir+1 ⊂ · · · , ∃N : j ≥ N =⇒ IN = Ij .

Proof. =⇒ Let I1 ⊂ I2 ⊂ · · · be an ascending chain of left ideals, then
⋃
j Ij = I is a left ideal.

By assumption, one can write I = (a1, . . . , ar). But then ∃N : aj ∈ IN ∀j = 1, . . . , r, so
∀j ≥ N, Ij = IN = I.

⇐= Let I be a left-ideal and a1 ∈ I. If I = (a1) then we are done, so let I1 = (a1) and a2 ∈ I\I1.
Again if I = I2 = (a1, a2) then we are done, so let a3 ∈ I\I2. One continues inductively and
obtains an infinite ascending chain of left ideals I1 ⊂ I2 ⊂ · · · which stabilises by assumption, i.e.
at some point ∄ar+1 ∈ I\Ir so I = Ir = (a1, . . . , ar).

□

Example 1.2.15. The ring of polynomials with infinite number of variables K[x1, x2, . . .] is clearly not
Noetherian since one has the chain (x1) ⊂ (x1, x2) ⊂ · · · not satisfying ACC.

Theorem 1.2.16 (Hilbert basis). If R is Noetherian then R[x] is Noetherian.
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Proof. Let J ⊂ R[x] be an ideal and define

Ik := {a : a is the leading coefficient of f ∈ J where deg f = k}.

Note that Ik is an ideal in R (since J is an ideal of R[x]) and Ik ⊂ Ik+1 ∀k (since

a ∈ Ik =⇒ f = axk + · · · ∈ J =⇒ xf = axk+1 + · · · ∈ J =⇒ a ∈ Ik+1).

By assumption, the chain of ideals Ik ⊂ Ik+1 ⊂ Ik+2 ⊂ · · · stablises at IN = (a1, . . . , am). Then

∀i = 1, . . . ,m, ∃fi = aix
N + · · · ∈ J.

We claim J = (f1, . . . , fm). Indeed, let f = cνx
ν + cν−1x

ν−1 + · · · + c0 ∈ J and suppose ν ≥ N . Then
cν ∈ Iν = IN , i.e. cν = λ1a1 + · · ·+ λmam. Then

f −
(
xν−Nλ1f1 + · · ·+ xν−Nλmfm

)
∈ J

has degree strictly less than f . We have therefore shown that J is generated by f1, . . . , fm and polynomials
in J with degree ≤ N . □

Week 4, lecture 1, 21 October 2024

Theorem 1.2.17. If R is a UFD then R[x] is a UFD.

1.3. Rings of invariants.

1.3.1. Motivation and examples.

Definition 1.3.1. Let a finite group G ⊂ GLn(C) act on C[x1, . . . , xn]. Define the ring of invariant as

C[x1, . . . , xn]G = {f ∈ C[x1, . . . , xn] : ∀γ ∈ G, γf = f}.

Example 1.3.2. Consider the symmetric group Sn ∋ σ with the action

σ · f(x1, . . . , xn) = f(xσ(1), . . . , xσ(n)).

For example, write S2 = {id, σ} then σ · f(x, y) = f(y, x) (i.e. x 7→ y, y 7→ x).
Note that polynomials of the form x1 + · · ·+ xn,

∑
i<j xixj , x1 · · ·xn (in general

∑
i1<···ik xi1 · · ·xik)

are invariant under these actions. Denote them by σ1, σ2, σn and σk respectively and call them elementary
symmetric functions. We claim they generate all other such invariants.

Theorem 1.3.3. (1) C[x1, . . . , xn]Sn is generated by 1, σ1, . . . , σn.
(2) The map

ϕ : C[y1, . . . , yn] → C[x1, . . . , xn]Sn

yi 7→ σi

is a ring isomorphism, i.e. there are no algebraic relations between the σi’s and C[x1, . . . , xn]Sn is
itself a polynomial ring.

We will later see a proof.

Example 1.3.4. Consider µn = {ζ : ζn = 1} ⊂ C× (generated by ζ = e
2πi
n ) with the action

µn ↷ C[x, y] : ζ · x = ζx, ζ · y = ζ−1y.

Note that w = xy, u = xn and v = yn are invariant. It turns out that

ϕ : C[u, v, w] → C[x, y]µn : u 7→ xn, v 7→ yn, w 7→ xy

is surjective, i.e. u, v, w generate all invariants, and ϕ has kernel (uv − wn) as probably expected.
Now consider the same group with a different action: ζ · x = ζx and ζ · y = ζy. Then C[x, y]µn is

generated by monomials of degree n, i.e. xn, xn−1y, . . . , yn. This time one can write down a similar
surjective homomorphism as above, but the kernel is huge: it’s the 2× 2 minors of(

u0 u1 · · · un−1

u1 u2 · · · un

)
where ui = xn−iyi.

Week 4, lecture 2, 22 October 2024
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Example 1.3.5. The group G = BD4n =

〈
µ2n =

{(
ζ 0
0 ζ−1

)
: ζ2n = 1

}
, B =

(
0 −1
1 0

)〉
⊂ SL2(C)

acts on C[x, y]. Note that C[x, y]G ⊂ C[x, y]µ2n , so it remains to see how B acts on C[u, v, w] where
u = x2n, v = y2n and w = xy. One has B : u 7→ v, v 7→ u and w 7→ −w. Note that one has B-invariants
ξ = w2, η = u+ v, z = w(u− v). It turns out ξ, η, z generate C[x, y]G, but clearly they have some relations.
One calculates

ξ2 = w2(u2 + v2 − 2uv) = w2((u+ v)2 − 4(w2)n) = z(η2 − 4zn).

It turns out this relation generates the ideal of relations, i.e. C[x, y]G ∼= C[x, y, z]/(x2 − y2z + 4zn+1).

1.3.2. Noether’s theorem.

Definition 1.3.6. A ring R is graded if R =
⊕

n≥0Rn as additive groups where RnRm ⊂ Rm+n.
a ∈ R is homogeneous of degree n if a ∈ Rn.

Example 1.3.7. R = C[x1, . . . , xn] is a graded ring.

Theorem 1.3.8 (Noether). Let finite G ≤ GLn(C) ↷ R = C[x1, . . . , xn]. Then RG is a finitely generated
C-algebra.

Observe that
(1) R is graded and G preserves the grading, i.e. ∀n ≥ 0, γ ∈ G, f ∈ Rn, γf ∈ Rn.
(2) There is an operation called “averaging over G”:

ρ : R→ RG : f 7→ 1

|G|
∑
γ∈G

γf

which also preserves the grading: im ρ(Rn) ⊂ RGn .
Note that ρ is additive: ρ(f + g) = ρ(f) + ρ(g), which is clear from the definition, but it’s in

fact RG-linear, i.e. if f ∈ RG and g ∈ R, then ρ(fg) = fρ(g).
Week 4, lecture 3, 25 October 2024

Proof 1. Let I be the ideal of R generated by RG+ (all invariances except the constants). By Hilbert’s
basis theorem, ∃a1, . . . , am ∈ R : I = (a1, . . . , am). Note that ai’s are not necessarily invariant, but
one can write ai = λi1ri1 + · · · + λik(i)rrk(i) where λij ∈ C, rij ∈ RG by our first observation, so
I = (r11, r12, . . . , rmk(m)) = rN . We claim r1, . . . , rN generate RG as a C-algebra. Let S be the ring
generated by the ri’s, i.e. let S be the image of the ring homomorphism C[y1, . . . , yn] → R : yi 7→ ri.
Clearly by construction S ⊂ RG. We prove by induction that RGn ⊂ S. Clearly RG0 = C ⊂ S, so assume
RG0 ⊕· · ·⊕RGn−1 ∈ S and let f ∈ RGn . Then f ∈ I, so ∃ai ∈ R : f = a1r1+ · · ·+aNrN . If ai’s are invariant
then we are done since deg ai < deg f = n and by inductive hypothesis ai are C-combinations of ri’s as
well. If ai’s are not invariant, recall our second observation and take f = ρ(f) = ρ(a1)r1 + · · ·+ ρ(aN )rN
where each ρ(ai) is invariant. □

Example 1.3.9. Not all subrings S ⊂ R = C[x1, . . . , xn] are finitely generated. Take the monoid P to be
all monomials in C[x, y] except {x, x2, . . .} and the monoid ring C[P ].

Week 5, lecture 1, 28 October 2024

Proof 2 of 1.3.8: the original proof by Emmy. The advantage of this proof is that it’s constructive: it
gives a way to actually find the ring of invariance.

Consider R[T ]. ∀f ∈ R, define

P f (T ) :=
∏
γ∈G

(T − γf),

a polynomial of degree |G| with its coefficients in RG. In particular, write

P xi(T ) =
∏
γ∈G

(T − γxi) = TN + aiN−1T
N−1 + · · ·+ ai0

where aij ∈ RG. Let S = C
[
aij : i = 1, . . . , n, j = 1, . . . , |G|

]
⊂ RG be a subring.

For a monomial xr = xr11 · · ·xrnn define |r| = max{r1, . . . , rn}. We claim

Ŝ =

{∑
r

frx
r : fr ∈ S, |r| < N

}
= R.
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It suffices to show xr ∈ Ŝ ∀r. If |r| < N then we are done, so suppose |r| ≥ N . Note that xi is a root of
P xi(T ) since id ∈ G and xi − idxi = 0. Hence

P xi(xi) = 0 = xNi + aiN1
xN−1
i + · · ·+ ai0,

hence we have a rewriting machine grinding down the degree of any monomial.
We now claim RG is generated as a ring by S (hence ultimately by the aij) and {ρ(xr) : |r| < N}. Let

f ∈ RG. By above, f =
∑
r srx

r for some sr ∈ S with |r| < N . Then f = ρ(f) =
∑
r srρ(x

r). □

Theorem 1.3.10. For G = Sm ↷ R = C[x1, . . . , xn], one has RG = C[e1, . . . , em] where ej(x1, . . . , xn)
is the jth elementary symmetric polynomial

∑
1≤k1≤···≤kj≤n xk1 · · ·xkj . Moreover, the natural map

C[y1, . . . , ym] → CG : yj 7→ ej is a ring isomorphism.

Proof. Order monomials lexicographically:

xr = xr11 · · ·xrnn > xs = xs11 · · ·xsnn if for the first i : ri ̸= si, one has ri > si.

Hence for f ∈ R one can define hm(f) to be the highest monomial that appears in f . Now clearly for
f ∈ RG, hm(f) = xm1

1 · · ·xmn
n where m1 ≥ · · · ≥ mn since f is invariant. But then

∃k1, . . . , kn : hm(f) = hm
(
ek11 · · · eknn

)
.

□

Week 5, lecture 2, 29 October 2024

2. Modules

As much as for today’s discussion, a ring R is not necessarily commutative.

Definition 2.0.1. A left R-module is a triple (M,+, ·, 0) where (M,+, 0) is an abelian group and
· : R×M →M satisfies r1(r2m) = (r1r2)m ∀r1, r2 ∈ R,m ∈M and (r1 + r2)m = r1m+ r2m.

Example 2.0.2. Any abelian group A is a Z-module: define ma by a+ · · ·+ a︸ ︷︷ ︸
m times

if m ≥ 0 and −a− · · · − a︸ ︷︷ ︸
−m times

if m < 0.
R⊕n = {(r1, . . . , rn) : ri ∈ R} is an R-module. In fact, any direct sums of modules is a module:

M1 ⊕M2 = {(m1,m2) : mi ∈Mi}.
If I ⊂ R is a left ideal, then I and R/I = {r + I : r ∈ R} are R-modules.

2.1. Construction of R-modules.

Definition 2.1.1. N ⊂M is a submodule if it is an additive subgroup of M and rn ∈ N ∀r ∈ R,n ∈ N .
If N ⊂M is a submodule, one can make the quotient module M/N , which is the usual quotient group

with an induced multiplication.

Definition 2.1.2. For modules M1,M2, a map ϕ :M1 →M2 is a module homomorphism if

ϕ : (M1,+) → (M2,+)

is a group homomorphism and
ϕ(rm) = rϕ(m) ∀r ∈ R,m ∈M.

(Analogous to linear maps.)
For a homomorphism φ :M1 →M2, φ(M1) ⊂M2 is a submodule, called the image of ϕ and denoted

by imφ. The set {m ∈ M1 : φ(m) = 0} ⊂ M1 is a submodule, called the kernel of ϕ and denoted by
kerφ.

The quotient module M2/ imφ is called the cokernel of φ and denoted by cokerφ.

Definition 2.1.3. An R-module M is finitely generated if ∃φ : Rn →M , a surjective homomorphism of
R-modules. Equivalently, ∃m1, . . . ,mn ∈M : ∀m ∈M, ∃r1, . . . , rn ∈ R : r1m1 + · · ·+ rnmn = m.

For the rest of our discussion of modules, we focus on classification of finitely generated modules over
commutative PIDs.

Theorem 2.1.4 (Homomorphism theorems).
(1) φ :M → N homomorphism =⇒ M/ kerφ = imφ.
(2) (A+B)/A = B/(A ∩B).
(3) L ⊂ N ⊂M =⇒ M/N = (M/L)/(N/L).
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Week 5, lecture 3, 1 November 2024: example class
Week 6, lecture 1, 4 November 2024

Definition 2.1.5. A left R-module M is finitely generated if ∃ a surjective R-module homomoprhism
Rn ↠M , i.e. ∃m1, . . . ,mn ∈M : ∀m ∈M, m = r1m1 + · · ·+ rnmn for some r1, . . . , rn ∈ R.

Definition 2.1.6. For a set S, write

RS =
⊕
s∈S

R = {a : S → R : as = 0 for all but finitely many s ∈ S}.

An element of RS is a tuple, with addition and multiplication defined pointwise. We call this type of
modules free.

Week 6, lecture 2, 5 November 2024: in-class test
Week 6, lecture 3, 8 November 2024

Definition 2.1.7. Let M be an R-module and m : S ↪→M where S ⊂M .
We say S generates M if ∀x ∈M, ∃ a finite expression x =

∑
rsms where rs ∈ R,ms ∈ S.

We say S is linearly independent if 0 =
∑

finite rsms =⇒ all rs = 0.

Proposition 2.1.8. M ∼= RS ⇐⇒ S generates M and S is linearly independent.

Definition 2.1.9. An ideal I ⊂ R is maximal if any ideal I ′ ⊃ I is either I or R.

Proposition 2.1.10. I ⊂ R is maximal ⇐⇒ R/I is a field.

Proof. Recall the correspondence between ideals R ⊂ R/I and J : I ⊂ J ⊂ R.
If R/I is a field then, then the only ideals J of R is 0 or R/I, so J is either I or R.
If I is maximal, let x ∈ R/I where x is the image of x ∈ R, and suppose x /∈ I (so x ̸= 0). Consider

(x), an ideal of R/I. Then its preimage is either I or R, but x /∈ I so it’s R. But then (x) = R/I, i.e.
∃y : yx = 1. □

Theorem 2.1.11. Every commutative ring R has a maximal ideal.

Proof sketch. Let I1 be an ideal of R. If it’s maximal then we’re done. If it’s not maximal, then ∃ ideal
I2 ⊃ I1. One continue inductively and obtains a chain of ideals. If R is Noetherian we can stop here. If
not, we have to believe in the axoim of choice. □

Theorem 2.1.12. If R is a commutative ring, then Rn ∼= Rm (as R-modules) ⇐⇒ n = m.

Remark 2.1.13. This is false for modules over noncommutative rings.
The theorem is surprisingly not a trivial result. The proof is a brutal reduction to the case of vector

spaces over fields.

Proof sketch. Suppose Rn ∼= Rm and by 2.1.11 and 2.1.10, let I be a maximal ideal of R and

(R/I)n ∼= (R/I)m

as vector spaces, then by linear algebra n = m. □

2.2. Classification of finitely generated modules over a PID.

Theorem 2.2.1. Let R be a PID and M a finitely generated R-module. Then M ∼= Rn ⊕
⊕k

i=1R/di
where di | di+1 ∀i = 1, . . . , k − 1. Moreover, m, called the rank of M , k and all di’s are uniquely (up to
multiplication by units in R) determined.

The proof is slightly easier for Euclidean domains (but only slightly). But it’s the worth the effort,
since in practice there’s virtually no way to know if something is a Euclidean domain or not. In particular,
to prove it is, you have to construct a norm function a priori from scratch, and even worse, to prove it’s
not, you have to prove that every possible function doesn’t work.

Week 7, lecture 1, 11 November 2024

Proposition 2.2.2. If R is a Noetherian ring, N is a finitely generated R-module and M ⊂ N is a
submodule, then M is also finitely generated.
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Proof sketch. Consider the short exact sequence of R-modules 0 → M ′ φ−→ M
π−→ M ′′ → 0 where φ is

injective, π is surjective and imφ = kerπ. In this situation, clearly M ′,M ′′ are finitely generated =⇒ M
is finitely generated.

Now since N is assumed to be finitely generated, there is a surjective homomorphism ψ : Rn ↠ N for
some n. We prove by induction on n. The base case n = 1 follows from that R is Noetherian. Take M ′ to
be the ψ(Rn−1) ∩M where Rn−1 is the first n− 1 copies of R in Rn, and M ′′ to be ψ(R) where R is the
last copy. By inductive hypothesis, M ′ and M ′′ are finitely generated as submodules of ψ(Rn−1), so by
our observation above, M is finitely generated. □

The result 2.2.1 is a consequence of the existence of the Smith normal form for matrices with coefficients
in R:

Theorem 2.2.3. Let R be a PID. For A ∈Mn×m(R),

∃P ∈ GLn(R), Q ∈ GLm(R) : PAQ =


d1

d2
. . .

dr

 , 0 elsewhere

where di | di+1 ∀i = 1, . . . , r − 1 are uniquely determined by A. This is called the Smith normal form.

Proof of 2.2.1. Since M is finitely generated, ∃ a surjective homomorphism π : Rm ↠M . Let N = kerπ,
which as a submodule of Rm is finitely generated by 2.2.2, so there is a surjective homomorphism
φ : Rn ↠ N ⊂ Rm. Then φ correspond to a matrix A ∈ Mn×m with coefficients in R, which we can
assume is is SNF by 2.2.3 by change of bases for Rn and Rm. □

Proof of 2.2.3. We first prove first for a Euclidean domain R and then explain how to change the proof so
that it works for PIDs.

Note that for a general matrix
(
a b
c d

)
, the multipliation on the left by

(
1 r
0 1

)
gives

(
a+ rc b+ rd
c d

)
,

so it corresponds to the row operation of adding r times row 2 to row 1. Similarly,
(
−1 0
0 1

)
multiplies

row 1 by −1, and
(
0 1
1 0

)
swaps the two rows. In general, multiplications on the left correspond to all

row operations, and on the right correspond to all column operations. Hence it suffices to show that after
row and column operations, a matrix can be brought to the desired form. We show this in steps.

(1) We first achieve that a11 divides all a1i and all aj1, i.e. elements in the same row and column. To
do this, we first make sure |a11| = min{|aij |} by swapping rows and columns. Now if a11 ∤ al1,
write al1 = qa11 + r with |r| < |a11|, then subtract row l by q times row 1 so that now al1 = r,
and bring r to a11 again by swapping rows and columns. Similarly if a11 ∤ a1l. This can’t go on
indefinitely since | · | is bounded below, hence the desired is achieved.

(2) Now by row/columns operations, our matrix is of the form


a11 0 · · · 0
0
... B
0

.

(3) We now achieve that a11 divides each bij . If a11 ∤ bij , we add row i to row 1 and repeat step 1,
which reduces |a11| and again this can’t go on indefinitely.

(4) Repeat steps 1–3 for B,B′, . . .

Now if R is a PID, we are not allowed to do induction on the norm (because there isn’t one).
Define N(a) := #{prime factors in the prime decomposition of a, counting multiplicities}, i.e.

if a =
∏
i

prii , then N(a) =
∑
i

ri.

We now prove by induction on N(A) := min{N(aij) : 1 ≤ i ≤ n, 1 ≤ j ≤ m}. If a = 0 then N(a) = ∞.
This is our “norm”.

To have something similar to the Euclidean algorithm, recall that for any a, b ∈ R we have (a, b) = (c)
for some c ∈ R: denote this by c = gcd(a, b). Tautologically, in this case, ∃x, y ∈ R : ax + by = c, and
as naively expected, d | a, b =⇒ d | c, and c | a, b. Also, in the form ax+ by = c, one has gcd(x, y) = 1,
since if we write a = ca′, b = cb′, then c(a′x+ b′y) = c, so a′x+ b′y = 1 (since R is a domain).
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The key mechanism of the proof is then the following. Let a, b ∈ R and c = gcd(a, b) with x, y, a′, b′ as
above. Consider the calculation(

x y
−b′ a′

)(
a
b

)
=

(
ax+ by

−b′a+ a′b

)
=

(
c
0

)
.

We are now prepared to construct the Smith normal form following the construction for Euclidean domains.
(1) Make sure N(A) = N(a11) and that a11 | ak1, a1l for all k = 1, . . . , n, l = 1, . . . ,m. If a11 ∤ ak1,

WLOG assume k = 2 and let c = gcd(a11, a21), then N(c) < N(a11). Write c = xa11 + ya21, then
the multiplying the matrix  x y

−a′21 a′11 0
0


on the left gives us

c · · ·
0
...

, so we have a matrix with smaller “norm”.

(2) Again by row/column operations we get the form same as in step 2 of the Euclidean domain
process.

(3) Again make sure a11 divides each akl for k = 2, . . . , n, l = 2, . . . ,m. Suppose a11 ∤ akl, then add
row k to row 1, so akl is in row 1 now as ak1, and we repeat step 1 and again have a matrix of
strictly smaller “norm”.

(4) Repeat these steps to inner submatrices...
□

Week 7, lecture 2, 12 November 2024

Remark 2.2.4. In fact, the torsion part can be further decomposed:

M ∼= Rn ⊕R/(pn1
1 )⊕ · · · ⊕R/(pnk

k ) where ni ≥ 0 and p1, . . . , pk are irreducibles of R.

Example 2.2.5. Take R = Z, then R-modules are exactly abelian groups, so 2.2.1 are simply the
fundamental theorem of finitely generated abelian groups.

Suppose A is an abelian group generated by a, b, c subject to 2a + 3b + c = 0, a + 2b = 0 and

5a+ 6b+ 7c = 0. Then A = Z3/

〈2
3
1

 ,

1
2
0

 ,

5
6
7

〉
. Let X =

2 1 5
3 2 6
1 0 7

. Let’s reduce X to SNF:

2 1 5
3 2 6
1 0 7

⇝
1 2 5
2 3 6
0 1 7

⇝
1 2 5
0 −1 −4
0 1 7

⇝
1 0 0
0 1 4
0 1 7

⇝
1 0 0
0 1 4
0 0 3

⇝
1 0 0
0 1 0
0 0 3

 ,

hence A ∼= Z3/

〈1
0
0

 ,

0
1
0

 ,

0
0
3

〉
∼= Z/Z⊕ Z/Z⊕ Z/3Z ∼= C3.

2.3. Jordan normal form. Let F be a field, V a F -vector space and α : V → V a linear map. The key
idea is to endow V with the structure of a module over F [x] by letting x acts as α. Thus a polynomial f acts
on V as f(α): this means if f(x) = anx

n+· · ·+a0 where ai ∈ F , then f(x)·v = anα
n(v)+· · ·+a1α(v)+a0v.

So V becomes an F [x]-module; call it Vα.

Lemma 2.3.1. If V is a finite-dimensional F -vector space, then Vα is a finitely generated F [x]-module.

Proof. Take a finite basis v1, . . . , vn of V , then they generate Vα as an F [x]-module.
(Trivially F ⊂ F [x]). □

Consider F [x]/d where 0 ̸= d ∈ F [x].

Example 2.3.2. Take d(x) = xr. Then as usual, images of 1, x, . . . , xr−1 form a basis of F [x]/d as a
F -vector space. The action of left mutliplication by x ∈ F [x] can be written as the matrix

0
1

1
. . .

1
0


everywhere else is 0,
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now if α : F [x]/d→ F [x]/d is represented by this matrix, then Vα is F [x]/d.

Example 2.3.3. Let Vα ∼= F [x]/((x− λ)r) for some λ ∈ F and β = α− λI. Then β : V → V is a linear
map with matrix as in above, so α is given by

λ
1 λ

1 λ
. . . . . .

1 λ


which is the Jordan normal form (sometimes the 1’s are above the diagonal but it actually doesn’t matter).

Example 2.3.4. What do we get in general? Suppose Vα ∼= F [x]/(f) where f = xr + ar−1x
r−1 + · · ·+ a0

where ai ∈ F . As before, 1, x, . . . , xr−1 form a basis of V as an F -vector space. Then α is given by the
matrix (same as 2.3.2 except the last column)

C(f) =


0 −a0
1 −a1

1 −a2
. . .

...
1 −ar−1

 , the companion matrix of f

Theorem 2.3.5 (Rational canonical form). Let F be any field, V a finite dimensional F -vector space,
and α : V → V a linear map. Then as F [x]-modules,

Vα ∼=
F [x]

(f1)
⊕ · · · ⊕ F [x]

(fr)
where fi ̸= 0 with fi | fi+1 ∀i = 1, . . . , r − 1.

There is a basis for V in which α is given by the block diagnoal matrix
C(f1)

C(f2)
. . .

C(fr)

 .

The word “rational” means you don’t have to leave your ground field to its algebraic closure, so for example
you can work over Q, the “rationals”, as desired.

Proof. By 2.3.1 and 2.2.1, one can write

Vα ∼=
F [x]

(f1)
⊕ · · · ⊕ F [x]

(fr)
⊕ F [x]n

with the desired properties for fi’s, so it suffices to show that n = 0, but this is trivial: V is finite
dimensional over F , but F [x] is not. The desired basis is

x01, x1, x
2
1, . . . , x

deg f1−1
1 , x02, x2, . . . , x

deg f2−1
2 , . . .

where xi is the image of x in F [x]/(fi). □

Example 2.3.6. Consider the field Q and Q[x]/(x2 − 1), which is already in rational canonical form.
It’s clearly isomorphic to Q[x]/(x− 1)⊕Q[x]/(x+ 1), but divisibility doesn’t hold, so it’s not a rational
canonical form.

Week 7, lecture 3, 15 November 2024
The lecture started by continuing the proof of 2.2.3 for principal ideal domains, so see Week 7, lecture

1, 11 November 2024.

Corollary 2.3.7 (Jordan normal form). Let V be a C-vector space and T : V → V a C-linear map. Then
∃ a basis of V such that the matrix of T has the formJn1

(λ1)
. . .

Jnr
(λr)


where Jni

(λi), a Jordan block, is a ni × ni matrix with λ on the diagonal and 1 below.
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Remark 2.3.8 (Alternative form of classification of finitely generated modules over a PID). We have

M ∼= R⊕r ⊕
⊕
i

R/(prii ),

indeed, consider a C[x]-module V with the action x · v = Tv. Then Jn(λ) ↔ C[x]/((x− λ)n)...

Week 8, lecture 1, 18 November 2024

3. Matrix Lie groups

3.1. Subgroups of the general linear group. For a commutative ring R, define

GLn(R) := {A ∈Mn×n(R) : ∃B ∈Mn×n(R) : AB = BA = In×n} = {A ∈Mn×n(R) : detA ∈ R×}.
We will work with closed subgroups G ≤ GLn(F ) where F = R or C. The point of this is that GLn(F )

is a topological group:

Definition 3.1.1. A topological group is a group G that is also a topological space such that the
multiplication map m : G×G→ G : (g1, g2) 7→ g1g2 and the inverse map i : G→ G : g 7→ g−1 are both
continuous.

Lemma 3.1.2. GLn(F ) is a topological group in a natural way.

Proof. To give it a topology, note that GLn(F ) is a subset of Mn×n(F ), which, as a set, can be considered
as Fn

2

, which has the usual Euclidean topology. Since det : Fn
2 → F is continuous (it’s a polynomial),

GLn(F ) as the preimage of F\{0}, an open set, is open. We then endow GLn(F ) with induced topology:
v ∈ GLn(F ) is open ⇐⇒ v ∈ Fn

2

is open. Then m and i are continuous since one is a polynomial and
the other is a rational function. □

Example 3.1.3. Special linear group

SLn(F ) = {g ∈ GLn(F ) : det g = 1}.

In particular, SLn(C) acts on C ∩ {∞}: consider the Möbius transformation z 7→ az+b
cz+d .

SLn(R) acts on h = {z ∈ C : ℑz > 0} again by z 7→ az+b
cz+d .

Unitary group Un = {g ∈ GLn(C) : tAA = In×n} acts on S2n−1 = {z ∈ Cn : ||z|| = 1}.
SUn = {g ∈ Un : det g = 1} also acts on this sphere.
Euclidean group

Eucln(R) = {g ∈ GLn(R) : d(gv − gu) = d(v − u)}
= {rigid motions with respect to its natural metric}.

Consider the subgroup Rn of translations, which is a normal subgroup of Eucln(R), with

Eucln(R)/Rn = On(R) = {g ∈ GLn(R)} = {tgg = id} = {gx · gy = x · y},
the orthogonal group. Choosing an “origin” O ∈ Rn, one can consider On(R) as a group of “rotations”,
and Eucln(R) = Rn ⋊On(R).

Affine group Affn(F ), on the other hand, can be similarly constructed as Fn ⋊GLn(F ). But how is
this a subgroup of GLn(F )? Well, it’s not, it’s a subgroup of GLn+1(F ), and one can think of an element
as 

b1
n× n b2

...
bn

0 · · · 0 1

,


and think of Affn(F ) as

{g ∈ GLn+1(F ) : gπ ⊂ π} where π = {x ∈ Fn+1 : xn+1 = 1}, the hyperplane

Projective general linear group

PGLn(F ) = PSLn(F ) = GLn(F )/{λIn×n : λ ∈ F×}
acts on Pn(F ) = Fn+1\{0}/ ∼ where v ∼ λv ∀λ ∈ F×. It’s not entirely obvious that this is a subgroup
of some GLm(F ).

Week 8, lecture 2, 19 November 2024
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Special orthogonal group SOn(F ) = {A ∈ On : detA = 1}.
Indefinite orthogonal group Op,q = {A ∈ GLn(R) : tABp,qA = Bp,q} where Bp,q is the diagonal matrix

with first p 1’s and q −1’s.
Any finite subgroup G of any of the above.

Example 3.1.4 (A very special case). Let SL2(C) act on R4: identify x =


x0
x1
x2
x3

 as the matrix

x =

(
x0 + x3 x1 − ix2
x1 + ix2 x0 − x3

)
(which satisfies tx = x; in fact all such matrices can be written in this way

and corresponds uniquely to an element of R4, so we are identifying R4 as {x ∈ M2×2(C) : tx = x}, a
vector space isomorphism), and define g · x as gxtg. This action preserves determinants, and since∣∣∣∣ x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

∣∣∣∣ = x20 − x21 − x22 − x23,

so we have a group homomorphism SL2(C) → O1,3. Now

SL2(C) // O1,3(C)

SU2(C)
?�

OO

// SO3(C)
?�

OO

where SU2(C) =
{(

a b

−b a

)
: a, b ∈ C, |a|2 + |b|2 = 1

}
, which is homeomorphic to the three dimen-

sional sphere S3, which is also homeomorphic to the unit quaternions

{y0 + y1I + y2J + y3K : y20 + y21 + y22 + y23 = 1}.

Now recall that elements of SO3(C) have the canonical form

 a b 0
−b a 0
0 0 ±1

. Hence SU2(C) → SO3(C)

is not an isomorphism, but a 2-to-1 map, with the kernel {±I2}. In fact, SO3 is topologically P3(R)
(identify antipodal points as equivalent).

Lemma 3.1.5. GLn(C) is path-connected, i.e.

∀x, y ∈ GLn(C), ∃γ : [0, 1] → GLn(C) continuous : γ(0) = x, γ(1) = y.

Proof. Let A ∈ GLn(C). It suffices to find a γ : γ(0) = In, γ(1) = A. If A is a Jordan block, then pick

z ∈ C : ez = λ, and define α : t 7→


etz

t
. . .
. . . . . .

t etz

, which is the desired γ. If A is not a Jordan

block but for some P one has P−1AP is a Jordan block, then define γ as PαP−1. If the Jordan normal
form of A is several Jordan blocks, do the necessary modifications. □

Week 8, lecture 3, 22 November 2024

3.2. Matrix exponentials. The plan for the rest of the module is a tiny bit of theory on Lie algebras
g = LieG, which really come from groups, something that a whole course on Lie algebras may not even
mention, which is a little perverse, but the reason algebraists just go for Lie algebras and forget about
the group is that technically one needs to learn about manifolds first. Moreover, as expected, a group
homomorphism f : G→ H induces a Lie algebra homomorphism f∗ : g → h. That’s the theory. The rest
is going to be examples of finite matrix groups (e.g. finite reflection groups and Coxeter groups).

Today we cannot quite get started with the theory, but will be a preliminary discussion of exponentials
of matrices so that we are able to talk about Lie algebras.

Definition 3.2.1. For a matrix A ∈Mn×n(F ) where F is either R or C, define

eA :=
∑
k≥0

Ak

k!
.
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Remark 3.2.2 (Issues of convergence). We are in the n× n-dimensional vector space of matrices over R
or C. How do we define the notion of convergence? With the norm

||A|| = max{|aij | : i = 1, . . . , n, j = 1, . . . , n},
the series does converge. Note that ||AB|| = max{|cij |} where for any i, j one has

|cij | =

∣∣∣∣∣
n∑
k=1

aikbkj

∣∣∣∣∣ ≤
n∑
k=1

|aik||bkj | ≤ n||A||||B||,

so ||AB|| ≤ n||A||||B|| and
||Ak+1||
(k + 1)!

k!

||Ak||
≤ n

k + 1
||A||,

so the (absolute) convergence follows from the ratio test.
Hence, the thing defined above is a C∞ function Mn×n(F ) → Mn×n(F ). Also, if AB = BA, then

eA+B = eAeB (which implies that every eA is invertible with inverse e−A). If A is invertible, then
∀B, eA−1BA = A−1(eB)A.

Suppose A is diagonalisable, i.e. ∃P : P−1AP =

λ1 . . .
λn

, then

eA = PeP
−1APP−1 = P

e
λ1

. . .
eλn

P−1.

If A is not diagonalisable, recall the part on functions of matrices in MA251 Linear algebra.
Finally, we claim det(eA) = etrA. B can be put in upper triangular form, i.e.

∃P ∈ GLn(C) : P−1AP =

λ1 ∗
. . .

λn

 ,

so eP
−1AP =

e
λ1 ∗

. . .
eλn

, hence

det eA = det
(
P−1eBP

)
= det

(
eP

−1AP
)
= eλ1 · · · eλn = eλ1+···+λn = etrA.

Week 9, lecture 1, 25 November 2024

Proposition 3.2.3. Fix B ∈Mn×n(F ) and consider γB : F → GLn(F ) defined by t 7→ etB . Then
(1) γB : (F,+) → (GLn(F ), ·) is a continuous group homomorphism.
(2) In fact it’s differentiable with derivative

dγB
dt

∣∣∣∣
t=t0

= Bet0B ∈Mn×n(F ).

Note that B and et0B commute.
(3) The exponential map exp :Mn×n(F ) → GLn(F ) defined last time is differentiable itself, and

Dexp|B=0 = id :Mn×n(F ) →:Mn×n(F ).

Proof. 1 and 2 are proved last time; for the derivative let’s first look at how dδB
dt

∣∣
t=0

= Be0 = B:

dγB
dt

∣∣∣∣
t=0

= lim
h→0

γB(h)− γB(0)

h
= lim
h→0

∑∞
k=0

(hB)k

k! − I

h

= lim
h→0

I + hB +O(h2)− I

h
= lim
h→0

(B +O(h)) = B.

and for a general t = t0:
dγB
dt

∣∣∣∣
t=t0

= lim
h→0

γB(t0 + h)− γB(t0)

h
= lim
h→0

γB(t0)γB(h)− γB(t0)

h

= γB(t0) lim
h→0

γB(h)− I

h
= et0BB.
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Finally, note that γB is a composition of the map φB : F → Mn×n(F ) defined by t 7→ tB and exp.
Then by the chain rule,

B =
dδB
dt

∣∣∣∣
t=0

= Dexp|B=φ(0)=0 DφB |t=0 = Dexp|B=0B,

so Dexp|B=0 = id as desired. □

Theorem 3.2.4. Suppose γ : R → GLn(F ) is a continuous group homomorphism where R is seen as an
additive group. Then ∃B ∈Mn×n(F ) such that γ(t) = γB(t) = etB .

Proof. Recall the inverse function theorem, which implies that for 0 ∈Mn×n(F ) and exp 0 = I ∈Mn×n(F ),
there are open neighbourhoods U, V which contain 0 and I (so that V ⊂ GLn(F )) respectively such that
exp(U) ⊂ V and exp|U : U → V is invertible. Call its inverse log. By 3 above, D log|I = I.

Week 9, lecture 2, 26 November 2024

In particular, ∃δ > 0 : γ([−δ, δ]) ⊂ V . Let β : [−δ, δ] → U be defined by log ◦γ. By possibly choosing a
smaller δ, we can also assume that ∀t1, t2 ∈ [−δ, δ], by continuity of addition, β(t1) + β(t2) ∈ U .

We claim ∀t ∈
[
− δ

2 ,
δ
2

]
and ∀r ∈ [−1, 1], β(rt) = rβ(t), i.e. β behaves additively. Let’s first look at how

β(t) = 2β
(
t
2

)
. First of all by our choice of δ, both β(t), 2β

(
t
2

)
∈ U . To show they are equal, it suffices to

show their exponentials are equal, but exp(βt) = γ(t) and exp
(
2β

(
t
2

))
=

(
expβ

(
t
2

))2
= γ

(
t
2

)2
= γ(t)

by 3.2.3.1. Moreover, ∀t ∈
[
− δ

2 ,
δ
2

]
and ∀k, p ∈ Z with 0 ≤ p ≤ 2k, one has β

(
p
2k
t
)
= p

2k
β(t). This will

imply our claim by continuity (binary decimal expansion). We prove by induction on k. We just looked at
the k = 1 case. Now if p is even then p

2k
= p/2

2k−1 and we are done by induction, so suppose p is odd. Then

p

2k
=

1

2

(
p− 1

2k
+
p+ 1

2k

)
,

and by induction,

β

(
p− 1

2k
t

)
=
p− 1

2k
β(t), β

(
p+ 1

2k
t

)
=
p+ 1

2k
β(t),

so we need to show that
β
( p

2k−1

)
= β

(
p− 1

2k

)
+ β

(
p+ 1

2k

)
.

Again, since they are both in U , it suffices to show their exponentials are the same. By induction on

β(t) = 2β

(
t

2

)
and 3.2.3.1, one has that the LHS is γ

(
t

2k−1

)p. Now write p = 2q + 1, then p−1
2k

= q
2k−1 ,

p+1
2k

= q+1
2k−1 , so

the RHS is

exp

(
qβ

(
t

2k−1

)
+ (q + 1)β

(
t

2k−1

))
= exp

(
qβ

(
t

2k−1

))
exp

(
(q + 1)β

(
t

2k−1

))
= γ

(
t

2k−1

)q
γ

(
t

2k−1

)q+1

= γ

(
t

2k−1

)2q+1

= γ

(
t

2k−1

)p
.

Finally, to prove the theorem, we claim ∀t ∈ R, one can write γ(t) = et
β(δ)
δ . Indeed, ∃N ∈ N :

∣∣ t
N

∣∣ ≤ δ,
so t

N = rδ for some r ∈ [−1, 1]. Then

γ

(
t

N

)
= γ(rδ) = expβ(rδ) = exp(rβ(δ)),

so

γ(t) = γ

(
t

N

)N
= exp(rβ(δ))N = exp(rNβ(δ)) = exp

(
t
β(δ)

δ

)
□

Week 9, lecture 3, 29 November 2024: problem class
Worksheet 3 Q 1. let R be a commutative ring and M,M ′ be R-modules with submodules

N ≤M,N ′ ≤M ′. Suppose N ∼= N ′ and M/N ∼=M ′/N ′. (i) If N is free, does this imply M ∼=M ′? (ii)
What about M/N?

Solution. The situation can be summarised as a short exact sequence 0 → N →M →M/N → 0, and
the natural question is: given a module N and P , we want to study all modules M such that N ≤M and
M/N = P . It’s like in the study of finite groups, when we want to understand all groups of a certain
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order, we find two smaller groups and see how we can “multiply” them to form the bigger one. Hence M
is called an extension of P by N . The point is to make new modules out of known modules.

The answer to (i) is false. For example, take R = N = Z (which is free) and P = Z/2Z. Then there
are at least 2 M that contains N as a submodule and P as the quotient: take M = Z and inject N into
M by multiplication by 2, so M/N = Z/2Z = P , or take M = Z⊕ Z/2Z and inject N into M trivially.

But (ii) is true, i.e. given N and P , then if P is free, all extensions of P by N are isomorphic to N ⊕P .
Indeed, let M be such an extension, then there is an injective homomorphism i1 : N ↪→ M and a

surjective homomorphism (projection) M ↠ P . Now the universal property of direct sum M1 ⊕M2 of
two modules M1,M2 is:

(1) There are injective (inclusion) maps i1 :M1 →M1 ⊕M2 and i2 :M2 →M1 ⊕M2;
(2) For anyN and homomorphisms f1 :M1 → N and f2 :M2 → N , there is a unique f :M1⊕M2 → N

such that fi1 = f1, fi2 = f2.
Therefore, in order to prove M =M1 ⊕M2, we simply need to show M satisfies the two properties.
We already have i1, so what we need is a homomorphism i2 from P back to M . The thing about free

modules is that they are absolutely tailored for defining morphisms from them to something. Recall that
P is free iff ∃B = {e1, . . . , er} ⊂ P is a basis, so defining P →M is just giving r elements in M . For each
i, choose mi such that π(mi) = ei, and define i2 : P →M by ei 7→ mi.

Now f is unique since i2 is defined to be the inverse of π.
Week 10, lecture 1, 2 December 2024

3.3. Lie algebras.

Definition 3.3.1. For A ∈ G ≤ GLn(F ), the tangent space to G at A is

TAG :=

{
γ̇(0) =

dγ

dt

∣∣∣∣
t=o

: γ : (−ε, ε) → G is differentiable as a function with values in Mn(F ), γ(0) = A

}
Call TIG the Lie algebra of G and denote it by g.

Remark 3.3.2 (Properties of the tangent space). (1) TAG = A(TIG): indeed, take γ : (−ε, ε) → G
and consider γ′ = Aγ, then γ(0) = id ⇐⇒ γ′(0) = A, and γ̇′(0) = Aγ̇(0) by chain rule.

(2) TIG is a vector space: the key thing is to prove X,Y ∈ TIG =⇒ X + Y ∈ TIG. Let
α, β : (−ε, ε) → G with α(0) = β(0) = I and α̇(0) = X, β̇(0) = Y . Consider γ = αβ. Then
γ̇(0) = α̇(0)β(0) + α(0)β̇(0) = X + Y .

Example 3.3.3. Consider G = On(R) ⊂ GLn(R). What’s g = on? Write γ : (−ε, ε) → G as
γ(t) = I + tX +O(t) where X = γ̇(0). Now

γ(t) ∈ On ⇐⇒ I = tγγ = (I + ttX +O(t))(I + tX +O(t)) = I + t(tX +X) +O(t)

⇐⇒ tX +X = 0,

so on is precisely {x ∈ Mn×n(R) : tX = −X}, the antisymmetric matrices (which have only 0’s on the
diagonal).

Example 3.3.4. Consider {A ∈Mn×n(C) : tAA = I} = Un ≤ GLn(C). By the same process as above,

un = {X ∈Mn×n(C) : tX +X = 0},
so in particular aii ∈ R ∀i and un is a real vector space, or Un is a “real” Lie group.

Example 3.3.5. Consider SLn. For γ(t) ∈ SLn,

1 = det γ(t) = det(I + tX +O(t)) = 1 + t trX +O(t) ⇐⇒ trX = 0.

Remark 3.3.6 (Key properties of g). (1) Again, g is a vector space.
(2) G acts on g by (g,X) = gXg−1.
(3) For X,Y ∈ g, the Lie bracket defined by [X,Y ] := XY − Y X ∈ g, which is an anti-commutative

operation (i.e. [X,Y ] = −[Y,X]). Indeed, if X ∈ g then suppose γ(−ε, ε) → G has γ(0) = I and
γ̇(0) = X, and write γ(t) = I + tX +O(t). Then by (2),

g ∋ γ(t)Y γ(t)−1 = (I + tX +O(t))Y (I − tX +O′(t)) = I + t(XY − Y X) +O′′(t),

so d
dt

∣∣
t=0

γ(t)Y γ(t)−1 = XY − Y X ∈ g.
(4) All X,Y, Z ∈ g satisfy the Jacobi identity:

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0.

Week 10, lecture 2, 3 December 2024
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Example 3.3.7. G = On(R) ⊂ GLn(R). Then we said Lie(G) = on(R) = {X ∈Mn×n(R) : tX +X = 0}
by series expansion. Now suppose tX + X = 0. Then in particular tX and X commute. Consider
γ(t) = etX . We claim γ(t) ∈ On(R). Indeed, tγ(t)γ(t) =t

(
etX

)
etX = et

tXetX = et(
tX+X) = e0 = I. It’s

also clear that γ(0) = I and γ̇(0) = X.

Theorem 3.3.8. We can identify a Lie algebra with

g = {γ : (R,+) → G : γ is a continuous group homomorphism} = {t 7→ etX}.

Proof. Clearly {t 7→ etX} ⊂ g, so now suppose X ∈ Lie(G), i.e. ∃γ : (−ε, ε) → G : γ(0) = I, γ̇(0) = X.
We claim that for all t ∈ (−ε, ε), one has

etX = lim
n→∞

γ

(
t

n

)n
,

and since G is closed, if we can prove this, we have etX ∈ G. Choose, as we have done in the past, open
neighbourhoods V of 0 ∈Mn×n(F) and V of I ∈ GLn(F) such that exp|U : U

∼−→ V is differentiable. By
shrinking ε, we may assume γ(−ε, ε) ⊂ V , and γ = eβ where β : (−ε, ε) → V and β(0) = 0. By the chain
rule, β̇(0) = γ̇(0) = X. Then

lim
n→∞

γ

(
t

n

)n
= lim
n→∞

(
eβ(

t
n )
)n

= lim
n→∞

(
e

t
nX+o( t

n )
)n

= lim
n→∞

(
etX+no( t

n )
)
= etX .

□

Theorem 3.3.9. Let G,H be matrix Lie groups and f : G → H a continuous group homomorphism.
Define f∗ : g → h using the above identification (if γ : (R,+) → G is a continuous group homomorphism
then f∗(γ) = f ◦ γ). Then f∗ is a homomorphism of Lie algebras which (i) is a linear map of real vector
spaces and (ii) ∀X,Y ∈ g, f∗[X,Y ] = [f∗X, f∗Y ].

Remark 3.3.10. We don’t know how to prove this theorem without using exponentials (other than heavy
manifold theory) and this is the real reason for spending time on exponentials.

Week 10, lecture 3, 6 December 2024

Proof. Let γX , γY ∈ g be given by t 7→ etX and t 7→ etY . Consider δ(t) = γX(t)γY (t) = γX+Y (t). Note
that δ(0) = I and by the product rule, δ̇(0) = X + Y . Then by the proof of 3.3.8,

γX+Y (t) = lim
n→∞

(
γX

(
t

n

)
γY

(
t

n

))n
,

and so

γf∗X+f∗Y (t) = lim
n→∞

(
γf∗X

(
t

n

)
γf∗Y

(
t

n

))n
= lim
n→∞

(
f ◦ γX

(
t

n

)
f ◦ γY

(
t

n

))n
= lim
n→∞

f

((
γX

(
t

n

)
γY

(
t

n

))n)
since f is a group homomorphism

= f

(
lim
n→∞

(
γX

(
t

n

)
γY

(
t

n

))n)
since f is continuous

= f (γX+Y (t)) by above

Now let X,Y ∈ g and for s ∈ R, consider δs : R → G : t 7→ γX(s)γY (t)γX(s)−1, which is a group homo-
morphism, and δ̇s(0) = γX(s)Y γX(s)−1 ∈ g. Now consider the map R → g : s 7→ δ̇s(0), whose derivative
at s = 0 is precisely XY − Y X = [X,Y ]. Now similarly consider βs(t) = γf∗X(s)γf∗Y (t)γf∗X(s)−1. By
the same argument, s 7→ β̇s(0) again has derivative [f∗X, f∗Y ], but βs(t) = f ◦ δs(t), so by definition
β̇s(0) = f∗δ̇s(0), and the desired follows precisely. □

Week 11, lecture 1, 9 December 2024: problem class
Problem. Suppose G ≤ SL3(C) is the subgroup generated by

A =

−1 0 0
0 −1 0
0 0 1

 , B =

−1 0 0
0 1 0
0 0 −1


and G↷ C[x, y, z] in the usual way. Compute a set of generators of ring of invariants C[x, y, z]G.
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Solution. We use Noether’s method. Note that G ∼= C2 × C2. Then for x one has

px(T ) =
∏
g∈G

(T − gx) = (T − x)(T −Ax)(T −Bx)(T −ABx) = (T − x)2(T + x)2 = (T 2 − x2)2,

and similarly py(T ) = (T 2−y2)2, pz(T ) = (T 2−z2)2. From coefficients of these three polynomials we have
invariants x2, x4, y2, y4, z2, z4. We also need to average all monomials xaybzc with max{a, b, c} < 2 = |G|.
Now x−x = 0 and xy−xy = 0, so we are left with xyz, and hence a set of generators of ring of invariants
is x2, y2, z2, xyz.
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