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before Lemma 1]

p. 62 final line of 1.3.2: k[a] should be k[x]
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p. 72 final inequality of proof of Lemma 4.1.1: there should be no prime symbol on the left
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Foreword ��� p. V
This is an introduction to some geometric aspects of G-function theory. Most of the results presen-
ted here appear in print for the first time; hence this text is something intermediate between a stand-
ard monograph and a research article; it is not a complete survey of the topic.

Except for geometric chapters (I.3.3, II, IX, X), I have tried to keep it reasonably self-contained;
for instance, the second part may be used as an introduction to p-adic analysis, starting from a few
basic facts which are recalled in IV.1.1. I have included about forty exercises, most of them giving
some complements to the main text.
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Notations ��� p. X
General notations

N is the set of natural numbers; Z (resp. Q,R,C) is the ring (resp. the field) of integers (resp. of
rational numbers, of real numbers, of complex numbers). If p is a prime number, Fp denotes the
prime field Z/pZ and Zp (resp. Qp) the ring of p-adic integers (resp. the field of p-adic rational
numbers). For t ∈ R, we shall write log+ t for logmax(1, t); one has log+ t1t2 ≤ log+ t1 + log+ t2.
We denote by [t] the integral part of t: [t] ∈ Z, [t] ≤ t < [t] + 1. We denote by lim (resp. lim) the
upper (resp. lower) limit of a sequence of real numbers. If f, g are two functions of a real variable,
with g ≥ 0, we write f = O(g) if there exists a constant C > 0 such that |f (x) | ≤ Cg(x) for all
sufficiently large x; we write f = o(g) (resp. f ∼ g) if limx→∞

f (x)
g (x) = 0 (resp. 1).

Places

Symbols

Q a fixed algebraic closure of the field of rational numbers,
K a number field; that is to say, a subfield ofQ which is a finite extension of

Q,
OK the ring of integers inK ,
d = [K : Q] the degree ofK overQ,
Σ or Σ(K) the set of all places ofK ,
Σf (resp. Σ∞) the subset of finite (resp. infinite) places,
v | 𝔭 or 𝔭 = 𝔭(v) v lies above the place 𝔭 ofQ,
Kv a completion ofK with respect to v ∈ Σ,
dv = [Kv : Q𝔭(v) ] the local degree at v ∈ Σ; one has d =

∑
v |𝔭 dv.

��� p. XI
Normalisation
| |v the absolute value inKv normalised in the following way:

|𝔭(v) |v = 𝔭(v) −dvd if v ∈ Σf (ultrametric case),
|ξ |v = |ξ |

dv
d if v ∈ Σ∞ (archimedean case), where

| | denotes the euclidean absolute value onKv, for v ∈ Σ∞,
Cv a completion of an algebraic closure ofKv; | |v extends toCv,
iv : K ↩→ Cv orKv the natural embedding.

Remarks The symbol
∑
v will denote a summation with all v ∈ Σ(K). For any finite extension

K ′ ofK , any ζ ∈ K and v ∈ Σ(K), one has |ξ |v =
∏

w∈Σ (K ′ ) |ζ |K ′ ,w, and all factors have the same
value; see [46],[54] for this material.

Rings

LetR be a commutative entire ringwith unit. We shall use the following entire rings (with standard
operations):
R[x] the polynomial ring overR; more generally,
R[x] the polynomial ring in several commuting indeterminates x = (x1, . . . , xν) overR,
R(x) the fraction field ofR[x],
R[[x]] the ring of formal powers series overR,
R((x)) the fraction field ofR[[x]],
Mμ (R) the ring of square matrices of size μ over R; we shall identify Mμ (R((x))) with

Mμ (R) ((x)), ��� p. XII
vi



Notations vii

GLμ (R) the group of its invertible elements,
I or Iμ its unit,(Y
n
)

for Y ∈ Mμ (R),
(Y
n
)
= (n!)−1Y (Y − I) · · · (Y − (n− 1)I) whenever n! is invertible

inR,
tY the transposed matrix of Y ∈ Mμ (R).
We shall also denote byMμ,ν (R) the abelian group of matrices with μ rows, ν columns, whose

entries belong to R. For Y ∈ Mμ,ν (R), we shall denote by ijY ∈ R the (i, j)-entry of Y . Let us
assume that R is a field. For Y ∈ Mμ,ν (R((x))), we shall denote by Yn ∈ Mμ,ν (R) the coefficient
of xn in Y , and by ijYn ∈ R the coefficient of xn in ijY ∈ R((x)). For Y, Z ∈ Mμ,ν (R((x))),
the Hadamard product Y ∗ Z ∈ Mμ,ν (R((x))) is defined by ij (Y ∗ Z)n = ijYn · ijZn. Then(
Mμ,ν (R((x))),+, ∗

)
is a (nonentire) ring with unit; the entries of its unit are 1

1−x ∈ R((x)).

Differential operators

Differential polynomials in 𝜕 = x d
dx (resp. in

d
dx ) and their coefficients, are denoted by Roman

(resp. Greek) letters, e.g. Λ = 1
μ!

dμ
dxμ −

∑μ−1
j=0 Yj

1
j!

dj
dxj .

References

Quotations like “cf. III(8)”, or “Theorem IV 5.3” indicate a reference to Formula (8) in Chapter III,
resp. to the theorem proved in Subsection 5.3 of Chapter IV. When there are several propositions
etc... in a single subsection, they are numbered.



Introduction ��� p. 1
This booklet is by itself an introduction, because it is the first one devoted to G-function theory.
However this does not mean that G-functions constitute a new topic: they were brought in by C.
L. Siegel in 1929, in his famous paper on applications of diophantine approximation. He defined
G-functions to be the formal power series y =

∑
anxn whose coefficients an lie in some algebraic

number fieldK , which fulfil the following three conditions:
i) the maximum of the moduli of the conjugates of an grows at most geometrically with n (i.e.
is bounded by Cn),

ii) there exists a sequence of natural numbers (dn) which grows atmost geometrically such that
dnam is integral for everym ≤ n (i.e. the “common denominator” of a0 · · · an grows at most
geometrically with n),

iii) y satisfies some linear homogeneous differential equation

dμ

dxμ
y + γμ−1

dμ−1

dxμ−1
y + · · · + γ0y = 0

with rational function coefficients γh ∈ K (x).
After giving some examples, (hypergeometric series 2F1, abelian integrals...), Siegel stated some res-
ults that he could obtain using the techniques he worked out for so-called E-functions in the same
paper, but did not give any detail concerning the proof.

Except for scattered results about particular cases, it was not before forty years later that G-
function theory started to develop slowly as amodest chapter of diophantine approximation, in the
direction indicated by Siegel. In 1981 a fundamental paper of E. Bombieri appeared, in which not
only he proved some of Siegel’s irrationality statements in general form (relying on some previous
work of A. I. Galočkin), but also, and more significantly, he pointed out the local-to-global nature
of the theory.

Since then, the theory overflowed out of its original setting, and new connections with arith-
metic algebraic geometry appeared (through the works of D. V. and G. V. Chudnovsky, F. Beukers,

��� p. 2
and the author); a few of them constitute the matter of the present book.

G-functions and differential equations

Meanwhile, point iii) tended to disappear in the definition of G-functions – maybe because many
authors studied components of solutions of linear systems, for which Siegel’s definition seems (un-
duly) insufficient? However this is unfortunate: for instance the (uncountably many) series which
satisfy i) and ii) may be quite “pathological”, while the (countable) set of G-functions enjoys nice
properties, such as the following one (see Chapter VI):

Theorem A. AnyG-function y ∈ K [[x]] satisfies∏Rv (y) > 0, where v runs over the places ofK
such that the radius of convergenceRv (y) of y (considered as a v-adic function) is finite.

Roughly speaking, this means that the v-adic radii of convergence cannot be too small; whether
the converse statement holds, under iii), is an interesting open problem (see Chapter V for a partial
answer).

In fact, leaving iii) aside in the definition ofG-function ismore unfortunate, because it sacrifices
the geometric nature of Siegel’s concept, in light of the following conjecture:

Conjecture. G-functions are exactly the solutions in Q[[x]] of geometric differential equations
(overQ).

1



Introduction 2

Such a statement is currently believed in by the experts, and our only originality at this point
consists in providing a minimal definition of “geometric” differential equations (or polynomials):

Namely they are elements of the multiplicative submonoid of the Weyl algebra Q
[
x, d

dx
]
gen-

erated by all factors of Picard–Fuchs differential polynomials which control the cohomology of
smooth varieties overQ(x) (one can even consider only proper smooth varieties without changing

��� p. 3
the submonoid, see Chapter II).

One of the main aims in the second part of this book is to prove half of this conjecture, namely:

Theorem B. Any solution inQ[[x]] of a geometric differential equation is a G-function.
(See V app.. The difficult case is when 0 is a singularity).

The converse statement seems for the moment to lie beyond the scope of current methods,
though some approach already exists via “diagonals” (see Chapter I).

We content ourselves with proving that differential equations satisfied by G-functions share
with geometric differential equations very nice p-adic features.

More precisely, let Λ be a differential equation as in point iii) above, and let v be a finite place
of K ; then we denote by Rv (Λ) the supremum of the real numbers r ≤ 1 such that Λ admits a
full set of solutions, analytic in the v-adic disk of radius r, centred at a “generic” point (see Chapter
IV): for instance, every geometric differential equation has Rv = 1 for almost every v (see Chapter
V, Appendix.) We prove in Chapters IV,V,VI the following result:

Theorem C. Let Λ be a differential equation of minimal order, satisfied by a series y ∈ K [[x]].
The following assertions are equivalent:

1) y is a G-function,
2)

∏
v Rv (Λ) > 0.

The second condition defineswhat Bombieri calls “Fuchsian differential operator of arithmetic
type”; however, for reasons explained in Chapter IV, we shall prefer “G-operator”.

Hence we have reduced the above conjecture to a classieal conjecture of Bombieri–Dwork,
which asserts that G-operators should be “geometric”.

The proof of these theorems combines local methods (weak Frobenius structure...) and global
methods (Hermite–Padé approximants, à la Chudnovsky). In fact, we give quantitative results

��� p. 4
which relate Bombieri’s size of y to

∏
Rv (y) and

∏
Rv (Λ). In the same direction, we also com-

pare the algebraic structure of the two sets of functions that the conjecture would identify:

Theorem D. G-functions (resp. solutions of geometric differential equations) form a subspace of
Q[[x]] which is stable under both usual (= Cauchy) and coefficientwise (= Hadamard) product.

This includes the following fact: if
∑
ynxn satisfies somegeometric differential equation, sodoes∑

yNn xn for any positive integerN , whose proof relies heavily uponHodge theory (degeneration of
Leray spectral sequence and semisimplicity of the monodromy for proper smooth morphisms, see
Chapter II).

On the other side, the units in the algebra of all G-functions (under the usual product) are
exactly the invertible algebraic functions inQ[[x]]. Generalising a conjecture of Christol, we expect
in addition that G-functions whose inverse satisfies condition ii) above (about denominators) are
exactly the diagonals of rational (or algebraic, which amounts to the same) functions.

Special values of G-functions

Via Theorem B, G-functions become a new tool in arithmetic algebraic geometry thanks to the
diophantine theory of their “special values”, see Chapter VII. The basic result tells that, given G-
functions y1, . . . , yμ and a positive integer δ, there exists a constant c (≤ power of δ + 1) with the
following property: for any nonzero integers a, b such that |b| ≥ c|a|c, then any polynomial rela-
tion p

(
y1

( a
b
)
, . . . , yμ

( a
b
) )

= 0 of degree δ, with coefficients in the base field K , enters as a factor



Introduction 3

in the specialisation at x = a
b of some functional relation q(y1, . . . , yμ) = 0 between the yi’s (with

coefficients in K (x)). In fact, this statement has a many-coloured meaning: indeed, one may un-
derstand the symbol yi

( a
b
)
as the value in the completion Kv taken by the v-adic Taylor series yi at

the point ab ∈ Q ⊂ Kv, for any place v ofK such that yi converges at that point; the constant c does
not depend on v.

Bombieri has discovered the possibility of handling several, or even all of these places simultan-
eously, which leads to a sort of “Hasse principle” for values of G-functions. Using Theorems A

��� p. 5
and C in order to simplify his hypotheses, one may express this Hasse principle as follows, via the
notion of a global relation. According to Bombieri, we say that a relation p(y1 (ξ ), . . . , yμ (ξ )) = 0
is a global (resp. trivial) relation if it holds v-adically for every place v ofK for which

|ξ |v < min
(
Rv (y1), . . . , Rv (yμ), 1

)
(resp. if it comes from a functional relation by specialisation at ξ ). Then the following finiteness
assertion holds true:

Theorem E. Let
∐∐

δ denote the set of points ξ ∈ Q where there exists some global nontrivial
relation of degree δ at ξ between given G-functions y1, . . . , yμ. Then

∐∐
δ has bounded height (at

most a power of δ + 1).

In particular, any subset of
∐∐

δ of bounded degree over Q is finite. In fact Theorem E is ef-
fective; the bound for the height depends only on δ, the size of the yi’s, the order of the differential
equations they satisfy, the height and the cardinality of the singular locus of these differential equa-
tions. Theorem E or simple experiments show that relations between values of algebraic functions
at rational points are “almost never” global. Nevertheless global relations may sometimes be found
for some carefully chosen ξ in this special case, and this leads eventually to results of a new kind
concerning the diophantine geometry of curves. Let us present here two such results:

Theorem F. Let ym = q(z) define an irreducible curve C , with q ∈ Z[z], monic of degree n.
Assume moreover thatm and n have a prime common factor ℓ ≥ 3. Then

i) there are only finitely many rational points (y, z) onC such that no prime≡ 1mod ℓ divides
the denominator of z; in fact, one has the boundH (z) < 1010n2H (q)8n for any such point
(for any polynomial p ∈ Q[z], we denote byH (p) the maximum among the absolute values
of the numerators and denominators of the coefficients);

ii) there are only finitely many totally real points in C (Q) with bounded denominator and de-
gree.

The method of proof of Theorem E is a transcendence argument, namely the so-called Gelf-
ond’s method. The same transcendence method, when applied in a different way to series which
satisfy properties i) and ii) in the definition of G-functions, furnishes new criteria of rationality.

��� p. 6
Before giving an example, let us note that y =

∑
anxn satisfies i) and ii) iff its size

σ (y) ≔ lim
n→∞

1
n
h(a0, . . . , an)

is finite, where h denotes the logarithmic invariant height on the spaceKn.

Theorem G. A series y ∈ K [[x]] is rational iff for every embedding K ↩→ C, y defines a mero-
morphic function on a complex disk of radius > exp

(
12σ (y)

)
.

In fact, it is possible to givemuch stronger variants, assuming for instance only a uniformisation
property (cf. Chapter VIII), and this leads to Chudnovsky’s criterium of algebraicity, from which
they deduce a simple effective proof of the isogeny theorem for elliptic curves overQ.
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G-functions and periods of algebraic varieties

Let X be a proper smooth variety over Q ⊂ C. We call “period of X” in degree n, any coefficient
divided by (2iπ)n of the representative matrix of the canonical isomorphism

pnX : Hn
dR (X ) ⊗Q C ∼ // Hn (X an

C ,Q) ⊗Q C,

with respect to bases selected in the algebraic de Rham cohomology Hn
dR (X ) ≔ Hn (X,Ω•X ),

resp. in the rational singular cohomology of the associated analytic manifold X an
C . An element

t ∈ H2m
dR (X ) is called a Hodge cycle if it lies at the level Fm of the Hodge filtration, and if

(2iπ)−mp2mX (t) lies in the rational space H2m (X an
C ,Q). The double rationality feature of Hodge

cycles (relatively to the Q-space of de Rham cohomology, resp. to the Q(2iπ)-space of singular
cohomology) has the following consequence: every Hodge cycle in

⊗2mHn
dR (X ) ⊂ H2mn

dR (X
2n)

(Künneth) gives rise to polynomial relations with coefficients in Q(2iπ) among the periods of X
(in degree n).

Grothendieck’s conjecture. Every polynomial with coefficients in Q(2iπ) among the periods
“comes fromHodge cycles” (see IX 2 for amore precise statement). This is known for elliptic curves
with complex multiplication (G. V. Chudnovsky), and for linear relations among periods of any

��� p. 7
abelian variety (G. Wüstholz). Nevertheless, Grothendieck’s conjecture still remains an outstand-
ing open problem in the case of abelian varieties. We present here a new approach via G-functions.
Indeed, when X varies in a one-parameter family, the periods are given by the values of analytic
functions on the base: the “relative periods”, which satisfy suitable Picard–Fuchs differential equa-
tions. Moreover, expanding the locally invariant relative periods around a “strong degeneration”
(see IX 3,4) in Taylor series, one obtains G-functions – in fact diagonals of rational functions – and
it becomes possible to apply the results of the previous paragraph. Making use of results from the
theory of variation of Hodge structure, one can prove (IX 5):

Theorem H. Let X → S be an abelian scheme of relative dimension g over an affine curve S
defined over a finite extensionK ofQ inC, and let us assume that the fibre of the connectedNéron
model at some point s0 ∈ (S\S) (K) is a torus. Let δ ≥ 0, and let s ∈ S (K) be sufficiently close
to s0 in S (C) (this proximity condition depends on δ,K , “the” height of s, ... see IX 5). Then every
polynomial relation with coefficients inK , of degree ≤ δ, between the values at s of the 2g2 locally
invariant relative periods around s0, comes fromHodge cycles. In Chapter IXwe shall also develop
similar results for some projective morphisms more general than abelian schemes; they apparently
fall beyond the range of any other current method.

Global relations among periods

We have seen with Theorem E how the existence of global relations leads to much stronger results.
Such a favourable situation is encountered in the presence of “exceptional” Hodge cycles in a fibre
Xs, for instance when there exist elements of EndXs which do not come from EndS X . In Chapter
X we shall study a typical case, and prove:

Theorem I. Let X/S be an abelian scheme as in Theorem H. Let us assume in addition that the
geometric generic fibre is simple of odd dimension g. Then there are only finitely many fibres

Xs (s ∈ (Q))

withbounded residual degree [K (s) : K], forwhich there is no ring embeddingEndXs ↩→Mg (Q).
��� p. 8

(Note that there does exist an embedding EndS X ↩→Mg (Q) because of the degeneration at s0.)

For g > 1 we believe that this type of result is new (and it is “effective”). For g = 1, exceptional
fibres Xs are elliptic curves with complex multiplication, [K (s) : K] is essentially the class number
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of the order of complexmultiplication, so that the statement is classical: there are only finitelymany
discriminantswith given class number. However ourG-functionmethoddoes not cover this special
case – unfortunately, because it would otherwise yield an effective version of Siegel’s theoremwhich
links quantitatively discriminant and class number of definite binary quadratic forms!

Vista: global relations and the “mysterious functor”

The failure of the previous method for g = 1 and more generally the need for dealing with all
periods ofXs and not only the values at s of the locally invariant relative periods, lead one to expand
the relative periods no longer at the degeneration s0, but instead at some point s1 of S. This raises
at once two problems:

i) the expansions at s1 are no longer G-functions, but only linear combinations of G-functions,
say y1, . . . , y4g2 , with coefficients in the field K (pXs1 ) generated by the periods of Xs1 . The
difficulty which arise in constructing special relations among the “archimedean values”
y1 (s), . . . , y4g2 (s) (using periods relations onXs) is often easily overcomeby choosingK (pXs1 )
as small as possible, e.g. Xs1 of CM type.

ii) (most serious) How to construct relations between the p-adic values at s of y1, . . . , y4g2 when
s is p-adically close to s1 and “exceptional” – for instance when EndXs is bigger than EndS X?

A natural way of dealing with this problem is by imitation of the archimedean case. Here the iso-
morphism pXs should be replaced by the functorial p

(p)
Xs obtained by composing Grothendieck’s

“mysterious isomorphism” which relates the de Rham cohomology to the p-adic étale cohomology,
and Artin’s isomorphism which links étale and singular cohomology (once a double embedding

��� p. 9
of the ground number field

CK $ � 22eee� y
++WWW Cp

is given). J. M. Fontaine and W. Messing (and later G.

Faltings in a more general setting) have indeed constructed this “mysterious” isomorphism (which
involves the definition of a p-adic analogue of 2iπ), and the associated p-adic periods (which live in
Cp ((2iπ))). By functoriality of p(p)Xs , nontrivial endomorphisms on Xs lead to period relations, ex-
actly as in the complex case. Unfortunately, the behaviour of p(p)Xz whenXz varies in a family remains
rather mysterious. In fact a solution to the above point ii) seems to depend upon the following:

Problem. How can one relate the p-adic periods of Xs to the values at s of the G-functions
y1, . . . , y4g2? More generally, what are the properties of the mysterious functor with respect to ho-
rizontality?

For the applications, the supersingular case is crucial; on the other side, one can raise this prob-
lem not only for abelian schemes.

Anyway, a nice answerwould be of importance: aside from giving an effective version of Siegel’s
theorem as mentioned above, it would also suggest that relations between values at ξ ∈ K ⊂ C,
say, of solutions y1, . . . , yn inK [[x]] of an absolutely irreducible G-operatorΛ (for which 0 is ordin-
ary), have a “tendency” to be factors of global relations, thus providing a large range of applications
to Theorem E. The heuristic reasons for this are as follows: granting the Bombieri–Dwork conjec-
ture, we may first replaceΛ by a Picard–Fuchs equation associated with a proper smoothK [x] (x) -
scheme X . The Grothendieck conjecture for the product X0 × Xξ would now show that a relation
q(y1 (ξ ), . . . , yn (ξ )) = 0 with coefficients in K comes from Hodge cycles. Deligne’s hope states
thatHodge cycles should be absolute (see Appendix to IX); this would enable us to write similar re-
lations qv (y1 (ξ ), . . . , yb (ξ ) = 0which hold v-adically for every archimedean place v ofK for which
the v-adic values yi (ξ ) are defined. Furthermore, there is a conjecture of Fontaine which asserts
that the “variety of p-adic periods” of Xξ should be isomorphic to the variety of complex periods

��� p. 10
(with respect to a double embedding

CK $ � 22eee� y
++WWW Cp

); in fact, this is a consequence of a consequence

of a more general conjecture about the behaviour of absolute Hodge cycles under p(p)Xξ . Together
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with a favourable answer to the absolute problem, this tends to show that there are corresponding
relations qv at the finite places. On multiplying these (finitely many) relations qv for all v such that
|ξ |v < Rv (y1, . . . , yn), we would at last obtain a global elation, “containing” the initial relation as a
factor.

For other potential applications, we refer to the last section of Chapter X. In fact, we believe
that the above problem is a key for understanding and resolving a whole hierarchy of arithmetico-
geometric problems.

The readermay now skip to the last appendix of the book, where a short and typical application
of Theorem E is given: a new proof of the transcendence of π.

Here, however, we can only hope that we have given some feeling for the intricate links which
relate G-functions to arithmetic algebraic geometry.



Part one

What are G-functions?

7
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G-functions appeared in Siegel’s paper[58] about diophantine approximation, and led in this con-
text to an extensive literature (see[6] for a small list). In this chapter we present a definition of
G-functions (inspired by Bombieri “local-to-global” setting [6]), and define two basic related in-
variants, namely the size σ (which coincides with Bombieri’s one, ibid.) and the global radius. We
then turn to examples: rational functions, diagonals, polylogarithms and generalised hypergeomet-
ric functions, whichwe studywith somedetail; our presentation of diagonals is inspired byChristol
[15]. At last we gather some “pathologies”.

In the next chapter, we shall explore what should be G-functions (conjecturally).

1. Heights and sizes

1.1. Height of algebraic numbers [48]

Let ζ ∈ Q an algebraic number, lying in some number field K . If ζ ≠ 0, the following “product
formula” holds: ∑

v∈Σ (K )
log |ζ |v = 0.

The (logarithmic absolute) height of ζ is defined to be∑
v∈Σ (K )

log+ |ζ |v ≕ h(ζ ).

One has h(ζ r) = |r |h(ζ ) for any ζ ∈ K and r ∈ Q. Thanks to our normalisations, h(ζ ) depends
��� p. 13

only on ζ but not onK . Thus the height is well-defined overQ. Let p = a0
∏(x − ζi) ∈ Z[x] the

minimal polynomial of ζ over Z. Then the so-called Mahler measure of ζ , defined as

M (ζ ) ≔ |a0 |
∏

max(1, |ζi |),

is related to the height via the formula

[Q(ζ ) : Q]h(ζ ) = logM (ζ )

=
∫ 1

0
log

���p (
e2πt
√
−1

)��� dt (Jensen’s formula)

= lim
n→∞

1
n
log+

�����Resultant
(
p,

n∑
i=0

xi
)����� (Langevin’s formula).

For a finite family (Ak)k of matrices, such that all entries belong toK , we set

h((Ak)k) ≔
∑

v∈Σ (K )
log+max

i,j,k
|ijAk |v.

Once again, this quantity does not depend on the choice of the number field which contains the
entries ijAk of the Ak’s.

The following classical inequality holds:

h(AB) ≤ h(A) + h(B) + log ν, for any A ∈ Mμ,ν (Q), B ∈ Mν,μ (Q).

8
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On the other hand, givenA ∈ Mμ,ν (K) of rankμ < ν, one canfind anonzeromatrixB ∈ Mν,1 (OK )
such that AB = 0, and

h(B) ≤
μ

ν − μ (h(A) + log ν + c(K)),

where c(K) depends only onK .
Indeed, taking components relative to someQ-basis ofK insideOK , andusing the last displayed

formula, one sees that it suffices to handle the case K = Q, where it follows easily from the box
principle (“Siegel’s lemma”, which appeared in the same paper [58]); the point is that A carries(
Z ≤n
≥−n

)ν
into

(
Z ≤nν∥A∥
≥−nν∥A∥

)μ
, so that if (2n + 1)ν > (2ν ∥A∥ n + 1)μ, then two distinct elements of

��� p. 14(
Z ≤n
≥−n

)ν
have the same image under A, and the difference gives an element of

(
Z ≤2n
≥−2n

)ν
which is

killed by A.

1.2. Height of polynomials

Let Y ∈ Mμ,ν (Q[x]), Y =
∑
Ynxn. We write as usual deg Y = max{n : Yn ≠ 0} for Y ≠ 0. We

shall set:
h(Y ) ≔ (1 + deg Y )−1h((Yn)n).

For μ = ν = 1, it is easy to check that (1 + deg y)h(y) ≤ ∑(h(ζ ) + log 2), where ζ runs over the
roots of y.

1.3. Height of formal power series; G-functions

Let Y ∈ Mμ,ν (Q[[x]]), Y =
∑
n≥c Ynxn. We denote by Y≤N the truncated series

N∑
n=0

Ynxn ∈ Mμ,ν (Q[x]).

We set:
h(Y ) ≔ lim

N→∞
h(Y≤N ).

This is a well-defined quantity in [0,∞]. One checks immediately that this definition reduces to
the previous one when Y has only finitely many (actually ≤ 1 + deg Y ) nonzero coefficients.

Definition 1.3.1. AG-function is a formal power series y ∈ Q[[x]] whose height h(y) is finite, and
which is annihilated by some nonzero element ofQ

[
x, d

dx
]
.

Explanation. This is equivalent to the classical definition (Siegel [58]): y =
∑
n≥0 ynxn ∈ Q[[x]]

is a G-function if and only if all the coefficients belong to some fixed number fieldK , and
��� p. 15

i) for every v ∈ Σ∞;
∑
n≥0 iv (yn)xn ∈ Cv [[x]] defines an analytic function around 0,

ii) there exists a sequence of natural integers (dn)n∈N which grows at most geometrically, such
that dnym ∈ OK form = 0, . . . , n,

iii) y satisfies a linear homogeneous differential equation with coefficients inK (x).
This equivalence will be proved in 2.3.

1.4. Size of Laurent series

Let Y ∈ Mμ,ν (Q((x))), Y =
∑
n≥−N Ynxn. We set

σ (Y ) ≔
{
0 if Y is a Laurent polynomial (i.e. if almost all coefficients are 0)
h(xNY ) otherwise.
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One checks immediately that this definition depends only on Y , and not onN . The generalisation
to the case of a finite family of matrices is immediate.

We shall also use constantly the convenient notation

hv,n (Y ) ≔
1
n
max
i≤μ
j≤ν
k≤n

log+
��ijYk��v ;

here v denotes a place of some number field K which contains the coefficients ijYk of the (i, j)-
entries of Y for i ≤ μ, j ≤ ν, k ≤ n.

However the nonnegative real number
∑
v hv,n (Y ) does not depend on the choice ofK (by the

Remark made in the index of notations).

Lemma 1.4.1. σ (Y ) = lim
n→∞

∑
v
hv,n (Y ). ��� p. 16

Proof. If Y ∈ Mμ,ν (Q
[
x, 1x

]
), we clearly have limn→∞

∑
v hv,n (Y ) = 0, so that it is enough to

assume that the sequence
(

1
ϕ(l)

)
l≥0

of nonzero coefficients of Y is infinite. We then have

σ (Y ) = lim
l→∞

1
ϕ(l) h(Y0, . . . , Yϕ(l) ) = lim

l→∞

1
ϕ(l)

∑
v

max
i≤μ
j≤ν

k≤ϕ(l)

log+
��ijYk��v

= lim
n→∞

∑
v

1
n
max
i≤μ
j≤ν
m≤n

log+
��ijYn��v .

□

Remark 1.4.2. We could everywhere replace the indexing set of summation Σ(K) by Σf (resp.
Σ∞). Denoting by hf , σf (resp. h∞, σ∞) the corresponding notions – finite (resp. infinite) part
of the height or size – the above proof shows that σf (Y ) = lim

n→∞
∑
v∈Σf hv,n (Y ). Assume that all

coefficients of the entries of Y lie in a fixed number field K . Let dn the common denominator in
N\{0} of the entries Y0, . . . , Yn. One has

σf (Y ) ≤ log lim
n→∞

d
1
n
n ≤ dσf (Y ).

The elementary proof is omitted.

Lemma 1.4.3. Let Y ∈ Mμ,ν (Q((x))).
a) max

i,j
σ
(
ijY

)
≤ σ (Y ) = σ (ζY ) ≤

∑
i,j

σ
(
ijY

)
, for any ζ ∈ Q,

b) σ
(
d
dxY

)
≤ σ (Y ), for any n ∈ N,

c) if the residue Y−1 of Y vanishes, σ
(∫ x

0 Y
)
≤ σ (Y ) + 1,

d) for ζ ∈ Q, set Y(ζ ) ≔
∑
Ynζ nxn. Then σ

(
Y(ζ )

)
≤ σ (Y ) + h(ζ ).

Let
(
Y[k]

)N
k=1 be a subset ofMμ,ν (Q((x))), then:

��� p. 17
e) σ

(∑
Y[k]

)
≤ σ

( (
Y[k]

)
k
)
≤ ∑

σ
(
Y[k]

)
,

f) σ
(∗Y[k] ) ≤ ∑

σ
(
Y[k]

)
,

g) if μ = ν, σ
(∏

Y[k]
)
≤

(
1 + logN

)
σ
( (
Y[k]

)
k
)
.
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Proof. The proof a)b)d)e)f) is straightforward, using Lemma 1.4.1. Let us prove c): by direct com-
putation, we find

hv,n
(∫ x

0
Y
)
≤


hv,n (Y ) if v ∈ Σ∞

hv,n (Y ) +
1
n
max
m≤n

log |m|−1v if v ∈ Σf ,

so that σ
(∫ x

0 Y
)
≤ σ (Y ) + lim 1

n log lcm(1, 2, . . . , n), and the inequality c) follows from the prime
number theorem. In order to prove g), we use a trick introduced in this context by Shidlovskiĭ (see
Galočkin [33, Lemma 7]). First we assume without loss of generality that Y[k] ∈ Mμ (Q[[x]]). Let
K be the extension ofQ generated by them first coefficients ijYkl of the entries ijY[k] of the Y[k] ’s,
and set Y =

∏N
k=1 Y[k] . We have

ijYm =
∑

∑
mk=m

μ∑
lk=1

il1Y1m1 l1l2Y21m1 · · · lN−1jYN1mN .

For a finite place v ∈ Σf , this gives

(∗) log+
��ijYm��

v ≤ max
m1+···+mN=m
i1 ,...,iN , j1 ,...,jN

N∑
k=1

log+
��ikjkYk1mk

��
v .

By reordering Y1, . . . , YN , we may suppose that m1 ≥ m2 ≥ · · · ≥ mN , hence kmk ≤ m. This
yields

log+
��ijYm��

v ≤
N∑
k=1

max
mk≤ m

k

max
ik ,jk

log+
���ij ,jkYk,mk

���
v
,

from which we deduce
��� p. 18

hv,m (Y ) ≤
N∑
k=1

1
k
hv,mk

( (
Y[l]

)
l
)
.

For an infinite place v ∈ Σ∞, we have to add an extra term to the right hand side of (∗), namely

log #{m1, . . . , mN :
∑

mk = m} + log μ,

which is o(m); in this case we deduce

hv,m (Y ) ≤
N∑
k=1

1
k
hv,mk

( (
Y[k]

)
k
)
+ o(1).

By summing over v ∈ Σ(K), we find

σ (Y ) ≤
(
N∑
k=1

1
k

)
σ
( (
Y[l]

)
l
)
≤

(
1 + logN

)
σ
( (
Y[k]

)
k
)
.

□
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2. Radii

2.1. Local radii of convergence

LetK be a number field, and let

y =
∑
n≥0

ynxn ∈ K [[x]] .

Then for any v ∈ ΣK , ∑
iv (yn)xn ∈ Cv [[x]]

defines a v-adic Taylor series y(v) ; we denote by Rv (y) ∈ [0,∞] its radius of convergence. By
Hadamard’s formula,Rv (y) = lim

n→∞
|yn |
− 1
n

v . More generally, for any Laurent series

y =
∑
n≥−N

ynxn ∈ K ((x)) ,

we setRv (y) ≔ Rv (xN y); this definition depends only on y but not onN .

2.2. The global radius

For Y ∈ Mμ,ν (K ((x))), we set

ρ(Y ) ≔
∑
v
log+

(
min
i,j

Rv
(
ijY

) )−1
∈ [0,∞].

Lemma 2.2.1. ρ(Y ) =
∑
v

lim
n→∞

hv,n (Y ); ρ is invariant under finite extension ofK . ��� p. 19
Proof. Hadamard’s formula yields

ρ(Y ) =
∑
v
max
i,j

lim
1
n
log+

��ijYn��v = ∑
v
limmax

i,j
log+

��ijYn��v .
Thus it is enough to show that

lim
n→∞

1
n
max
i,j

m≤n

log+
��ijYm��

v = lim
n→∞

1
n
max
i,j

log+
��ijYn��v .

This is a special case, for tn = max
i,j

log+
��ijYn��v, of the well-known inequality

lim
n→∞

1
n
max
m≤n

tm ≤ lim
n→∞

tn
n

≕ ℓ.

Indeed, for any ε > 0, letMε ≤ Nε such that tmm ≤ ℓ + ε form ≥ Mε and tm
m ≤

Nε
Mε
ℓ form < Mε.

Then
1
n
max
m≤n

tm ≤ max
(
max
m≤Mε

(m
n

) tm
m
, max
Mε≤m≤Nε

(m
n

) tm
m

)
.

The second assertion comes readily from the first one. □

Remark 2.2.2. Here againwe could replace the indexing set of summationΣ(K) byΣf (resp. Σ∞).
The above proof yields corresponding formulae

ρf (Y ) =
∑
v∈Σf

lim hv,n (Y ), ρ∞ (Y ) =
∑
v∈Σ∞

lim hv,n (Y ).

Furthermore ρ(Y ) = ρf (Y ) = ρ∞ (Y ), and σ∞ (Y ) ≤ ρ∞ (Y ).
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Lemma 2.2.3. Let Y ∈ Mμ,ν (K ((x))).
a) max

i,j
ρ
(
ijY

)
= ρ(Y ) = ρ(ζY ), for any ζ ∈ K ,

b) ρ
(
d
dxY

)
= ρ(Y ),

c) if the residue Y−1 of Y vanishes, ρ
(∫ x

0 Y
)
= ρ(Y ),

d) for ζ ∈ K , ρ
(
Y(ζ )

)
≤ ρ(Y ) + h(ζ ).

��� p. 20
Let

(
Y[k]

)N
k=1 be a subset ofMμ,ν (K ((x))), then

e) ρ
(∑

Y[k]
)
≤ ρ

( (
Y[k]

)
k
)
= max

k
ρ
(
Y[k]

)
,

f) ρ
(∗Y[k] ) ≤ ∑

ρ
(
Y[k]

)
,

g) if μ = ν, ρ
(∏

Y[k]
)
≤ max

k
ρ
(
Y[k]

)
.

Proof. Straightforward. □

2.3. We now prove the equivalence stated in 1.3. Let y ∈ K [[x]]. Assume that h(y) < ∞. By
Lemmas 1.4.1 and 2.2.1, one gets ρ∞ (y) < ∞ and σf (y) < ∞. The first (resp. second) inequality
implies condition 1.3 i) (resp. 1.3 ii), taking into account Remark 1.4.2. Conversely, assume that for

any v ∈ Σ∞, Rv (y) > 0 (condition 1.3 i), and that lim
n→∞

d
1
n
n < ∞ (condition 1.3 ii), where dn denotes

the common denominator inN\{0} of y0, . . . , yn. Then

σ (y) ≤ σ∞ (y) + σf (y) ≤ ρ∞ (y) + log lim
n→∞

d
1
n
n < ∞.

At last, letΛ = dμ
dxμ −

∑μ−1
j=0 Yj

dj
dxj ; thenΛ

(∑
ynxn

)
= 0 =⇒ Q(y0, y1, . . .) is a number field.

3. Several variables; diagonalisation

3.1. All what precedes extends in a straightforward manner to the case of elements of K
((
x
))

=
K ((x1, . . . , xν)).

For a multi-index n ∈ Nν, we denote by |n| its length∑
ni ; xn means

∏
xnii . Let

y =
∑
n
ynxn ∈ K

((
x
))
;

for any place v ofK , we set

hv,n (y) =
1
n
max
|k | ≤n

log+ |yk |v.

We also define the global radius (resp. size) by:
��� p. 21

ρ(y) =
∑
v

lim
n→∞

hv,n (y),

σ (y) = lim
n→∞

∑
v
hv,n (y).

For ν = 1, previous lemma show the compatibility with original definitions.
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3.2. Diagonalisation

One defines the diagonalisation map Δν fromK
((
x
))
toK ((x)) by the formula

Δν

(∑
ynxn

)
=

∑
n≥0

y(n,n,...,n)xn.

This is a useful tool to produce G-functions, through the following lemma (see 4.2):

Lemma 3.2.1. The following inequalities hold:

ρ
(
Δν (y)

)
≤ νρ(y),

σ
(
Δν (y)

)
≤ νσ (y).

Proof. This follows immediately from the obvious inequality

hv,n
(
Δν (y)

)
≤ hv,nν (y).

□

Remark 3.2.2 (Deligne). Assume that for some infinite place v ofK , y(v) ≔
∑
iv

(
yn

)
xn is analytic

at 0 ∈ Cν
v, with ν > 1. Then ΔνY is represented by the integral formula(

2π
√
−1

)−(ν−1)
=

∫
|x2 |=· · ·= |xν |=εx1x2 · · ·xν=x

y
dx2 · · · dxν
x2 · · · xν

for ε and |x | small enough.

This follows from the residue formula:(
2π
√
−1

)−(ν−1)
=

∫
|x2 |=· · ·= |xν |=εx1x2 · · ·xν=x

xn
dx2 · · · dxν
x2 · · · xν

=

{
xn1 if n1 = n2 = · · · = nν
0 otherwise. ��� p. 22

Remark 3.2.3. It seems that diagonals were first introduced in the study of Hadamard products
(see e.g. [10]). This relationship is given by the formula

Δν
(
y1 (x1), . . . , yν (xν)

)
= y1 ∗ · · · ∗ yν.

3.3. Geometric interpretation

Let us setW = SpecK (x) [x]/(x1x2 · · · xν − x), with ν > 1. Let (E,∇) be a coherent module with
integrable connection over some affine open subset U ofW , and let θ be some horizontal K (U )-
linear map from E toK

((
x
))
; in other words, y ≔ θ(e), for some e ∈ ΓE, is a solution inK

((
x
))
of

an “integrable differential equation”.
We consider theK (x)-linear map:

Δν,θ : e ⊗
dx2 · · · dxν
x2 · · · xμ

↦→ Δν (θ(e)), for all local sections e of E.

Proposition 3.3.1. The map Δν,θ induces a horizontal map from the algebraic de Rham cohomo-
logy group H ν−1

dR (U, (E,∇)) endowed with Gauss–Manin connection relative to K (x) (see [40]),
toK ((x)) endowed with exterior derivative.

Proof. The smooth schemeU is affine, thus there is an isomorphism

H ν−1
dR (U, (E,∇)) ≃ EU ⊗ Ων−1

U/K (x)

/
∇ν−1

(
EU ⊗ Ων−2

U/K (x)

)
,

where the value at d
dx of the Gauss–Manin connection acts through ∇

(
d

d(x1x2 · · ·xμ )

)
on E. The

statement would follow from Deligne’s integral formula if θ(e) (v) were analytic at 0 for some v ∈
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Σ∞. However this can fail if 0 corresponds to an irregular singularity of (E,∇); thus we shall rather
translate a purely algebraic argument from Christol [15]. The relation

∑ dxi
xi = 0 in Ω1

W/K (x) ,

together with the formula Δν

(
xi 𝜕θ (e)𝜕xi

)
= x d

dxΔν (θ(e)), yields
��� p. 23

Δν,θ

(
∇ν−1

(
e ⊗ dx2 · · · d̂xi · · · dxν

x2 · · · x̂i · · · dxν

))
= Δν,θ

((
xi∇

(
𝜕

𝜕xi

)
e − x1∇

(
𝜕

𝜕x1

)
e
)
⊗ dx2 · · · dxi · · · dxν

x2 · · · xi · · · xν

)
= Δν

(
xi
𝜕θ(e)
𝜕xi

− x1
𝜕θ(e)
𝜕x1

)
= 0.

ThereforeΔν,θ factors throughH ν−1
dR (U, (E,∇)). In order to prove the horizontality statement,

we fix x2, . . . , xν and get

Δν,θ

(
x1∇

(
𝜕

𝜕x1

)
e ⊗ dx2 · · · dxν

x2 · · · xν

)
= Δν

(
x1
𝜕σ (e)
𝜕x1

)
= x

d
dx

Δν,θ

(
e ⊗ dx2 · · · dxν

x2 · · · xν

)
.

□

Corollary 3.3.2. Assume that H ν−1
dR (U, (E,∇)) is finite-dimensional over K (x) (assume for in-

stance that (E,∇) has only regular singular points, see next chapter, 2.2) then for y = θ(e) as above,
Δν (y) satisfies an ordinary linear homogeneous differential equation with coefficients inK (x).
Corollary 3.3.3. Assume that θ is a solution inK

((
x
))
of the Picard–Fuchs systemHμ

dR (Y /K (x))
of a smooth proper K (x)-variety Y . Then Δν,θ is a solution in K ((x)) of the Picard–Fuchs system
Hμ+ν−1

dR (Z/K (x)) of a smoothK (x)-variety Z.

Proof. Let V be an open dense subset of SpecK
[
x, 1

x1 · · ·xν

]
such that Y extends to a smooth

proper morphism YV
f
−→ V , and let us denote by g the obvious smooth morphism V →

SpecK
[
x1 · · · xν, 1

x1 · · ·xν

]
. Let us consider the cartesian squares:

Z //

��

YV
f
��

U //

��

V
g
��

W // SpecK
[
x, 1

x1 · · ·xν

]
.

According to the proposition, Δν,θ is a solution inK ((x)) ofH ν−1
dR (U/K (x), H

μ
dR (Z/U )).

��� p. 24
On the other hand, there is the Leray spectral sequence

(∗) H ν−1
dR (U/K (x), H

μ
dR (Z/U )) +3 Hμ+ν−1

dR (Z/K (x)).

Let us extend the scalars K to C; since fC is proper and smooth, the Leray spectral sequence of
local systems Rν−1gC∗R

μfC∗ (C) ⇒ Rμ+ν−1 (
gfC

)
∗ (C) degenerates [24, 2.4]. It follows from the

comparison theorem that (∗) also degenerates as a spectral sequence of K (x)-vector spaces with
connection. Thus Δν,θ is a solution ofH

μ+ν−1
dR (Z/K (x)). □

Remark 3.3.4. Combining Corollary 3.3.3 with Remark 3.2.3, we get that if
∑
anxn satisfies a

Picard–Fuchs equation from projective geometry, then for anyN ,
∑
aNn xn satisfies a Picard–Fuchs

equation.
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4. Examples

We shall study four typical classes ofG-functions, each ofwhich is stable underHadamard product;
namely: rational functions, diagonals of rational functions in several variables, polylogarithms and
hypergeometric functions (geometric and hypergeometric series were already put forward by C. L.
Siegel [58], andG-functions borrow their generic name from these special cases). Eachof these series
satisfies some linear homogeneous differential equation, which turns out to come from geometry.

4.1. Rational functions

Let y ∈ K (x), and let us write pol(y) for the set of poles of y. We may write y as the quotient p
q of

two polynomials inOK [x]. Let us writeN for the norm of the first nonzero coefficient of q; then
y ∈ OK

[ 1
N

]
((x)). On the other hand, it is immediate that ρ∞ (y) < ∞. Since such series occur

frequently, we state a ��� p. 25
Definition 4.1.1 (Christol). A Laurent series y ∈ K ((x)) is globally bounded if and only if

i) for any v ∈ Σ(K),Rv (y) > 0,
ii) there existsN ∈ N× such that y ∈ OK

[ 1
N

]
((x)).

Lemma 4.1.2. Any y ∈ K (x) satisfies ρ(y) = σ (y) = h(pol(y)).

Proof. We haveRv (y) = minζ ∈pol(y) |ζ |v for any v ∈ Σ(K), whence the equality ρ(y) = h(pol(y)).
On the other side, the fact that y is globally bounded implies hv,n (y) = 0 for almost all v, and

all n. Using Lemmas 1.4.1 and 2.2.1, we come by the inequality σ (y) ≤ ρ(y). In order to show that
it is an equality, it suffices to establish the existence of the limit limn→∞ hv,n (y) for any v ∈ Σ(K);
but this follows from the fact that the coefficients of y satisfy linear recurrence equations for n ≫ 0
(see Remark 4.1.4 below), or by decomposition into simple elements. □

Remark 4.1.3. This lemma, together with the identity d
dx

p
q =

(
p′
p −

q′
q

)
p
q show that rational func-

tions are G-functions.

Remark 4.1.4. The lemma generalises immediately to the case of a matrix Y ∈ Mμ,ν (K (x)). The
stability of Mμ,ν (K (x)) under Hadamard product is easily seen using the characterisation of ra-
tional series: y ∈ K (x) ⇐⇒ ∃N ∈ N× , ∃Y, Z ∈ MN (K) such that Yn = trYZn (existence
of recurrence relations); we have the formula (Y1 ∗ Y2)n = tr (Y1 ⊗ Y2) (Z1 ⊗ Z2)n, with obvious
notations.

4.2. Diagonals of rational functions

We shall denote byK [x] (x) the localisation of the ringK [x] = K [x1, . . . , xν] at the ideal generated
��� p. 26

by x1, . . . , xν, and byK{x} the henselisation ofK [x] at the ideal generated by x (i.e. the subring of
K [[x]] of algebraic elements overK (x)).

Definition 4.2.1. Elements in the target Δν

(
K [x] (x)

)
of the diagonalisation map restricted to

K [x] (x) are called diagonals of rational functions (overK).

Remark 4.2.2. Let us consider again the geometric interpretation ofΔν in 3.3. In the present case,
let p

q ∈ K [x] (x) , with p, q ∈ K [x]. We may take for U the subset of X where q does not vanish;
E = OU , endowedwith exterior derivative∇; θ: the standardhorizontalmapOU → K

((
x
))
, where

x is replaced by x1x2 · · · xν; e ≔ p
q . We haveH

ν−1
dR (U, (E,∇)) = H ν−1

dR (U ), the ordinary algebraic de
Rham cohomology of the smooth affine schemeU . This is a finite-dimensionalK (x)-vector space;
see [51] for an algebraic proof which does not use resolution of singularities. According to Corol-
lary 3.3.3, diagonals of rational functions satisfy “Picard–Fuchs” differential equations associated
to smooth affineK (x)-schemes.
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Lemma 4.2.3. Let y ∈ K [[x]], y = Δν

(
p
q

)
be a diagonal of rational function. Then y is a globally

bounded G-function, and σ (y) ≤ ρ(y) < ∞.

Proof. We may assume that p, q ∈ OK [x]; let us denote by N the norm of q(0) ≠ 0. Then it
is clear that p

q ∈ OK and y ∈ OK
[ 1
N

]
[[x]]. On the other side, the v-adic radius of convergence

Rv

(
p
q

)
is nonzero for every v ∈ Σ(K), and the same holds for Rv (y) according to Hadamard’s

formula. Using the last remark, this shows that y is a globally boundedG-function. The deduction
σ (y) ≤ ρ(y) is made as in Lemma 4.1.2. In fact, it could be shown that

σf (y) = ρf (y) ≤ νhf
(
q(0)−1

)
≤ νh

(
q(0)

)
.

□

It happens that diagonals of rational functions occur very frequently, even though it is often
difficult to find the (nonunique) relevant rational function. To explain this fact, G. Christol [16]

��� p. 27
has set the following conjecture up:

Conjecture 4.2.4. Every globally bounded solution inK [[x]] of a linear homogeneous differential
equation with coefficients inK [x] is the diagonal of some rational function.

In other words, every globally bounded G-function should be a diagonal. We now prove
that algebraic functions are diagonals of rational functions in two variables (Christol–Furstenberg
[11][32]). Consequently, they are globally bounded (Eisenstein).

Proposition 4.2.5. The equality Δ2
(
K [x1, x2] (x1 ,x2 )

)
= K{x} holds.

Sketch of proof. In fact we shall only consider the inclusion ⊃. Let y ∈ K{x} and let r(y, x) ≔ 0
be a polynomial equation for y. Assuming that r(0, 0) = 0, 𝜕r

𝜕y

���
(0,0)

≠ 0, 𝜕r
𝜕x

��
(0,0) ≠ 0, we shall

exhibit a rational function p
q such that Δ2

(
p
q

)
= y. We set

q(x1, x2) =
1
x1
r(x1, x1x2),

so that 1
q ∈ K [x1, x2] (x1 ,x2 ) , and

𝜕q
𝜕x2

���
(0,0)

≠ 0.
Let us consider the following diagram (whereW and U have the same meaning as in Remark

4.2.2, and Z = W\U ):

0 = // H 1
dR (W ∪ {0}) //

��

H 1
dR (U )

ResZ∪{0}
// H0 (Z ∪ {0}) // 0

0 // H 1
dR (W ) // H 1

dR (U )
ResZ // H0 (Z) //

OO

5 U

ϕ
ggP P P P P P

0

where all arrows are horizontalmaps, andwhere the horizontal rows are the residue exact sequences:
ResZ is the “coefficient of

dq
q ”, given at the stage of differential forms by

ResZ
(
p
q
dx2
x2

)
=

(
𝜕q
𝜕x2

)−1 p
x2

�����
q(x1 ,x2 )=0

.

Now the derivation d
dx extends in a unique way to K (x, y), whence a connection on this space,

��� p. 28
which can be identified with the Gauss–Manin connection onH0 (Z). It follows that the image of
y ∈ K (x, y) ≃ H0 (Z) under ϕ is given by the class of px ·

dx2
x2 where p = x1x2

𝜕q
𝜕x2 .



I.4 Examples 18

The following diagram of horizontal maps

H 1
dR (U )

Δ2,θ

��

H0 (Z)
ϕ

oo K (x, y)≈oo
_�

��

K [[x]] K [[x]]

(where θ is defined in the above remark) shows that
(
Δ2,θ ◦ ϕ

)
(Y ) satisfies the same differential

equation as y, and (
Δ2,θ ◦ ϕ

)
(y)

��
0 = xΔ2

(
1
q
𝜕q
𝜕x2

)����
0
= 0.

It follows that y = Δ2

(
x1x2
q

𝜕q
𝜕x2

)
. □

For a proof of the reversed inclusion ⊂, with an argument from linguistics, see [31, 5].

Remark 4.2.6. The stability of diagonals of rational functions underHadamard product is imme-
diate from the formula:

Δν1+ν2
(
r1

(
x1, . . . , xν1

)
r2

(
xν1+1, . . . , xν1+ν2

) )
= Δν1r1 ∗ Δν2r2.

However the subclass of algebraic functions is not stable under ∗; by way of counterexample, one
may take (Jungen, 1931):

(1 − x) 12 ∗ (1 − x)− 1
2 = Δ4

(
4

(2 − x1 − x2) (2 − x3 − x4)

)
= 2F1

(
1
2
,
1
2
, 1, x

)
=

∑
n≥0

(
2n
n

)2 ( x
16

)n
,

which is transcendental.

4.3. Polylogarithms

We turn back tomore down-to-earth examples. LetLk =
∑
n≥0

xn
nk be the kth polylogarithmic series.

It satisfies the “unipotent” differential equation:

d
dx

1 − x
x

(
x
d
dx

)k
Lk = 0

obtained from the chain rule x d
dxLk = Lk−1, L0 = x

1−x ; the other solutions can be expressed by
��� p. 29

means of the functions 1, log x, . . . , logk−1 x; the singularities are 0, 1,∞.

Lemma 4.3.1. One has ρ(Lk) = 0, σ (Lk) = k.

Proof. This is a straightforward consequence of the prime number theorem. □

Moreover, one can show that lim
k→∞

σ (Lk1)
log k = 1 (cf. Lemma 2.2.3g); see ch. VIII.

Remark 4.3.2. Integration of any formal power series y is nothing but the Hadamard product
xy ∗ L1.
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4.4. Generalised hypergeometric functions

For a ∈ Q, we set (a)0 = 1, (a)n+1 = (a + n) (a)n, and for a ≔ (a1, . . . , aμ) ∈ Qμ we set

(a)n =
μ∏

m=1
(am)n.

To any couple (a, b) in (Q\{−N})μ × (Q\{−N})ν, we associate the hypergeometric function

y = F (a, b, x) ≔
∑
n≥0

(a)n
(b)n

xn.

Lemma 4.4.1. The three conditions ρ(y) < ∞, σ (y) < ∞ and μ = ν are equivalent. If they are
satisfied, one has

ρ(y) = σ (y) ≤ max

( μ∑
m=1

(
2hf (am) − hf (bm)

)
, 0

)
.

Proof. Either of the conditions ρ(y) < ∞, σ (y) < ∞ implies that for v ∈ Σ∞, Rv (y) > 0 which
implies in turn that μ ≤ ν, and Rv (y) ≥ 1 (hence ρ∞ (y) = σ∞ (y) = 0). Let N be the greatest
common denominator of the am, bm’s; for p > N and n→∞, we have���� (am)n(bm)n

����
p
= O

(
plog n

)
,���� 1

(bn)n

���� 1n
p
∼ p

1
p−1 ,

den
(
N n (am)n
(bm)n

)
= O

(
e

1
log n

)
,

and
(
den N n

(bm )n

) 1
n ∼ n

e (Stirling, see the appendix). The former two estimates, together with the
��� p. 30

divergence of
∑
p>N

log p
p−1 , show that ρ(y) < ∞ =⇒ μ ≥ ν.

The latter two estimates show that σ (y) < ∞ =⇒ μ ≥ ν. Conversely the first and the third
estimates show that μ = ν implies finiteness for ρ and σ , and that

ρ(y) =
∑
p |N

lim
n→∞

hp,n,

σ (y) = lim
n→∞

∑
p |N

hp,n.

A straightforward computation (remaking that | (am)n |p = |am |np if |a|p > 1) then leads to the
inequality

ρ(y) = σ (y) ≤ max

(∑
m=1

(
2 log den am − log den bm

)
, 0

)
.

□

Remark 4.4.2. We could define hypergeometric series for parameters (a, b) in (K\{−N})μ+ν for
any number field. However it follows from methods of Chapter VI that such a hypergeometric
series is a G-function only if (a, b) ∈ (Q\{−N})μ+ν, see VI ex.1.

Remark 4.4.3. G. Christol [16] has determined all globally bounded hypergeometric functions.
The extra condition is the following one: let N as above; then for anyM with 0 ≤ M ≤ N and
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(M,N ) = 1, and for any positive integer j with j ≤ μ, #{i : Mai ≺ Mbj} ≥ #{i : Mbi ≺ Mbj};
here ≺ is the total ordering ofR defined by

y ≺ z ⇐⇒ y + [−y] < z + [−z] or
(
y + [−y] = z + [−z] and y ≥ z

)
.

Let us now introduce the classical Meijer G-functions, which however are not G-functions in
Siegel’s sense! These are integrals of Mellin–Barnes type over a suitable loop:

Gm,n
ν,μ (a, b, x) ≔

1
2π
√
−1

∮ m∏
j=1

Γ(bj − s)
m∏
j=1

Γ(1 − aj + s)

μ∏
j=m+1

Γ(1 − bj + s)
ν∏

j=n+1
Γ(aj − s)

xsds,

for 0 ≤ m ≤ μ, 0 ≤ n ≤ ν.

In the case μ = ν, these functions satisfy some Fuchsian differential equation. Namely,
��� p. 31

z ≔ Gm,n
μ,μ (a, b, (−1)m+nx)

satisfies the equation

(∗) (−1)μx =
μ∏
j=1
(𝜕 − aj + 1)z =

μ∏
j=1
(𝜕 − bj)z where 𝜕 = x

d
dx
,

whose singularities are x = 0, (−1)μ and∞.
The link with hypergeometric series is given by the formulae

F (a, b, x) =

μ∏
j=1

Γ(bj)

μ∏
j=1

Γ(aj)
Gμ,1
μ,μ

(
a, b,− 1

x

)
=

μ∏
j=1

Γ(bj)

μ∏
j=1

Γ(aj)
G1,μ
μ,μ

(
1 − a, 1 − b, x

)

and

Gm,n
μ,μ (a, b, x) =

m∑
k=1

m∏
j=1
j≠k

Γ(bj − bk)
n∏
j=1

Γ(1 + bk − aj)

μ∏
j=m+1

Γ(1 + bk − bj)
μ∏

j=n+1
Γ(aj + bk)

xbkF
(
−a + 1 + bk,−b + 1 + bk, (−1)μ−m−nx

)
,

where we set h = (h, . . . , h) for any h ∈ Q, see [29, 5.5]. The latter formula shows that Gm,n
μ,μ is a

linear combination (with transcendental constant coefficients) of some Siegel G-functions.

Remark 4.4.4. In the case μ = ν = 1, we have F (a, b, x) = 2F1 (a, 1, b, x), the classical hypergeo-
metric function, and it is well known that equation (∗) is a factor of a Picard–Fuchs equation [41].
For higher μ, this is by no means obvious. However it remains that:

Proposition 4.4.5 (for μ = ν). F (a, b, x) satisfies some Picard–Fuchs differential equation.
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Proof. According to remarks of 4.2, we have

F (a, b, x) = ν∗
i=1
(2F1 (ai , 1, bi , x)) = Δν

(
ν∏
i=1

2F1 (ai , 1, bi , xi)
)
.

By Corollary 3.3.3, it suffices to show that
∏ν

i=1 2F1 (ai , 1, bi , xi) satisfies a Picard–Fuchs differen-
��� p. 32

tial equation associated Hμ′

dR (Y /Q(x)) for some proper smooth Y . Using Künneth formula in
algebraic de Rham cohomology, it is enough to prove this statement for ν = 1. If b ∈ N× , then
2F1 (a, b, x) is algebraic and the statement holds with μ1 = 0 (?). If b ∉ N× , we use Gauss relations
between contiguous hypergeometric series

(b − a − 1)2F1 (a, 1, b, x) + a2F1 (a + 1, 1, b, x)
− (b − 1)2F1 (a, 1, b − 1, x) = 0

b[a − (b − a)x]2F1 (a, 1, b, x) + ab(1 − x)2F1 (a + 1, 1, b, x)
+ (b − 1) (b − a)x2F1 (a, 1, b + 1, x) = 0

in order to reduce ourselves to the case a > 0, 1 > b > 2 (?). In this case, Euler’s integral represent-
ation

2F1 (a, 1, b, x) = (b − 1)
∫ 1

0
(1 − t)b−2 (1 − tx)−a dt

show that 2F1 (a, 1, b, x) satisfies the Picard–Fuchs equation associated to the differential dtu over the
smooth completion of the curve

uN = (1 − t) (2−b)N (1 − tx)aN , N = den(a, b).

□

5. Counterexamples

In this paragraph, we gather some “pathological” examples to show that there is no link in general
between ρ and σ . We shall show later that for solutions of linear homogeneous differential equations
with coefficients inQ(x), ρ and σ are in contrast closely related. We also state that ρ and σ are bad-
behaved under inversion of functions.

5.1. A G-function whose inverse satisfies ρ = σ = ∞

Recall that ρ
(
L1
x

)
= 0, σ

(
L1
x

)
= 1. Let y = x

L1 , so that y0 = 1 and yn =
∑n
m=1

yn−m
m+1 . For each pth

root of unity ζ ∈ Cp\{1}, L1x vanishes at 1− ζ , and |1− ζ |v = |p|
1

p−1
v . ThereforeRv (y) ≤ |p|

1
p−1
v and

��� p. 33
ρ(y) = ∞. It can be shown (see VIII ex.1) that σ (y) = ∞; it will follow that the composite series
L1 ◦ L1 ∈ Q[[x]] has infinite size too, since

x(1 − x) d
dx
(L1 ◦ L1) = y.

5.2. An example with ρ = 0 and σ = ∞

We set y =
∑
k≥1 k

−
[

k
log2 k

]
xk. We readily compute

hp,n (y) =

0 for p = ∞

1
n
max
k≤n

[
k

log2 k

] [
log k
log p

]
log p = on (1) for p a finite prime.
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Thus lim
n→∞

hp,n (y) = 0 and ρ(y) = 0. On the other side

∑
p prime
≠∞

hp,n (y) =
1
n
log lcm

k≤n

(
k

[
k

log2 k

] )

≥ 1
n

∑
p≤n

(
p

log p
− log p

)
→∞when n→∞.

This shows that σ (y) = ∞.

5.3. An example with ρ = ∞ and σ arbitrarily small

LetN ≥ 0 and let us set

y =
∑
p prime
≠∞

∑
k≥0

p
−

[
2p
k−N
log p

]
xp·2

pk
.

We have

hp,n (y) =

0 for p = ∞[
2{n,p}−N
log p

]
log p
n for any finite prime p,

denoting by {n, p} the maximal power of p such that 2{n,p} ≤ n
p . Thus lim

n→∞
hp,n (y) = 2−N

p in the
latter case, and ρ(y) = ∞. Now we have

��� p. 34∑
hp,n (y) =

1
n

∑
p≤n

[
2{n,p}−N

log p

]
log p ≤ 1

n

∑
p≤n

2{n,p}−N .

We note that for p ≠ q, then {n, p} ≠ {n, q}, so that ∑p≤n 2{n,p} ≤ 2{n,p0 }
∑∞
k=1 2

−k for some
p0, 2 ≤ p0 ≤ n. Therefore σ (y) ≤ 2−N . Examples with ρ = ∞ and σ = 0 do not exist (ex.1).

5.4. A globally bounded function with σ < ρ

Let us consider
y =

∑
k≥0

2(−2)
k
x2

k
.

We have

hp,n (y) =


0 for p ≠ 2, p ≠ ∞

22
[
1
2

[
log n
log 2

] ]
log 2 for p = 2[

−1
2

[
log n
log 2

] ]
log 2 for p = ∞

Thus
∑
p lim
n→∞

hp,n (y) = 2 log 2 = ρ(y) = σf (y) + σ∞ (y), and lim
n→∞

∑
p hp,n (y) = 3

2 log 2 = σ (y).

Exercises

1) Show that σ (y) = 0 =⇒ ρ(y) = 0.
2) Assume that for all v ∈ Σ(K), limn→∞ hv,n (y) exists. Show that ρ(y) ≤ σ (y).
3) Let y ∈ K [[x]] and assume that ρ

(
y, 1y

)
< ∞.
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a) Show that this condition is equivalent to∑
v∈Σf

sup
n≥1

1
n
log+ |yn |v < ∞

(use the fact that for any v ∈ Σf , y(v) (?) has no zero ζ ∈ Cv satisfying 0 < |ζ |v < R, if
and only if r ↦→ supn |yn |rn is a constant function on ]0, R[),
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b) deduce that this condition is satisfied in particular if y is globally bounded,
c) show that σ (y) ≤ ρ(y) < ∞,
d) deduce that (σ (yn))n≥0 is bounded,
e) show that if y(0) ≠ 0, σ

(
1
y

)
< ∞; give upper bounds for ρ

(
1
y

)
, σ

(
1
y

)
,

f) show that if y(0) = 0, then for every z with finite size the composed series z ◦ y has
again finite size.

4) Consider the series y of 5.3: assume the finiteness of the set of solutions of the equation

pk − ql = m (m fixed but arbitrary),

and show that, in point of fact, σ (y) = 2−N−1.
5) Give an example of a series y ∈ K [[x]] withRv (y) = ∞ for all v ∈ Σ(K).
6) Show that if σ (y) < ∞, thenRv (y) < ∞ for all v ∈ Σ(K) or y ∈ K [x].
7) Show that the set of diagonals of rational functions is stable under taking derivatives.

Appendix: calculus of factorials ��� p. 36
Following [16, 3], we give estimates for the p-adic valuation vp ((a)n) of the rational number

(a)n =
n−1∏
i=0
(a + i),

for a ∈ Q\{−N}. We first introduce general notations: let p be a fixed prime, and let a ∈ Q ∩ Zp,
i.e. the denominator of a is prime to p.

We defineR,Q, and f by the formulae:

a = −R(a, pk) + pkQ(a, pk) withR(a, pk) ∈ N, R(a, pk) < pk,

f (a, pk, n) =
[
n + pk − 1 − R(a, pk)

pk

]
.

For instance, when a = 1, we have R(1, pk) = pk − 1 and f (1, pk, n) =
[
n
pk

]
. Let us remark that

f (a, pk, n) − f (1, pk, n) is periodic, with period pk in n; this leads to the equality

(6.0.1) f (a, pk, n) − f (1, pk, n) = y

(〈
n
pk

〉
−
R(a, pk)

pk

)

where y(x) =
{
0 if x ≤ 0
1 if x > 0

and ⟨x⟩ = x − [x]; we shall also use the notation {x} = −x − [−x].

We extract from [16][41] a formula forR(a, pk):

(6.0.2)
R(a, pk)

pk
= {aΔk} − a

pk

where the integer Δ satisfies the condition:
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for someN ∈ N∗, such thatN |a| < p andNa ∈ Z,Δp = 1modN (in factN |a| < pk
is enough). ��� p. 37

At last we recall the generalisation for (a)n, of the classical equality vp ((1)n) =
∑∞
n=1

[
n
pk

]
:

(6.0.3) vp ((a)n) =
∞∑
k=1

f (a, pk, n).

Putting together (6.0.1), (6.0.2), (6.0.3), we find:

Lemma 6.0.1. The following equality holds:

(6.0.4) vp ((a)n) =
∞∑
k=1

[
n
pk

]
+ #

{
k : {Δka} <

(
a
pk
+

〈
n
pk

〉)}
.

Remark 6.0.2. For pk > (a + n)N , we have {Δka} ≥ 1
N ≥

a
pk +

〈
n
pk

〉
, so that the second term at

the right hand side of (6.0.4) is bounded by
logmax((a + n)N, 0)

log p
.



Chapter II Geometric differential equations

1. Definition ��� p. 38
1.1. In this chapter we explain in a precise way what should be the differential equations satisfied
byG-functions according to the conjecture stated in the introduction: namely, the “geometric” dif-
ferential equations overQ. These are combinations of factors of Picard–Fuchs equations attached
to proper smooth varieties defined over Q(x). We study the stability of this class of differential
equations under standard operations and show that their solutions inQ[[x]] form aQ-vector space
stable under Cauchy and Hadamard products (making use of Hodge theory). We shall show in
Chapter V that such solutions are indeed G-functions.

1.2. Picard–Fuchs differential equations

Let k be a field of characteristic 0. Let X be a smooth k(x)-variety. Its algebraic de Rham cohomo-
logy groupsH i

dR (X ) are k(x)-vector spaces endowed with a canonical connection

∇ : H i
dR (X ) → H i

dR (X ) ⊗ Ω1
X ,

called the Gauss–Manin connection, see for instance [39][40] or 2.1 below. Any nonzero vector in
this space provides a differential equation with coefficients in k[x].

For X = a complete curve, everything can be made explicit in the following elementary way
(after N. Katz): the only interesting group is H 1

dR (X ), which can be identified with the group of
differentials of the second kind on X , module the exact ones. Let t be a nonconstant function, so
that the function field k(x) (X ) is a finite extension of k(x, t). Any derivationD of k(x) extends to
a derivationDt on k(x) (X ) by requiring thatDt (t) = 0; also the derivation d

dt extends to k(x) (X ),
��� p. 39

and commute with Dt . We let Dt act on differentials by Dt (f dt) = Dt (f ) · dt. The following
formulae hold true:

i) Dt (df ) = d(Dtf ),
ii) resp (Dt (f dt)) = Dt (resp (f dt)),
iii) (Dt −Du) (f dt) = d(fDu (t)).

The first one shows thatDt preserves exactness; by ii),Dt acts as a derivation ofH 1
dR (X ); iii) shows

that this action is independent of t, and therefore defines the value at D of a connection ∇ on
H 1

dR (X ): that of Gauss–Manin. Since H 1
dR (X ) is of finite dimension 2g, where g = genus of X ,

we get for any ω ∈ H 1
dR (X ) a relation of the form

∇
(
d
dx

)2g
ω −

2g−1∑
j=0

γj∇
(
d
dx

) j
ω = 0, where γj ∈ k(x);

multiplying by the common denominator δ of the ai , we obtain this way an element of k
[
x, d

dx
]
,

namely

δ ©­« d2g

dx2g
−

2g−1∑
j=0

γj
dj

dxj
ª®¬ .

By way of example, take the hypergeometric differential equation associated to F (a, b, x) and dis-
cussed in I 4.4: according toW.Messing (see [41]), these are factors of Picard–Fuchs equations.

25



II.2 Generalisation: modules with connection arising from algebraic geometry 26

1.3. Geometric differential equations

Let k
[
x, d

dx
]
be the Weyl algebra over k, sometimes denoted by A1 (k); this is a noetherian, simple,

entire, euclidean (noncommutative) ring.

Definition 1.3.1. We say that Λ ∈ A1 (k) is a geometric differential equation if Λ is a product of
factors (in A1 (k)) of some Picard–Fuchs differential equations over k.

In other words, the game of geometric differential equations consists in picking several Picard–
Fuchs equations, decomposing them into irreducible factors and then combining some of these
factors in arbitrary order. By way of example, take the polylogarithmic equation discussed in I.4.3.
We shall show below that in the definition, it suffices to take Picard–Fuchs differential equations as-
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sociated to proper smooth varieties overK (x) (using (2.3) and resolution of singularities). Moreover
we shall see that the class of geometric differential equations is stable under symmetric powers, and
duality (see III ex.3 for definition) .

2. Generalisation: modules with connection arising from
algebraic geometry

2.1. The functors Rif dR∗
Let S be a smooth scheme over a field k of characteristic 0. LetMICS denote the abelian category
of quasicoherentOS -modules E with integrable connection ∇ : E → E ⊗ Ω1

S . Let f : X → S be
a smooth morphism. One constructs a functorR0f dR∗ : MICX → MICS as follows:

i) as OS -module, R0f dR∗ E = f∗
(
E∇|DerX/S ) where E∇|DerX/S denotes the sheaf of germs of

horizontal sections of E under the restriction of the connection to the sheaf of germs of
relative derivations,

ii) the connection on f∗
(
E∇|DerX/S ) is defined using the exactness of the sequence of sheaves

on X :
0 // DerX/S // DerX // f ∗DerS // 0.

Definition 2.1.1. For i ≥ 0, the functorRif dR∗ : MICX → MICS is the ith right derived functor
of R0f dR∗ ; Rif dR∗ E is the OS -module Rif∗

(
Ω•X/S ⊗OX E

)
endowed with the Gauss–Manin con-

nection.

Thismakes sense since the categoriesMIChave enough injectives. See [40] or [36], in particular
III.4. WewriteH i

dR (X/S) forR
if dR∗ (OX , d) where d is the universal differential: OX → Ω1

X . The
Picard–Fuchs equations considered above correspond to the case S = Spec k(x).

2.2. Finiteness properties

We say that a smooth morphism of finite type f : X → S admits a (good) compactification if there
��� p. 41

exists a diagram

(∗) X � � //

��
@@

@@
@ X

proper smooth/S��~~
~~
~

S

such thatD ≔ X\X is a divisor with relatively normal crossings.
In this situation, let E ∈ ObMICX which extends to anOX -module endowed with a connec-

tion with logarithmic singularities alongD.
Assume moreover that E is OX -coherent; then Rif dR∗ E is OS -coherent, see [25, 6.14]. In fact,

because characteristic (k) = 0, anyOS -coherent module with connection is locally free [40, 8.8].
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2.3. The tannakian categories GS

Definition 2.3.1. GS is the full subcategory of MICS which contains the direct summands of
H i

dR (X/S) for any proper smooth S-scheme X , and any successive extension of these factors.

Proposition 2.3.2. GS is stable under taking subquotients, tensor product, internal Hom. It con-
tains the objectsH i

dR (X/S) for any smooth S-scheme X of finite type which admits a compactific-
ation and any i ≥ 0.

Proof. Weuse the fact that theH i
dR (X/S)’s for proper smoothX/S are semisimple objects inMICS .

Indeed, by Lefschetz’s principle, onemay assume that k = C, and by the regularity and comparison
theorems [25, 6.13], this semisimplicity is equivalent to the semisimplicity of the local systemRif an∗ C,
which follows fromHodge–Deligne theory [26, 4.2] (see also [1]).

It follows that in the definition ofGS , onemay replace “factor” by “subquotient”. On the other
hand the objects of GS have finite length, according to 2.2. These two facts allow the following
reformulation of the definition ofObGS : objects ofMICS whose Jordan–Hölder constituents are
constituents of objectsH i

dR (X/S) forproper smoothX/S. The stability under taking subquotients
follow at once from that description. In order to check the stability under ⊗ and duality, it thus
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suffices, according to that description, to check it on theH i

dR (X/S); this follows from theKünneth
formula and the Poincaré duality respectively. Hence G is stable under ⊗, duality, and internal
Hom.

It remains to prove that for any diagram (∗) as in 2.2, H i
dR (X/S) ∈ GS . By induction on

the dimension of X and on the number of components of D, it is enough to prove the following

statement: if
U � � //

  B
BB

BB
Y

~~}}
}}
}

S
is a diagram of smooth morphisms such that Y \U is a smooth

divisor, then

H i
dR (Y \U/S) ∈ GS and H i

dR (Y /S) ∈ GS =⇒ H i
dR (U/S) ∈ GS .

By stability ofGS under extension, this follows from the residue exact sequence

// H i−2
dR (Y \U/S) // H i

dR (Y /S) // H i (U/S) Res // H i−1 (Y \U/S) // · · · ,

which arises from the contravariance of de Rham homology with respect to open immersions (see
[36, III.4 Note p. 74]). The recursion goes through because at each step the morphism Y \U → S
admits an obvious compactification. □

Corollary 2.3.3. Assume that S has a rational point s over k. ThenGS is equivalent to the category
of k-rational representations of an affine group scheme over k.

Proof. Weuse the theory of tannakian categories, see e.g. [26]. Theprevious proposition shows that
GS is an abelian k-linear rigid tensor category. The stalk at s furnishes an exact functor GS → k-
vector spaces. Applying to Hom the fact that horizontal sections are determined by any stalk, we
get the faithfulness of this functor. Summarising, we obtain this way a neutral tannakian category,
and the fundamental result of the theory gives the expected conclusion. □

Remark 2.3.4. For a comparison between the Galois group ofGS and a motivic Galois group, we
refer the reader to [1] or [2].

Let f : X → S be a smooth morphism of finite type which admits a compactification.
��� p. 43

Proposition 2.3.5. The functorRif dR∗ : MICX → MICS carriesGX intoGS .
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Proof. Let Z → X be a proper smooth morphism. By the same argument as in I, making use of
the Lefschetz–Deligne theorem, the Leray spectral sequence Rif dR∗

(
H j

dR (Z/X )
)
⇒ H i+j

dR (Z/S)
degenerates. By the previous proposition, this shows that for any direct summand E ofH j

dR (Z/X ),
Rif dR∗ E ∈ ObGS (one uses here thatR0f dR∗ commutes with finite direct sums, and so doesRif dR∗
henceforth). One extends this to the case of extensions of such E ’s by using the fact thatRif dR∗ is a
cohomological functor by definition: one writes the associated long exact sequence. □

3. Solutions of geometric differential equations; algebraic
structure

We turn back to the situation of §1.

Theorem 3.0.1. The set of solutions in k[[x]] of geometric differential equations is a k-subvector
space of k[[x]] stable under usual (= Cauchy) and Hadamard products.

Note the following immediate consequence:

Corollary 3.0.2. If
∑

ynxn satisfies a geometric differential equation, so does
∑

yNn x
n for any

N ≥ 0.

Proof. Let y1, y2 two such solutions, in the “kernel” of elements Λ1, resp. Λ2 of A1 (k). Making
use of Ore’s localisability condition in A1 (k), one may find a common multiple for Λ1 and Λ2:
Λ = Γ1Λ1 = Γ2Λ2; henceΛ annihilates both y1 and y2, and consequently any linear combination
of the two. The problem is to find such aΛwhich is a geometric differential equation. This can be
done in the following manner: Λi is given by an object Ei inGS for S = Spec k(x) and an element
ei inside Ei . For Λ, take E = E1 ⊕ E2 ∈ ObGS , together with e = (e1, e2). The solutions yi of Λi
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correspond to θi (ei) for some horizontal θi : Ei → k((x)). Taking θ = λθ1 ⊕ μθ2, one can see that
the solutions of geometric differential equations form indeed a k-vector space. The product y1y2 is
a solution of the symmetric square Λ⊗2, which corresponds to a quotient of E ⊗ E . Because such
a quotient is an object ofGS (Proposition 2.3.2),Λ⊗2 is indeed a geometric differential equation.

Now consider yi (xi) as functions of independent indeterminates x1, x2, and let us write

θi : Ei → k((xi)) .

We may consider the exterior tensor product E1 ⊠ E2 as an object ofMICU for U a dense open
subset ofW = Spec k(x) [x1, x2]/(x1x2 − x) ≈ Gm,k(x) . The morphism f : U → S = Spec k(x)
admits obviously a compactification.

It follows from Propositions 2.3.2 and 2.3.5 thatR1f dR∗ (E1 ⊠ E2) ∈ GS . On the other side, §3.3
of Chapter I tells us that y1 ∗ y2 is a solution of the differential equation obtained from(

R1f dR∗ (E1 ⊠ E2), class of y1 (x1)y2 (x2)
dx2
x2

)
.

Hence y1 ∗ y2 satisfies a geometric differential equation. □

Exercises

1) Using some results fromHodge theory [26, 27] or [2], show that any rank-one module with
connection arising from algebraic geometry becomes trivial over an étale finite covering of
the base.

2) DescribeR0f dR∗ when f is a finite morphism onto Spec k(x); in particular, give an interpret-
ation of the Picard–Fuchs equations associated to H0

dR (f ). Show directly that H0
dR (f ) is a

semisimple object inMICk(x) .
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G-functions and differential equations
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Chapter III Fuchsian differential systems: formal theory

1. Logarithmic singularities

1.1. Canonical form of solutions ��� p. 46
In this chapter, k denotes an arbitrary field of characteristic 0. We write 𝜕 = x d

dx for the derivation
ofMμ (k((x))) given by 𝜕 (

∑
Ynxn) =

∑
nYnxn.

LetG ∈ Mμ (k[[x]]) such that the eigenvalues ofG(0) belong to k (i.e. the characteristic poly-
nomial of G(0) splits in k). One considers the following differential system, with logarithmic (=
regular = Fuchsian) singularity at 0:
(1) 𝜕X = GX .

The classical theory (see [34, ch. 14] for instance) tells us how to transform (1) into the fol-
lowing equivalent system:{

𝜕 (Y −1X ) = CY −1X that is, formally: X = YxC = Y exp
(
C log x

)
,(1.1.2)

𝜕Y = GY − YC with Y ∈ GLμ (k((x))) and C ∈ Mμ (k).(1.1.3)

If in addition to the previous assumptions, one supposes that
(4) none of the differences between the eigenvalues ofG(0) is a nonzero integer,

one can then choose C = G(0); there is a unique solution YG ∈ GLμ (k[[x]]) of (3) com-
patible with this choice such that YG (0) = I . In analogy with the analytic case, we call Y
the uniform part of X , and YG (under (4)) the normalised uniform part. Making use of the
formula

(5) 𝜕Y −1 = −Y −1𝜕YY −1, it is straightforward to check that if (Y ′, C ′) is another solution of
(3), the matrixV ≔ (Y ′)−1Y ∈ GLμ (k((x))) then satisfies the differential system

(6) 𝜕V = C ′V − VC .

1.2. Analysis of the system (6) ��� p. 47
We consider equation (6) for itself. Let us write V =

∑
Vnxn, and put U (C ′, C) for the linear

endomorphismA ↦→ C ′A−AC ofMμ (k). Equating coefficients, one sees that (6) is equivalent to
the list of equations:
(7) U (C ′, C)Vn = nVn.

This means that the nonzero coefficients of V are eigenvectors of U (C ′, C) with distinct eigenval-
ues. It follows thatV ∈ Mμ

(
k
[
x, 1x

] )
.

On the other hand, it is well-known that the eigenvalues of U (C ′, C) are the differences
between the eigenvalues of C ′ and those of C ; it follows that if C and C ′ are conjugated and satisfy
(4) (with C instead ofG(0)), thenV ∈ Mμ (k).

1.3. Duality

The dual system of (1) is
(1)∗ 𝜕X∗ = −tGX∗.

One can pass from solutions of (1) to solutions of (1)∗ by setting X∗ = tX−1.
Moreover, if (Y, C) satisfies (3), then

(tY −1,−tC )
satisfies the corresponding system (3)∗ associ-

ated to (1)∗.

30
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1.4. Writing out the uniform part

In order to express the action of the “higher derivation” xm dm
dxm on the solutions of (1), one defines

recursively a sequence of matricesG[m] ∈ Mμ (k[[x]]):
(8) G[0] = I, G[m+1] = 𝜕G[m] + G[m] (G −mI).

With that notation, one finds the equation xm dm
dxmX = G[m]X whenever X formally satisfies (1).

Moreover one computes readily

(9)
G[m] (0)
m!

=

(
G(0)
m

)
=

1
m!
[(G(0) − I) · · · (G(0) − (m − 1)I)].

Starting from the elementary calculations

G[m+1]Y = 𝜕G[m]Y + G[m] (G −mI)Y = 𝜕
(
G[m]Y

)
+ G[m]Y (C −mI)

and (
C + n
m

)
((n −m)I + C) = (m + 1)

(
C + n
m + 1

)
,

one finds inductively the formula
��� p. 48

(10)
G[m]
m!

Y =
∑

Yn
(
C + n
m

)
xn.

Equating coefficients, this means that

(11) Yn
(
C + n
m

)
=

∑
l≤n

1
m!

G[m]lYm−l.

Form = 1, making use of the (previously defined) operatorU , one translates (11) into
(12) U (C + nI, G(0))Yn +

∑
l<n

GlYn−l = 0.

Let us now assume that condition (4) holds. It follows that U (G(0) + nI, G(0)) is invertible
for n ≥ 1; its inverse has the following form:

∏
i,j<μ (αi−αj +n)−1 ·AdjU (G(0) +nI, G(0)), where

αi , i = 0, . . . , μ − 1 runs over the family of eigenvalues of G(0). This gives an induction formula
for the nth coefficient of the normalised uniform part:

(13) YG,n =
©­«
∏
i,j<μ
(αi − αj + n)−1ª®¬ ·

(
AdjU (G(0) + nI, G(0))

)
·
n−1∑
m=0

Gn−mYG,m.

This way, we get a proof of the equivalent between (1) and {(2),(3)} under (4). One may reduce
the general case to this special case by means of some shearing transformations, see below.

2. The language of 𝜕-modules

2.1. We now interpret §1 in the more canonical and somewhat “dual” language of 𝜕-modules,
which will provide a suitable way to express our results.

Let A an entire commutative unitary k-algebra containing k[x]; we assume that the derivation
𝜕 on k[x] extends toA, and that ker 𝜕 = k. By a 𝜕-module overA, we simplymean a unitarymodule
M over the noncommutative ring A[𝜕], such that the induced A-module is free of finite type.

IfA ⊂ k[[x]], the action of 𝜕 over this inducedA-module defines the usual notion of a connec-
tion with logarithmic singularity along 0.

Let us endowMwith an A-basis {mi}μ−1i=0 , and let us write

(14) 𝜕mi =
μ−1∑
j=0

ijGmj for i = 0, . . . , μ − 1.

Though 𝜕 is not A-linear, we shall say by abuse of language thatG represents 𝜕 in the basismj .
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Now let K be an over-ring of A, over which the derivation 𝜕 extends, such that ker 𝜕 = k.
We denote by S (M,K) the k-vector space formed by the solutions of M in K, i.e. by the A[𝜕]-
morphisms fromM toK. One has dimk S (M,K) ≤ μ, and in case of equality, one says thatM
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is solvable in K. In this case the matrix X ∈ GLμ (K) formed by the components of a k-basis of
S (M,K) in the A-dual basis {m∗i } of {mi} satisfy the differential system (1); the components of
a column of X are the values of θ ∈ S (M,K) at m0, . . . , mμ−1. Conversely, system (1) describes
solutions of a unique structure of 𝜕-module over k[[x]]μ endowed with its canonical basis. The
dual 𝜕-moduleM∗ ofM isHomA (M, A) with “connection” represented by−tG in the dual basis
{m∗i }. This is compatible with 1.3.

2.2. Canonical form

By conjugating system (1), that is to sayX andG, by a matrix inGLμ (k), one can reduce the matrix
C appearing in (2),(3) into its canonical Jordan form. Let us denote by [α]A the twist by α ∈ k: this
means the 𝜕-module structure on A defined by 𝜕1 = α. One also denotes by Lν

A, for ν ∈ N× , the
𝜕-module structure on Aν where 𝜕 is represented in the canonical basis by the Jordan block of size
ν.

Now assume thatA ⊂ k[[x]]. Making use of the dictionary 2.1, the equivalence between (1) and
(2),(3) can then be stated as follows:M ⊗A k((x)) is isomorphic to one of the standard 𝜕-modules⊕

i
[αi]k((x)) ⊗ Lνi

k((x)) ; where αi runs through the eigenvalues of C.

Moreover the 𝜕-modulesLνi
k((x)) are indecomposable, and the above standard form forM⊗A k((x))

is unique up to translation of the αi modZ, see [50].

2.3. Exponents

For A ⊂ k[[x]], the eigenvalues of G(0) (multiplicities taken into account) depend only on the
𝜕-moduleM and not of the chosen basis which defines G: we shall call these eigenvalues are the
exponents ofM. When they satisfy condition (4) above, we shall say theM is normalised.

2.4. Morphisms ��� p. 50
Let A be as in 2.1. Let M,M′ be two 𝜕-modules over A, endowed with bases {mj} and {m′j }
respectively. LetH be the matrix of a morphism (ofA[𝜕]-modules) fromM toM′ in those bases,
i.e.:
(15) image (mi) =

∑
j

ijHm′j .

Let G, resp. G′ be the matrices which represent 𝜕 inM (resp. M′) with recourse to {mi} resp.
{m′i}. One readily check thatH satisfies the following differential system:
(16) 𝜕H = GH −HG′.

One can pass from solutions of
(1)′ 𝜕X ′ = G′X ′

to solutions of (1) by setting
(17) X = HX ′.

Let us now assume that H is invertible in GLμ (A); this means that H represents an isomorphism
of 𝜕-modules. LetV ≔ (HY ′)−1Y be the matrix relating the uniform parts of solutions of (1) and
(1)′. Using (5) and (3), one finds

𝜕V = −Y ′−1H−1𝜕HH−1Y − Y ′−1𝜕Y ′ · Y ′−1H−1Y + Y ′−1H−1𝜕Y
= −Y ′−1H−1GY + Y ′−1G′H−1Y − Y ′−1 (G′Y ′ − Y ′G′)Y ′−1H−1Y + Y ′−1H−1 (GY − YC)
= C ′V − VC.

This is equation (6), whichwas analysed in 1.2. In particular, one gets that if condition (4) is fulfilled,
and ifH (0) is invertible, then:



III.3 Special changes of basis 33

(18) YG = HYH [G]H (0)−1. Here we have set:
(19) H [G] ≔ H−1GH −H−1 · 𝜕H , to denoteG′.

In particular ifM = M′ , these formulae give the behaviour of representativematrices through any
change of basis. Roughly speaking, “𝜕-module” is an intermediate notion between differential sys-
tems and connections: we allow changes of basis, but no change of variable. In the next paragraph,
we shall study two special cases of change of basis.

3. Special changes of basis

3.1. Shearing ��� p. 51
This is a tool for modifying the exponents by integers in order to reach the normalised situation
(condition (4)), see [34, ibid]. Let G be as in 1.1 and consider the set {α0, . . . , αν} of the eigenvalues
ofG(0). Fix a set of integers {n0, . . . , nν} with the same cardinality as {α0, . . . , αμ−1}.

Let S thematrix of a newbasis of kμ adapted to the decomposition
⊕ν

i=0 ker(G(0)−αiI)mult αi

into characteristic subspaces. Thus S−1G(0)S is formed by diagonal blocks, each of which has only
one eigenvalue. One canmoreover assume that this is triangular (e.g. SG(0)S−1 has Jordan’s normal
form). Now let Δ be the diagonal matrix

©­­­­­­­­­­­«

xn0 0xn0
. . .

xni
xni

. . .0 xnν

mult α0

...

ª®®®®®®®®®®®¬

}
}

,

and put H sh = Sx−Δ. By formula (19) we get H sh [G] = +Δ + x+ΔS−1GSx−Δ, with coefficients
ij (H sh [G]) = ijΔ + xΔi−Δj ij (S−1GS). It is thus clear that

(20) H sh ∈ GLμ
(
k
[
x,
1
x

] )
,

(21) H sh [G] ∈ Mμ (k[[x]]).
Furthermore, by looking at the diagonal terms ofH sh [G] (0), one sees that
(22) the set of eigenvalues ofH sh [G] (0) is {αi + ni}.

3.2. Reduction to a differential equation

We assume in this paragraph that (1) is solvable inGLμ (k((x))); sometimes one says that 0 is a cosin-
gularity of this differential system (see e.g. [60, p. 7]; this is a property of the associated 𝜕-module
over k((x))). It is clear that in this case there exists some positive integer l such that−l ≤ ord0 f ≤ l
for any f in the k-vector space spanned by the entries of a solution X of (1) in GLμ (k((x))). Let
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lj , j = 0, . . . , μ − 1 be integers such that max(lj − li , li − lj) > 2l for i ≠ j. The following fact
follows easily from these choices: for any (αi)μ−1i=0 ∈ (k\Q)μ, the series

yj =
μ−1∑
i=0

αixlj ijX, j = 0, . . . , μ − 1

are linearly independent over k. Set

njS ≔
n∑

m=0

μ−1∑
i=0

(
n
m

)
αixm−n

(
dmxli
dxm

)
·
(
ijG[n−m]

)
,
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and S =
(
ijS

)μ−1
i,j=0. Making use of Leibniz rule, one checks easily that the rows of SX are the suc-

cessive derivatives of (y0, . . . , yμ−1). Because of the linear independence of these functions, S lies in
GLμ (k((x))); puttingH eq = S−1, one sees that system (1) is equivalent to the differential equation

(23)
dμ

dxμ
y =

μ−1∑
j=0

μ−1,j

(
H eq [G]

x

)
djy
dxj

.

More precisely, if y0, . . . , yμ−1 are linearly independent solutions of (23) in k((x)), one gets a solution
of (1) by setting

X = H eq

(
diyj
dxi

)
i,j=0,...,μ−1

.

The matrixH eq [G] looks like this:

©­­­­«
0 x 0. . .0 x
∗ ∗ · · · ∗

ª®®®®¬
.

Remark 3.2.1. Let

(∗) dμ

dxμ
y =

μ−1∑
j=0

γj
djy
dxj

denote a differential equation with coefficients γj ∈ k((x)). It is easy to translate it into

𝜕μy =
μ−1∑
j=0

gj𝜕jy,

or else (1) 𝜕X = GX by setting

G =

©­­­­«
0 1 0. . .0 1
g0 g1 · · · gμ−1

ª®®®®¬
as usual.
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ByFuchs’ theory, or elementary calculation, one obtains thatG ∈ Mμ (k[[x]]) ifford0 γj ≥ j−μ.

The characteristic polynomial of G is called the indicial polynomial of (∗). Note that if 0 were an
ordinary point for (∗) (i.e. γj ∈ k[[x]]), it remains no longer an ordinary point for the associated
system (1); indeed, the exponents are 0, 1, . . . , μ − 1.

Remark 3.2.2. We take this opportunity to make a general remark about components of column-
solutions of (1). By 2.1, we know that they have the shape θ(mi) for some θ ∈ Sol(M,K), andmi
runningover a basis ofM (the associated 𝜕-module). Since rkM ≤ μ, 𝜕μmi is a linear combination
of 𝜕jmi , j = 0, . . . , μ − 1with coefficients in the base ringA. Since θ isA[𝜕]-linear, 𝜕μθ(mi) is the
same combination of the 𝜕jθ(mi). Hence any component of a solution of a differential system of
order one satisfies a scalar differential equation of order ≤ μ with coefficients in A.

4. Blow-up

This construction of Bombieri–Sperber [8] provides a very simple “model” for differential equa-
tions with given exponents, according to the regularity. We follow the presentation in loc. cit.
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LetΛ ∈ k((x))
[ d
dx

]
be a differential operator of order μ. We denoteΛm the unique element in

the ideal k((x))
[ d
dx

]
Λ such that the degree ofΛm − 1

m!
dm
dxm is at most μ − 1, and we write

Λm =
1
m!

dm

dxm
−

∑
γm,j

1
m!

dj

dxj
.

The coefficients γm,j satisfy the recurrence

(24) γm+1,j =
1

m + 1

(
d
dx
γm,j + jγm,j−1 + μγm,μ−1γj

)
.

Let us write γμ,j =
λj
xδj
+ higher terms, λj ≠ 0, and let us define ρ ≔ max0≤j<μ

(
δj
μ−j , 1

)
, so that 0 is a

logarithmic singularity if and only if ρ = 1, and let us put

J ≔ {0 ≤ j < μ : δj = ρ(μ − j)}.

The recursion (24) implies that γm,j =
λm,j

xρ(m−j) + h.o.t., where of course λm,j = 0 if ρ(m− j) is not an
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integer and λμ,j = λj if j ∈ J . One defines the blowup ofΛ to be the constant coefficient differential
operator

(25) Λ̃ =
1
m!

dμ

dxμ
−

∑
j∈J

λj
1
j!

dj

dxj
if ρ > 1,

and the differential operator of Euler type

(26) Λ̃ =
1
μ!

dμ

dxμ
−

∑
j∈J

𝜕j

(1 + x)μ−j
1
j!

dj

dxj
if ρ = 1.

Note that in the latter case, the exponents of X at −1 are the exponents ofΛ at 0.

Lemma 4.0.1. The formal power series yj = xj + λμ,jxμ + λμ+1,jxμ+1 + · · · are annihilated by Λ̃, for
j = 0, . . . , μ − 1.
Proof. Let zj (t + x) ∈ k((x)) [[x]], for j = 0, . . . , μ − 1, be defined by the formula

zj (t + x) =
∑
m≥0

γm,j (t)xm.

It is clear that

1
h!

dh

dxh
zj (t + x)

����
x=0

=

{
1 if h = j
0 if h ≠ j

for h = 0, 1, . . . , μ − 1,

and that
1
μ!

dμ

dxμ
zj (t + x)

����
x=0

= γμ,j (t).

HenceΛzj = 0. Since

γm,j (t) =
λm,j

tρ(m−j)
+ h.o.t.,

we obtain
t−ρjzj (t + tρx) = yj (x) + t

1
b ψj

(
t
1
b , x

)
where the natural integer b is such that bρ is an integer, and where ψj (τ, x) ∈ k[[τ, x]]. It follows
that yj is obtained from t−ρjzj (t + tρx) by specialising t to 0.

Let Λ̃t ∈ k((x)) [[x]]
[ d
dx

]
be defined by

Λ̃t =
1
μ!

dμ

dxμ
−

μ−1∑
h=0

γμ,h (t + tρx)t (μ−h)ρ
1
h!

dh

dxh
,

so that Λ̃t
(
t−ρjzj (t + tρx)

)
= 0. The lemma follows by noting that Λ̃t specialises to Λ̃ when t

specialises to 0. □
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E. Bombieri and S. Sperber interpret this proof as performing a blowing up transformation

(x, z) ↦→
( x − t
tρ

, t−ρjz
)

for t → 0 on the graph of the mapping x ↦→ zj (x) and obtaining the differential operation associ-
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ated to the blown up graph.

5. Formal Frobenius and Christol functors

5.1. The ϕ functor

We turn back to the general assumptions of 2.1. Let p be a fixed prime number. For any automorph-
ismϕ of k, we consider the so-called Frobenius endomorphismof k[x], denoted byϕ : f ↦→ f ϕ (xp),
where ϕ applies to the coefficients of f . We have the identity
(27) 𝜕ϕ(f ) = pϕ(𝜕f ).
We assume that ϕ extends to an injective endomorphism of A such that (27) carries over.

ForG ∈ Mμ (A), we putGϕ ≔ Gϕ (xp), with the same meaning as above.
LetM, {mi}, G be as in 2.1. We denote byMϕ the 𝜕-module over A such that:
i) as an A-module,Mϕ = M,
ii) the action of 𝜕 in the basis {mi} ofM is represented (in the sense of 2.1) by pGϕ.

IfK is any over-ring of A on which ϕ extends such that (27) remains true, any solution X of (1) in
GLμ (K) satisfies:
(1)ϕ 𝜕Xϕ = pGϕXϕ.

Similarly, we have (YG)ϕ = YpGϕ in the normalised case. It is readily checked thatϕdefines a functor
on the category (M, {mi}), thus on the category of 𝜕-modules up to isomorphism; ϕ is called the
Frobenius functor. It commutes with direct sums and tensor products. For the twist [α] (see 2.2),
we have [α]ϕ = [pαϕ].

5.2. Instead of0, one can choose another “centre”a ∈ k, and replace x ↦→ xp by (x−a) ↦→ (x−a)p;
this way one get a functor ϕa acting on (isomorphy classes of) (x − a) ddx -modules.

5.3. The Ξ functor

We shall be interested for later purposes in inverting ϕ. However, one cannot expect in our general
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situation that ϕ is quasi-invertible; so we shall content ourselves here in constructing a functor Ξ
which inverts ϕ up to some twists

[
i
p

]
. Let us assume in addition to the previous hypotheses:

(28) A is a free ϕ(A)-module generated by 1, x, . . . , xp−1.
This is the case, for instance, if A = k[x] or k(x). More generally, if A ⊂ k((x)), this is the case if
and only if A is stable under the additive maps

ψi :
∑

fnxn ↦→
∑

f ϕ
−1

i+npx
n, i = 0, . . . , p − 1.

since the following identity holds in k((x)):

(29) f =
p−1∑
i=0

xiϕψif .

In general, take (29) as the definition of the ψi ; it is a correct one since ϕ is assumed to be injective.
The identity (29) (and definition of ψi) extends readily to the case of matrices, and it follows from
(27) that
(30) 𝜕ψiG =

1
p
ψi𝜕G −

i
p
ψiG, for anyG ∈ Mμ (A).

Now for any suchG, we follow [12, 3] and set
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(31) GΞ ≔

©­­­­«
ψ0G xψp−1G · · · xψ1G
ψ1G ψ0G xψ2G
...

. . .
ψp−1G ψ0G

ª®®®®¬
∈ Mpμ (A), and

J ≔

©­­­­­«
0 0 00 1

p Iμ
. . .0 p−1

p Iμ

ª®®®®®¬
∈ Mpμ (k).

Starting from (29), applied toGF :

GF =
p−1∑
i=0

xi (ψiG)ϕ
p−1∑
j=0

xj (ψjF )ϕ,

one arrives to the formula
��� p. 57

ψi (GF ) =
i∑
j=0
(ψjG)(ψi−jF ) + x

p−1∑
j=i+1
(ψjG)(ψi−j+pF ),

which implies in turn that
(32) (GF )Ξ = GΞFΞ.

On the other hand, it follows from (30) that
(33) 𝜕 (GΞ) = 1

p
(𝜕G)Ξ − JGΞ + GΞJ .

LetM, {mi}, G be as in 2.1. We denote byMΞ the 𝜕-module over A such that
i) as an A-module,MΞ = M ⊕ · · · ⊕M (p factors)
ii) the action of 𝜕 in the basis {mi} ofM is represented by 1

pG
Ξ − J .

It is straightforward to deduce from (32) and (33) that Ξ defines a functor on the category
(M, {mi}), thus on the category of 𝜕-modules up to isomorphism. Let us callΞ the Christol func-
tor. The following statement is due to G. Christol [12].

Proposition 5.3.1. Let A satisfy the above hypotheses, and letM be a 𝜕-module over A. Then

(Mϕ)Ξ ≃
p−1⊕
i=0

( [
i
p

]
⊗M

)
.

Proof. This follows from the fact that

(Gϕ)Ξ =

©­­­­­«
G 0G − Iμ

p
. . .0 G − p−1

p Iμ

ª®®®®®¬
.

□

Exercises

1) By means of Gantmacher’s counterexample G =

(
0 x
0 1

)
, test the statements of §1 without

(4).
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2) Describe the 𝜕-moduleHom(M,N ) in terms of matrices representingM andN .
3) (O. Gabber) Assume thatM admits an A-basis {mi}μ−1i=0 such that mi+1 = 𝜕mi ; one says

thatm0 is a cyclic vector. Show that there is a relation
(
𝜕μ +∑μ−1

i=0 ai𝜕
i
)
m0 = 0. Show that

the (μ − 1)th elementm∗μ−1 of the dual basis is a cyclic vector forM∗, and satisfies the dual
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differential equation
(
(−𝜕)μ +∑μ−1

i=0 (−𝜕)iai
)
m∗μ−1 = 0.

4) (G. Christol) Under the assumption of 5.3, letH ∈ GLμ (A). Show thatHΞ ∈ GLpμ (A), at
least for A ⊂ k((x)). Hint: introduce the matrix

(
ζ ijxiIμ

)p−1
i,j=0.

5) Using 2.2, prove that, for A = k((x)),

Mϕ ≃ N ϕ =⇒
p−1⊕
i=0

[
i
p

]
⊗M ≃

p−1⊕
i=0

[
i
p

]
⊗ N

(without making use of Ξ).

Appendix: a zero estimate

Following a method of G. V. Chudnovsky [21] we sketch the proof of an explicit upper bound for
the order at one point of certain polynomial combinations of solutions of a Fuchsian differential
system overA = k(x). This result sharpens Shidlovskiĭ’s lemma (see [57]) in the Fuchsian case, and
can be extended in a noneffective way to the general case according to Bertrand–Beukers [5]1.

Let us assume that k = C and let us consider the following differential system:

(I)
d
dx
X = ΓX with Γ ∈ Mμ (k(x)).

We make the following assumptions:
i) (I) is in the Fuchsian class, i.e. at any pole s ofΓ inP1k there existmatricesYs ∈ Mμ (k[[x − s]])
of rank μ, Cs ∈ Mμ (k), such that Ys (x − s)Cs satisfies (I); here we set x −∞ ≔ 1

x ,
ii) there exists a solution Y = t (y0, . . . , yμ−1) of (I) in k[[x]]μ.

Let p be an element of k[x, x0, . . . , xμ−1]; we assume that degx p = N and that p is homogeneous
of degree n in x0, . . . , xμ−1. We shall study the order at 0 of r ≔ p(x, y0, . . . , yμ−1) ∈ k[[x]]. For
s ∈ Sing Γ (the set of poles of Γ in P1k), and forCs as above, we denote by εs theminimumof the real
parts of the eigenvalues ofCs. At last, let μr denote the dimension of the k(x)-vector space generated
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by the successive derivatives or r, so that μr ≤

(μ+n−1
n

)
.

Theorem 6.0.1. Either r = 0, or

(6.0.1) ord0 r ≤ Nμr − nμr
∑
Sing Γ

εs + (|Sing Γ | − 2)
μr (μr − 1)

2
.

Replacing (I) by its nth symmetric power, it is plain to see that it suffices to prove the Theorem
for n = 1. The proof relies on the following lemma, which belongs to differential Galois theory, see
[5, 3] (taking into account the Fuchsianity of (I)). We first need a notation. For any s ∈ P1k, denote
byKs the differential extension of k[[x − s]] generated by log(x − s) and (x− s)k. For any f ∈ Ks we
defined the generalised order of f , and write g-ords f , as the minimum of the “exponents” αi such
that f =

∑
ui (x − s)αi log(x − s)νi with ui ∈ k[[x − s]] \0.

Lemma 6.0.2. Let Λr ∈ k(x)
[ d
dx

]
of order μr such that Λrr = 0. For any s ∈ P1k, there exists μr

solutions t (zs,i,0, . . . , zs,i,μ−1) of (I) inKμ
s such that the μr elements p(x, zs,i,0, . . . , zs,i,μ−1) ofKs span

the kernel ofΛr inKs.
1D. Bertrand has informed me that J. Yebbou recently succeeded in making this method effective in the general case.
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Sketch of proof of Theorem 6.0.1. Let ηs,i denote the exponents ofΛr at s (i.e. the μr roots of its indi-
cial polynomial). A simple computation of generalised orders based on the Lemma gives:
(6.0.2)

Re
∑
i
ηs,i


≥ μrεs if s ≠ ∞
≥ μr (ε∞ −N ) if s = ∞
≥ ord0 r + (μr − 1)ε0 if s = 0 because of the existence of the solution Y of (I).

An elementary computation of generalised orders of derivatives shows moreover that:

(6.0.3) g-ords w


≥ Re

∑
i
ηs,i −

μr (μr − 1)
2

if s ≠ ∞

≥ Re
∑
i
ηs,i +

μr (μr − 1)
2

if s = ∞,

where w denotes the Wronskian at the neighbourhood of s. Because of Liouville’s equation:
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(6.0.4)
d
dx
w = (tr Γk)w, (where Γr denotes the matrix

©­­­­«
0 1 0. . .0 1
∗ ∗ · · · ∗

ª®®®®¬
associated toΛr),

we find

(6.0.5) g-ords w = residues tr Γr .

On the other side, the residue formula over P1k reads:

(6.0.6)
∑
Sing Γr

residues tr Γr = 0.

Putting (6.0.2), ..., (6.0.6) together, one finds∑
s≠0
s≠∞

(
μrεs −

μr (μr − 1)
2

)
+ μr (ε∞ −N ) +

μr (μr − 1)
2

+ (μr − 1)ε0 −
μr (μr − 1)

2
+ ord0 r ≤ 0,

which gives (6.0.1) for n = 1, by remembering that only the elements of Sing Γ\{0,∞} can give a
negative contribution to the first sum. □



Chapter IV Fuchsian differential systems: arithmetic theory

1. Background of p-adic analysis ��� p. 61
We record here all the properties of p-adic analytic functions (and prove some of them) which will
be used in the sequel of the book. We refer the reader to the general introduction [43], or to the
more advanced booklet [30]. Everything becomes simpler if one restricts oneself, as we shall do, to
the case of disks.

1.1. Let k denote an algebraically closed field of characteristic 0, complete under an ultrametric
(= nonarchimedean = p-adic) absolute value | |, with residue field k of characteristic p > 0. This
residue field is automatically algebraically closed, and the valuation group logp |k| is dense in R. A
typical example for k would be the field Cp (see general notations). We remind that a series

∑
an

converges in k if and only if its general term an → 0, and that |∑ an | ≤ supn |an |. Let r ∈ R+, and
a ∈ k; we denote byD(a, r) the disk {x ∈ k : |x − a| < r}, which is an open and closed subset of k.
For r = 1, these disks are also called residue classes, for they correspond to the elements of k ∪∞ by
reduction modulo the valuation idealD(0, 1).

1.2. Gauss absolute value

On k[x], the Gauss absolute value is defined to be the maximum of the absolute value of the coef-
ficients, and is still denoted by | | :

��∑N
n=0 ynxn

�� ≔ maxn |yn |.
Let f, g ∈ k[x]; Gauss’s lemma shows that |f ||g | depends only on

f
g ∈ k(x). This allows to extend
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| | to an ultrametric absolute value on k(x).

1.3. Analytic elements

Let a be an element of k such that |a| ≤ 1. According to M. Krasner one defines the ring Ea of
analytic elements in D(a, 1) to be the completion (under the Gauss absolute value) of the ring of
rational functions without pole inD(a, 1). This allows to consider analytic elements as functions
onD(a, 1) in a natural way.

We also denote by E the completion of the whole ring k(x) under | |; warning: this is much
bigger than the fraction field E̊a of Ea. The residue field of all those ultrametric rings is k(x).

We record now two basic properties of analytic elements.

1.3.1. Ea is a noetherian principal Banach algebra over k; any ideal is generated by a polynomial.

A consequence of 1.3.1 is that any analytic element inD(a, 1) vanishes only finitely many times
when viewed as a function on this disk.

The second basic property is Krasner’s principle of analytic extension:

1.3.2. Let f ∈ E0, then for all but a finite number of residue classesD(a, 1), there exists a unique
element of Ea which coincides with f as an element of E. At last we denote by Eaa the localisation
of E0 at the ideal (x − a)Ea. By 1.3.1 we have Eaa = Ea ⊗k[x] k[x] (x−a) , where k[x] (x−a) denotes as
in Chapter I the localisation of k[a] at (x − a).

Remark 1.3.3. There is an isometric embedding of (E, | |) in the (complete) Amice ring{
f =

∑
n∈Z

fnxn : |f | ≔ sup |fn | < ∞ and lim
n→−∞

|fn | = 0

}
;

however we shall not use it in this book.

40
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1.4. Analytic functions

Let a ∈ k and r ∈ R+. The ring of analytic functions inD(a, r), denoted byA(a, r), is the ring of
convergent series y =

∑
n≥0 yn (x − a)n inD(a, r) (under the Cauchy product); the requirement is

that ∀ρ < r, limn→∞ |yn |ρn = 0.
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As in the classical case, onemay expand y inTaylor series at any point ofD(a, r) and speak about
zeroes and order of zeroes of y; A(a, r) is stable under d

dx . For any ρ < r, one defines an absolute
value | |a (ρ) onA(a, r) by: ���∑ yn (x − a)n

���
a
(ρ) = sup

n
|yn |ρn.

It is easy to check, for any f ∈ A(a, r), the formulae:

1.4.1. |f |a (ρ) = sup
x∈D(a,ρ)

|f (x) | =
(
sup
|x |=ρ
|f (x) | if ρ ∈ |k|

)
.

For ρ = r, one sets furthermore |f |a (r) = lim sup
p→r

|f |a ∈ [0,∞], which is a multiplicative

semi-norm.
For |a| ≤ 1, we have Ea ⊂ A(a, 1) and |f |a (1) = |f | for any f ∈ Ea. Conversely, it is plain to

check that any analytic function inD(a, r) with r > 1 defines an element of Ea; warning: the ring
of bounded analytic function onD(a, 1) under | |a (1) is much bigger than Ea.

1.5. Meromorphic functions

The fieldM(a, r) of meromorphic functions is the quotient field ofA(a, r). As in 1.2, one checks
that | |a (ρ) extends to an ultrametric absolute value onM(a, r) for ρ < r (resp. to a multiplicative

semi-norm for ρ = r), thanks to the rule
���� fg ����a (ρ) =

|f |a (ρ)
|g |a (ρ)

. These (semi-) norms satisfy the

following important inequality:

1.5.1. ∀f ∈M(a, r), ∀ρ ≤ r, ∀n ∈ N,
���� 1n! dndxn

f
����
a
(ρ) ≤ ρn |f |a (ρ).

This is clear for any f ∈ A(a, r) by looking at the Taylor expansion at a. The general case is
settled by induction, using the Leibniz formula:

1
n!

(
f
g

) (n)
=

1
n!
f (n)

g
−

n−1∑
m=0

1
m!

(
f
g

) (m) 1
(n −m)!

g (n−m)

g
.

Roughly speaking, a zero (resp. a pole) increases (resp. decreases) the norm; more precisely, for any
f ∈M(a, r) and r′ < r′′ ≤ r,
1.5.2. f has neither zero nor pole in the annulus r′ < |x | < r′′ if and only if |f |a (ρ) is constant in
the range ρ ∈]r′, r′′ [.

At last, let us remark that 𝜕 = x d
dx is a contraction inM(0, r) endowed with any of the | |0 (ρ);

this follows at once from 1.5.1.
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Here is a diagram of inclusions between various rings that we considered:

k[x] ⊂ E0 ⊂

⊂

E00 ⊂⊂

E

A(0, r) ⊂

⊂

k[[x]]

⊂

M(0, r) ⊂ k((x))

for 0 < r ≤ 1.

Here E,M(0, r) and k((x)) are fields; E0 and E are complete rings under the Gauss absolute value.
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2. p-adic differential systems

2.1. Dwork–Frobenius lemma

Lemma 2.1.1. Let

Λ =
dμ

dxμ
−

μ−1∑
h=0

γh
dh

dxh

be a differential operator with coefficients γh ∈M(a, r). Assume that the kernel ofΛ inM(a, r)
is of dimension μ. Then the γh’s are bounded inD(a, r); more precisely

|γh |a (r) ≤ rh−μ for h = 0, . . . , μ − 1.

Proof. Let us denote by y0, . . . , yμ−1 a basis of kerΛ inM(a, r). We set

v0 = y0

v1 =
d
dx

(
v−10 y1

)
...

vμ−1 =
d
dx

(
v−1μ−2

d
dx

(
v−1μ−3 · · ·

d
dx

(
v−10 yμ−1

)
· · ·

))
,

and
Λj =

d
dx
+ v0 · · · vj

d
dx

(
1

v0 · · · vj

)
∈M(a, r)

[
d
dx

]
,

so that we have the so-called “Frobenius factorisation”

Λ = Λμ−1 ◦ · · · ◦ Λ1 ◦ Λ0.

Now inequality 1.5.1 gives the bound 1
r for | |a (r) applied to the constant term ofΛj . The estimate

|γh |a (r) ≤ 1
rμ−h follows at once from the factorisation, and inequality 1.5.1 again. □

Corollary 2.1.2. Let

𝜕μy =
μ−1∑
h=0

gh𝜕hy

be a differential equation with coefficients in M(0, r) and which admits a fundamental basis of
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solutions inM(0, r). Then |gh |0 (r) ≤ 1, for h = 0, . . . , μ − 1.

2.2. Norms on matrix rings

It is convenient to extend the definition of the absolute values | |, respectively | |a (ρ), to the case of
matrices. We get norms on spaces of matrices by setting:

∥H ∥ = max
i,j
|Hij | forH ∈ Mμ (E)

∥H ∥a (ρ) = max
i,j
|Hi,j |a (ρ) forH ∈ Mμ (M(a, r)) and ρ < r.

ThenMμ (Ea) andMμ (E) become Banach k-algebras under ∥ ∥ (for any a ∈ k such that |a| ≤ 1).
Similarly one defines a semi-norm onMμ (M(a, r)) by

∥H ∥a (r) = max
i,j
|Hi,j |a (r).

Remark 2.2.1. Let G ∈ Mμ (E) andH ∈ GLμ (E). Since d
dx and 𝜕 are contractions of (k(x), | |),

they extend to derivations on E. Thus 𝜕H andH [G] are well-defined, and

∥H [G] ∥ ≤ max
(
∥H ∥



H−1

 ∥G∥ , ∥𝜕H ∥ 

H−1

) ≤ ∥H ∥ 

H−1

max (1, ∥G∥) .
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2.3. Estimates for G[n]
LetG be a matrix inMμ (M(a, r)), with |a| ≤ 1. We use the notationG[n] of III (8).

Proposition 2.3.1. Assume that the entries of G are bounded, and that the system 𝜕X = GX has
a solution Xa inGLμ (M(a, r)). Then for every n ∈ N,



G[n]

a (r) ≤ max
(
1, (∥G∥a (r))μ−1

)
.

Proof. We shall use a method of E. Bombieri in order to deduce this statement from the previous
lemma. Since k is algebraically closed, we may find a sequence αn ∈ k with |αn | → r− and the
change of variable x ↦→ αn (x − a) + a enables us to consider only the case r = 1, a = 0.

The construction III 3.2 then applies: we get some elements njS inM(0, r), and a matrix

S = H−1 ∈ GLμ (M(0, r)),

satisfying the equations
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x−n (H [G])[n]SXa =
dn

dxn
(SXa) = (ijS)i=n,...,n+μ−1

j=0,...,μ−1
· Xa,

whence njS = x−n0j
(
(H [G])[n]S

)
. It follows that

��njS��0 (1) ≤ (max |αi |) · max
m<μ



G[m]

0 (1).
Remind the definition of njS:

njS =
n∑

m=0

μ−1∑
i=0

(
n
m

)
αixm−n

dmxli
dxm

· ijG[n−m] ,

and choose for any fixed i0 : αi0 = 1, αi → 0 for i ≠ i0 and li0 = 0. This gives��i0jG[n−m] ��0 (1) ≤ max
m<μ



G[m]

0 (1) ≤ max (1, ∥G∥0 (1))

by induction on formula (8). □

2.4. Generic disks

Since the early works of B. Dwork on p-adic differential equations, one knows that a convenient
way to encode information about such an equation is, roughly speaking, by transferring it into a
“generic disk”, which has nice permanence properties; transfer principles then help to bring it back
into special disks. We shall study such a process in the next chapter.

A generic point, often denoted by t, is an element of an algebraically closed and complete ex-
tension Ω of the valued k linearly disjoint from k((x)), such that |t − a| = 1 for any a ∈ k with
|a| ≤ 1. The image t of t in the residue field of Ω is then transcendental over k. Note that tn is
another generic point, for any nonzero integer n. The generic disksD(t, R) are those ofΩ, and we
extend the previous notations by replacing k by Ω; whether we use that extension or not should
be clear according to the context. For instance, the field E can be embedded into the ring of ana-
lytic elements inD(t, 1); this provides an isometric embedding (E, | |) ↩→ (A(t, r), | |t (r)) for any
r < 1, and |f | = |f (t) | for any f ∈ E. This allows us also to apply Proposition 2.3.1 for a = t when
G ∈ Mμ (E).

2.5. Generic radius of solvability

The definitions of Chapter III are used up to now.
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Definition 2.5.1. LetM be a 𝜕-module over E; its generic radius of solvability, denoted byR(M),
is the greatest real numberR ≤ 1 such thatM is solvable inA(t, R).
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By definition of the matricesG[n] and by Taylor’s formula, we get the following expansion for
a solution Xt inMμ (A(t, R)) of the system 𝜕X = GX associated with some basis ofM:

Xt =
∑
n≥0

(x − t)n
n!tn

G[n] (t)Xt (t).

Since


G[n] (t)

 = 

G[n]

, Hadamard’s formula yields:

2.5.2. R(M) = min

(
lim
n→∞





G[n]n!





− 1
n

, 1

)
.

Lemma 2.5.3. R(M) > 0; more precisely, ifG ∈ Mμ (E) representsM in some basis, then

R(M) ≥ |p|
1

p−1 ·min
(
1, ∥G∥−1

)
.

Proof. By the recursion (8), we get


G[n]

 ≤ ∥G∥n. On the other side |n!|− 1

n ≤ |p|
−1
p−1 , according

to I, appendix. Hence the required inequality follows from 2.5.2. □

Proposition 2.5.4. LetM∗ be the dual 𝜕-module ofM; then R(M∗) = R(M). If there is an
exact sequence 0→M′ →M→M′′ → 0, thenR(M) = min (R(M′), R(M′′)).
Proof. LetG and Xt as above. By III 1.3, one has to prove that

X−1t ∈ Mμ (A(t, R)).

Let w = detXt be the Wronskian determinant, which satisfies 𝜕w = trGw; since trG ∈ A(t, R),
w is invertible in A(t, R), and this is enough to conclude that R(M∗) ≥ R(M). The equality
follows by symmetry, sinceM∗∗ ≃M.

It is obvious that any quotient of a 𝜕-module solvable in A(t, R) is solvable in A(t, R); this
remains true for a submodule by duality using R(M∗) = R(M). This proves the inequality:
min (R(M′), R(M′′)) ≥ R(M).

Conversely let us writeR = min (R(M′), R(M′′)). Then we have isomorphisms
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M′ ⊗E A(t, R) ≃ A(t, R)μ′

M′′ ⊗E A(t, R) ≃ A(t, R)μ′′

}
with trivial connection.

Thus in some suitable basis, the matrix representingM looks like(
0 G1
0 0

μ′′
μ′

)}} .

A solution Xt of 𝜕X = GX at t is given by
(
I

∫ G1
X

0 I

)
. Hence Xt ∈ GLμ (A(t, R)), and it follows

thatR(M) ≥ R. □

2.5.5 (Convention). Assume here that | | is an archimedean absolute value, in contrast to our pre-
vious hypotheses. LetM be a 𝜕-module over k(x). We then setR(M) = 1.

Explanation. By Gelfand–Mazur theorem, k is isometric to C in our case; by analogy with the
previous case, whereD(t, 1) was an ordinary disk, Cauchy’s theoremwould imply thatR(M) = 1.

Using the idea of Bombieri–Sperber, we give a local version of a result of N. Katz which relates
the generic radii of solvability at all the finite places (in the global case) to the singularity structure
and to the exponents, see [40] and [8]. Let Λ ∈ E0

[ 1
x ,

d
dx

]
be a differential operator of order μ

with coefficients in E0
[ 1
x
]
, say Λ = 1

μ!
dμ
dxμ −

∑μ−1
j=0 γμj

1
j!

dj
dxj . We define λj , ρ, J and Λ̃ as in III 4; e.g.

γμj = λi
xδj
+ h.o.t., etc... We also write R(Λ) for the generic radius of solvability of the 𝜕-module

associated toΛ as in Chapter III.
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Proposition 2.5.6. One hasR(Λ) ≤ |p|
1

p−1 in each of the following cases:
i) ρ > 1 (irregular case) and |λj | ≥ 1 for all j ∈ J ,
ii) ρ = 1 (regular case) and at least one of the exponents ofΛ (at 0) is at distance ≥ 1 from Zp.

Proof. Let R(0, Λ̃) denote the greatest real number r ≤ 1 such that Λ̃ is solvable in A(0, r). By

Lemma III 4 and Hadamard’s formula, we have R(0, Λ̃) = min
j

(
1, lim
m→∞

��λm,j ��− 1
m

)
where λm,j are
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defined by γm,j =

λm,j
xρ(m−j) +h.o.t. as in loc. cit.; note that γm,j ∈ E0

[ 1
x
]
. By factoring out the possible

pole 0, we find ��γm,j �� = ���xρ(m−j)γm,j ��� = lim
r→1

sup
n≥ρ(j−m)

��γm,j,n�� rn+ρ(m−j) ≥ ��λm,j �� .
It follows that R(Λ) ≤ R(0, Λ̃). Hence it suffices to show that R(0, Λ̃) ≤ |p|

1
p−1 in both cases i)

and ii), which we shall treat separately.
Case i): Λ̃ is a constant coefficient differential operator and a basis of ker Λ̃ is xν exp αx where α

runs over the roots of the characteristic polynomial

xμ

μ!
−

∑
j∈J

λj
xj

j!

and ν = 0, 1, . . . , να with να = multiplicity of α. Because ρ > 1, J is nonempty and all |λj | are
bounded from below by 1 for j ∈ J . This implies that the absolute values of the roots α are
also bounded from below by 1. Since the radius of convergence of exp αx is |α|−1 |p|

1
p−1 , we get

R(0, Λ̃) ≤ |p|
1

p−1 as required.
Case ii): Now a basis of ker Λ̃ is (1 + x)α (log(1 + x))ν where α runs over the exponents of Λ̃ at

x = −1 (which are the exponents ofΛ at 0) and ν = 0, . . . , να with να =multiplicity of α. Since
at least one α is at distance≥ 1 fromZp, it follows that the nth coefficient (−1)

n

n! (−α)n of (1+ x)α
has absolute value |n!|−1 max (1, |α|n); hence the radius of convergence of (1+ x)α (log(1 + x))ν

is again ≤ |p|
1

p−1 , and it is plain to deduce thatR(0, Λ̃) ≤ |p|
1

p−1 .
□

3. Global radius of a 𝜕-module overK (x)

3.1. We now turn back to the arithmetic setting of Chapter I. In particular, K denotes a number
field, etc... To each finite place v ∈ Σf , we associate the ultrametric field kv = Cv which satisfies our
hypotheses; we have kv ⊃ Kv.

A 𝜕-moduleM over k(x) gives rise to a collection {Mv = M⊗K kv} of 𝜕-modules over kv (x).
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In order to point out the dependence on v, we shall add a subscript v to all objects defined in I–III
from kv,Mv. Since kv (x) ⊂ Ev, the generic radii of solvability are defined. Sometimes, we shorten
the notation R(Mv) into Rv, for some fixed M as above. When no confusion results, we shall
often write simply p instead of p(v) for the residue characteristic.

3.2. Remark For any polynomial g ∈ K [x]\{0}, we have |g |v = 1 for almost all v ∈ Σf ; this
carries over for any g ∈ K (x)\{0} and extends tomatrices: everyH ∈ GLμ (K (x)) satisfies ∥H ∥v =

H−1

v = 1 for almost all v ∈ Σf .
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3.3. With the convention 2.5.5, we may write∑
v∈Σ (K )

log+
1
Rv

for
∑
v∈Σf

log
1
Rv

.

In analogy with Chapter I, and following Bombieri [6], we define the global radius of a 𝜕-module
M overK (x) by the formula

ρ(M) ≔
∑

v∈Σ (K )
log+

1
Rv (M)

∈ [0,∞].

Let {mi}μ−1i=0 be aK (x)-basis ofM, and letG be the matrix which represents 𝜕 with respect to this
basis (in the sense of 2.1). Pushing further the analogy with Chapter I, we define a collection of
sequences of nonnegative real numbers:

hv,n (M, {mi}) =

0 if v ∈ Σ∞
1
n
log+max

m≤n





G[n]n!






v

if v ∈ Σf .

Let Xtv ∈ GLμ (A(t, Rv)) a solution of the system 𝜕X = GX with Xtv (tv) = I . By looking at the
coefficients of Xtv , one may write hv,n (M, {mi}) in the following manner, for v ∈ Σf :

3.3.1.
hv,n (M, {mi}) =

1
n
log+max

m≤n
i≤μ
j≤μ

��ijXtv,n ��v ,
where the subscript n refers to the nth coefficient at tv.
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Lemma 3.3.2. Onehas ρ(M) = ∑

v lim
n→∞

hv,n (M, {mi}); ρ(M) is invariant under finite extension
ofK .

Proof. Taking into account 2.5.2, the argument given in the proof of Lemma 1.4.1 of I carries over,
and yields log 1

Rv
= lim

n→∞
hv,n (M, {mi}). We leave the second assertion to the reader. □

Lemma 3.3.3. One has the following rules:
a) ρ(M) = ρ(M∗).
b) If there is an exact sequence 0→M′ →M→M′′ → 0, then

max
(
ρ(M′), ρ(M′′)

)
≤ ρ(M) ≤ ρ(M′ ⊕M′′) ≤ ρ(M′) + ρ(M′′).

c) For any positive integerN , ρ(M⊗N ) ≤ ρ(M).
d) ρ(detM) ≤ ρ(M).

Proof. a) and b) follow from Proposition 2.5.4; c) follows from the fact that a basis of solutions of
M⊗N intoA(t, R) is obtained from a basis of solutions ofM intoA(t, R) by taking products. A
similar argument involving the determinant yields d). □

For a differential system or equation L attached to a basis {mi} (resp. a cyclic basis) ofM, we
shall sometimes write ρ(L) instead of ρ(M); also, hv,n (L) for hv,n (M, {mi})...
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4. Size of a 𝜕-module

4.1. We carry on developing the analogy withChapter I; in the next two chapters, this will become
much more than a formal analogy (see also 5.4 below).

We define the size of a 𝜕-moduleM overK (x) by the formula:

σ (M) = lim
n→∞

∑
v∈Σ (K )

hv,n (M, {mi}).

Lemma 4.1.1. This definition does not depend on the choice of the basis {mi}, and is invariant
under finite extension ofK .

Proof. The second assertion is routine; let us prove the first one. According to III 2.4 a change of
basis is described by some H ∈ GLμ (K (x)) : Xtv = HX ′tv . We have remarked in 3.2 that ∥H ∥v =
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H−1

v = 1 for all but a finite number of places v, and supn ∥(H (x + tv))n∥ < ∞ for all v (since
rational functions are bounded analytic functions in the generic disk). Making use of formula 3.3.1,
it follows that hv,n (M, {m′i}) ≤ hv,n (M, {m′i}) +

cv
n for some constants cv which are 0 for almost

every v. This implies the independence of σ from {mi}. □

Lemma 4.1.2. The following inequalities hold:
a) σ (M′ ⊕M′′) ≤ σ (M′) + σ (M′′).
b) For any subquotientM′ ofM, σ (M′) ≤ σ (M).
c) For any positive integerN , σ (M⊗N ) ≤ σ (M) (1 + logN ).

Proof. a) is straightforward. For b) it suffices to note that if 0 →M′ →M →M′′ → 0 is an
exact sequence, a solution at tv of the associated differential system in a suitable basis can be written
in the shape

Xtv =
(
X ′′tv X0

tv
0 X ′tv

)
, with X ′′tv resp. X

′
tv corresponding to solutions ofM

′′ resp. M′.

Similarly a solution corresponding toM⊗N at tv can be written X⊗Ntv (symmetric powers); c) fol-
lows from an adaption of Shidlovskiĭ’s argument given in the proof of I, Lemma 1.4.3; details are
left to the reader. □

4.2. The example of polylogarithmic differential equations I 5.3 shows that one cannot expect an
equality like 3.3 b) for the size in the case of an arbitrary extension. Nevertheless the behaviour of σ
can be controlled.

Proposition 4.2.1. If there is an exact sequence 0→M′ →M→M′′ → 0, then

σ (M) ≤ 1 + 2σ (M′ ⊕M′′ ⊕M′′∗).

Proof. As said before, we may choose a suitable basis so that the representative matrix G, and a
solution Xtv at tv of 𝜕X = GX , look like:
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G =

(
G′′ G0

0 G′
)
, Xtv =

(
X ′′tv X0

tv
0 X ′tv

)
.

From the formula 𝜕X0
tv = G′′X0

tv+G0X ′tv , we deduce thatX
0
tv = X ′′tv

(∫ x
t X ′′−1tv

(
G0

x

)
X ′tv + A

)
, with

A ∈ Mμ (Ωv). Since we want that Xtv (tv) = I , we have to put A = I . For notational convenience,
we now omit the subscript tv. We get

ijXn =
∑
l1 ,l2 ,l3

∑
∑3
i=0 mi=n+1
m0≤n

1
m1 +m2 +m3

il1X
′′
m0 l1l2

(
X ′′−1

)
m1 l2l3

(
G0

x

)
m2

l3jX
′
m3 .
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But since l2l3
(
G0

x

)
∈ K (x) ⊂ Ev, we have�����l1l2 (

G0

x

)
m2

�����
v

≤




G0

x






tv
(1) =



G0


v ,

so that��ijXn��v ≤ |lcm(1, 2, . . . , n + 1) |−1v 

G0


v max

l1 ,l2 ,l3
ml1+ml2+ml3 ≤n+1

���il1X ′′ml1
l1l2

(
X ′′−1

)
ml1 ,l2

l3jX
′
ml3

���
v
.

By reordering il1X ′′, l1l2
(
X ′′−1

)
and l3jX ′ we may suppose thatml1 ≥ ml1 ,l2 ≥ ml3 , hence

ml1 +ml1 ,l2 +ml3 ≤
(
1 + 1

2
+ 1
3

)
(n + 1) < 2(n + 1).

We find, for the chosen bases onM,M′,M′′ and the dual one onM′′∗:

hv,n (M) < 2
(
n + 1
n

)
hv,n+1 (M′ ⊕M′′ ⊕M′′∗) + 1

n
log



G0


v +

1
n
log |lcm(1, . . . , n + 1) |−1v .

Because


G0




v = 1 for almost every v, and ∥G∥v < ∞ for all v,∑

v
hv,n (M) <

(
2 + 2

n

) ∑
v
hv,n+1 (M′ ⊕M′′ ⊕M′′∗) + 1

n
(
log lcm(1, . . . , n + 1) + const.

)
≤ 2

∑
v
hv,n+1 (M′ ⊕M′′ ⊕M′′∗) + 1 + o(n)

by the prime number theorem, and the required inequality follows. □ ��� p. 74
For a differential system or equation L, we allow the notation σ (L) for the size of the associated

𝜕-module overK (x).
Open question 4.2.2. It is easy to see that a trivial 𝜕-moduleM overK (x) has vanishing size; does
the converse statement hold?

5. G-operators (ρ(Λ) and σ (Λ))

5.1. Bombieri’s and Galočkin’s condition

LetM be a 𝜕-module of rank μ overK (x). The condition ρ(M) < ∞ can be restated as follows:
Bombieri’s condition:

∏
Rv > 0, see [6, 10].

It means that the generic radii of solvabilityRv cannot be too small.
Let us now consider the condition σ (M) < ∞; it corresponds, for the case of 𝜕-modules, to

the condition which defines G-functions. Let us choose some basis, so thatM is represented by
G ∈ Mμ (K (x)). Let U ∈ OK [x] denote a common denominator for the entries ijG of G. Then
σ (M) < ∞ can be written: there exists a constant C so that∏

v∈Σf
max
m≤n





UmG[m]
m!





 ≤ Cm.

This is clearly equivalent to:

Galočkin’s condition: The common denominator dn ∈ N of the coefficients of
UmG[m]

m!
for

m = 0, . . . , n is bounded above by a geometric progression in n, see [33][61].

5.2. Theorem The following inequalities hold: ρ(M) ≤ σ (M) ≤ ρ(M) + μ− 1; they imply the
equivalence of Bombieri’s and Galočkin’s condition1.

1E. Bombieri informed me that there is recent independent work of Chudnovsky in this direction.
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Proof. The second inequality is implicit in [6, 6] and uses the theorem of Dwork–Robba (see Ap-
pendix). Wepick a cosingularity a ofM inK , thenwemake the change of variable x ↦→ x−awhich
enables us to reduce to a differential equation according to III 3.2, and by x ↦→ x + awe go back to
the original variable; hence we have got a differential operator in K (x)

[ d
dx

]
which representsM,

��� p. 75
and the corresponding matrixG looks like:

©­­­­«
0 x 0. . .0 x
∗ ∗ · · · ∗

ª®®®®¬
.

Put {n, μ− 1}v ≔ max
{��l1, . . . , lμ−1��−1v : 0 < l1 < · · · < lμ−1 ≤ n; l1, . . . , lμ−1 ∈ N

}
. After Dwork–

Robba, we then have: 



G[n]n!






v
= max

i,j

���� ijG[n]n!

����
tv
(Rv) ≤ {n, μ − 1}vR−nv .

Hence hv,n ≤ 1
n log{n, μ − 1}v + log

1
Rv
. By summing over v ∈ Σf and taking lim over n, one gets

σ (M) ≤ ρ(M) + lim
n→∞

1
n

∑
v∈Σf

log{n, μ − 1}v.

Wemay simplify this inequality by noting that, thanks to our normalisations,

{n, μ − 1}v ≤ p
dv
d · (μ−1)

[
log n
log p

]
,

whence ∑
v |p

log{n, μ − 1}v ≤ (μ − 1) log p
∑
v |p

dv
d

[
log n
log p

]
= (μ − 1)(log p)vp (lcm(1, 2, . . . , n))

which implies ∑
v∈Σf

log{n, μ − 1}v ≤ (μ − 1) log lcm(1, 2, . . . , n),

and lim
n→∞

1
n
∑
v∈Σf log{n, μ − 1}v ≤ μ − 1 follows from the prime number theorem. For the other

inequality, let us recall that ρ(M) = ∑
v limv hv,n and σ (M) = lim

n

∑
n hv,n, with hv,n ≥ 0. By

Fatou’s lemma, it is enough to prove that limn hv,n exists for every v: indeed∑
v
lim
n
hv,n ≤ lim

n

∑
v
hv,n ≤ σ (M).

Let us put Γm =
x−mG[m]

m! and gv,m = 1
m log+ ∥Γm∥v, so that hv,n = maxm≤n m

n gv,m. Note that Γm
“represents” 1

m!
dm
dxm on a solution X of 𝜕X = GX ; let us look at 1

m!n!
dm+n
dxm+nX = 1

m!
dm
dxm (ΓnX ). By

Leibniz rule, the following identity holds true:(
m + n
n

)
Γm+n =

m∑
h=0

1
h!

(
dh

dxh
Γn

)
Γm−h,

which yields

(∗) (m + n)gv,m+n ≤ max
h≤m

(
hgv,h

)
+ ngv,n − log

����(m + nn

)����
v
.
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By induction, we get
��� p. 76

gv,hm ≤ max
l≤m

1
m
gv,1 −

h−1∑
l=1

1
hm

log
����(lm +mlm

)����
v
.

But we have

−
h−1∑
l=1

1
hm

log
����(lm +mlm

)����
v
=

1
m

(
h−1 log |hm!|−1v + log |m!|v

)
≤ dv

d
log p
(p − 1)pN

ifm ≥ pN for someN ∈ N. Another application of (∗) yields

gv,hm+n ≤ max
l≤n

1
hm

gv,l + gv,hm −
1

hm + n log
����(hm + nn

)����
v

for 0 ≤ n < m,

≤
(
1 + h−1

) [
max
l≤m

(
1
m
gv,l

)]
+ dv

d
log p

pN (p − 1) −
1

hm + n log
����(hm + nn

)����
v

≤
(
1 + h−1

) [
max
l≤m

(
1
m
gv,l

)
+ dv

d
log p

pN (p − 1)

]
,

whence
hv,n ≤

(
1 +

[ n
m

]−1) (
hv,m +

dv
d

log p
pN (p − 1)

)
, when n ≥ m ≥ pN .

It follows that the bounded set {hv,n}n≥0 has only one limit point in R, hence the sequence hv,n
converges. The proof of the theorem is now complete. □

Since these conditions appeared earlier independently in the literature, we are faced to the prob-
lem of choosing a terminology. I am not convinced by Bombieri’s proposal to call such differential
operators “of arithmetic type” [6, 10], and shall rather follow Debes’ terminology “G-operator”
[22].

Hencewe shall callG-operator any differential operator 𝜕−G or dμ
dxμ −

∑
γj d

μ

𝜕xj with finite global
radius (or equivalently finite size), with the following motivations: firstly, it stresses the link with
G-functions (see next chapters); secondly, it reminds Galočkin’s condition, and the typical geomet-
ric growth of denominators; thirdly, it will remind a tantalising conjecture of Dwork–Bombieri
according to which G-operators should come from geometry (in the sense of chap. II; see below V,
Appendix for a discussion).

Remark 5.2.1 (about the proof of 5.2). In §6 of next chapter, we give a new (independent) proof
of the implication ρ(M) < ∞ =⇒ σ (M) < ∞, which does not use Dwork–Robba theorem.
Anyway, the precise estimate σ (M) ≤ ρ(M) + μ − 1, which is best possible in general (look at
polylogarithms!), will not be needed.
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5.3. Katz’s theorem

The result of Katz which was mentioned in 2.5 may be stated as follows:

Theorem 5.3.1 (Katz). LetM be a 𝜕-module overK (x) such that ρ(M) < ∞. ThenM is Fuch-
sian with only rational exponents at every singularity in P1

Q
.

The term “Fuchsian” deserves an explanation: one claims the existence of aQ[[x − s]]-lattice in
M ⊗ Q((x − s)) stable under (x − s) d

d(x−s) for any s ∈ P1Q; see also III appendix for an equivalence
statement (the equivalence is classical, see e.g. [25]).
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Proof. Let us first remark that
∏
Rv > 0 implies thatRv > |p|

1
p−1 if v | p for any p in some setP1 of

prime numbers which has Dirichlet density 1. Indeed, denoting by P0 the complement of P1, we
have ∏

v |p∈P0

Rv > 0 =⇒
∑
p∈P0

log p
p − 1 < ∞ =⇒

∑
p∈P0

1
p
< ∞ =⇒ densityP0 = 0.

We reduce to a differential equation according to 3.2, cf. the discussion in the proof of the previous
theorem; hence we have got a differential operator Λ in K (x)

[ d
dx

]
which representsM. We add

to P0 the finite number of primes p such that |λj |v < 1 for some v | p and some j ∈ J , where
λj ∈ K\{0} has the same meaning as in III 4 or IV 3. Let us remark that the statement we want to
prove is invariant under finite extension of K , hence we may and shall assume that SingΛ ⊂ P1K .
Once again, one adds toP0 the finite number of primes p such that |s1 |v > 1 or |s1−s2 |v < 1 for some
v | p and some s1 ≠ s2 ∈ SingΛ\{0}. Then for any v | p ∈ P1, any s ∈ SingΛ, and any generic
point tv in some extension Ωv of kv, tv + s remains a generic point (as usual, we set tv ± ∞ = 1

tv ).
Hence the change of variable x ↦→ x − s does not modifyRv, and it suffices to prove the statement
for s = 0. Now by construction of P1, we have for any v | p ∈ P1: Λ ∈ E0v

[ 1
x ,

d
dx

]
, |λj |v ≥ 1

for j ∈ J , Rv > |p|
1

p−1
v . Proposition 2.5.6 applies: case i) cannot occur, so that 0 is a logarithmic

singularity (ord0 γμ,j ≥ j − μ); case ii) cannot occur, so that the reduction mod. v of the exponents
at 0 belong to Fp. Since densityP1 = 1 > 1

2 , Chebotarev’s theorem tells us that the exponentsmust
��� p. 78

belong toQ. □

Remark 5.3.2. This proof shows that we could replace the condition
∏
Rv > 0 by the weaker one:

for a set of primes p of density > 1
2 , v | p =⇒ Rv > |p|

1
p−1
v .

5.4. Cosingularities of G-operators

In this subsection we give a corollary of the part of Katz’s theorem which concerns the Fuchsian
property. Let us make some comments on this property.

i) LetG represent a Fuchsian 𝜕-moduleMoverK (x). Hence for every s ∈ P1
Q
there existsHs ∈

GLμ
(
Q((x − s))

)
such that (x − s)Hs [G] ∈ Mμ

(
Q[[x − s]]

)
(with the usual convention

x − ∞ = 1
x ). By truncating Hs at sufficiently high order N in x − s, one still has (x −

s)Hs,≤N [G] ∈ Mμ

(
Q[[x − s]]

)
, but also Hs,≤N [G] ∈ Mμ

(
Q(x)

)
. This means that for

every s ∈ P1
Q
there exists aQ[x]-lattice inMQ stable under (x − s)

d
d(x−s) .

ii) Let us denote by SinL ⊂ Q the set of nonapparent finite singularities of any differential
operator L = 𝜕 − G over K (x); let qSin, resp. qa cos, stand for the product

∏(x − ζ )
extended over all elements of SinL, resp. over all apparent finite singularities (which are
certain cosingularities, see III 3.2). We put Γm = x−m G[m]

m! . The classical theory of logar-
ithmic singularities tells us that ifM is Fuchsian, then there exists some integer b such that
qba cosqm+bSin Γm ∈ Mμ

(
Q[x]

)
, and ord0

( 1
xmG[m]

( 1
x
) )
≥ −m − b (condition at∞), see e.g.

[25, II 1]. The second assertionmay be restricted as: deg
(
qba cosqm+bSin Γm

)
≤ (|SinL| − 1)m+c

for some integer c independent ofm.
iii) Let ξ ∈ K be a cosingularity of a scalar Fuchsian differential operator Λ. By change of

variable x ↦→ x − ξ , we may assume that ξ = 0, and write Λ in the standard form

𝜕 − G, with G =

©­­­­«
0 1 0

. . .
1

∗ ∗ · · · ∗

ª®®®®¬
, see III, Remark 3.2.2. Because Λ is scalar and Fuchsian,

G ∈ Mμ (K [[x]]). On the other hand, taking into account notations III 1, the fact that 0 is
��� p. 79
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a cosingularity implies that xC = X−1Y ∈ GLμ
(
Q((x))

)
. HenceC is diagonalisable with in-

teger eigenvalues. By shearing along the lines of III 3.1, we get amatrixH sh ∈ GLμ
(
K

[
x, 1x

] )
such thatH sh [G] (0) = 0, i.e. 0 is an ordinary point. We turn back to the original variable
by the change x ↦→ x + ξ , and get a differential system 𝜕 − G′ which represents the same
𝜕-module asΛ, and has the same set of singularities, except for ξ which disappears.

Proposition 5.4.1. LetΛ be a scalar G-operator, and let ξ be a cosingularity ofΛ.
Then any y ∈ K ((x − ξ )) annihilated byΛ satisfies

ρ(y(x + ξ )) ≤ ρ(Λ) + (|SinΛ| − 1)hf (ξ ) +
∑

ζ ∈SinΛ

(
hf (ζ ) + h(ζ − ξ )

)
≤ κ1h(ξ ) + κ2 + ρ(Λ),

where κ1 = 2|SinΛ| − 1 and κ2 = |SinΛ| log 2 + 2
∑
ζ ∈SinΛ h(ζ ).

Furthermore, one can replace the global radius by the size in these inequalities, which also ex-
tend to the case of a general G-operator 𝜕 − G if ξ is an apparent singularity. The constants κ1 and
κ2 are invariant under taking symmetric powers.

This improves on a result of Bombieri [6, Lemma 17] (and corrects a misprint there: there
should be a factor 2 before

∑
h(ζ )).

Proof. Remind that ρ(Λ) and σ (Λ) are invariants of the associatedK (x) [𝜕]-module; on the other
side it is plain to check that for any H ∈ Mμ

(
k
[
x, 1x

] )
and Y ∈ k((x))μ, one has ρ(HY ) ≤ ρ(Y )

and σ (HY ) ≤ σ (Y ).
Hence, in the statement one may replace Λ by the G-operator 𝜕 − G′ constructed in remark

iii) above, which has same set Sin, and for which 0 is ordinary. When ξ is an apparent singularity,
the case of a general G-operator of the shape 𝜕 −G can be dealt with along similar lines: a trick due
to Birkhoff–Christol (see next chapter, §1) allows to transform the apparent singularity ξ into an
ordinary point bymeans of a matrix inGLμ

(
Kv

[
x − ξ, 1

x−ξ

] )
. Since all invariants are not changed

by any finite extension of K , we may and shall start from L = 𝜕 − G such that ξ is an ordinary
��� p. 80

point, and such that polG ⊂ K . We have to compare hv,n (y) = 1
n log

+maxm≤n ∥Γm (ξ )∥v and
hv,n (L) = 1

n log
+maxm≤n ∥Γm (tv)∥v, with the notation of remark ii) above.

Since the entries of qba cosqm+bSin Γm are polynomials of degree ≤ (|SinL| − 1)m + c, for some b, c
independent ofm, one has the bound


qba cos(ξ )qm+bSin (ξ )Γm (ξ )





v
≤




qba cos(tv)qm+bSin (tv)Γm (tv)




v
max (1, |ξ |v) ( |SinL |−1)m+c ,

hence (for v ∈ Σf ):

hv,n (y) ≤
(
|SinL| − 1 + c

n

)
log+ |ξ |v +

(
1 + b

n

) ∑
ζ ∈SinL

log+ |tv − ζ |v

+ b
n

∑
ζ ∈pol Γ1
ζ∉SinL

log+ |tv − ζ |v +
(
1 + b

n

) ∑
ζ ∈SinL

log+
1

|ξ − ζ |v

+ b
n

∑
ζ ∈pol Γ1
ζ∉SinL

log+
1

|ξ − ζ |v
+ hv,n (L).

Note that log+ |tv − ζ |v = log+ |ζ |v for algebraic ζ . Now we have ρ(y) = ρ∞ (y) + ρf (y) and
σ (y) ≤ ρ∞ (y) + σf (y), and ρ∞ (y) =

∑
ζ ∈SinL

∑
v∈Σ∞

log+
1

|ξ − ζ |v
.
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Using the formulae which relate ρf (y), σf (y), ρ(L) and σ (L) to the hv,n’s, we reach at last the
first required estimate in the proposition. The second one follows, since

h
(

1
ξ − ζ

)
= h(ξ − ζ ) ≤ log 2 + h(ξ ) + h(ζ ).

The invariance of κ1 and κ2 under taking ⊗N is left to the reader. □

The study of solutions at singular points which are not cosingularities requires deeper tech-
niques and will be the main aim of the next chapter.

5.5. Duality

In this last subsection, we give another corollary of Katz’s theorem, where exponents come into
play.

Proposition 5.5.1. LetM be a 𝜕-module of rank μ over K (x). Then for the dual moduleM∗,
σ (M∗) ≤ σ (M)

(
1 + log

(
μ − 1

) )
. ��� p. 81

Proof. We may assume that σ (M) < ∞, whence ρ(M) < ∞ by Theorem 5.2, and then
ρ(detM) < ∞ (Lemma 3.3.3 d)). Let us choose a basis {mi} ofM, whence a differential oper-
ator 𝜕 − G, and let Xtv be a solution inGLμ (A(tv, Rv)), normalised by Xtv (tv) = I . We have

hv,n (M∗, {m∗i }) =
1
n
log+max

m≤n




(tX−1tv
)
m





v

≤ 1
n
log+max

m≤n




(X⊗μ−1tv

)
m





v
+ 1
n
log+max

m≤n

��� (detX−1tv
)
m

���
v
.

Note that (detM,Λmi) is represented by 𝜕 − trG, which annihilates detXtv . By Katz’s theorem,
𝜕 − trG is Fuchsian with rational exponents αs = Ress trG (s ∈ polG), α0 = detG(0); by Fuchs’
condition, trG =

∑ αs
x−s + α0, so that

detXtv =
(
(x − tv)

tv
+ 1

)α0 ∏
s∈polG

(
1 − (x − tv)

s − tv

)αs
.

Let V ⊂ Σf be the finite set of places v such that one of the quantities |α0 |v, |s|v, |αs |v is ≠ 1 (since
the proposition is invariant under finite extension ofK , we have assumed that the poles s belong to
K). Then for any v ∉ V , we can see on the expansion of the algebraic function detXtv at tv that

1 =
��detXtv �� = ��detXtv (tv)�� = ��detX−1tv

�� .
Using once again Shidlovskiĭ’s reordering trick, one finds

(∗) hv,n (M∗, {m∗i }) ≤ hv,n (M, {mi})
(
1 + log

(
μ − 1

) )
.

On the other hand, we have shown (in the course of proving Theorem 5.2) that limn hv,n does exist.
This implies the following equality, sinceV is a finite set:

σ (M∗) =
∑
v∈V

lim
n
hv,n (M∗, {m∗i }) + limn

∑
v∈Σf \V

hv,n (M∗, {m∗i })

=
∑
v∈V

log
1

Rv (M∗) + limn
∑

v∈Σf \V
hv,n (M∗, {m∗i }).

A similar equality holds for σ (M) as well, and we haveRv (M) = Rv (M∗) (Prop. 2.5.4). Putting
together this and (∗), we find the required inequality. □
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5.6. Size and local monodromy ��� p. 82
The last part of Katz’s theorem may be interpreted as asserting that all local monodromies of a
G-operator are quasiunipotent; indeed, the eigenvalues of the local monodromy T at some point
s ∈ P1

Q
are the exponentials of the exponents x2iπ. Nowwe are going on relating (partially) the size

to the level of quasiunipotency, that is, the minimal positive integer ℓ such that (T n − I)ℓ = 0 for
n ≫ 0. LetM denote a 𝜕-module overK (x).

Proposition 5.6.1. If σ (M) < ρ(M) + 1 < ∞, then all local monodromies ofM are finite.

Since σ (M) < ∞,M belongs to the Fuchsian class. Let us choose a suitable basis ofM in
which the connection is expressed by a matrix G ∈ Mμ

(
K [x] (x)

)
. We put L = 𝜕 − G, and we let

N denote the nilpotent part in the additive Jordan decomposition ofG(0): G(0) = D+N ;D has
only rational eigenvalues. The proposition will be derived from the following one:

Proposition 5.6.2. IfN ≠ 0, then for anym > 0, lim
n

∑
p(v)>m

hv,n (L) ≥ 1.

In order to recover Proposition 5.6.1, it suffices to show that σ (M) < ρ(M) + 1 implies that
lim
n

∑
p(v)>m hv,n (L′) < 1 for some suitablem and any differential operator L′ obtained from L by

change of variable x ↦→ x − ζ, ζ ∈ SingL (possibly∞). This follows from the following lemma, in
which [ii) n = −1] is used to handle the case ζ = ∞, and the following argument:

Since ρ(M) =
∑
v∈Σf limn hv,n (L) < ∞, one still has σ (M) − ∑

p(v)≤m lim
n
hv,n (L) < 1

for sufficiently large m. But we have seen in the proof of Theorem 5.2 that for every v ∈ Σf ,
(hv,n (L)) has a limit; hence σ (M) ≤ lim

n

∑
p(v)>m hv,n (L) +

∑
p(v)≤m limn hv,n (L), and we obtain

lim
n

∑
p(v)>n hv,n (L) < 1. ��� p. 83

Lemma 5.6.3. Let L′ denote the differential operator obtained from L after either of the following
changes of variable

i) x ↦→ x − ζ , |ζv | ≤ 1,
ii) x ↦→ xk, for a nonzero integer k.

Then hv,n (L′) ≤ hv,n (L) for any n ∈ N.

Proof. In case i), this follows from the easy formula G′[n] =
(

x
x−ζ

)n
G[n] (x − ζ ). For case ii), one

considers the complete solution analytic at tk (which is another generic point), sayX , which satisfies
X (tk) = I ; one has the following expansions:

X (xk) =
∑ G[n]

(
tk
)

n!tkn
(
xk − tk

)n
=

∑ G[n]
(
tk
)

n!tkn
(x − t)n

(
(x − t)k−1 + · · · + ktk−1

)n
=

∑ G′[n] (t)
n!tn

(x − t)n,

whence the result. □

Proof of Proposition 5.6.2. Assume that N ≠ 0 and consider lim
n

∑
p(v)>m hv,n (L) for m ≫ 0. By

changing the variable x ↦→ xk for k = common denominator of the eigenvalues of D, and then
shearing, one may assume that D = −I ; here one uses the previous lemma ii), and the fact that a
rational transformation 𝜕 −G ↦→ 𝜕 −H [G] does not affect hv,n for almost every v. Moreover, one
may assume thatm is large enough so that the poles ofG are v-adic units inCv, and that ∥N ∥v = 1
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if p(v) > m. In this situation, we have

hv,n (L) =
1
n
logmax

ℓ≤n





G[ℓ ]ℓ ! 




v

≥ 1
n
logmax

ℓ≤n





G[ℓ ] (0)ℓ !






v

=
1
n
logmax

ℓ≤n





(N − In

)




v
,

hence ∑
p(v)≥m

hv,n (L) ≥
1
n

∑
p≥m

logmax
ℓ≤n

�����∑
k≤ℓ

1
k

�����
p

because
��� p. 84(

N − I
n

)
=

n∑
j=0
(−1)n−j

∑
k1<· · ·<kj≤ℓ

(k1 · · · kj)−1N j ,

and the nonzero powers ofN are linearly independent. Butmaxℓ≤n
��∑

k≤ℓ
1
k

��
p = maxℓ≤n

�� 1
ℓ

��
p, and

we obtain at last ∑
p(v)≥m

hv,n (L) ≥
1
n
log lcm(2, 3, . . . , n) −m

log n
n

.

We conclude by invoking once again the prime number theorem. □

Remark 5.6.4. One gets nothing more in considering the coefficient of other powers ofN .

Open problems 5.6.5. Is σ (M) − ρ(M) always an integer? May one interpret it in terms of
v-curvatures (see ex.4 below)? Note however that the order of nilpotency of v-curvatures grows
linearly when M is replaced by its successive symmetric powers, while σ (M) − ρ(M) grows at
most in logarithmic rate.

Also, on paraphrasing Grothendieck’s conjecture, does the equality σ (M) = ρ(M) imply
thatM is solvable by means of algebraic functions over K (x) ? (This can be checked whenM is
“solvable by quadratures” using methods of Chapter VIII).

Exercises

1) Prove the statements asserted in remark ii) of 5.4.
2) Let Λ be an element of A1 (OK ) = OK

[
x, d

dx
]
. Remark that the residue field of OK at v

is contained in Fpdv . The v-curvature of Λ, say ψv (Λ), is by definition the image of dp
dxp in

A1

(
Fpdv

)/
A1

(
Fpdv

)
Λ. Compare ψv to the differential polynomial denoted by Λp in III

4. Show that left multiplication by ψv in A1

(
Fpdv

)/
A1

(
Fpdv

)
Λ is an endomorphism of

A1

(
Fpdv

)
-module.

3) (Cartier) Assume that the order of Λ does not decrease by specialising mod. v. Show that
Λ is solvable in Fpdv [[x]] iff ψv = 0. Show that ψv is nilpotent iff Λ ⊗ 1 (in A1

(
Fpdv

)
=

��� p. 85
A1 (OK ) ⊗ Fpdv ) can be expressed as a product ofΛi’s which are solvable in Fpdv [[x]].

4) LetG ∈ Mμ (K (x)) such that ∥G∥v ≤ 1. IfG arises from a differential equation as in III 3.2,
show that ψv = 0 iff



G[p]

v < 1, and that ψv is nilpotent iff


G[pn]

v < 1 for some n. In the

general case, show that the following statements are equivalent:
i)



G[pn]

v < 1 for some n,
ii)



G[n]

v < 1 for every n ≥ pμ,
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iii) Rv (𝜕 − G) > |p|
1

p−1 .
5) Give an example of a differential operatorΛwhich has vanishing p-curvature infinitelymany

times exactly on a set of primes of density 0. (Hint: consider an elliptic curve E over Q
without complex multiplication. Take for Λ the rank two differential operator which kills
the “logarithm” of E, and show thatΛmod p has a full set of solutions in Fp [[x]] if and only
if E has supersingular reduction at p).

6) Let Λ be a G-operator. Show that if |SinΛ| < 2, say SinΛ ⊂ {1}, then Λ is (completely)
solvable in terms of polynomials in L1 =

∑ xn
n and (1 − x)r , r ∈ Q (Hint: use the fact that

π1
(
P1\two points

)
is a cyclic group, and see ex.8 (?) of Chapter I).

Appendix: outline of a theorem of Dwork–Robba

This is a deep refinement of Dwork–Frobenius lemma. As explained before, this result is not logic-
ally necessary in the present book, se we shall be very brief; see [28] and [6] for more details.
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Theorem 6.0.1. Let

Λ =
1
μ!

dμ

dxμ
−

μ−1∑
j=0

γj
1
j!

dj

dxj

be a differential operator with coefficients γj ∈M(a, r). Assume that the kernel of Λ inM(a, r)
is of dimension μ, and defineΛm as in III 4:

Λm =
1
m!

dm

dxm
−

μ−1∑
j=0

γm,j
1
j!

dj

dxj
∈M(a, r)

[
d
dx

]
Λ.

Then we have ���� 1j!γm,j ����a (r) ≤ {m, μ − 1}rj−m, for everym ≥ 0 and 0 ≤ j ≤ μ − 1,

with {m, μ−1} = sup |l1, . . . , lμ−1 |−1 (where the sup is over all sets of μ−1 distinct integers bounded
bym).

Outline of proof. It is enough to handle the case a = 0, r = 1. Let us consider a Frobenius factor-
isation as in 2.1. In order to shorten notation, we setD = d

dx , andD
−1 for its formal inverse.

The proof is based on the following formula, which is checked by induction using Leibniz rule:

(∗) 1
m!

Dmyk =
k∑
j=0

bm,j (v0, . . . , vj)D−1vj+1D−1 · · ·D−1vk,

with

bm,j (v0, . . . , vj) =
∑ Dl0v0

l0!
· · · D

lj vj

lj !
1

(1 + lj) (2 + lj + lj−1) · · · (j + lj + · · · + l1)

where
∑

runs over all li ≥ 0 such that j + lj + · · · + l0 = m. Using 1.5.1 one finds��(v0 · · · vj)−1�� ��bm,j ��0 (1) ≤ {m, j}. On the other hand, we have yk = v0D−1v1D−1 · · ·D−1vk, and
1
m!D

nyk =
∑μ−1
j=0 γm,j

1
j!D

jyk. By putting this into (∗), we find

k∑
j=0

bm,jD−1vj+1D−1 · · ·D−1vk =
k∑
j=0

(μ−1∑
h=0

γm,hbh,j

)
D−1vj+1D−1 · · ·D−1vk for j, k = 0, . . . , μ−1,
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which yields bm,j =
∑μ−1
h≥j γm,hbh,j for j = 0, . . . , μ − 1. Dividing both sides by v0, . . . , vj , one may

deduce (using (v0, . . . , vj)−1bj,j = 1
j! ):���� 1j!γm,j ����0 (1) =

������(v0, . . . , vj)−1 ©­«bm,j −
μ−1∑
h=j+1

γm,hbh,j
ª®¬
������
0

(1)

≤ max
(
{m, j},

��γm,h��0 (1){h, j} for h = j + 1, . . . , μ − 1
)

≤ {m, μ − 1},

the last step coming by descending induction on
��� 1j!γm,j ���0 (1). □



Chapter V Local methods

1. Resolution of apparent singularities ��� p. 87
We come back to the general p-adic setting of IV 1, 2. Thus k denotes an algebraically closed field of
characteristic 0 complete under an ultrametric absolute value | | with residue field of characteristic
p > 0, E0 stands for the complete ring of analytic elements inD(0, 1), E00 = E0 ⊗k[x] k[x] (x) , etc...

Let us consider a matrixG ∈ Mμ (E00) such that the differential system (1) 𝜕X = GX has only
apparent singularities inD(0, 1)\{0}. This means that for any a ∈ D(0, 1)\{0}, there exists some
ra > 0 and some matrix Xa ∈ Mμ (A(a, ra)) of rank μ which satisfies (1). The following trick due
to Birkhoff–Christol [13, 8.2] allows to get rid of the apparent singularities (= poles ofG inD(0, 1))
in an effective way. It follows from (1) that these singularities (in finite number) correspond to
the set of a ∈ D(0, 1)\{0} such that orda detXa > 0, i.e. the set of zeroes of the Wronskian
determinant. For such a zero, say a, of detXa, there exists a linear dependence relation over k, say∑
bj ijXa (a) = 0, i = 1, . . . , μ, between the columns of Xa; denoting by ia an index such that��bia �� = max |bi |, one may suppose in addition that bia = 1. Let us denote byHa the μ × μmatrix:
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Ha =

©­­­­­­­­­­­«

1 0. . .0 1
−b1 · · · −bia−1 x − a −bia+1 · · · −bμ

1 0. . .0 1

ª®®®®®®®®®®®¬
so that iaia (Ha) = x − a, and

H−1a =

©­­­­­­­­­­­­«

1 0. . .0 1
b1
x−a · · · bia−1

x−a
1

x−a
bia+1
x−a · · · bμ

x−a
1 0. . .0 1

ª®®®®®®®®®®®®¬
←− row ia.

Hence Ha ∈ GLμ
(
k[x − a, 1

x−a ]
)
. Moreover, the relation between columns of Xa show that

X ′a ≔ H−1a Xa still belongs toMμ (A(a, ra)), and orda detX ′a = orda detXa − 1. By multiply-
ing such matrices Ha, i.e. by setting H res =

∏
Ha where the product extends over all zeroes

of “the” Wronskian determinant (counted with multiplicity), one can reach the situation where
(H res)−1 Xa ∈ GLμ (A(a, ra)) for any a ∈ D(0, 1)\{0}; henceH [G] has no pole at all inD(0, 1).
Using the explicit form ofHa andmaking use of IV, Remark 2.2.1, we see that the following lemma
holds true.

Lemma 1.0.1. Let G ∈ Mμ (E00) such that the nonzero singularities of the system 𝜕X = GX in
D(0, 1) are apparent ones. Then there existsH res ∈ Mμ (k[x]) ∩ GLμ

(
k[x] (x)

)
such that ��� p. 89

a) H res [G] ∈ Mμ (E0).
b) ∥H res∥ =



H res−1

 = 1.
c) ∥H res [G] ∥ ≤ max (1, ∥G∥).

58
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d) H res (0) ∈ GLμ (k).

Proof. Straightforward, from what precedes. □

Remark 1.0.2. We shall sometimes encounter the dual situation, where G ∈ Mμ (E00) and the
nonzero singularities of 𝜕 + tG are apparent. We then construct H res∗ corresponding to the res-
olution of apparent singularities for this dual system, and we set H cores ≔ t (H res∗)−1. Thus
H cores ∈ GLμ (E00), H cores−1 ∈ Mμ (E0) and H cores [G] ∈ Mμ (E0). Moreover the properties
b) c) d) carry over forH cores. Let us also note that they imply



H cores−1 (0)


 ≤ 1.

Remark 1.0.3. WhenG ∈ Mμ

(
Q(x)

)
, forK a number field, a similar constructionworks globally,

using the embeddingQ(x) ⊂ Q((x − a)); one getsH res ∈ GLμ
(
Q(x)

)
.

2. Analytic Frobenius functor

2.1. At this point, the reader should remember the setting of III 5; we considered there a functor
ϕ on 𝜕-modules which consists essentially in making the change of variable x ↦→ xp (and twisting
the “coefficients” by an automorphism ϕ of k). We were looking for an inverse, and found the
functorΞwhich inverts ϕ up to some twists

[
i
p

]
if the base ringA is a free ϕ(A)-module generated

by 1, x, . . . , xp−1. Here we shall specialise this setting by choosing A = E0, E00 or else E, and p =
residual characteristic. We assume in addition to the previous hypotheses on k that:

2.1.1. There exists a continuous automorphism of k, denoted by ϕ, whose restriction to the Witt
ring of the residual field is the Frobenius automorphism (see [53, II 6]).

Note that ϕ is necessarily an isometry. One can check that 2.1.1 (without the hypothesis that
��� p. 90

k is algebraically closed) is stable under finite extension of k; hence it holds for Qp, and therefore
for Cp as well (by continuity). The endomorphism ϕ on k[x], defined by ϕ(f ) = f ϕ (xp), extends
to an isometry of (k(x), | |), and of E henceforth by (uniform) continuity. For any G ∈ Mμ (E),

Gϕ



 = ∥G∥; hence ϕ is injective inMμ (E). Also, formula (27) of III 5 goes through. On k[[x]],
radii of convergence behave well under ϕ: R(f ) = R(ϕ(f ))p.

Lemma 2.1.2. For A = E0, E00 or E, A is a free ϕ(A)-module generated by 1, x, . . . , xp−1.

Proof. This would be quite clear for A = k(x); this means that k(x) ⊂ k((x)) is stable under the
mappings ψi :

∑
fnxn ↦→

∑
f ϕ
−1

i+npx
n. From (29): f =

∑p−1
i=0 x

iϕψif , it follows that
i) ψi

(
k[x] (x)

)
⊂ k[x] (x) (clear), and

ii) ψ is a contraction of (k(x), | |). Indeed, let f be a nonzero rational function. Since ψif are
also rational functions, not all 0, the existence of a ∈ k such that |a| =

(
maxi=0,...,p−1

��ψif ��)−1
is clear from the very definition of the Gauss absolute value.

Replacing f by aϕf (making use of the formulaeψi (aϕf ) = aψi (f ) and |a| = |aϕ |), we are reduced
to prove that |f | = 1 if max

��ψif �� = 1. But this follows from (29) modulo the valuation ideal of
(k(x), | |). By uniform continuity, the maps ψi extend to the completion E of k(x), thus proving
the lemma forA = E. On the other hand, one checks readily on the definition ofψi that thesemaps
stabilise the subringA(0, 1) of k((x)) (using Hadamard’s formula). This stability, combined with
point ii), yields ψi (E0) ⊂ E0, thus proving the lemma for A = E0 ; combining further with point
i), and reminding that E00 = E0 ⊗k[x] k[x] (x) , we get the required assertion for A = E00. □
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2.2. Lemma LetN be a 𝜕-module over E0, solvable inA(tp, |p|). Then its exponents αi (at 0, see
III 2.3) satisfy |αi | < |p|−1.
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Proof. Let F be a representative matrix inMμ (E0) forN ; by conjugating by a constant invertible
matrix, we may assume that F (0) is triangular. Using III (9), one gets



F (n)n!





 ≥ 



F (n) (0)n!





 = 



(F (0)n )



 ≥ (max |αi |)n |n!|−1

ifmax |αi | > 1, hence

max |αi | ≤ lim
n→∞
|n!| 1n





F (n)n!





 1
n

≤ |p|
1

p−1 · R(N )−1 < |p|−1.

□

2.3. Until the end of §4, we shall fix a real numberR satisfying

2.3.1. |p|
1
p < R ≤ 1.

Remember the functor ϕa is defined using the semilinear change of variable ϕa : x − a ↦→
(x − a)p, so that ϕa (x) = (x − a)p + aϕ. We have set ϕ ≔ ϕ0. Note the obvious implication
aϕ = ap =⇒ |a| = 1 or a = 0. The particular choice we have made for ϕ is justified by the next
lemma.

Lemma 2.3.2 (Christol). Let a ∈ k such that aϕ = ap. LetN be a 𝜕-module over Eaa solvable in
A(tp, Rp) (and hence inA(a, r) for some r > 0). ThenN ϕa ⊗ E ≃ (N ⊗ E)ϕ.

Proof. We may assume that a ≠ 0. Let F ∈ Mμ (Eaa) be a representative matrix for N , and let
X ∈ GLμ (A(a, r)) a solution of 𝜕X = FX with X (a) = I ; such a solution exists for r small
enough (e.g. r = ∥F ∥ |p|

1
p−1 ) because a is an ordinary point for this differential system: it is given

by

X =
∑
n≥0

F[n]
n!
(a) (x − a)

n

an
, X−1 =

∑
n≥0

t
(
− (tF ) [n]

)
n!

(a) (x − a)
n

an
.

Let us put Xϕa = HXϕ, so that

H = Xϕ (
(x − a)p + aϕ

)
Xϕ (

xp
)−1 = ∑

n≥0

F[n]ϕ

n!
[(x − a)p + aϕ − xp]n

xpn
.

(Since aϕ = ap, we get H ∈ Mμ (A(ap, r)).) In fact (x − a)p + aϕ − xp = pxf with f ∈ k[x],
|f | ≤ |a| = 1. Thus the general term of the series which expressesH may be written
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hn ≔

F[n] (x)ϕ

n!

(
pxf
xp

)n
, with hn ∈ Mμ (E);

∥hn∥ ≤
(



F[n]n! 



 1

n

|p|
)n
→ 0 sinceRp > |p|.

Because E is complete, we getH ∈ Mμ (E). Using duality, we may write down a similar expansion
forH−1, which yields finallyH ∈ GLμ (E). This establishes the required isomorphism. □
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2.4. Lemma LetN be a 𝜕-module over E solvable in A(tp, Rp). ThenM = N ϕ is solvable in
A(t, R).

Proof. Since Rp > |p|, we have |xp − tp | > Rp =⇒ |xp − tp | = |x − t |p. The lemma follows at
once. □

3. Inversion of the Frobenius functor

3.1. The aimof this paragraph is to describe a subfunctorψ of theChristol functorΞ, which inverts
(up to ⊗E00) the Frobenius functor ϕ restricted to normalised E0 [𝜕]-modules, solvable inA(t, R).
This construction, due again to G. Christol [13][14], consists essentially in finding a change of basis
such that the new system is expressed in the variable xp. Unfortunately the results of Christol were
not cast in sufficient generality for our purposes (he handles only the case R = 1). The new fea-
tures of the “general” case R > |p|

1
p are described by the occurrence of apparent singularities, and

Theorem 3.5 below.

3.2. LetM be a 𝜕-module over E0 solvable inA(t, R), and let G ∈ Mμ (E0) be a representative
matrix. Since R > |p|

1
p−1 , we have



G[n]

 → 0. Following Christol, we introduce the following
matrix:

3.2.1. H ≔
1
p

∑
n≥0

(ξ − 1)n
n!

G[n] .

Since 1
p
∑
ξ p=1

(ξ−1)n
n! ∈ Zp for every integer n, H belongs to the Banach algebra Mμ (E0).

Moreover, Proposition 2.3.1 of Chapter IV (applied for a = t, r → 1) yields the bound

3.2.2. ∥H ∥ ≤ max
(
1, ∥G∥μ−1

)
. ��� p. 93

3.3. Wemake in addition the following hypothesis:

3.3.1. The exponents ofM belong to pZp and satisfy condition (4) of ch. III (i.e.M is normalised).

Using III, formula (10), we get

HYG =
1
p

∑
ξ p=1

∑
n≥0

∑
m≥0

Ym
(
G(0) +m

n

)
xm (ξ − 1)n

=
∑
m≥0

Ymxm
∑
ξ p=1

1
p
ξm+G (0)

=
∑

Ympxmp because of 3.3.1

= (ψ0YG)ϕ.

A fortioriH (0) = I , whence the existence ofH inv ≔ H−1 inMμ (E00). Let us set

3.3.2. F ≔

(
𝜕 (ψ0YG) +

1
p
(ψ0YG)G(0)ϕ−1

)
(ψ0YG)−1 ∈ Mμ (k[[x]]).

We get:

3.3.3. a) H inv ∈ Mμ (E00),
(
H inv)−1 ∈ Mμ (E0), H inv (0) = I ,

b) H inv [G] = pF ϕ, and the nonzero singularities of 𝜕 − pF ϕ are apparent,
c) F (0) = 1

pG(0)ϕ
−1 ,
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d) YF = ψ0YG ,
e) F ∈ Mμ (E00), and the nonzero singularities of 𝜕 − F are apparent.
Indeed a) and d) are clear, and d) =⇒ YF ϕ = HYG =⇒ b) =⇒ c). It remains to prove

e). By b), we know that F ϕ lies in the subring E00 of k[[x]], and thanks to Lemma 2.1.2, it follows
that F =

(
F ϕ

)ψ0 ∈ Mμ (E00) too. Let ap denote a possible pole of F , and let θa be the function
x ↦→ a

(
1 + x

ap
) 1
p which is analytic inD

(
ap, |p|

p
p−1

)
; let Xaϕ be a solution of 𝜕X = pF ϕX , analytic

at aϕ; then the matrix X ′ap = (Xaϕ )
ϕ−1 ◦ θa (x − ap) is a solution of 𝜕X ′ = FX ′, analytic at ap. This

completes the proof of e). ��� p. 94
Remark 3.3.4. If ∥G∥ ≤ 1, one deduces



G[n]

 ≤ 1 for all n, and ∥H ∥ ≤ 1. It follows that
|detH | = |detH (0) | = 1, henceH inv ∈ GLμ (E0), and F ∈ Mμ (E0).

3.4. We associate toM a 𝜕-moduleMψ over E00 defined by
Mψ = M ⊗E0 E00 as E00-module,
the action of 𝜕 onMψ is represented by F in the basis
where the action of 𝜕 onM is represented byG.

Proposition 3.4.1 (Existence of a weak Frobenius structure). LetM be a normalised 𝜕-module
over E0, solvable inA(t, R), whose exponents belong to pZp. Then

(
Mψ )ϕ ≃M ⊗E0 E00.

Conversely, letN be a normalised 𝜕-module over E0, solvable inA(tp, Rp), whose exponents
belong to Zp. Then

(
N ϕ)ψ ≃ N ⊗E0 E00.

Proof. The first assertion is a straightforward consequence of 3.3.3 above. Let us deduce the latter
from the former one. Lemma 2.1.2 for A = E00 allows to apply Proposition 5.3.1 of ch. III:( (

N ϕ)ψ )ϕ ≃ N ϕ ⊗E0 E00 =⇒
(( (

N ϕ)ψ )ϕ)Ξ ≃ ( (
N ⊗E0 E00

)ϕ)Ξ
=⇒

p−1⊕
i=0

(
N ϕ)ψ ⊗ [

i
p

]
︸           ︷︷           ︸

N ′
i

≃
p−1⊕
i=0

N ⊗E0 E00 ⊗
[
i
p

]
︸                ︷︷                ︸

Ni

.

In order to get the required isomorphismN ′0 ≃ N0, we have to overcome the difficulty raised by
the fact that theN ′i andNi’s are not artinian.

Let us first note that property 1.3.1 in IV implies that E00 is a discrete valuation ring with uni-
formising parameter x. It follows that for any integer N > 0, the E00 [𝜕]/(xN )-modules N ′i,N ≔
N ′i ⊗k[x] k[x]/(xN ) andNi,N (defined in a similar way) are both artinian and noetherian. Thereby,
we can apply the Krull–Schmidt theorem which asserts existence and unicity (up to permutation
isomorphism of the factors) of a decomposition into indecomposable summands [38]. Because
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EndNi = lim←−N EndNi,N as 𝜕-modules (same forN ′i ), we also have lim←−N End𝜕 Ni,N = End𝜕 Ni

(same forN ′i ), which are finite dimensional over k (dim ≤ μ2). Hence End𝜕 Ni = End𝜕 Ni,N for
N ≫ 0 (same forN ′i ). This implies that forN ≫ 0, the decomposition ofNi,N , resp. N ′i,N , into
indecomposable summands, which is the same as a set of orthogonal minimal idempotents, lifts to
Ni , resp. N ′i . So do permutation isomorphisms of direct summands.

Now any direct summand ofNi orN ′i has all its exponents in
i
p + Zp; because exponents are

invariant under isomorphism over E00, we getNi ≃ N ′i , and therefore
(
N ϕ)ψ ≃ N ⊗E0 E00. □

Remark 3.4.2. Here are some words to justify the notationMψ , i.e. to prove that this 𝜕-module
does not depend on the auxiliary basis chosen for the construction. With self-understandable nota-
tions, it suffices to prove that

Y(
H inv
H1 [G]

·H1

)
[G] = Y(H1 ·H inv

G ) [G] for anyH1 ∈ GLμ (E0).
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But using the fact that ψ0 is a morphism of rings ϕ(k[[x]]) → k[[x]], an elementary calculation
involving formulae 3.3.3 and III (18) shows that both members are equal to ψ0

(
H1 · Y · H1 (0)−1

)
.

3.5. Theorem LetM be a normalised 𝜕-module over E0, solvable in A(t, R), whose exponents
belong to pZp. ThenMψ is solvable inA(tp, Rp); in factR(Mψ ) = R(M)p.

We remind the reader thatR > |p|
1
p .

Proof. Let us choose a representative matrix G ∈ Mμ (E0) forM. Replacing E0 by E00 we may
assume in this proof that pF ϕ = G, after a change of basis through H inv. Using 3.3.3 e) and the
resolution of apparent singularities, one may assume, in point of fact, that F ∈ Mμ (E0).

i) We handle at first the case when 0 is an ordinary point, i.e. G(0) = 0. By 3.3.2 0 is also an
ordinary point for 𝜕 − F . It follows that the expansions ofG and F look like this:
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t−nG[n] (t)

n!
=

∑
m≥0

Gn,mtm,
t−nF[n] (t)

n!
=

∑
m≥0

Fn,mtm,

where Fn,m, Gn,m ∈ Mμ (k). Here, we have considered the generic point as a variable over k
and we have replaced the usual embedding E0 ⊂ k[[x]] by E0 ⊂ k[[t]]; the point is that the
expansions start fromm = 0. Let us next write out an expansion

(xp − tp)n =
np∑
j=0

Λnp,j (x − t)np−jtj ,

and let us complete the set of coefficients, in order to haveΛi,j ∈ Z,Λi,j = 1 if i ∉ pZ or j = 0.
LetV , resp.W , be a matrix whose entries are analytic at t (i.e. in a small disk ofΩ centred at
t), satisfying 𝜕V = pF ϕV = GV, V (t) = I , resp. 𝜕W = FW, W (t) = I . Hence we have
W ϕ = V , and this equality can be translated into

(3.5.1)
∑
n≥0

1
n!
t−pn

(
F[n] (t)

)ϕ (xp − tp)n = ∑
n≥0

1
n!
t−nG[n] (t)(x − t)n.

To go further, we must assume that ϕ is extended toΩ in such a way that tϕ = tp. In (3.5.1),
x and t may be viewed as two independent variables, since Ω is linearly disjoint from k((x))
over k.
It is convenient to set

Hn,m =

{
Fϕn

p ,
m
p

ifm and n are both divisible by p

0 otherwise.

Hence (3.5.1) can be written∑
n≥0

∑
m≥0

∑
0≤l≤n

Hn,mΛn,ltm+1 (x − t)n−l =
∑
j≥0

∑
i≥0

Gj,iti (x − t)j , in k[[t, x − t]] .

Equating coefficients, we reach the following strict upper triangular linear system:

(3.5.2) Gj,Mp−j =
∑

j≤n≤Mp

Λn,n−jHn,Mp−n for j = 0, . . . ,Mp,

which can be inverted:

(3.5.3) Fϕn,m =
∑

0≤j≤np
Mm,n,jGj,(m+n)p−j whereMm,n,j ∈ Z.
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This yields the bound (since ϕ is an isometry):

max
m≤n





F[m]m!





 ≤ max
j≤np





G[j ]j! 



 ,
which implies r(W ) ≥ r(V )p, i.e. R(Mψ ) ≥ R(M)p; the reversed inequality follows from
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(3.5.2).

ii) In the general case, one may choose a residue classD(a, 1) in which G extends analytically à
la Krasner (see IV 1.3.2): all but a finite number of residue classes are available. We have���xpϕ−1 − ypϕ−1 ��� = |x − y| �� ((x − y)p−1 + p · · · ) �� ,
so that x ↦→ xpϕ

−1
is a strict contraction of any residue classD(a, 1−). Hence this contraction

has a unique fixed point, which we may take as the centre “a”. Hence, in the sequel of this
proof, we shall assume thatD(a, 1) is an ordinary disk, withaϕ = ap. The theory of 3.3 carries
over, if we replace 0 by a, ϕ by ϕa etc... and we get ψa which transforms certain (x − a) ddx -
modules over Ea into (x − a) ddx -modules over Eaa. We denote byNa the (x − a) ddx -module
over Eaa constructed fromM in this way, but viewed as a 𝜕-module over Eaa (recall that a is
ordinary forNa). By construction,N

ϕa
a ⊗Eaa E ≃M⊗E0 E. Making use of Lemma 2.3.2, we

get
(
Na ⊗Eaa E

)ϕ ≃ (
Mψ ⊗E00 E

)ϕ. Applying the functor Ξ, and using Lemma 2.1.2 and
then Proposition III 5.3.1, we obtain

p−1⊕
i=0

[
i
p

]
⊗ Na ⊗ E ≃

p−1⊕
i=0

[
i
p

]
⊗Mψ ⊗ E.

Since exponents are not defined for E [𝜕]-modules, we cannot use the argument given in
the last proposition. Instead, consider the E00 [𝜕]-module L ≔

⊕p−1
i=1

[
i
p

]
⊗Mψ . The

exponents (at 0) of each direct summand ofL belong to 1
pZp\Zp; it follows that no factor of

L is solvable inA(tp, Rp) sinceRp > |p| andF ∈ Mμ (E0) (seeLemma2.2). Using the unicity
(up topermutation isomorphism)of the decompositionof the artinian andnoetherianE [𝜕]-
moduleL ⊗ E into indecomposable factors, we get an embedding

L ⊗ E ↩→
p−1⊕
i=0

[
i
p

]
⊗ Na ⊗ E,

which is an isomorphism for dimension reasons. The same unicity argument shows that
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the complementary modules Na ⊗ E and Mψ ⊗ E are isomorphic. We get thereby that
R(Mψ ) = R(Na), which is alsoR(M)p according to the point i) in the proof.

□

Remark 3.5.1. The identity (3.5.1) does not imply formally r(W ) ≥ r(V )p. By way of counter-
example, takeV = 1 + x−t

t ,W =
(
1 + x−t

t
) 1
p =

∑
n≥0

(
1
p

)
n
t−n (t−x)

n

n! , so thatR(W ) = |p|
p
p−1 .

4. Convergence of the uniform part

4.1. Let us consider a differential system 𝜕X = GX such that
i) G ∈ Mμ (E0),
ii) the eigenvalues αi ofG(0) are rational numbers, with common denominatorN ,
iii) none of the differences αi − αj is a nonzero integer.
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Lemma 4.1.1. Under i), ii), iii), the nth coefficient of the normalised uniform part YG of the solu-
tion X satisfies:

1
n
log+ ∥YG,n∥ ≤ log+ ∥G∥ +

μ2 log |p|−1
p − 1 + (μ2 − 1) log+ ∥G(0)∥

μ−1∑
i,j=0

log+ (αi − αj + n)N
n

.

Proof. Formula III (13) yields the bound

log ∥YG,n∥ ≤ log+ ∥G∥ + (μ2 − 1) log+ ∥G(0)∥ + log

������∏i,j (αi − αj + n)−1
������ + logmax

m<n
∥YG,m∥ .

The problem is to estimate
��∏n

m=1 (αi − αj + n)−1
��: if αi − αj is p-integral we use I, Appendix; oth-

erwise
��∏n

m=1 (αi − αj + n)−1
�� < 1, and we conclude by induction. □ ��� p. 99

4.2. This inequality implies at once that

(4.2.1) R(YG) ≥ |p|
μ2
p−1 max (1, ∥G∥)−1 max (1, ∥G(0)∥)1−μ2 .

However when 𝜕X = GX is solvable in some generic disk, we shall sharpen this poor estimate.

Proposition 4.2.1. If in addition to the assumptions of the lemma, we assume that 𝜕X = GX is

solvable inGLμ (A(t, R)) with |p|
1
p < R ≤ 1, thenR

(
YG , Y −1G

)
≥ R(μ−1)μ2 |p|

μ2
p(p−1) .

Proof. A change of basis over E0
[ 1
x
]
does not change R(YG), provided it does not destroy condi-

tions i) and iii) above (see the discussion which follows III (17). BecauseR > |p| and the exponents
are rational, they belong to Zp (Lemma 2.2). By shearing, we may changeG so that the eigenvalues
ofG(0) go into pZp ∩Q and satisfy iii). By means ofH inv, we may changeG (without any further
change of its value at 0) so that G can be written pF ϕ for some F ∈ Mμ (E00); since only apparent
singularities appear through this process, this does not changeR(Y ) anyway.

Hence we have R(YF ) = R
(
Y ϕ
F

)p
= R

(
YpF ϕ

)p
= R(YG)p. Now we can remove the nonzero

singularities of F (which are all apparent, see 3.3.3) bymeans ofH res. Theorem 3.5 above shows that
𝜕 − F ′ = 𝜕 − H res [F ] is solvable inA(tp, Rp); by a constant change of basis, we may also assume
that F ′ (0) has Jordan normal form. We then choose an ordinary point b ∈ D(0, 1) and transform
the system into a differential equation (by means of H eq centred at b firstly, and then put in the

standard form F ′′ =
©­­­­«
0 1 0. . .0 1
∗ ∗ · · · ∗

ª®®®®¬
.) According to Dwork–Frobenius lemma (IV 2.1, applied

to a = tp and r = R), one has the bound ∥F ′′∥ ≤ R(1−μ)p. Since 0 is a logarithmic singularity of
F ′′, Fuchs’ criterium (see Remark III 3.2.1) tells that F ′′ ∈ Mμ (E00). Moreover, we know that the
poles of F ′′ are only apparent singularities of 𝜕−F ′′. Let us remove these singularities by applying a
transformationH res′ once again. Using Lemma 1.0.1 b), we see that F ′′′ ≔ H res′ [F ′′] still satisfies
the inequality ∥F ′′′∥ ≤ R(1−μ)p. It is not clear whether 𝜕−F ′′′ is normalised or not; however there
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does exist a solution of the form Y ′′′xC with Y ′′′ ∈ GLμ (k((x))), and with C = F ′ (0): it suffices
to look at the formula III (17) which relates XF ′ to XF ′′′ . The estimate of Lemma 4.1.1 still holds up
to o(n) if wework on the general formula III (12) rather than III (13) (for n ≫ 0,U (C+nI, F ′′′ (0))
is invertible), which yields, when applied to Y ′′′ and tY ′′′−1 simultaneously (using duality):

R(Y ′′′, Y ′′′−1) ≥ |p|
μ2
p−1 (max (1, ∥F ′′′∥))−1 (max (∥C ∥ , ∥F ′′′ (0)∥ , 1))1−μ

2
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whereR(Y ′′′, Y ′′′−1) stands for the exterior radius of the annulus of convergence. Since F ′ was in
Jordan normal form, we get

R(Y ′′′, Y ′′′−1) ≥ |p|
μ2
p−1 (max (1, ∥F ′′′∥))−μ

2
≥ |p|

μ2
p−1Rμ2 (1−μ)p;

sinceR
(
YG , Y −1G

)
= R(Y ′′′, Y ′′′−1) by the preceding discussion, we get the required lower bound

forR
(
YG , Y −1G

)
. □

Remark 4.2.2. ForR = 1, Christol[14] proves thatR
(
YG , Y −1G

)
≥ 1.

4.3. Motivation At this point, we can give ourmotivation for introducing weak Frobenius struc-
tures in G-function theory. The point is that, before applying ψ , we can lay down only poor estim-
ates such as Lemma 4.1.1, which involve some term log p

p−1 , i.e. the general term of a divergent series
in p. However after applying ψ , we get estimates like the bound for logR(YG)−1 in the previous
proposition, which involves a summable term log p

p(p−1) :
∑
p prime

log p
p(p−1) < 1. In the sequel we shall

use twice more this device.

4.4. Remark We should add a few words concerning the convergence of the uniform part in the
archimedean case (k = C). A famous result due to Frobenius asserts that the normalised uniform
part at a logarithmic singularity has nonzero radius of convergence (see e.g. [34]). By Cauchy’s the-
orem, it follows that this radius is exactly the distance from 0 to the nearest nonapparent singularity.

5. From ρ(Λ) to ρ(Y ) ��� p. 101
We come back to the arithmetic setting, whereK denotes a number field, etc... LetΛ = d

dx −Γ be a
differential operator with Γ ∈ Mμ (K (x)), such that a solution at 0 can be expressed by YxC , with
Y ∈ GLμ (K [[x]]) and C ∈ Mμ (K). We shall use the notation SinΛ from the previous chapter
(set of finite nonapparent singularities).

Theorem 5.0.1. The following inequality holds:

ρ(Y ) ≤ μ3ρ(Λ) + (μ3 + 1)
∑

ζ ∈SinΛ
h(ζ ) + μ2.

Proof. For each v ∈ Σf , we chooseav ∈ kv = Cv such that |av | ≤ minζ ∈SinΛ\{0} |ζ |v. For anymatrix
U whose entries belong toK ((x)), we setUv (x) ≔ (ivU )(avx), where iv is the embeddingK ↩→ kv
(acting on coefficients). Making the change of variable x ↦→ avx, we get the p(v)-adic differential
operator Λv = 1

av
d
dx − Γv or else Lv = 𝜕 − Gv for G = xΓ, which is better suited to our purpose;

then (Gv)[n] =
(
G[n]

)
v and the uniform part can be taken as Yv. We haveRv (Y ) = |av |R(Yv). Let

us now relateRv (Λ) toR(Lv). To this aim, we bring again the polynomials qa cos and qSin from IV
5.4 into the picture.

Wemay assume that ρ(Λ) < ∞ (otherwise the required inequality is empty or trivial). ByKatz’s
theorem,Λ and Lv are in the Fuchsian class (with rational exponents), so that

qba cos (Λ)qb+mSin (Λ)Γm

qba cos (Lv)qb+mSin (Lv)
x−mGv[m]

m!

 ∈ Mμ (K [x]), for a suitable constant b

(we allow finite extension of K). Note that qba cos (Lv)qb+mSin (Lv) =
(
qba cos (Λ)qb+mSin (Λ)

)
v with the

above notation. Thus



x−mGv[m]
m!






v
≤

��qba cos (Λ)qb+mSin (Λ)
��
v,0 (1)��qba cos (Λ)qb+mSin (Λ)

��
v,0 (|av |)



amv Γm


v ,
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which yields the bound

(5.0.1) hv,n (Lv) ≤
∑

ζ ∈SinΛ\{0}
log+ |ζ |−1 + hv,n (Λ) + o(n)

so that log 1
R(Lv ) ≤ log 1

Rv (Λ) +
∑
ζ ∈SinΛ\{0} log+ |ζ |−1. Nowby reduction to a differential equation
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(as in the preceding proof) and shearing, we may assume that G ∈ Mμ

(
K [x] (x)

)
, and that Λ is

normalised. By removing singularities according to §1, one can change Gv so that the new matrix
Gv belongs toMμ (E0v). We shall distinguish two cases:

1) R(Lv) > |p|
1
p ; then Proposition 4.2.1 applies and yields

log+
1

R(Yv)
≤
μ2 log |p|−1v
p(p − 1) + μ

2 (μ − 1) log 1
R(Lv)

.

2) R(Lv) ≤ |p|
1
p ; Lemma 4.1.1 still applies and yields, after reduction to a differential equation

(as in Proposition 4.2.1):

log+
1

R(Yv)
≤
μ2 log |p|−1v

p − 1 + μ2 (μ − 1) log 1
R(Lv)

.

By hypothesis |p|
1

p−1 ≥ |p|
1

p(p−1) R(Lv), hence

log+
1

R(Yv)
≤
μ2 log |p|−1v
p(p − 1) + μ

3 log
1

R(Lv)
.

Our three inequalities

log+
1

Rv (Y )
= log

1
R(Yv)

+ log max
ζ ∈SinΛ\{0}

|ζ |−1v

log+
1

R(Yv)
≤
μ2 log |p|−1v
p(p − 1) + μ

3 log
1

R(Lv)

log
1

R(Lv)
≤ log

1
Rv (Λ)

+
∑

ζ ∈SinΛ\{0}
log+ |ζ |−1

can be combined and give ρf (Y ) ≤ μ3ρ(Λ) + (1 + μ3)∑ζ ∈SinΛ\{0} hf (ζ −1) + μ2. We con-
clude by remarking that ρ∞ (Y ) =

∑
v∈Σ∞ maxζ ∈SinΛ\{0} log+ |ζ |−1v (see Remark 4.4), hence

ρ∞ (Y ) ≤
∑
ζ ∈SinΛ\{0} h∞ (ζ −1).

□

Remark 5.0.2. We get a bound for ρ(Y, Y −1) this way, if we replace SinΛ by the set of all finite
singularities ofΛ.

6. From ρ(Y ) to σ (Y )

6.1. A “converse” to Proposition 4.2.1 ��� p. 103
Let k be an ultrametric field as in IV 1, and letG be a matrix such that

i) G ∈ Mμ (k(x) ∩ E0),
ii) the eigenvalues αi ofG(0) belong to Zp,
iii) L = 𝜕 − G is in the Fuchsian class (over P1k).

Proposition 6.1.1. Under i) ii) iii), we have the inequality R(L) ≥ R(Y ) |SinL | , where Y denotes
the uniform part inGLμ (k((x))) of a solution YxC of L.
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Proof. Recall formula (10) from Chapter III, which can be read (for Y ∈ GLμ (k[[x]]))

(6.1.1)
G[m]
m!

=
∑
n≥0

n∑
h=0

Yh
(
C + h
m

)
(Y −1)n−hxn.

By shearing we may assume that L is normalised so that such a Y does exist in GLμ (k[[x]]), and
conditions i) ii) iii) are preserved. We may also assume that C = G(0) has Jordan’s normal form.
By condition iii), we have (with our usual notations) qba cosqb+mSin x−m G[m]

m! ∈ Mμ (k[x]) for some
positive integer b, and the degree of its entries are bounded by m( |SinL| − 1) + c for some other
positive integer c. We shall set

um ≔ qba cosq
b+m
Sin

©­­­«
∏

ζ ∈a cosL
ζ≠0

ζ −b
ª®®®¬
©­­­«

∏
ζ ∈SinL
ζ≠0

ζ −m−b
ª®®®¬

so that
a) um ∈ k[x], and the degrees of the entries of umG[m] are bounded bym( |SinL|) + c.
b) The first nonzero coefficient of um, say um,nm , is ±1, and nm ≤ m + b (or b if 0 ∉ SinL).
c) |um | ≤ 1, becauseG ∈ Mμ (E0) by hypothesis.

We can write (6.1.1) in the following form:

(6.1.2)
umx−mG[m]

m!
=

m( |SinL−1 | )+c∑
n=0

∑
h+i+j=n+m

Yh
(
C + h
m

)
(Y −1)ium,jxn.

Using b) and c) above, we get
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( x−mG[m]m!

)
n





 ≤ max
h+i≤m |SinL |+b+c

∥Yh∥


(Y −1)i

 , max

h≤m |SinL |+b+c





(C + hm

)




for any n, so that

R(L) ≥ R(Y, Y −1) |SinL | lim
m→∞

max
h≤m

(



(C + hm

)



)− |SinL|m

.

Because G ∈ Mμ (E0), detY does not vanish inside its convergence disk; indeed detY satisfies
Liouville’s equation 𝜕 (detY ) = (tr(G − C)) detY . HenceR(Y, Y −1) = R(Y ), and it remains to

prove that limm→∞maxh≤m
(


(C+hm )


)− 1

m ≥ 1 when |C | ≤ 1 and the eigenvalues of C belong to
Zp. To this aim, we write C + h = D +N , whereD denotes the diagonal part of C . Then(

C + h
m

)
=

μ−1∑
i=0

N i

m!

∑
j1<· · ·<ji<m

∏
j≠ji

(D − j),

hence 



(C + hn

)



 ≤ max
j1<· · ·<jl<m

l<μ
α eigenvalue of C

������ 1m!

∏
j≠ji

(α − j)

������ .
The result now follows from the following observations:

i) α, α − 1, . . . , α − j, . . . , α − m + 1, for j ≠ ji , is a set of l < μ sequences of “consecutives”
elements of Zp, whose total length is > m − μ,
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ii) any sequence of n “consecutives” elements of Zp, say β, β − 1, . . . , β − n + 1, satisfies∏
|β − j | ≤ |p|

∑
k

( [
n
pk

]
−1

)
,

iii)
���� 1m!

���� < |p|− m
p−1 .

□

6.2. Statement of the theorem

LetK be a number field. LetΛ = d
dx − Γ be a differential operator with Γ ∈ Mμ (K (x)), such that

a solution at 0 can be expressed by YcX , with Y ∈ GLμ (K ((x))) and C ∈ Mμ (K). ��� p. 105
Theorem 6.2.1. Assume that the eigenvalues of C are rational numbers, with common denomin-
atorN , and thatΛ is in the Fuchsian class (overP1

Q
). Thenwehave σ (Y ) ≤ ρ(Y )+N (μ−1) (μ2+1).

Furthermore, if 0 is a cosingularity, then σ (Y ) ≤ ρ(Y ) + μ − 1.

The proof is divided into several steps and will occupy the rest of this paragraph.

6.3. First reductions

We shall prove in fact the following more general result. For each finite place v of K , let kv denote
a complete algebraically closed extension of Cv, and let Yv ∈ GLμ (kv [[x]]) and Cv ∈ Mμ (kv) such
that:

1) R(Yv) ≥ 1,
2) Gv ≔ 𝜕Yv · Y −1v − YvCvY −1v ∈ Mμ (kv (x) ∩ E0,v),
3) Lv ≔ 𝜕 − Gv belongs to the Fuchsian class (over P1kv ),
4) ∥Gv∥v ≤ 1,
5) Cv is nilpotent.

Under these conditions, we shall prove that

(6.3.1) lim
l→∞

lim
n→∞

∑
p(v)≥l

hn (Yv)
{
≤ (μ − 1) (μ2 + 1) in the general case,
≤ μ − 1 if Cv = 0,

where hn (Yv) stands for 1
n log

+maxm≤n ∥Yv,m∥v. (Note that hn is the logarithm of a seminorm on
Mμ (kv [[x]])). Granted (6.3.1), let us now deduce Theorem 6.2.1.

Firstly, we may assume that ρ(Y ) < ∞, and we remark that:

(6.3.2)

σ (Y ) = lim
n→∞

∑
v
hv,n (Y ) ≤

∑
v∈Σ∞or
p(v)<l

lim
n→∞

hv,n (Y ) + lim
n→∞

∑
p(v)≥l

hv,n (Y )

=
∑
v∈Σ∞or
p(v)<l

log+
1

Rv (Y )
+ lim

n→∞

∑
p(v)≥l

hv,n (Y )

for any l, hence it is enough to prove that
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(6.3.3) lim
l→∞

lim
n→∞

∑
p(v)≥l

hv,n (Y ) ≤
{
N (μ − 1)(μ2 + 1) in the general case,
μ − 1 if 0 is a cosingularity.

Let us reduce the system to a differential equation (after a translation towards an ordinary point,
and before going back to 0); thereby we get a differential operator L = 𝜕 − G such that G ∈
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Mμ
(
K [x] (x)

)
. Since the new matrix Y is obtained from the old one by means of transformation

matrices with entries in K (x), hv,n (Y ) remains unchanged for all p(v) ≫ 0. Hence in order to
prove (6.3.2), we may replace Y by the new one.

We now pass to the variable xN , so thatNG(xN ) replaces G and has integral eigenvalues at 0;
we then shear the differential system in order to give it a normalised form, namely with (the new)
G nilpotent. By the same argument as above, hv,n (Y ) is “essentially” divided by N through these
operations, at least for p(v) ≫ 0 (independently of n).

Hence it suffices to prove (6.3.3) with N = 1, G(0) nilpotent. Note that G ∈ Mμ (E0,v) and
∥G∥v ≤ 1 and p(v) ≫ 0. Now let av ∈ kv, such that |av |v ≤ Rv (Y ) and

∑
v∈Σf log

+ |av |−1v < ∞.
We put Yv ≔ Y

(
avxN

)
, Cv = G(0), so that Gv = G(avx). All conditions 1)–5) are satisfied, and

we have hn (Yv) ≥ hv,n (Y ) − log+ |av |−1v . Hence (6.3.3) forN = 1 follows from (6.3.1).

6.4. Frobenius inverse, twice

According to Proposition 6.1.1, it follows from conditions 1),2),3),5) above thatR(Lv) = 1. We also
have ∥Gv∥ ≤ 1. According to 3.3, the required conditions are now at hand in order to invert the
Frobenius functor. We get a matrixH inv

v ∈ GLμ (E0,v) (see Remark 3.3.4), such that

H inv
v




v ≤ 1, H inv

v [Gv] = pF ϕv for some Fv ∈ Mμ (E0);

moreover Yv = H invY ϕ
Fv (sinceH

inv (0) = I), so that

(6.4.1) hn (Yv) ≤
1
p
h[

n
p

] (
YFv

)
.

On the other side
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∥Fv∥v = |p|−1v


ψ0 (

H inv
v [Gv]

)


v ≤ |p|

−1
v



H inv
v [Gv]




v (see the proof of Lemma 2.1.2)

≤ |p|−1v


H inv

v



v




H inv
v
−1





v
max (1, ∥Gv∥v)

≤ |p|−1v in the present case.

If one tries to apply Lemma 4.1.1 to YFv , a term log ∥Fv∥v appears in the estimates, and thus a term
log |p |−1

p appears in the bound for hn (Yv). In order to overcome the nonconvergence of
∑ log |p |−1

p ,
we shall apply the ψ functor again, but to the dual of the 𝜕-module associated to 𝜕 − Fv. In other
words, we apply a transformation, sayH inv

v
∗, to 𝜕 + tFv such that:

H inv
v
∗ ∈ GLμ (E00,v),

(
H inv
v
∗
)−1
∈ Mμ (E0,v),

H inv
v
∗ [−tFv] = −ptEϕv for some Ev ∈ Mμ (E00,v),

the nonzero singularities of − tEv are apparent,

YFv =
tY −1−tFv =

t
(
H inv
v
∗
)−1 (

tY −1−tEv
)ϕ

=
(
tH inv

v
∗
)−1

Y ϕ
Ev .

On the other side 



(H inv
v
∗
)−1





v
≤ max (∥Fv∥v , 1)μ−1 by 3.2.2

≤ |p|1−μv ,

and
∥Ev∥v ≤ |p|−1v



H inv
v
∗



v





(H inv
v
∗
)−1





v
max (1, ∥Fv∥v) ;
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since det
(
H inv
v
∗)−1 (0) = 1 and det

(
H inv
v
∗)−1 ∈ E0,v. It follows that ∥Ev∥v ≤ |p|−2−(μ−1)μv , and:

(6.4.2) hn
(
YFv

)
≤
(μ − 1)
n

log |p|−1 + 1
p
h[

n
p

] (
YEv

)
for any n > 0, and any v | p in Σf .
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Making use of the matrixH cores

v ∈ GL(E00,v) constructed in Remark 1.0.2, we have the follow-
ing situation at hand:

H cores
v [Ev] ∈ Mμ (E0,v),



H cores
v [Ev]




v ≤ ∥Ev∥v ≤ |p|

−2−(μ−1)μ
v ,

and


H cores

v


 ≤ 1,



H cores
v

−1 (0)


 ≤ 1.

The difficulty with the formula

YEv = H cores
v YH cores

v [Ev ]H
cores
v

−1 (0)

is that H cores
v ∉ Mμ (E0,v) in general. However, let qv ∈ kv [x] be a denominator for H cores

v , with
qv (0) = 1; then, the previous inequality can be multiplied by qv, and yields

hn
(
YEv

)
≤

log |qv |v
n

+ hn
(
YH cores

v [Ev ]
)
.

In order to evaluate |qv |v, note that we may choose qv such that det
(
H inv
v
∗)−1 = qvev, with ev

invertible inE0,v; thepoint is that local solutionsofEv andFv are relatedbyX−tEv =
(
H inv
v
∗)−1 Xϕ

−tFv ,
or else (more accurately):

detX−tEv ,ap =
(
det

(
H inv
v
∗
)−1

detX−tFv ,aϕ
)ϕ−1
◦ θa

(
x − ap

)
(with the notation of 3.3.3), and that (for a ≠ 0) detX−tFv ,ap has no zero in D(0, 1). Since
det

(
H inv
v
∗)−1 (0) = 1, we get ev (0) = 1, hence since ev is invertible in E0,v,

|qv |v =
����det (H inv

v
∗
)−1���� |ev | = ����det (H inv

v
∗
)−1���� ≥ |p|−μ2 (μ−1) ,

which gives

(6.4.3) hn
(
YEv

)
≤
μ2 (μ − 1)

n
log |p|−1v + hn

(
YH cores

v [Ev ]
)
.

Now Lemma 4.1.1 applies and gives the bound

hn
(
YH cores

v [Ev ]
)
≤
μ2 log |p|−1v

p − 1 + μ2 log+


H cores

v [Ev]



v ,

that is to say,

(6.4.4) hn
(
YH cores

v [Ev ]
)
≤ (3 + μ(μ − 1))μ2 log |p|−1v .

Putting (6.4.1)–(6.4.4) together, we find
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(6.4.5) hn (Yv) ≤
(μ2 + 1)(μ − 1)

n
log |p|−1v + μ2 (μ3 + 3)

log |p|−1v
p2

.

Now it is clear on formula III (12) that hn (Yv) = 0 for p(v) > n, using properties 2) 4) and 5) in 6.3.
On the other side,

∑ log |p |−1v
p2 < ∞.

Thus the required inequality (6.3.1) (in the general case) follows as a straightforward con-
sequence of (6.4.5) and the fact that limn→∞

1
n
∑
p(v)≤n log |p|−1v = 1.

This completes the proof of Theorem 6.2.1 in the general case.
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6.5. The case of a cosingularity

We now assume that Cv = 0. Then, instead of applying the ψ functor, we may use Dwork–Robba
theorem as in the proof of Theorem IV 5.2. Arguing exactly as in the proof of Proposition IV 2.3.1,
we find 



Gv[n]

n!





 ≤ {n, μ − 1}vmax
j<μ

(
1,




Gv[j ]

j!





) ≤ {n, μ − 1}v | (μ − 1)!|−1v .

On the other side,Yv,n =
Gv[n]
n! (0). Hence hn (Yv) ≤ log{n, μ−1}v if p(v) ≥ μ. By the computation

made in IV 5.2, we get limn→∞
1
n
∑
μ≤p(v)≤n log{n, μ − 1}v ≤ μ − 1, which yields the required

inequality (6.3.1) in this special case, and completes the proof of the theorem.

6.6. Conclusion

Remark 6.6.1. The inequality (6.4.5) remains true if we replace Yv by
(
Yv, Y −1v

)
(using duality).

This allows one to replace Y by (Y, Y −1) in the theorem.

Remark 6.6.2. By choosing Yv = Xt′v (av (x + tv)), where Xt′v denotes a complete solution at a
generic point t′v ∈ kv over Cv, and av some element of kv such that |av | ≤ Rv

(
Xt′v

)
, we get a new

proof for ρ(Λ) < ∞ =⇒ σ (Λ) < ∞, but with the less sharp inequality

σ (Λ) ≤ ρ(Λ) + (μ − 1)(μ2 + 1).

Corollary 6.6.3. Let y be some entry in Q[[x]] of “the” uniform part of the solution at 0 of a
G-operator. Then y is a G-function. ��� p. 110
Proof. It follows from Theorems 5.0.1 and 6.2.1, together with Katz’s theorem, that σ (y) < ∞.
Thus it is enough to prove that y satisfies some differential equation (linear, homogeneous, with
coefficients in Q(x) as usual): we shall find such an equation of order not greater than the square
of the order of the G-operator.

Let us write X = YxC for a complete solution of the given G-operator (which represents a 𝜕-
module structureM onQ(x)μ endowedwith its canonical basis). Let [C] stands for the 𝜕-module
structure onQ(x)μ represented (in the canonical basis) by the constantmatrixC . It is easy to check
that the entries of Y are the components (in the canonical basis) of a solution of the 𝜕-module
Hom( [C],M) inQ((x)). We conclude by invoking Remark 3.2.2 in III. □

Exercises

1) Refining Proposition 6.1.1, give an upper bound for ρ(L) (resp. σ (L)) in the function of
ρ(Y, Y −1) (resp. σ (Y, Y −1)). In particular, show that if 0 is an ordinary point and X a com-
plete solution with ρ(X ) < ∞, thenΛ is a G-operator.

2) RefiningTheorem6.2.1, give an explicit bound for “the” commondenominator of the n first
coefficients of a series which is annihilated by a G-operator.

3) Using Dwork–Robba’s theorem instead of Proposition 6.1.1, extend the results of this
chapter to the case of differential operators whose coefficients are globally bounded func-
tions (not necessarily rational), cf I 4.

Appendix: the geometric situation

Recall from Chapter III the definition of a geometric differential equation (over k = Q).

Theorem 7.0.1. Let y ∈ Q[[x]] be a solution of a geometric differential equation. Then y is a
G-function, andRv (y) = 1 for almost every place v ofQ.
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Proof. LetΛ be such a differential equation (or “operator”), and assume thatRv (Λ) = 1 for almost
every finite place v of a number field K such that the coefficients of Λ belong to K (x). Then by
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results of this chapter, y is a G-function; the fact that Rv (y) = 1 for almost every v would follow
from the quoted result of Christol [14].

Now let us prove thatRv (Λ) = 1 for almost every v. By results ofChapter II,we know thatΛ is a
product (in theWeyl algebraA1 (Q)) of factors of Picard–Fuchs equations relative to smoothproper
(geometrically connected) varieties X/K (x). Using IV 2.5, we see that it suffices to prove that, for
any such X/K (x), Rv

(
H∗dR (X )

)
= 1 for almost every finite place v of K . In fact, for every v such

that XKv → Kv (x) lifts to a proper smoothOKv -morphismX → S with geometrically connected
fibres, one has Rv

(
H∗dR (X )

)
= 1, because there is an F -crystal structure on H∗dR (X ) ⊗K (x) Ev

(see e.g. [37][42]). Here S stands for the complement of some points (with distinct residue classes
≠ 0) in SpecOKv [x]. For an absolutely nonramified finite place of K , let ϕ denote the Frobenius
endomorphism of Kv, and ϕ the lifting of ϕ to Ev discussed in this chapter. It can be checked that
ϕ extends to a morphism of San, i.e. respects the completion ofOS in Ev. The F -crystal structure
referred to is a horizontal isomorphism(

H∗dR (X ) ⊗K (x) Ev
)ϕ ≃ H∗dR (X ) ⊗K (x) Ev,

which is furnished by crystalline cohomology (in the ramified case, one has to use the work of
Berthelot–Ogus [4]). One concludes using Lemma 2.4. □

This proof also tells us that any geometric differential equation “is” a scalar G-operator (we do
not distinguish between the equationΛ? = 0 and the operatorΛ).

The converse statement is a conjecture, known as Bombieri–Dwork’s conjecture: every G-
operator comes from geometry (in the sense of II).

In fact, the conjecture is slightly stronger and says that if the p-curvatures ofΛ are nilpotent for
p running over a set of primes of density one, thenΛ should be a geometric differential equation.
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The method displayed in 6.1 of the last chapter enables us to pass from invariants of the “uniform
part” and its inverse to invariants of the corresponding differential system (ex.3). Nowwe shall start
from one “injective” solution (see below for the meaning of “injective”) and shall deduce informa-
tion about the differential system. To this aim, we follow and simplify an idea of Chudnovsky [18]
(and correct a slight mistake in loc. cit. 8.3), involving Hermite–Padé approximants. We refer the
reader to [9] for an extensive survey on this theory; however we shall use only very elementary facts
from it, so that our exposition remains self-contained.

The need for global considerations in order to transfer information from a single solution y
towards Λ should be clear on examples like y =

∑
n!xn; indeed, Rp (y) = 1 for all p, but Rp (Λ) ≤

|p|
1

p−1 for almost every p and for any nonzeroΛ ∈ Q
[
x, d

dx
]
such thatΛy = 0. In the last paragraph,

we summarise in a single statement the main results obtained in the second part of this book.

1. IteratingΛ

Let k be a field of characteristic 0. We letΛ = d
dx − Γ, for somematrix Γ ∈ Mμ (k(x)). We define a

sequence of matrices Γn ∈ Mμ (k(x)) by the following property: 1
n!

dn
dxn − Γn is a left multiple ofΛ

inMμ (k(x))
[ d
dx

]
. Hence with our usual notations,

Γn =
x−n

n!
(xΓ)[n] .

We also have the rule
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(1) Γn+1 =
1

n + 1

(
d
dx

Γn + ΓnΓ
)

inMμ (k(x)).

Lemma 1.0.1 (Chudnovsky). The following identity holds in the ringMμ (k(x))
[ d
dx

]
:

(2) Γn =
n∑

m=0

(
n
m

)
(−1)m
n!

(
d
dx

)n−m
· Λm.

Proof. By induction. This is a tautology for n = 0. Assume that (2)n holds, whence after left
multiplication by 1

n+1
d
dx inMμ (k(x))

[ d
dx

]
:

1
n + 1

d
dx
· Γn = Γn+1 +

1
n + 1ΓnΛ =

n∑
m=0

(
n
m

)
(−1)m
(n + 1)!

(
d
dx

)n+1−m
· Λm.

On the other side, right multiplication of (2)n by 1
n+1Λ yields

1
n + 1ΓnΛ =

n+1∑
m=1

(
n

m − 1

)
(−1)m−1

n!

(
d
dx

)n+1−m
· Λm.

Using Pascal’s identity
( n
m
)
+

( n
m−1

)
=

(n+1
m

)
, one finds (2)n+1. □

Let p0, . . . , pμ−1 ∈ k[x] be arbitrary polynomials. We define sequences of rational functions
njR = njR(Λ) by the formula

(3) njR =
n∑
h=0

μ−1∑
l=0

1
h!

(
dh

dxh
pl
)
ljΓn−h for n ≥ 0, j = 0, . . . , μ − 1.

74
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A straightforward application of Leibniz rule and (1) gives

(4) n+1,?R =
1

n + 1

(
d
dx n,?

R + n,?RΓ
)
,

where we denote by n?R the row (nlR)l=0,...,μ−1. It is also an easy matter to check that

(5) n,?R · Z =
1
n!

dn

dxn

(μ−1∑
l=0

plzl

)
for any Z = t (z0 · · · zμ−1

)
∈ kerΛ.

Indeed, letK be a differential extension of
(
k(x), d

dx

)
in whichΛ is solvable. To prove (5), it suffices

to replace Z by a full set of solutions ofΛ, inGLμ (K).
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Then

1
n!

dn

dxn

(μ−1∑
l=0

pl·l,?Z

)
=

μ−1∑
l=0

n∑
h=0

(
1
n!

dh

dxh
pj
)
·
(

1
(n − h)!

dn−h

dxn−h
(
j,?Z

) )
=

μ−1∑
l=0

n∑
h=0

(
1
n!

dh

dxh
pj
)
· j,?ΓZ = n,?R · Z,

whence the identity (5), since now Z is invertible.
We next replaceΛ by the dual differential operatorΛ∗ = d

dx + tΓ. Identity (4) can be rewritten

(4)∗ ?,n+1R∗ =
1

n + 1Λ
m (?,nR∗) ,

where ?,nR∗ stands for the column t (
n,0R(Λ∗) · · ·n,μ−1 R(Λ∗)

)
. Iterating this formula we find:

(5)∗
(m + i)!

i! ?,m+iR∗ = Λm (?,iR∗) .

Let R<m> denote the matrix whose columns are given by
(m+i
m

)
?,m+iR∗ for i = 0, . . . , μ − 1. Then,

identity (2) insideMμ (k(x))
[ d
dx

]
specialises to the following identity insideMμ (k(x)):

(6) ΓnR<0> =
n∑

m=0

μ−1∑
l=0

(−1)m
(n −m)!

dn−m

dxn−m
R<m>.

2. Nonvanishing of a crucial determinant

2.1. We now study conditions which may ensure that the matrix R<0> in the left hand side of (6)
is invertible, i.e. such that Δ ≔ detR<0> ≠ 0.

LetΛ = d
dx − Γ be a μ × μ differential operator as before. Let p0, . . . , pμ−1 be polynomials, not

all pi being 0; let us construct jnR∗ andR<n> as before.
The following statement is similar (in fact “dual”) to the classical nonvanishing theoremof Shid-

lovskiĭ, see e.g. [57][6]; it generalises [18, Lemma 8.3], while correcting a slight mistake there: the
assertion “det

(
G0 + G1SR−1

)
≠ 0” is false (G1 = 0). ��� p. 115

Theorem 2.1.1. There is a constant c0 (Λ) with the following property. If Y = t (y0 · · · yμ−1
)

is a formal solution in k[[x]]μ ofΛY = 0with linearly independent entries over k(x) , and if

min
ij

ord0
(
piyj − pjyi

)
≥ max

i
deg pi + c0 (Λ),

then we have
R<0> ∈ GLμ (k(x)), that is Δ ≠ 0.

Proof. We shall proceed step by step.
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2.2. Let ν = rankR<0>. Since not all pi are 0, we have ν ≥ 1. Let I be a subset of {0, . . . , μ − 1}
of cardinality |I | = ν, such that a ν-minor RI of the form

(
ij ,jR∗

)
j∈I

i1 ,...,ij ∈{0,...,μ−1}
(inside R<0>) has

rank ν.
Let any permutation of the set {0, . . . , μ−1} act on the rows and columns of Γ∗ simultaneously;

this is compatiblewith the correspondingpermutation of the components of anyZ in kerΛ∗, hence
after (5), with the same permutation of the components of ?nR∗. Thereby we may assume that
(i1, . . . , ij) = (0, . . . , ν − 1).

2.3. Let Z ∈ GLμ (K) be a complete solution of Λ∗Z = 0, in some differential extension K
of

(
k(x), d

dx

)
. It follows from (5) above that the Wronskian matrixW =

(
1
i!

di
dxi

∑μ−1
h=0 ph·hjZ

)
i,j

constructed on
(∑μ−1

h=0 ph·h?Z
)
is nothing but tR<0>Z. Hence this Wronskian matrix has rank ν.

Let ϕ denote the map (T?) ↦→
∑
piTi ; hence the target of ϕ has dimension ν over k. Therefore by

a new choice of Z, one can reach the situation where ϕ
(
?,jZ

)
= 0 for j = 0, . . . , μ − ν − 1. We have

1
m!

dm

dxm
ϕ
(
?,jZ

)
=

μ−1∑
i=0

imR∗ijZ,

hence the last displayed equation yields the matrix equation
t (

ijZ
)
i=0,...,μ−1
j=0,...,μ−ν−1

(imR∗) i=0,...,μ−1
m=0,...,ν−1

= 0.

Recall thatRI = (imR∗)i=0,...,ν−1
m∈I

has rank ν; let us setRI ′ = (imR∗)i=0,...,ν−1
m∉I

, and B = RI ′R−1I , and
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rewrite the last system of equations in the form(
jiZ

)
i∈I

j=0,...,μ−ν−1
+

(
jiZ

)
i∉I

j=0,...,μ−ν−1
B = 0.

It follows that
(
jiZ

)
i∉I

j=0,...,μ−ν−1
has rank μ − ν, since so does(

jiZ
)
i=0,...,μ−1
j=0,...,μ−ν−1

=
(
jiZ

)
i∉I

j=0,...,μ−ν−1

(
Iμ−ν′ − B

)
.

This allows one to conclude that

B = −
(
jiZ

)−1
i∉I

j=0,...,μ−ν−1

(
jiZ

)
i∈I

j=0,...,μ−ν−1
∈ Mμ−ν,ν (k(x)),

when ν < μ.

2.4. In this situation, a well-known argument of Shidlovskiĭ [57] shows that the degree of all nu-
merators and common denominator of the entries of B is bounded by a constant c1 = c1 (Λ) de-
pending only onΛ. For the convenience of the reader, we give the argument.

LetV denote the finite dimensional k-vector space generated by the monomials of degree < μ2
in the quantities jiZ, i, j = 0, . . . , μ − 1. Let (z1, . . . , zq) be a basis of V such that z1, . . . , zp remain
linearly independent over k(x), and form a basis ofV ⊗k k(x). Let fjh ∈ k(x) be rational functions
such that zp+j =

∑p
h=1 fjhzh, j = 1, 2, . . . , q − p. Now suppose that f ∈ k(x) is a ratio of two

elements in V , whence a relation
∑q
j=1 λjzj = f

∑q
j=1 μjzj , not all μj being 0. We can translate this
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equation into

f =
λh +

∑q−p
j=1 λp+jfjh

μh +
∑q−p
j=1 μp+jfjh

.

Since the rational functions fjh depend only onV which is determined byΛ but is independent of
the polynomials p0, . . . , pμ−1, we are done.
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2.5. Now let Y = t (y0 · · · yμ−1
)
be the particular solution ofΛY = 0 being considered in the

theorem and let us introduce the ν × μmatrix (in case ν < μ):

©­­­­«
yμ−1 0 −y0
y1 −y0
...

. . .
yν−1 0 −y0 0

ª®®®®¬
S′ S′′

Hence the matrix T ≔ S
(
i,mjR∗

)
i=0,...,μ−1
mj ∈I

has entries:

ijT =

{
0,mjR∗yi − i,mjR∗y0 for i > 0

0,mjR∗yμ−1 − μ−1,mjR∗y0 for i = 0.

We have TR−1J = S′ + S′′B, and this matrix looks like

©­­­­«
yμ−1 − b0y0 −b1y0 · · · −bμ−1b0

y1 −y0 0...
. . .

yν−1 0 −y0

ª®®®®¬
.

Therefore
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detTR−1J =

���������
yμ−1 −

∑ν−1
i=0 biyi

y1 −y0
...

. . .
yν−1 −y0

���������
does not vanish, since the components yi of Y are linearly independent over k(x) by assumption.

2.6. Using formula (4)∗, we can compute

(7)
1

m + 1
d
dx

(
i,mR∗yj − j,mR∗yi

)
= i,m+1R∗yj − j,m+1R∗yi +

μ−1∑
h=0

ihΓ
(
h,mR∗yj − j,mR∗yh

)
.

Letting δ = max(1,− ord0 Γ), we conclude that ord0 ijT ≥ mini (ord0 (i0T )) −mjδ, hence

ord0 detT ≥ νmin
i

(
ord0

(
piyj − pjyi

) )
− ν(ν − 1)δ

2
.

On the other hand, it follows clearly from (4)∗ (by induction), that

(8)

{
deg den imR∗ ≤ m deg den Γ
deg num imR∗ ≤ maxj deg pj +m(deg den Γ − 1)

for m ≥ 0 and j = 0, . . . , μ − 1. Thereby the degrees of all rational function entries of R−1J are
bounded by ν(ν+1)

2 c2 (Λ) + νmaxi deg pi . As for B, we have seen in 2.4 that the degrees of its entries
are bounded by c1 (Λ). Since the yi’s are components of a solution ofΛ, ord0 yi can also be bounded
by a constant c3 (Λ) depending only onΛ. We thus find the following double inequality:

ord0 detTR−1J = ord0 det(S′ + S′′B) ≤ ν(c1 (Λ) + c3 (Λ))



VI.3 Hermite–Padé approximants 78

and
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ord0 detTR−1J ≥ ν
(
min
ij

ord0
(
piyj − pjyi

)
−max

i
deg pi

)
− ν(ν − 1)

2
δ − ν(ν + 1)

2
c2 (Λ).

Now let c0 (Λ), the constant in the theorem, be

c0 (Λ) = c1 (Λ) + c3 (Λ) +
μ + 1
2
(δ + c2 (Λ)).

Then minij ord0
(
piyj − pjyi

)
− maxi deg pi ≥ c0 (Λ) yields a contradiction, in the case (ν < μ)

under consideration; hence this inequality forces ν = μ.
This allows one to invertR<0> in formula (6). □

3. Hermite–Padé approximants

Looking for polynomials pi satisfying the assumption of the theorem is the very classical problem
of (dual) Hermite–Padé approximants. Here is a simple construction.

Let q ∈ k[x] be a nonzero polynomial of degree ≤ N , satisfying the following condition:

(9) ord0 (qY )>N ≥ N
(
1 + 1 − τ

μ

)
+ 1 for some τ, 0 < τ < 1.

Here we have set (qY )>N = qY − (qY )≤N =
∑
n>N

∑n
i=0 qixnYn−i .

Condition (9)means that qY should be lacunary between orderN and orderN (1+ε), for small
ε. More precisely, (9) is a linear system of μ

[
N (1−τ )

μ

]
equations in theN + 1 unknown quantities

q0, . . . , qN (the coefficients of q); there always exists a nonzero solution q, sinceN +1 > μ
[
N (1−τ )

μ

]
.

In order to satisfy the assumptions of the theorem, it suffices to chooseN large enough, and to set

(10) pi ≔
(
qyi

)
≤N .

Note that, given q, this is the unique choice for which ord0
(
qyi − pi

)
> N . Then
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ord0

(
piyj − pjyi

)
≥ N

(
1 + 1−τ

μ

)
+ 1. Let us denote by u a common denominator in k[x] of the

entries of Γ, and let s ≔ max
(
deg u, 1 + deg

(
ijΓ

)
u
)
. As previously, we assume that Y is a solution

of d
dxY = ΓY .

Lemma 3.0.1. Under (10), we have the relation

(11) m

(
um

m!

(
dm

dxmq

)
· yi

)
≤N+m(s−1)

= imR∗um for i = 0, . . . , μ − 1 andm ≤ N (1 − τ)
μs

.

Proof. Of course, the casem = 0 is a tautology. We first notice that deg imR∗um ≤ N +m(s − 1).
By induction, and using the last remark, it suffices to show that ord0 (imL) ≥ N +m(s− 1) + 1 for
imL ≔ um

m!
dm
dxmq · yi − imR∗um, and for any i, m as in the statement. We can readily compute

u
m + 1

d
dx im

L =
um+1

(m + 1)!
dm+1

dxm+1q
· yi +

mum

(m + 1)!

(
d
dxu

)
· dm

dxmq
· yi

+ um+1

(m + 1)!

μ−1∑
j=0

ijΓ
dmq
dxm
· yj −m

(
d
dxu

)
· um

(m + 1)! imR
∗ − um+1

(m + 1)!

μ−1∑
j=0

ijΓjmR∗

− um+1

(m + 1)! i,m+1R
∗

= i,m+1L +
m

(
d
dxu

)
m + 1 imL +

u
m + 1

μ−1∑
j=0

ijΓ · jmL,
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which gives

min
i

ord0 (i,m+1L) ≥ min
i

ord0 (i,mL) − 1 ≥ N
(
1 + 1 − τ

μ

)
−m

by recursion. We conclude by noting thatN +m(s− 1) + 1 ≤ N
(
1 + 1−τ

μ

)
−m+ 1 form as in the

lemma. □

4. From σ (y) to σ (Λ)

Now k = K is a number field. By Siegel’s lemma (see I 1.1), we can find a nonzero polynomial
q =

∑N
n=0 qnxn ∈ OK [x] which satisfies condition (9), with
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h
(
q0, . . . , qn

)
≤

μ
[
N (1−τ )

μ

]
N + 1 − μ

[
N (1−τ )

μ

] [
h
(
y0,0, y0,1, . . . , yμ−1,

[
N

(
1− 1−τ

μ

)] ) + logN + c(K)] ,
that is to say, making use of the convention I 1.2:

(12) (1 + deg q)h(q) ≤ 1 − τ
τ

[
N

(
1 + 1 − τ

μ

)
h
(
Y≤N

(
1− 1−τ

μ

) ) + logN + c(K)] .
Without loss of generality, onemay also assume that the polynomial u lies inOK [x]. To go further,
we have to fix n ∈ N, and to assume that

(13) N ≥
max

(
c0 (Λ), μs(n + μ − 1)

)
1 − τ , c0 (Λ) being as in Theorem 2.1.1.

Now let v be a finite place ofK . Under condition (13), the assumption of Theorem 2.1.1 is fulfilled,
henceR<0> can be inverted in formula (6); this gives the following estimate:

∥Γn∥v ≤ max
h≤n





 1
h!

(
dh

dxh
R<n−h>

)
AdjR<0>






v

��detR<0>��−1
v

≤ max
h≤n




R<h> AdjR<0>



 |Δ|−1v

according to IV 1.5.1, henceforth the following bound

∥Γn∥v ≤
(
max
h≤n




R<h>




v

)μ ��Δ−1��v < ©­­« max
h≤n+μ−1
i≤μ−1

|ihR∗ |v
ª®®¬
μ ��Δ−1��v .

We use Lemma 3.0.1 in order to estimate |ihR∗ |v; indeed condition (13) makes (11)n available. We
obtain

(14) ihR∗ = u−h
∑

h+l+m≤N+h(s−1)

(
uh

)
k

(
h + l
l

)
qh+lyi,mxk+l+m,

whence
|ihR∗ |v ≤ |q|v max

m≤N+h(s−1)

��yi,m��
v ≤ max

m≤N+h(s−1)

��yi,m��
v ,

since q ∈ OK [x]. Therefore we get
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(15) ∥Γn∥v ≤
(

max
m≤N+(n+μ−1) (s−1)

��yi,m��μ
v

)
·
����(u μ(μ−1)

2 Δ
)−1����

v
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because u ∈ OK [x]. Now let ζ be any root of unity satisfying
(
u

μ(μ−1)
2 Δ

)
(ζ ) ≠ 0. We have∑

v
hv,n (Λ) =

∑
v∈Σf

max
(
1
n
max
m≤n

log ∥Γm∥v , 0
)

≤
∑
v∈Σf

max
m≤n

1
n
log ∥Γm∥v since Γ0 = I

≤ μσf (Y )
(
N
n
+ 1 + o(1)

)
1
n

∑
v∈Σf

log
���(u μ(μ−1)

2 Δ
)
(ζ )

���−1
v
.

But the “product formula” inK\{0} yields∑
v∈Σf

log
���(u μ(μ−1)

2 Δ
)
(ζ )

���−1
v

=
∑
v∈Σ∞

log
���(u μ(μ−1)

2 Δ
)
(ζ )

���
v
.

Using formula (14), one finds

1
n
h∞

((
u

μ(μ−1)
2 Δ

)
(ζ )

)
≤ μ

(
1
n
(1 + deg q)h(q) + N

n
σ∞ (y)

)
+ o(1)

since h(ζ ) = h(1) = 0. Putting everything together, we arrive at the upper bound

(16)
∑
v
hv,n (Λ) ≤ μ

[(
1 + N

n

)
σ (Y ) + 1

n
(1 + deg q)h(q)

]
+ o(1).

Now, we choose N to be the minimal integer satisfying condition (13). Hence N
n ∼

μs
1−τ , when

n→∞. Making use of the estimate (12), we can translate (16) into

σ (Λ) ≔ lim
n→∞

∑
v
hv,n (Λ) ≤ μ

[
1 + μs

(
1
τ
+ 1 − τ

μτ
+ 1
1 − τ

)]
σ (Y ),

and letting τ = 1
2 , we arrive at

(17) σ (Λ) ≤ 5μ2sσ (Y ), if μ > 1 (≤ (1 + 5s)σ (Y ) if μ = 1).

The qualitative part of the following conclusion follows readily from (17) and was given by Chud-
novsky [18] (forK = Q).

Theorem 4.0.1. Let Λ = d
dx − Γ be a differential operator with Γ ∈ Mμ (K (x)). Assume that a

solution Y ofΛY = 0 inK [[x]]μ has linearly independent components overK (x). Then
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σ (Λ) ≤ 6μ2sσ (Y ).

In particularΛ is a G-operator if the components of Y are G-functions.

Proof. Recall that s denotes max
(
deg u; 1 + deg

(
ijΓ

)
u
)
for a common denominator u of the

entries of Γ. □

For want of a better place, we now give some algebraic structure properties of the set of all G-
functions. We make our exposition depend on the previous theorem, but this could be avoided
using direct recurrence arguments à la Lipschitz.

Corollary 4.0.2. The set of all G-functions is a Q-subvector space of Q[[x]], stable under the
Cauchy and Hadamard products.
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This statement should be compared to Theorem II 3.0.1.

Proof. We first notice that the condition σ < ∞ is stable under +,× and ∗ according to I 1.
The stability of the condition “y is killed by some nonzero element of Q

[
x, d

dx
]
” under + and

× follows formally from Ore’s localisability condition in the Weyl algebra A1 (Q) = Q
[
x, d

dx
]
, as

explained in the proof of II 3.0.1. It remains to prove that this condition is also stable under ∗, under
the additional condition σ < ∞. But according to the proof of the previous theorem, σ (y) < ∞
implies that any nonzero elementΛ ofA1 (Q) ofminimal orderwith respect to the propertyΛy = 0
has to be in the Fuchsian class. The required stability then follows from Corollary I 3.3.3. □

Scholie 4.0.3. The units in the algebra of all G-functions (under the Cauchy product) are the
elements y ∈ Q[[x]] which are algebraic overQ(x) and satisfy y(0) ≠ 0.

Sketch of proof. We adapt an argument of G. Christol [17], who also deals with diagonals. If y and
1
y are solutions of linear differential equations,

y′
y must be an algebraic function, say g, according to

a theorem ofW. A. Harris and Y. Sibuya [35]. Let us denote byM the 𝜕-module overK (x) which
arises from the differential equation y′ = gy; here K stands for any number field which contains
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the coefficients of y. We have dimM = [K (z, g) : K (x)].

It follows from the previous theorem that a quotient ofM, say N (for which y becomes an
injective solution, cf. next paragraph) satisfies ρ(N ) < ∞, therefore this quotient must have nil-
potent v-curvatures for every finite place v whose residue characteristic of Theorem IV 5.3.1 and
IV ex.4. On using some elementary differential Galois theory (see e.g. [1]) and the fact that N
actually “comes from” a module of rank one by a restriction of scalars, one may derive that these
v-curvatures vanish, in point of fact. A fundamental result of Chudnovsky [19], cf. VIII ex.5, based
upon methods to be described in ch. VIII, implies that y is algebraic. The converse statement is
immediate. □

The determination of the units under theHadamard product has not yet been studied; L1x is an
example (notation of I 4).

Remark 4.0.4. It follows easily from Lemma I 1.4.3 that the set of G-functions is stable under
taking primitive or derivative.

Open questions 4.0.5. 1) Under the assumptions of the theorem, does the following implic-
ation hold true: ρ(Y ) < ∞ =⇒ Λ is a G-operator?

2) For any G-function y, does the inequality ρ(y) ≤ σ (y) hold? It would be enough to show
that for every place v, limn→∞ hv,n does exist (by Fatou’s lemma). D. Bertrand suggests to
relate this question to Poincaré’s theorem about recurrent series.

5. Main theorem

Wesummarise here themain qualitative results of the secondpart of this book. By injective solution,
we mean an injective A1 (Q)-morphismM ↩→ Q((x)). ��� p. 125
Theorem 5.0.1 (Main). LetM be a 𝜕-module overQ(x), and let θ be an injective solution ofM
intoQ((x)). The following assertions are equivalent.

i) For some cyclic elementm ofM, σ (θ(m)) < ∞.
ii) For everym ∈M, σ (θ(m)) < ∞.
iii) σ (M) < ∞.
iv) σ (M∗) < ∞.
v) ρ(M)

(
= ρ(M∗)

)
< ∞.

And they imply
vi) for everym ∈M, ρ(θ(m)) < ∞.
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Remark 5.0.2. Recall that for anym ∈M, θ(m) lies inK ((x)) for some number filedK ; this gives
a sense to ρ(θ(m)). However these invariants do not depend on the choice of K . I don’t know
whether vi) =⇒ i).

Proof of the theorem. i) =⇒ ii) is a formal consequence of Lemma I 1.4.3. Indeed letmcyc be a cyc-
lic element and let m be any element of M; we can write m =

∑μ−1
i=0 fi𝜕

imcyc, for suitable
rational functions fi . Then θ(m) =

∑μ−1
i=0 fi𝜕

iθ(mcyc) because θ is a morphism of A1 (Q)-
modules, and this gives

σ (θ(m)) ≤ 3
2
σ
(
f0, . . . , fμ−1, θ(mcyc)

)
≤ 3

2

(
σ (θ(mcyc)) +

μ−1∑
i=0

σ (fi)
)
,

hence if σ (θ(mcyc)) is finite, so is σ (θ(m)), because σ takes finite values onQ(x), see I 4.
ii) =⇒ iii): choose a basis {mi} of theQ(x)-vector space underlyingM such that θ(mi) ∈ Q[[x]]

for every i = 0, . . . , μ − 1. Since θ is injective, the series θ(mi) are linearly independent over
Q(x), and formula (17) above gives the required implication.

iii) ⇐⇒ iv): this is Proposition IV 5.5.1.
iii) =⇒ v): this is part of Theorem IV 5.2.
v) =⇒ i): this is a slight extension (for y ∈ Q((x)) instead ofQ[[x]]) of Corollary V 6.6.3, with the

same proof. ��� p. 126
v) =⇒ vi): this is included in Theorem V 5.0.1, once we have remarked that a solution

t (y0 = θ(m0) · · · yμ−1 = θ(mμ−1)
)
is always the first columnof a suitably chosen “uniform

part” of the complete solution at 0 of the differential system associated toM equipped with
basis {mi}. IndeedbyKatz’s theorem, a complete solutionmaybewritten in the formYxC , and

our particular solution is expressed by YxCE11 with E11 =
(
1 0
0 0

)
, i.e. by the first column of

YxC which can also be rewritten xαYE11 for some “exponent” α. It is clear that we may assume
that α = 0without loss of generality (there is much freedom in the choice of Y ).

□

Remarks 5.0.3. 1) IfM is an irreducible 𝜕-module over Q(x), then the nonzero solution of
M is of course injective.

2) It is plain that the theorem fails if θ is not injective, even if it is nonzero. E.g., let M =(
Q(x), 𝜕1 = 0

)
⊕

(
Q(x), 𝜕1 = x

)
and θ = first projection.

Corollary 5.0.4. Every G-function y satisfies ρ(y) < ∞.

Proof. This is a plain consequence of i) =⇒ vi) in the theorem. □

Remarks 5.0.5. Recall from I 5 that σ (y) < ∞ does not imply ρ(y) < ∞ in general.

Exercises

1) Relate the exponents of the (generalised) hypergeometric differential equation in I 4.4 to the
parameters of the hypergeometric function solution y. Show that σ (y) < ∞ implies that
these parameters are rational numbers.

2) Use the zero estimate given in III Appendix to compute explicitly a constant c0 (Λ) as in
Theorem 2.1.1 in case σ (Y ) < ∞.

3) For any G-function y, give a bound for σ (y) in terms of ρ(y) which looks like the one in
Theorem V 6.2.1. (Hint: use ibid. 6.3.2).
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Chapter VII Independence of values of G-functions

1. Introduction ��� p. 128
In his paper of 1929 [58], C. L. Siegel, after defining G-functions and giving some examples, an-
nounced some results which one could obtain by the techniques he found (and described in the
same paper) for studying the diophantine approximation properties of values of what he called E-
functions. However no proof had appeared, and the first attempt in the direction of Siegel’s state-
ments was in M. S. Numagomedov’s work, more than forty years later. The successive work of A.
I. Galočkin [33], Y. Flicker, E. Bombieri [6] and D. V. & G. V. Chudnovsky [18], finally completed
the proof of a G-function theorem that Siegel could have envisioned; roughly speaking, this is a
quantitative result on the nonexistence of too many algebraic relations among the values at some
algebraic point ξ of certain G-functions, when ξ is “arithmetically” small enough (depending on
the degree of the relations). Therefore, the diophantine theory of values of G-functions belongs
to irrationality rather than transcendence theory. Nevertheless, its typical feature (and strength),
discovered by Bombieri, is the possibility of a local-to-global setting. This leads to a kind ofHasse’s
principle for values of G-functions as follows: calling “global” a dependence relation which is true
in a p-adic field whenever it makes sense in that field, then every global relation at ξ comes from a
functional relation between G-functions y0, . . . , yμ−1, except for a set of ξ of bounded height.

All of the works mentioned above use some invariants of Siegel’s method. Here we shall sim-
plify and sharpen substantially all those results by using instead Gelfond’s method, following an
idea of P. Debes [22]. We shall also make the constants explicit. Nevertheless, the reader will prof-
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itably compare the two methods (see ex.3 below). Indeed, following a way traced by S. Lang in the
E-function case [45], Siegel’s method also gives rise to lower bounds for polynomials in special val-
ues of G-functions, a subject that we have not at all touched upon, because of the present lack of
geometric applications – we refer to the works of D. V. and G. V. Chudnovsky [18], K. Väänänen
[61] and Xu Guangshan for this matter.1

In this chapter, we shall also illustrate the powerful local-to-global method, but only in the
special case of algebraic functions, by giving twoapplications: firstly, an effective versionofHilbert’s
irreducibility theorem (after V. G. Sprindzhuk), and then a study of certain rational points over
superelliptic curves. In this latter application of the Hasse principle for values of G-functions, we
obtain effective bounds of a new kind; the method itself can be viewed somehow as an “adelised”
version of the old method of Runge – the first general statement about two-variables diophantine
equations – which we recall briefly in the appendix.

2. Approximating forms ��� p. 130
2.1. Let K be a number field. Let Γ ∈ Mμ (K (x)) and let us consider the differential operator
Λ = d

dx − Γ; we set s ≔ |SinΛ|. Let Y = t (y0 · · · yμ−1
)
be a solution of ΛY = 0 in K [[x]]μ,

with linearly independent entries (overK (x)). We assume that σ (Y ) < ∞, or equivalently, that the
yi’s are G-functions.

At least, let ξ ≠ 0 be an algebraic number in K , which is an ordinary point or an apparent
singularity ofΛ.

1This theory has a long-standing bad reputation of noneffectivity, which comes from the constant c0 (Λ) in Shidlovskiĭ’s
theorem (VI 2.1.1, or themore usual “dual” statement [57][6]). However, this can be overcome by using instead III appendix,
taking into account the fact that a differential system satisfied by a column of linearly independent G-functions is Fuchsian
(VI 4). Also the needed explicit estimates for the coefficients of theG-functionsmaybe derived from the asymptotic estimate
(for σ , see V ex.2).

84
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2.2. LetZ ∈ Mμν (K [[x − ξ ]]), 0 < ν ≤ μ, be a solution ofΛZ = 0 (since ξ is atworst an apparent
singularity, one could even take ν = μ and Z invertible, but in the application in view, Z will have
rank ν < μ). We shall construct a row of polynomials P =

(
p0, . . . , pμ−1

)
such that P · Z has a high

order at ξ .

Lemma 2.2.1. Let α be a positive integer, and let τ be a positive real number. Then there exists
P =

(
p0, . . . , pμ−1

)
∈ K [x]μ, with the following properties:

i) deg P ≤ να
μτ (1 + τ), pi not all 0,

ii)

(1 + deg P) h(P)
α
≤

{
ν
μ
(1 + τ) + τ (2s − 1)

}
h(ξ )

+
{
sτ + ν

μ
(1 + τ)

}
log 2 + 2τ

∑
ζ ∈SinΛ

h(ζ ) + τσ (Λ) + o(1),

iii) ordξ PZ ≥ α,
where o(1) is relative to α→∞.
Remark 2.2.2. σ (Λ) < ∞ because σ (Y ) < ∞ and the yi’s are linearly independent, according to
the results of the last chapter.

Proof. Condition iii) is the following linear system of να equations in the μN unknowns pin, i =
0, . . . , μ − 1; n = 0, . . . , N − 1, withN ≔

[
να
μτ (1 + τ)

]
+ 1:

N−1∑
n=0

μ−1∑
i=0

min(m,n)∑
l=0

(
n
l

)
ξn−lpim · ijZm−l = 0, j = 0, . . . , ν − 1; m = 0, . . . , α − 1.

Hence by Siegel’s lemma, there exists a nonzero solution with
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h
( (
pin

)
i,n

)
≤ να
μN − να

{
(N − 1) (h(ξ ) + log 2) + αh (Z≤α) + log μN 2 + c(K)

}
≤ τ

{
να
μτ
(1 + τ)(h(ξ ) + log 2) + ασ (Z)

}
+ o(α),

and we conclude using Proposition IV 5.4.1 (recall our convention for the height of polynomials).
□

2.3. Let us now consider the series r ≔
∑μ−1
i=0 piyi . Since σ (Λ) < ∞, it follows from results of

Chapter IV that Λ is Fuchsian. Hence the zero estimate in Chapter III (appendix) is available in
our present case, and yields

β ≔ ord0 r ≤ μ(N − 1) + o(1) ≤
να
τ
(1 + τ) + o(1).

3. A method of Gelfond

3.1. Let us consider the first nonzero coefficient of r:

η ≔
1
β!

dβr
dxβ

����
0
=

μ−1∑
i=0

β∑
n=0

pi,nyi,β−n ∈ K\{0}.

For any place v ofK , we have

(3.1.1) log |η|v =≤ max
i,n

log+
��pi,n��v + βhv,β (Y ),

with an additional term
(
dv
d

)
log βμ if v ∈ Σ∞.
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3.2. We now assume that there exist μ − ν linearly independent relations overK

(3.2.1)
μ−1∑
i=0

aijyi (ξ ) = 0, j = 0, . . . , μ − ν − 1.

Such relations may be understood in several ways. Indeed the functions yi may be considered as
convergent Taylor series iv (yi) in the v-adic disk Dv (0, Rv (Y )). Thus of |ξ |v < Rv (Y ), it makes
sense to consider the above relations as holding inKv.
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Now we assume that (3.2.1) is satisfied v-adically for every v in some fixed finite set of places V ,

such that
|ξ |v < min (1, Rv (Y ))min

(
1, |ξ |−1v

)
, for all v ∈ V.

3.3. Let us choose a basism0, . . . , mν−1 of theK -linear subspace ofKμ defined by the equations
μ−1∑
i=0

aijxi = 0, j = 0, . . . , μ − ν − 1.

Let us fix Z by requiring that its columns take the valuesm0, . . . , mν−1 respectively at ξ .
Because of (3.2.1), we have iv (Y )(ξ ) = (iv (Z) (ξ )) · Bv, for some suitable column Bv with

ν entries in Kv, depending on v ∈ V . Because iv (Y ) and iv (Z) are both solutions of Λ, hence
uniquely determined by their “initial” value at ξ , we have

iv (Y ) = iv (Z)Bv, identically.

This implies that
iv (r) = iv (P · Z)Bv,

from which we deduce

(3.3.1) ordξ iv (r) ≥ α, for every v ∈ V.

3.4. Let us consider, for v ∈ V , the v-adic analytic function iv (r)x−β
(
1 − x

iv (ξ )

)−α
in

Dv (0, Rv (Y )). It takes the value iv (η) at0. Let ε > 0be such that |ξ |v < rv ≔ min (1, Rv (Y )) e−
ε
|V | .

The maximummodulus principle in the diskD(0, rv) gives

(3.4.1)
log |η|v ≤ max

i,n
log+

��pi,n��v + α log |ξ |v
min (1, Rv (Y ))

+ max
|x |v≤rv

log ∥Y (x)∥v + α log |ξ |−1v + β log+
1

Rv (Y )
+ βO(1)ε + o(α).

3.5. We next sum our inequalities (3.4.1) over all v ∈ V and (3.1.1) over all v ∉ V ; since η ≠ 0, the
“product formula”

∑
v log |η|v holds and yields, after dividing by α:
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v∈V

log |ξ |v + (1 + deg P)
h(P)
α
+
β
α
σ (Y ) +

(∑
v∈V

log+
1

Rv (Y )

) (
1 +

β
α

)
+ εO(1) + oε (1) ≥ − log 2

(where the last quantity may depend on ε). We now use 2.3; we use the previous lemma, and let
α→∞, then ε→ 0; we then get:∑

v∈V
log |ξ |v +

{
ν
μ
(1 + τ) + τ (2s − 1)

}
h(ξ )

+
{
1 + sτ + ν

μ
(1 + τ)

}
log 2 + 2τ

∑
ζ ∈SinΛ

h(ζ ) + τσ (Λ)

+ ν(1 + τ)
τ

σ (Y ) +
(
1 + ν(1 + τ)

τ

) ∑
v∈V

log+
1

Rv (Y )
≥ 0.

Hence we have proven the following.
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Proposition 3.5.1. Under the assumptions 2.1 and 3.2, we have the following constraint on ξ :∑
v∈V

log |ξ |v +
{
ν
μ
(1 + τ) + τ (2s − 1)

}
h(ξ ) ≥ −c4 (Λ, τ, Y ),

where

c4 (Λ, τ, Y ) =
(
sτ + ν

μ
(1 + τ) + 1

)
log 2 + τ ©­«σ (Λ) + 2

∑
ζ ∈SinΛ

h(ζ )ª®¬
+ ν(1 + τ)

τ
σ (Y ) +

(
1 + ν(1 + τ)

τ

)
ρ(Y )

(and the last two terms may be replaced by
(
1 + ν(1+τ )

τ

)
σ (Y ) if (hv,n (Y ))n has a limit for every

v ∈ V ).

Remark 3.5.2. ρ(Y ) < ∞ follows from σ (Λ) < ∞ by the results of Chapters IV and V (more
precisely, wemay express explicitly these two invariants in terms of σ (Y ), μ, Γ). In practice however,
it is more convenient to compute ρ(Y ) and ρ(Λ); we have also given expressions for ρ(Y ) and σ (Y )
in terms of ρ(Λ), see Chapter V.

Remark 3.5.3. The proposition is nonempty only if τ is such that ν
μ (1 + τ) + τ (2s − 1) < 1, i.e.

τ < μ−ν
(2s−1)μ+ν .

3.6. Application: Hilbert’s irreducibility theorem (after P. Bundschuh, V. G. Sprindzhuk and
P. Debes [23])

Let p ∈ K [x, y], and assume that p(0, y) has a simple root in K . Hence there exists an algebraic
function y1 ∈ K [[x]] such that p(x, y1) ≡ 0; moreover Y = t

(
y0 = 1 y1 · · · yμ−1 = yμ−11

)
has

linearly independent entries over K (x) if μ = degy p, and is a solution of a G-operator Λ (the fact
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that σ (Y ) < ∞ comes either from Eisenstein’s theorem about algebraic functions, or Proposition
I 4.2.5). The reducibility of p(ξ, y) ∈ K [y] for some ξ ∈ K∗ would yield dependence relations
among the yi (ξ ). Replacing ξ by ξm for m large, this contradicts under suitable assumptions the
inequality displayed in the last proposition. We can get this way some effective versions ofHilbert’s
irreducibility theorem; a typical example is

Corollary 3.6.1 (Sprindzhuk [59]). Assume that the quantities |ξ |v, where v runs over the set of
places such that |ξ |v < 1, constitute a nonempty family of multiplicatively independent real num-
bers. Then for any sufficiently largem (effective), p

(
ξm, y

)
is irreducible inK [y].

4. Local dependence

4.1. In addition to the assumptions 2.1, we suppose that the entries of Y are homogeneously algeb-
raically independent over K (x), (hence μ ≥ 2). We then may replace Y by Y ⊗n and Λ by Λ⊗n for
any n > 0. The new invariants may be controlled as follows:

μn =
(
μ + n − 1
μ − 1

)
,

σ (Y ⊗n) ≤ σ (Y ) (1 + log n),
σ (Λ⊗n) ≤ σ (Λ) (1 + log n),

the global radii, and SinΛ, remain invariant.
Insteadof 3.2,we suppose that there is somenontrivial homogeneous relationofdegree δ among

the iv (yi (ξ ))’s, with coefficients in iv (K) for some place v such that |ξ |v ≤ 2−
dv
d min (1, Rv (Y )).
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Multiplying this relation by monomials of degree n − δ ≥ 0 in the yi’s, we get
(μ+n−1−δ

μ−1
)
linearly

independent linear dependence relations among the nv (yi (ξ ))’s. Hence we may take

νn =
(
μ + n − 1
μ − 1

)
−

(
μ + n − 1 − δ

μ − 1

)
≤
δ
∑μ−2
i=0 δ

i (n + μ − 1)μ−i−2
(μ−1
i
)

(μ − 1)! ≤
δ(δ + n + μ − 1)μ−2

(μ − 2)! .

We choose τ = δ
n(2s−1) . Then
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νn
μn
(1 + τ) + sτ ≤ νn

μn
(1 + τ) + τ (2s − 1)

≤ (μ − 1) δ
n
2μ−1 if n ≥ δ + μ − 1,

and νn (1+τ )
τ + 1 ≤ nμ−1

(μ−2!) 2
μ−1 (2s − 1). We assume that h(ξ ) ≥ e and that

(4.1.1)
h(ξ )

log h(ξ ) ≥ max
(
σ (Y ) +

∑
h(ζ ) + log 2,

(δ + μ)μeμ
δ

)
,

and we choose

(4.1.2) n =

[(
δ

h(ξ )
log h(ξ )

) 1
μ
]
+ 1.

Thus, if we make the mild hypothesis that s is the same as the one defined in VI 4,

(μ − 1) δ
n
2μ−1

{
h(ξ ) + log 2 +

σ (Λ)(log n + 1) + 2∑
h(ζ )

(2s − 1)2μ−1 (μ − 1)

}
≤ (μ − 1) δ

n
2μh(ξ )

≤ 2μ (μ − 1)δ1−
1
μ h(ξ )1−

1
μ (log h(ξ ))

1
μ

(for the first inequality, we used the formula given in TheoremVI 4.0.1: σ (Λ) ≤ 5μ2sσ (Y ) and half
of (4.1.1)). Similarly, using again (4.1.1), we find

nμ−1

(μ − 2)! 2
μ−1 (2s − 1)

(
σ (Y ) (log n + 1) + log+ 1

Rv (Y )

)
≤ 22μ+1

μ!
(μ − 1)sδ1−

1
μ h(ξ )1−

1
μ (log h(ξ ))

1
μ σ (Y )

(here we also use the fact that log+ 1
Rv (Y ) ≤ σ (Y )). Putting everything together, we find that if

h(ξ ) ≥ max
(
σ (Y ) +

∑
h(ζ ) + log 2,

(δ + μ)μeμ
δ

)
max(1, log h(ξ ))

and if
|ξ |v ≤ exp

{
−22(μ+1)σ (Y )max

(
s

(μ − 1)! δ
1− 1

μ h(ξ )1−
1
μ (log h(ξ ))

1
μ , 1

)}
,

then there cannot be any nontrivial homogeneous relation of degree δ among the elements
y0 (ξ ), . . . , yμ−1 (ξ ) of Kv. At this point, it is important to remind the normalisation of | |v. Note

also that the case of inhomogeneous relations can be derived by replacing Y by Y + =

(
Y
1

)
and Γ

by Γ+ =

(
Γ 0
0 0

)
.
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4.2. All of this generalises without difficulty if we only assume that at least one of the yi

y0 is tran-

scendental (instead of assuming that the transcendence degree ofK (x)
((

yi
y0

)
i

)
is μ − 1). However

it would be difficult to present an explicit statement as above.
The proof follows closely 4.1, so that we give only a brief sketch (see [6, 12] for more details).
Since the entries of Y ⊗n are no longer assumed linearly independent, one has to replaceΛ⊗n by

a “suboperator”Λ(n) defined in the following way: letMn be the vector space overK (x) generated
by all monomials yi1 , . . . , yin , 0 ≤ i1 ≤ · · · ≤ in ≤ μ− 1, and let μ(n) ≔ dimK (x)Mn; let us fix μ(n)
monomials yi1 , . . . , yin linearly independent over K (x) and let Y (n) be the corresponding vector.
Then there exists a unique matrix Γ (n) with entries inK (x) such that

Λ(n)Y (n) ≔
d
dx
Y (n) − Γ (n)Y (n) = 0.

From Lemma IV 3.3.3 and 4.1.2, it follows that

ρ
(
Λ(n)

)
≤ ρ

(
Λ⊗n

)
≤ ρ(Λ),

σ
(
Λ(n)

)
≤ σ

(
Λ⊗n

)
≤ σ (Λ) (1 + log n)

≤ 5μ2sσ (Y ) (1 + log n), s being defined

according to VI 4, while we have

SinΛ(n) ⊂ SinΛ⊗n (⊂ SinΛ) ;

this follows from the following remark: if we write Y ′ for the complement of Y (n) in Y ⊗n, so that
Y ′ = BY (n) for a suitable (μn − μ(n) ) × μ(n) matrix Bwith entries inK (x), then any solutionX (n)

ofΛ(n) lifts to a solution
(
X (n)
BX (n)

)
ofΛ⊗n. At last, we have

μ(n) = dimH0
(
Proj

⊕
Mm,O(n)

)
= x

(
Proj

⊕
Mm,O(n)

)
for large n, in particular

μ(n) ∼ deg
(
Proj

⊕
Mm

) nμ′
μ′!

as n→∞where μ′ stands for dimProj
⊕

Mm = tr degK (x)
((

yi
y0

)
i

)
.

Now we are faced to the problem of counting how many independence linear relations
hold among the iv

(
yi1 , . . . , yin

)
(ξ )’s; let us denote this number by μ(n) − ν(n) . Hence

ν(n) = dimK H0 (
Proj

⊕
Mm,ξ ,O(n)

)
whereMm,ξ denotes the K -vector space generated by the
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monomials iv

(
yi1 , . . . , yim

)
(ξ ). Following Bombieri, we shall say that there is a strongly nontrivial

homogeneous relation of degree δ among the yi (ξ )’s, if there is a hypersurface Σδ of degree δ in P
μ−1
K

such that
Proj

⊕
Mm,ξ ⊂ specialise

x→ξ
Proj

⊕
Mm ∩ Σδ ≔ Xξ ,

and such that this intersectionXξ has dimension < μ′ (hence= μ′ − 1). The point is that a strongly
nontrivial relation decreases the transcendence degree. Then

ν(n) ≤ dimK H0 (
Xξ ,O(n)

)
= χ

(
Xξ ,O(n)

)
for n ≫ 0,

∼ degXξ
ndimXξ

(dimXξ )!

≤ δ deg
(
Proj

⊕
Mm

)
· nμ′−1

(μ′ − 1)!
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byBézout’s theorem (see [36, I 7.7]). (This is a simplification ofBombieri’s argument [6, 12].) Using
the semicontinuity of coherent cohomology applied to Chow variety which parametrises the Xξ ’s,
one can show that these estimates are uniform in ξ .

4.3. Theorem Let y0, . . . , yμ−1 be μG-functions. Then there exist two constants c5 and c6 depend-
ing only on y0, . . . , yμ−1 with the following property: let δ be a positive integer, v a place ofK , and
let μ′ denote the homogeneous transcendence degree of the field generated bv the yi’s and their
derivatives overK (x); if h(ξ ) ≥ c5δμ

′ (log δ + 1) and if

|ξ |v ≤ exp
(
−c6δ1−

1
μ′+1 h(ξ )1−

1
μ′+1 log h(ξ )

1
μ′+1

)
,

then there cannot be any strongly nontrivial homogeneous relation of degree δ among the elements
yi (ξ ) ofKv.

Proof. Note first that if μ′ = 0, there cannot be any strongly nontrivial relation at all, hence we
may assume that μ′ ≥ 1. If Λi is a matrix operator associated with the scalar operator which kills

yi , we may construct Λ =
⊕

Λi and Y =
(
y0, y′0, y

′′
0 , . . . , y

(ord(Λμ−1)−1)
μ−1

)
, so that ΛY = 0 and

σ (Y ) < ∞. Moreover μ′ corresponds to the homogeneous transcendence degree ofK (x) (Y ) over
K (x). Now we construct the differential operators Λ(n) , which are uniquely determined by the
choice of μ(n) independent monomials of degree n in the yi’s. We assume that c5 is large enough to
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ensure that

h(ξ ) ≥ c5 =⇒ ξ ∈ SinΛ ⊃ SinΛ(n) .
Next we use our previous upper (resp. lower) bound for ν(n) (resp. μ(n) ). Finally, the rest of the
argument goes as in the special (but explicit) case 4.1 but choosing

n ∼
(
δ

h(ξ )
log h(ξ )

) 1
μ′+1

.

□

Remark 4.3.1. In [6, 12], a similar result is stated, but with h(ξ )1−
1

2μ′ instead of h(ξ )1−
1

μ′+1 .
Moreover one imposes there a priori that Λ is a G-operator, and that ρ(Y ) < ∞; at last, the proof
given loc. cit. uses Dwork–Robba’s theorem, and a refined version of Siegel’s lemma (we did not
so).
Remark 4.3.2. It turns out that Proj

⊕
Mm and its specialisation at ξ (at least for ξ ordinary) are

torsors (= principal homogeneous space) under suitable differential Galois groups, see Chapter IX.
Hence if “the” differential Galois group is (geometrically) connected, these varieties are geometric-
ally irreducible, and every nontrivial relation is automatically strongly nontrivial.

5. Global dependence; Hasse’s principle

5.1. Let p be a homogeneous polynomial in μ variables, with coefficients in K , and let Y =
t (y0 · · · yμ−1

)
∈ K [[x]]μ. We say that a relation p

(
y0 (ξ ), . . . , yμ−1 (ξ )

)
holds v-adically if

iv (p)
(
iv (y0) (iv (ξ )), . . . , iv (yμ−1)(iv (ξ ))

)
= 0 in Kv; such a relation is said nontrivial if it does

not come by specialisation at ξ from a homogeneous relation of the same degree (with coefficients
in K [x]) among the series yi . According to §4, we call it strongly nontrivial if it does not occur as
a factor of the specialisation at ξ of a homogeneous irreducible relation among the series yi (pos-
sibly of higher degree). Following Bombieri, we say that a relation p

(
y0 (ξ ), . . . , yμ−1 (ξ )

)
is a global

relation if it holds v-adically for every place v ∈ Σ(K) for which |ξ |v < min (1, Rv (Y )). In other
words, a global relation is a relation which is true v-adically whenever it is defined. Let us remark
that for a global relation, the fact that it is trivial (resp. nontrivial) at one place vwhere it is defined,
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is independent of this place v. In his paper of 1981 [6], E. Bombieri remarked for the first time that
the existence of nontrivial global relations implies a finiteness property. In fact, the following result
may be considered as a Hasse principle for values of G-functions.
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5.2. Theorem Assume that Y ∈ Q[[x]] satisfies the differential system d
dxY = ΓY for some

Γ ∈ Mμ (Q(x)), and that σ (Y ) < ∞. Let
∐∐

δ (Y ) (resp.
∐∐′

δ (Y )) denote the set of ordinary
points or apparent singularities ξ ∈ Q

×
where there is some nontrivial (resp. strongly nontrivial)

global (homogeneous) relation of degree δ. Then

h

(∐∐
δ
(Y )

)
≤ c7 (Y ) · δ3(μ−1) (log δ + 1)

and

h

(∐ ′∐
δ
(Y )

)
≤ c8 (Y ) · δμ (log δ + 1).

In particular, any subset of
∐∐

δ (Y ), with bounded degree overQ, is finite.

Proof. LetV be the set of places v ∈ Σ(K) such that{
|ξ |v < min (1, Rv (Y )) if v ∈ Σ0

|2ξ |v < min (1, Rv (Y )) if v ∈ Σ∞.

We have ∑
v∈V

log |ξ |v = −
∑
v∈V

log+
���� 1ξ ����v = −h(ξ ) +∑

v∉V
log+

���� 1ξ ���� ≤ h(ξ ) + ρ(Y ) + log 2.
Looking at Proposition 3.5.1, we see that any choice of τ such that τ <

μ−1(δ)
2sμ−1(δ)

will lead to an upper

bound forh(ξ ), after replacingΛbyΛ(δ) . Sinceμ(δ) = O
(
δμ−1

)
, the required estimate forh (∐∐δ)

will follow after choosing τ = 1
2(μ+2s) for instance.

In order to estimate h
(∐∐′

δ
)
, we use Λ(n) instead of Λ(δ) , for appropriate large n (as in the

previous theorem, whose proof carries over in the present case without an essential change). The
finiteness assertion follows from the bound for the height and Northcott’s theorem, see e.g. [48].

□

5.3. Remark However, relations between special values ofG-functions need not be “global”, even
in the particular case of rational values of algebraic functions at rational points. In order to under-
stand better this phenomenon, the reader is invited to carry out the case of the Pythagorean func-
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tion
√
1 + x2. Of course, by multiplying all the “local” relations, obtained for each place v such

that our algebraic functions converge at the given point ξ (there are only a finite number of such
v), we obtain this way a global relation; but in most cases this relation comes from a functional (=
“trivial”) relation by specialising. In this respect, the case of transcendental G-functions y0, . . . , yμ−1
is easier to handle, because a product of strongly nontrivial relations remains strongly nontrivial;
thus in practice, it suffices to construct, for each place v such that y0 (ξ ), . . . , yμ−1 (ξ ) has a sense
v-adically, a strongly nontrivial relation with algebraic coefficients which links these v-adic values
y0 (ξ ), . . . , yμ−1 (ξ ).

6. Application to diophantine equations

6.1. We now apply the “Hasse principle” which has just been proved, to the arithmetics of super-
elliptic curves, and obtain that certain rational or algebraic points (with some conditions about de-
nominators) are infinitenumber. Moreoverwe shall displayquite explicit and fairly “small” bounds.
We also take this opportunity to refine our Prop. 3.5.1 in the case of algebraic functions, and show
how to compute the invariants in this concrete situation.
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6.2. Two diophantine results

Let us consider an irreducible superelliptic curve C over Z defined by the equation

(6.2.1) ym = q(z),

where q denotes a monic polynomial with coefficients in Z, of degree say n. We assume moreover
that

(6.2.2) m and n have a prime common factor l ≥ 3, or else are divisible by l = 4.

Let us denote byH (q) themaximum among± the coefficients of q, and let us setH (ξ ) = exp h(ξ )
(if ξ = a

b ∈ Q is an irreducible ratio, this is simplymax ( |a|, |b|)).
Theorem 6.2.1. There are only finitely many rational points (y, z) on C such that no prime ≡
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1mod l divides the denominator of z. For such a point, one has the bound

H (z) <
(
28nl3H (q)2

)3n+2 .
Theorem 6.2.2. There are only finitely many totally real points in C (Q) with bounded denomin-
ator and degree.

6.3. Proof

1) Let us consider the column of Y consisting in the two G-functions y0 = 1 and y1 =(
xnq

( 1
x
) ) 2

l . Hence Y (0) =
(
1
1

)
, and Y satisfies the differential system of order μ = 2:

ΛY ≔
d
dx
Y −

(
0 0
0 2x−n

lq( 1x )

)
Y = 0.

One has SinΛ = {reciprocals of the nonzero roots of q}, and |SinΛ| = s ≤ n.
Now, let us compute the invariants of Y . Since the components of Y are globally bounded
(Eisenstein, or direct checking on the expansion below), one has σ (Y ) ≤ ρ(Y ) = ρ(y1).

Let us write q = xα
∏

ζ

(
x − 1

ζ

)
, so that y1 =

∏ (
1 − x

ζ

) 2
l . By looking at the expansion of(

1 − x
ζ

) 2
l
=

∑
j≥0

(
− 2

l
)
j

(
ζ −j
j! x

j
)
, one finds (I app.):

ρ(y1) ≤
∑
p | l2

(
vp

(
l
2

)
+ 1
p − 1

)
log p + h(SinΛ)

≤ 3
2
log

l
2
v2 (l) +

(
v2

(
l
2

)
+ 1

)
log 2 + h(SinΛ)

≤ 3
2
log l + h(SinΛ).

But

h(SinΛ) ≤
∑

ζ s.t. q
(
1
ζ

)
=0

h
(
1
ζ

)
(since h(ζ ) = h

(
1
ζ

)
)

= log
∏

M
(
1
ζ

) 1
deg ζ

(with the help of the Mahler measureM, see I 1.1)

= log
∏

max
(
1,
���� 1ζ ����) since q has rational coefficients,

≤ n log 2 + logH (q) by a well-known inequality.
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(6.3.1) ρ(Y ) ≤ n log 2 + 3
2
log l + logH (q).

Similarly the size of the matrix Z involved in the proof of Proposition 3.5.1 can be estimated,
because

Z = ©­«
1 1∏ (

1 − x−ξ
ζ−ξ

) 2
l 0

ª®¬ ,
and therefore

(6.3.2)
σ (Z) ≤ ρ(Z) ≤

∑
ζ ∈SinΛ

h
(

1
ζ − ξ

)
+ 3
2
log l

≤ 2n log 2 + 3
2
log l + logH (q) + sh(ξ ) for any ordinary point ξ ∈ Q.

2) Let us now write down the relations which occur in case there exists a point P = (y, z) as in
the theorem. Let us set ξ = 1

z . Then any singularity ofΛ gives rise to a point P onC (Q), but
they are in finite number and certainly satisfy the required inequality for the height. Hence
we assume from now onwards that ξ ∉ SinΛ. LetK = Q(y, z) denote the field of definition
of P. We shall show that the following relation between the values of y0, y1 at ξ = 1

z :

(6.3.3)
(
y2z−

2n
l

)
y0 (ξ ) − y1 (ξ ),

is a global (resp. “almost” global) nontrivial relation if K = Q and |ξ |p ≥ 1 for every prime
p ≡ 1 (l) (resp. if K is totally real of bounded degree and hf

(
1
ξ

)
is bounded), which corres-

ponds to the hypothesis of Theorem 6.2.1 (resp. Theorem 6.2.2). Let us notice that (6.3.3)
is nontrivial because y0 and y1 are linearly independent over Q(x); indeed l > 2, and C is
assumed to be irreducible, so that q is neither lth nor a

(
l
2

)
th power. On the other hand, by

putting y2 =
(
xnq

( 1
x
) ) 1

l =
√y1, (6.3.3) can be written in the following form:

(6.3.4)
∏
ε=±1

(
y2 (ξ ) − εyξ

n
l

)
= 0

(recall that l | n). But the following identity of formal power series: y2l = xnq
( 1
x
)
implies
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that for any place v such that |ξ |v < min (1, Rv (Y )) one has y2l (ξ ) = ylξn v-adically, i.e.∏

εl=1

(
y2 (ξ ) − εyξ

n
l

)
= 0. Thereby relation (6.3.4) holds true whenever for such a place v,

(6.3.5) the only lth roots of unity inKv are ± 1.

The point is simply that y2 (ξ ) ∈ Kv. In the case of Theorem 6.2.1, every place v of Q such
that |ξ |v < 1 satisfies v = ∞ or v = p . 1 (l), hence (6.3.5) is fulfilled. In the case of Theorem
6.2.2, every infinite place v of K satisfies (6.3.5), because Kv = R. Since moreover hf

(
1
ξ

)
is bounded, a slight modification of Theorem 5.2 shows that h(ξ ) itself is bounded; all the
same in the case of Theorem 6.2.1. And because [K : Q] is bounded too, there is only a finite
number of points P in both cases.

3) Under the hypothesis ofTheorem6.2.1, we shall push further the computations, using (6.3.2)
and avoiding the general Proposition IV 5.4.1. Let V denote the set of all places v ofQ such
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thatmin (1, Rv (Y )) > |ξ |v (resp. |2ξ |v if v = ∞). In terms of the approximating forms, the
argument of §3 revisited gives rise to the inequality∑

v∈V
log |ξ |v + lim

α→∞

(
1 + deg P(α)

) h (
P(α)

)
α

+ ν
(
1 + 1

τ

)
lim
j→∞

∑
v∉V

hv,j (Y )

+
(∑
v∈V

log+
1

Rv (Y )

) (
1 + ν

(
1 + 1

τ

))
+ log 2 ≥ 0.

On the other hand, we have

lim
α→0

(
1 + deg P(α)

) h (
P(α)

)
α

≤ ν
μ
(1 + τ)

(
h(ξ ) + log 2

)
+ τσ (Z)

(see Lemma 2.2.1). In our present case, μ = 2, ν = 1, and Y is globally bounded. Replacing
ρ(Y ) and σ (Z) by the bounds (6.3.1) and (6.3.2) respectively, we find

��� p. 144∑
v∈V

log |ξ |v +
1 + τ
2

(
h(ξ ) + log 2

)
+ log 2 + τ

(
2n log 2 + 3

2
log l + sh(ξ ) + logH (q)

)
+

(
2 + 1

τ

) (
n log 2 + 3

2
log l + logH (q)

)
≥ 0,

hence

1 − τ (1 + 2s)
2

h(ξ ) ≤
log 2
2

(
7 + 4n + τ (1 + 4n) + 2n

τ

)
+ log

(
l
3
2H (q)

) (
2 + τ + 1

τ

)
.

We next choose τ = 1
4s+2 . A straightforward computation then gives the required inequality

h(ξ ) < (4s + 6)
(
4n log 2 + 3

2
log l + logH (q)

)
,

and we conclude by noting that h(ξ ) = logH (z).
It is also true thatH (z) < 1010n2H (q)8n. □

Remarks 6.3.1. 1) This bound should be compared with Baker’s upper bound for integral
solutions of the “general” superelliptic equation: ym = q(z), m ≥ 3, q ∈ Z[z] with at
least two simple roots; then for integral (y, z),

max
(
|y|, |z|

)
< exp exp

[
(5m)10n10n3H (q)n2

]
,

cf. [3].
2) In his paper [7], E. Bombieri has pointed out that the algebraic function case of a variant

of Proposition 3.5.1 could be obtained by a geometric method, usingWeil functions and the
quadraticity of the Néron–Tate height.

Exercises

1) Prove a statement analogous toTheorem 5.2 for globally bounded series yi ∈ K [[x]] without
assuming that the yi’s satisfy any differential equation, but with a bound for the height of
ξ ∈ ∐∐

δ of the form c(Y, q), which may depend on the height of the relation q too. (Hint:
use the fact that ξ corresponds to a pole of the v-adic series iv

(
q
(
y0, . . . , yμ−1

) )−1.)
2) From 5.2 deduce the full Theorem E in the introduction.
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3) (Siegel’s method). Hypotheses are as in 2.1 and 3.2. LetN be a sufficiently large integer and
let 0 < τ < 1. Construct first μ polynomials p0, . . . , pμ−1 ∈ K [x] such that
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max deg pj ≤ N,

ord0

(μ−1∑
l=0

plyl

)
≥ (μ − τ)N,

h
(
coef. p0, . . . , pμ−1

)
≤
(μ − τ)2

2τ
σ (Y )N + o(N ).

Recall from VI 1 (3) the sequences of rational functions

njR =
n∑
h=0

μ−1∑
l=0

1
h!

(
dh

dxh
pl
)
ljΓn−h.

Show that det
(
njR

)
j,n=0,...,μ−1 ≠ 0, using VI 1 (5), the fuchsianity ofΛ and III, appendix, or

else a variant of VI 2 (Shidlovskiĭ).
Let

∑μ−1
i=0 aijyi (ξ ) = 0, j = 0, . . . , μ − ν − 1 denote relations which hold v-adically for v

belonging to a subsetV of the set of all places such that |ξ |v < min (1, Rv (Y )). Construct a
nonzero determinant

Δ =

(
aij

ni ,jR(ξ )

)
≠ 0, with ni ≤ τN + cst.;

for v ∈ V , one has Δyj (ξ ) =
∑ν
i=0

(
cofactor μ−ν+i,jΔ

) 1
ni !

dni
dxni

(∑μ−1
l=0 plyl

)
. Use this equality

to bound
∑
v∈V log |Δ|v from above. Using the product formula forΔ, and lettingN →∞,

deduce a statement analogous to Proposition 3.5.1 (by controlling h
(
ni ,jR(ξ )

)
in terms of

σ (Λ), h(P), h(ξ ), see [6, 11].
4) Show that if we consider only integral points in Theorem 6.2.1, the hypothesis l ≥ 3 can be

lowered: l ≥ 2 is enough; but “qmonic” is essential (think at the Pell–Fermat equation).

Appendix: on Runge’s method

Runge’s argument, which is exactly one-century old and perhaps a little forgotten, was the first
generalmethod for solving diophantine equations in twovariables. We shall describe it in the special
case treated in §6 in order to emphasise the similarity between this method and the G-function
method used in this chapter; E. Bombieri, loc. cit., already pointed out that Runge’s theorem [52]
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could be easily obtained from G-function theory. On the other hand, nonramification hypotheses
of the type (6.2.2) are typical features from both methods; the next case not covered by either of
them is the Thue equation.

Let us consider a solution (y, z) ∈ Z2 of the irreducible equation ym = q(z), such that m
and n = deg q have a common factor l ≥ 2 (not necessarily prime). Let us consider the algebraic
function

g(x) = q
(
1
x

) 1
l

= x−
n
l + · · · + g n

l
+ g n

l +1x + · · · ,

and let us choose l polynomials p0, . . . , pl−1 ∈ Z[x] of degree ≤ n
l and not all zero, such that

ord0

(
l−1∑
0
pj

(
1
x

)
gj

(
1
x

))
> 0.
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This is possible, because this linear system has more unknowns (l
( n
l + 1

)
) than equations (n + 1).

For a sufficiently large solution z, if any, and for the value ξ = 1
z ,

l−1∑
0
pj

(
1
ξ

)
gj

(
1
ξ

)
=

l−1∑
0
pj (z)y

mj
l ∈ Z,

but
∑l−1

0 pj
(
1
ξ

)
gj

(
1
ξ

)
= hξ + h.o.t. ≪ 1, hence vanishes. Now y is a common root of the two

polynomials
∑l−1

0 pj (z)y
mj
l and ym − q(z), and we find that z lies among the finitely many roots of

the resultant polynomial. Clearly it is possible to give effective bounds for (y, z) this way, and the
method also extends to the case of rational points with bounded denominator.



Chapter VIII A criterium of rationality

1. Statement of the results ��� p. 147
1.1. In this logically independent chapter, we present various generalisations of the Borel–Dwork
criterion; all of them are derived from a single “main criterion” whose proof relies on the diophant-
ine method already used in the last chapter, namely Gelfond’s method at several places.

Let us first recall the statement of the classical

Criterion 1.1.1 (Borel–Dwork). Let y ∈ K [[x]] (K = number field). Then y is a rational function
if and only if it is globally bounded and

∏
v∈Σ Mv (y) > 1.

HereMv (y) stands for the v-adic radius of meromorphy of y, that is to say, the greatest element
r ∈ [0,∞] such that iv (y) ≔

∑
iv

(
yn

)
xn ∈ Kv [[x]] extends to a meromorphic function on the

diskD(0, r) ofCv (this definition extends obviously to series in several variables, replacing disks by
polydisks). A particular case of this criterion states that any globally bounded series y ∈ K [[x]]
which satisfies

∏
v Rv (y) > 1 is a polynomial.

Ourfirst generalisationdealswith theproblemofweakening the assumptionof global bounded-
ness (which however cannot be omitted, e.g. think at y =

∑ xn
n! withM∞ (y) = ∞). We prove:

Theorem 1.1.2. Let y ∈ K [[x1, . . . , xν]]. Then y is a rational function iff σ (y) < ∞ and∏
vMv (y) > 1.

1.2. Can one give a criterion of algebraicity along similar lines? The answer turns out to be yes:
it suffices to replace the meromorphy condition on y by the assumption that both y and x are uni-
formised (meromorphically). Let ∥ ∥v denote the “sup norm” on eitherCν

v orMν (Cv).
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Theorem 1.2.1. Let y ∈ K [[x1, . . . , xν]]. Assume that for each place v, y, resp. x1, . . . , xν can
be expressed as meromorphic functions yv (z1, . . . , zν), resp. x1,v (z1, . . . , zν) , . . ., on the polydisk

z

v < Mv ofCv, with the following “normalisations”:

i) x(0) = 0,
ii) the jacobian matrix

(
Dxv
Dz

)���
0
is invertible, and

iii)




 (

Dxv
Dz

)���−1
0






v
≤ 1.

If y is globally bounded and
∏

vMv > ν2, then y is algebraic overK (x).

Remarks 1.2.2. 1) The normalisation iii) rules out dilatations in zwhich could trivially enlarge
theMv’s.

2) The assumption σ (y) < ∞ would not suffice here, as the following example shows: y =∑
n≥0

xn
n = z at v = ∞, x = 1−e−z,M∞ = ∞. But one could replace the global boundedness

by the (a priori) weaker assumption σ̃ (y) ≔ supn σ
(
y, y2, . . . , yn

)
< ∞, if one replaces at the

same time
∏
Mv > ν2 by

∏
Mv > ν2 · eσ̃ .

As a corollary of the theorem refined in this way, we have:

Corollary 1.2.3. Let y ∈ K
[[
x
]]
with σ̃ (y) < ∞. Choose an embedding K ⊂ C, and assume

that y and the xi’s are uniformised by meromorphic functions of z on Cν, such that the jacobian
determinant

���DxDz ��� does not vanish identically. Then y is algebraic overK (x).
Remark 1.2.4. For sufficient conditions which imply σ̃ (y) < ∞, see ex.3 below.

97
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Remark–Construction 1.2.5. In fact the uniformisation (sufficient) condition of Theorem 1.2.1
is also necessary up to adding some new variables, at least if one starts with ν = 1. Indeed, let
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y ∈ K{x} be an algebraic function (in one variable). Dividing by a monomial, we may assume that
y(0) = 1. Let us consider the complete smooth curve, say C , over K associated with the function
fieldK (x, y), and letD denote the divisor of poles of the differential form ω1 = y dx on C .

Let ω1, . . . , ων be a basis of Ω1
C (−D), and let us write JD for the generalised jacobian of C as-

sociated with the “module” D. For every complex embedding ιv of K , we get a sequence of mero-
morphic maps:

Cν ≃
(
Ω1
C (−D)

)∗ //
(
Ω1
C (−D)

)∗/H1 (C\ SuppD) ∼ // JD // C (ν)(
zi =

∑
j
∫ xj
0 ωi

)
//

∈

σj (xi)

∈

whereC (ν) denote the ν-fold symmetric product ofC with itself (ν = genusC−1+max(1, degD)).
Thus y = 𝜕z1

𝜕σ1

���
σ2=· · ·=σν=0

can be expressed in terms of the (meromorphic) jacobianmatrix Dx
Dz , and y

and σj (xi) are simultaneously uniformised bymeromorphic functions onCν (of exponential order
or growth≤ 2 after Serre [55]). In other words, one can chooseMv = ∞ for any v ∈ Σ∞ (K) in the
theorem.

1.3. Now remember the classical

Criterion 1.3.1 (Pólya). Let y ∈ K [[x]]. Then y is rational iff y is globally bounded and dy
dx is

rational.

As a direct consequence of Corollary 1.2.3 andConstruction 1.2.5 (applied to dy
dx ), we obtain the

following variant:

Corollary 1.3.2 (of Corollary 1.2.3). Let y ∈ K [[x]]. Then y is algebraic iff y is globally bounded
and dy

dx is algebraic.
1

(The fact that an algebraic function is globally bounded is Eisenstein’s theorem, see I 4.2). ��� p. 150
1.4. If one is willing to weaken the global boundedness assumption in Theorem 1.2.1, one has to
put some extra growth condition upon the meromorphic uniformisation.

We shall say that a quotient fg of two entire functions on C
ν has (exponential) order of growth

≤ γ ifmax∥z∥≤κ
(
|f (z) |, |g(z) |

)
≤ expAκγ for some constant A, and any sufficiently large κ (here

the sup norm ∥ ∥ is relative to the euclidean metric on C).
Theorem 1.4.1 (Chudnovsky–Chudnovsky). Let Y = (y0, . . . , yμ−1) ∈ K [[x1, . . . , xν]]μ. Assume
that for each infinite place v, there is a simultaneous uniformisation onCv = C as in Theorem 1.2.1
(withMv = ∞), except that condition iii) is replaced by:
iv) the xi,v have order of growth ≤ γ < ∞.

If moreover lim
n

σ (Y ≤⊗n)
log n < μ

γν , then y0, . . . , yμ−1 are algebraically dependent overK (x) (here Y ≤⊗n

denotes the set of degree ≤ n in the yi’s).

Example 1.4.2. Recall our notation L1 = − log(1 − x). Let us prove that lim
n→∞

σ (Ln1 )
log n = 1, as was

announced in I 4.3. Indeed, by Lemma I 1.4.3g), one has lim
n→∞

σ (Ln1 )
log n ≤ σ (L1) = 1. On the other

hand

σ
(
Ln1

)
= σ

(
Ln1 , . . . ,

(n − k)!
n!

(
−(1 − x) d

dx

)k
Ln1 , . . . , 1

)
= σ

(
1, L1, . . . , Ln1

)
.

1This statement was suggested to me by J. P. Bézivin.
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One may uniformise x and L1 simultaneously by putting x = e−z, which has order of growth 1,
L1 = z. Since L1 is transcendental, Corollary 1.3.2 applies and gives the reversed inequality

lim
n→∞

σ
(
Ln1

)
log n

= lim
n→∞

σ
(
(1, L1)⊗n

)
log n

≥ 1.

□

Remarks 1.4.3. 1) Actually it is required in [19] that the uniformising functions yv’s also have
order of growth ≤ γ, but this turns out to be unnecessary. ��� p. 151

2) If one combines this theorem with Construction 1.2.5, one may modify Corollary 1.3.2
(variant of the Pólya criterion) in the following fashion: replace “globally bounded” by
lim
n

σ (1,y,y2 ,...,yn)
log n < 1

2ν . Examples to be given below show that this is best possible in general.

1.5. Topological interlude

The following examples, arising from the theory of elliptic genera (see [44]), are intended to show-
ing that the estimate in Theorem 1.4.1 is rather sharp and sensitive.

Recall that a power series q(z) = 1+a2z2+a4z4+ · · · ∈ C
[[
z2

]]
determines a homomorphism

(genus) ϕ : Ω → C, where Ω is the Thom cobordism ring of oriented differentiable manifolds:
writing formally the total Pontryagin class of a 4k-dimensionalmanifoldX as

(
1 + z21

)
· · ·

(
1 + z22k

)
,

then ϕ(X ) = q(z1) · · · q(z2k). Each such genus has a logarithm:

y =
∫ x

0

∑
n≥0

ϕ
(
CP2n

)
t2n dt ∈ xC

[[
x2

]]
.

It is related to the characteristic series q in the following fashion: taking y = z as “uniformising
parameter”, then q(z) = y

x . A genus ϕ is called elliptic if

y =
∫ x

0

(
1 − 2δt2 + εt4

)− 1
2 dt for some δ, ε ∈ C.

We note that if δ, ε ∈ Q, y is a G-function; it satisfies the differential equation of order two:

(∗)
(
1 − 2δx2 + εx4

) d2y
dx2
+ 2x

(
εx2 − δ

) dy
dx

= 0.

In fact, if ε ≠ 0, there is the expansion

y =
∑
n≥0

pn
(
δ
√
ε

)
ε
n
2
x2n+1

2n + 1 ,

where the pn’s denote the Legendre polynomials. For instance, if δ = ε = 1, one has

y =
∫ x

0

dt
1 − t2 =

∑
n≥0

x2n+1

2n + 1 ,

and q(z) = z
tanh z is the characteristic series of the signature (L-genus). And if δ = −

1
8 , ε = 0, one

has
y =

∫ x

0

dt√
1 + t2

4

=
∑
n≥0
(−1)n

(
2n
n

)
2−4n

x2n+1

2n + 1 ,

and q(z) = z
2 sinh z

2
is the characteristic series of the Â-genus. In both cases, x(z) = z

q(z) is an entire
��� p. 152
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function of order of growth γ = 1. It is easily seen on the expansions that at least the prime-to-2
part of the size is ≤ 1; it follows that lim

n

σ ( (1,y)⊗n)
log n ≤ 1 in both cases. As artanh and arsinh are

transcendental, we sec that the estimate in Theorem 1.4.1 is best possible in both cases. Now, let us
assume that ε(δ2− ε) ≠ 0. Then y is an elliptic logarithm in the usual sense, and x(z) is a jacobi“an”
function, which is meromorphic of order of growth γ = 2. We next assume that δ, ε ∈ Q and that
the elliptic curveEδ,ε : x′2 = εx4−2δx2+1 has complexmultiplication. Then from the fact thatEδ,ε
mod. v is supersingular for a set of places v of density 1

2 , it can be deduced that limn
σ ( (1,y)⊗n)

log n ≤ 1
2 ,

because supersingular places v induce vanishing v-curvatures for the differential equation (∗) (see
ex.4 formore details). As an elliptic logarithm is transcendental, we see once again that the estimate
in Theorem 1.4.1 is best possible in this case.

At last, it is perhaps worth pointing out that this connection with algebraic topology is no
artifice, but the integrality and congruence properties of the coefficients of the elliptic logarithm
lies contrariwise at the root of theory of elliptic cohomology, already in the proof of its existence,
see [44].

1.6. All the above results are subsumed in the following

Criterion 1.6.1 (Main). LetY =
(
y0, . . . , yμ−1

)
∈ K [[x1, . . . , xν]]μ, let τ > 0, and letV ⊂ Σ(K) be

some set of places afK . Assume that for each v ∈ V the yi’s and xj ’s are simultaneously uniformised
by (v-adic) meromorphic functions on a polydisk of Cν

v of radius > κv, with the “normalisations”
i), ii), iii) (of Theorem 1.2.1). Write xj,v =

fj,v
gv as a quotient of analytic functions with gv (0) = 1, and

set
χv = log sup

|z |v=κv

(��fj,v�� , ��gv��) .
If the following inequality holds
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(∗) σnotV (Y ) + τσ (Y ) + 2 log ν <

∑
v∈V

[
log κv −

(
1
μ

(
1 + 1

τ

)) 1
ν

χv

]
,

then the yi’s are linearly dependent over K (x). Moreover if xv = z or if V ⊂ Σf (K), the term
2 log νmay be omitted.

(Here σnotV is defined like a size but the summation runs only over those v not in V ; hence, if
Σ\V is finite, σnotV (Y ) =

∑
v∉V log+ 1

Rv (Y ) .)

Remark 1.6.2. Inequality (∗) can be satisfied only for τ > 1
μ−1 , when xv = z.

Corollary 1.6.3. Let y ∈ K [[x]]. Then y is rational iff e12σ (y) < ∏
v∈V Mv (y) for some (resp. any)

subsetV of Σ(K).

Proof. Indeed, take y0 = 1, y1 = y, ν = 1, μ = 2, x = z, χv = log κv, κv → M−
v in Criterion 1.6.1,

then (∗) is satisfied for τ = 2 (τ =
√
2 + 1 gives a slight improvement: 11.66 instead of 12). □

In particular if σ (y) = 0 and if someMv (y) > 1, then y is rational with poles in the set of roots
of unity (since for a rational function, σ (y) = h(pol y), see I 4.1). Can one replace the assumption
Mv (y) > 1 by “y is a G-function” in this statement?

1.7. Deduction of Theorems 1.1.2, 1.2.1, 1.4.1

1.7.1 We shall prove Theorem 1.1.2 in two steps: at first we show that y is algebraic. We set Y =(
1, y, . . . , yn−1

)
, so that σ (Y ) ≤

(
1 + log(n − 1)

)
σ (y). Let us set μ = n and τ = 1√

n , xv = z. For n
large enough, inequality (∗) is then satisfied with V = Σ(K), if the κv are chosen close enough to
theMv’s. Hence y is algebraic.
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Multiplying y by a polynomial, we may assume that Rv = Mv (elimination of the apparent
singularities of the ∇-module associated with y). Moreover Rv = 1 for almost all v, because y is a
diagonal of a rational function. Thus it is enough to show that any series y ∈ K

[[
x
]]
satisfying

a) Rv (y) = 1 for almost all v,
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b)
∏
Rv (y) > 1

is a rational function (in fact a polynomial). Given an integer N > 0 and a multiindex m with
maxmi < N , and given ζ ∈ K× , we form the series ψmy =

∑
n ζ |n |yNn+mxn. The v-adic radius of

this series is given by Rv (ψmy) = (Rv (y) )N
|ζ |v ; therefore, by the product formula, ψmy still satisfies a)

and b).
Let S denote the set of places either infinite or such that Rv (y) ≠ 1. Applying the pigeon-

hole principle to the lattice given by the S-unit theorem and theN ′ + 1 points
(
Rv (y)n

)
v∈S , n =

0, . . . , N ′, we find N, 0 < N ≤ N ′, and some S-unit ζ such that e−
cv
N ′ ≤ Rv (y)N

|ζ |v ≤ e
cv
N ′ for any

v ∈ S except one, and for constants cv independent of N ′. By choosing N ′ sufficiently large, we
may assume that

log
∏
v∈S

max
(
1, Rv (ψmy)−1

)
<
1 −

( 3
4
) 1
ν

2
log

∏
v∈S

Rv (ψmy).

Since σ (ψmy) ≤ ρ(ψmy) = log
∏

v∈S max
(
1, Rv (ψmy)

)
, inequality (∗) (without the term 2 log ν)

in the main criterion is then satisfied for y0 = 1, y1 = ψmy, μ = ν = 2 and x = z: hence the ψmy’s
are rational. Since y(ζ x) = ∑

maxmi<N ψm (y)xm, we find that y(ζ x), whence y itself, is rational. □

1.7.2 Proof of Theorem 1.2.1: since ρ(y) < ∞ and
∏
Mv > ν2, one may choose ε > 0, a finite setV

of places ofK , and real numbers 0 < κv < Mv (for each v ∈ V ) subject to the inequalities
∑
V

log κv − 2 log ν > ε,∑
v∉V

log+
1

Rv (y)
<
ε
3
.

Let us choose Y =
(
1, y, . . . , yμ−1

)
in the main criterion, and τ < ε

3σ (y) . Because σ̃ (y) < ∞, σ (Y )
and the left-hand side of (∗) are bounded independently of μ. The same thing holds for χv. Let μ
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be so large that

∑
V

(
1+τ
μτ

) 1
ν χv < ε

3 . Inequality (∗) is then satisfied because

σnotV (Y ) ≤ ρnotV (Y ) ≔
∑
v∉V

log+
1

Rv (y)

for globally bounded y. Hence y is algebraic. □

1.7.3 The proof of Theorem 1.4.1 goes as follows: apply the main criterion forV = place associated
with K ↩→ C, Y = Y ⊗≤n, μn =

(μ+n
n

)
∼ nμ instead of μ. By assumption χv ≤ dv

d κ
ν
v + cst for any

v ∈ Σ∞ (K). Let us take κv = n
n
γν .

By assumption, there exists ε > 0 such that σ
(
Y ⊗≤n

)
< (1−ε)

(
μ
γν

)
log n for every large enough

n. For sufficiently large n (resp. small τ) inequality (∗) is thus fulfilled, whence again the conclusion
that the yi’s are algebraically dependent. □

2. Approximating forms

Assume that Y ∈ K
[[
x
]]μ satisfies σ (Y ) < ∞. Recall that if yi = ∑

n yi,nxn, then

σ (Y ) ≔ lim
m→∞

1
m

∑
v

max
|n | ≤m

i=0,...,μ−1

log+
��yi,n��v .
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Lemma 2.0.1. Let α be a positive integer, and let τ ∈ R+. Then there exists P =
(
p0, . . . , pμ−1

)
∈

OK [x]μ, with the following properties:

i) N ≔ deg P ≤
(
1
μ
(
1 + 1

τ
) ) 1

ν α + o(α), P ≠ 0,
ii) h(coef P) ≤ τασ (Y ) + o(α),
iii) ord0 P · Y ≥ α.

Proof. We write pi =
∑
|n | ≤N pi,nxn. Then condition iii) is the following linear system of

(α+ν−1
ν

)
equations in the μ

(N+ν
ν

)
unknown quantities pi,n:

μ−1∑
i=0

∑
n+m=l
|n | ≤N

pi,nyi,m = 0 for |l| < α.

Since
(N+ν

ν
)
∼ N ν

ν! and
(α+ν−1

ν
)
∼ αν

ν! , this system has a nonzero solution ifN ∼
(
1
μ
(
1 + 1

τ
) ) 1

ν α for
��� p. 156

any τ > 0. Furthermore, Siegel’s lemma gives such a solution inOμ(N+νν )
K , with

h
( (
pi,n

)
i,n

)
≤

(α+ν−1
ν

)
μ
(N+ν

ν
)
−

(α+ν−1
ν

) [
h
(
yi,m

)
i=0,...,μ−1
|m |<α

+ log μ
(
N + ν
ν

)
+ const.

]
≤ τασ (Y ) + o(α).

□

In the sequel, we denote by r the series P · Y =
∑
piyi . In case r ≠ 0, we denote by β the order

of r at 0. Let us consider some coefficient of r of order β:

(2.0.1) η ≔
1
n!

𝜕nr
𝜕xn

����
x=0

with |n| = β, such that η ≠ 0.

Wehavewrittenn! for
∏ν

i=1 ni!, ifn = (n1, . . . , nν). We have η ∈ K× . One finds easily the following
bound for the non-V part of the height of η:

(2.0.2)
∑
v∉V

log+ |η|v ≤ hnotV (coef P) + βσnotV (Y ) + o(β).

3. A method of Gelfond

3.1. Let us write yi,v = hi,v
ev as a quotient of two analytic functions, and let us put, in accordance

with the hypotheses of the main criterion and the previous lemma,

ψv (z) = gNv (z) ·
μ−1∑
i=0

pi

( f
v
(z)

gv (z)

)
· hi,v (z)

so that ψv (z) is holomorphic in a neighbourhood of the polydisk


z

v ≤ κv, and

ψv (z) = gNv (z) · ev (z) · r
( f

v
(z)

gv (z)

)

whenever




 f (z)g (z)






v
< Rv (Y ). Moreover |gv (0) | ≥ 1, and we can also assume that |ev (0) | ≥ 1. The

subscript v is present to recall that there exists such a holomorphic function ψv at every place ofV .
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3.2. Using the estimate for fj,v, gv on



z

v = κv, we obtain

(3.2.1) log
��ψv (z)��v ≤ dv

d
log μ

(
N + ν
ν

)
+Nχv + log+ max

i=0,...,μ−1

(
hi,v (z), ev (z)

)
+ hv (coef P).

We now apply Cauchy’s integral formula in the polydisk


z

v ≤ κv to the holomorphic function

ψv when v ∈ V∞:
1
m!

𝜕m

𝜕xm
ψv

����
z=0

=
1

(2iπ)ν
∮
∥z∥v=κv

ψv (t)dt1 · · · dtν
tm

.

Therefore:

(3.2.2) log

����� 1m!
𝜕m

𝜕xm
ψv

����
z=0

�����
v

≤ max
∥z∥v=κv

log
��ψv (z)��v − |m| log κv.

If v ∈ V ∩ Σf , the same inequality holds (generalisation in several variables of IV 1.5.1).
For |m| = β, we find:

(3.2.3)

∑
v∈V

log

����� 1m!
𝜕m

𝜕xm
ψv

����
z=0

�����
v

≤ N
∑
V
χv + hv (coef P) − β

∑
V

log κv + o(β)

≤ hV (coef P) + β
∑
V

(
χv

(
1 + τ
μτ

) 1
ν

− log κv

)
+ o(β)

by using Lemma 2.0.1 (part i)).

3.3. We now express η (or rather iv (η)) in terms of the quantities 1
m!

𝜕m

𝜕xm ψv
���
z=0

for |m| = β, using

the fact that 𝜕m

𝜕xm ψv
���
z=0

as well as 𝜕mr
𝜕xm vanish for |m| = β: because ψv (z)

gNv ev
“is” r(x), we find

(3.3.1)

n!iv (η) = iv
©­« 𝜕

𝜕xi1
· · · 𝜕

𝜕xiβ

�����
x=0

ª®¬
=

(
g−Nv e−1v

)
(0)

ν∑
jm=1

©­«
β∏

m=1

(
Dx
Dz

����
0

)−1
im ,jm

ª®¬ 𝜕

𝜕xj1
· · · 𝜕

𝜕xjm
ψv

����
z=0

.

By our normalisation of gv, ev,
Dx
Dz at 0, the combination of last displayed formula and (3.2.3) gives:

��� p. 158

(3.3.2)

∑
v∈V

log |η|v ≤ 2β log ν +
∑
v∈V

log max
|m |=β

����� 1m!
𝜕m

𝜕xm
ψv

����
z=0

�����
v

≤ hV (coef P) + β
(
log ν2 +

∑
V

(
χv

(
1 + τ
μτ

) 1
ν

− log κv

))
+ o(β).

3.4. Using inequality (2.0.2), we can now conclude. Since η ≠ 0, the “product formula” yields

(3.4.1)

0 =
∑
v∉V

log |η|v +
∑
v∈V

log |η|v

≤ h(coef P) + β
(
log ν2 +

∑
V

(
χv

(
1 + τ
μτ

) 1
ν

− log κv

)
+ σnotV (Y )

)
+ o(β)
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while h(coef P) ≤ τασ (Y ) + o(α).
Note that if z = xv orV ⊂ Σf , the term log ν2 arising in (3.3.2) can be omitted.
For α sufficiently large, these inequalities are in contradiction with the assumption (∗) of the

main criterion, since β ≥ α. Hence for some α ∈ N, the linear form in y0, . . . , yμ−1 with coefficients
inK (x) (not all 0) defined by r vanishes.

4. Application: the isogeny theorem, after Chudnovsky

The “isogeny theorem” states that if two elliptic curves defined over Q have the same number of
points modulo “sufficiently many” primes, they are isogeneous over Q. This is a consequence of
Faltings’ solution of Tate’s conjecture, completed by the work of Serre [56, p. 196]. Building upon
their criterium of algebraicityD. V. andG. V. Chudnovsky have established a new and simple proof
of a result of this type [20], namely:

Theorem 4.0.1 (Chudnovsky). Let E1 and E2 be two elliptic curves defined overQ, and letH (Ei)
be the inverse of the area of a fundamental domain of the period lattice ΓEi of Ei with respect to a
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Néron differential form on a minimal model of Ei over Z, for i = 1, 2. If E1 and E2 have the same
number of pointsmodulo each prime p ≤ cε (H (E1)H (E2))1+ε, thenE1 andE2 are isogeneous over
Q.

Here ε denotes any positive number and cε is an effective constant depending only on ε.
Since a detailed exposition of this result already exists [49], we shall be very brief about the

proof.
Assume first that E1 and E2 have the same number of points modulo every prime. It then fol-

lows from the theory of one-dimensional formal group that there is a commutative diagram

(∗∗)

C/ΓE1
r1 // CP1

C
expE2 ((PP

PPP
P

expE1 66nnnnnn

C/ΓE2 r2
// CP1

y∈Z[[x2 ]],

OO

where r1, r2 are nonconstant rational functions on E1, E2. Note that xi = ri ◦ expEi (z), i = 1, 2,
is meromorphic (or order of growth 2). Since obviously supn σ

(
1, y, . . . , yn

)
< ∞, it follows from

Theorem 1.2.1 or 1.4.1 that y is algebraic over Q(x1), that is, there exists q ∈ Z[x1, x2] such that
q
(
r1 ◦ expE1 , r2 ◦ expE2

)
= 0. This implies that E1 and E2 are isogeneous.

In the general case, one obtains y ∈ Q[[x]] with good p-integrality properties only for p ≤
cε (H (E1)H (E2))1+ε. The proof is carried over on building upon the following idea: in the course
of proving the criteriumof rationality, we use only the β first coefficients of y, for such a β that (3.4.1)
contradicts the growth assumption on the first coefficients of y; it remains to exhibit explicitly the
o(1)′s which appear in (3.4.1) respectively; see [49] for a detailed account.

Exercises

1) Show that σ
(
x
L1

)
= ∞, as was announced in I 5.1. (Hint: show that σ

(
1, x

L1 , . . . ,
(
x
L1

)n)
≤

σ
(
x
L1

)
on using the successive derivatives of x

L1 .)
For the following exercises, recall from IV ex.2,3,4, the formalism of v-curvatures of a scalar
differential operatorΛ in the Weyl algebra A1 (OK ).
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2) Let 𝜕 − G denote the matrix-valued differential operator of order one associated with Λ.

Show that


G[n]

v ≥ |p| [ np ]v for all n, if the v-curvature ψv ofΛ vanishes.
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3) Deduce that the size of a solution y ∈ K [[x]] of Λ is finite if ψv = 0 for almost every v, at
least if 0 is an ordinary point. Showmoreover that σ

(
1, y, . . . , yn

)
is bounded independently

from n in this case. (Do not use the Dwork–Robba theorem nor Frobenius structures ...)
Extend this to quotients of solutions.

4) Using the Dwork–Robba theorem, prove the following generalisation of ex.3: let Λ be a G-
operator of order μ in A1 (OK ) such that ψv (Λ) = 0 for a set of places vwhich has Dirichlet
density δ, and such that 0 is ordinary; then for any solution ofΛ inK [[x]], lim

n→∞
σ (1,y,...,yn)

log n ≤
μ(1− δ). In particular, consider the G-operator (∗) in 1.5, associated to an elliptic curve with
complexmultiplication; show that its v-curvatures vanish for a set of places v of density δ = 1

2
(hint: see IV ex.5, and [47, appendix 2]).

5) (after Chudnovsky). LetM be a 𝜕-module of rank 1 over an affine curve C defined over a
number fieldK ; denoting by x a local parameter on C ,M is given by a differential equation
d
dxm = fm for some f ∈ OC . Prove the Grothendieck conjecture in this case, which
asserts that ifM has nontrivial “rational” solution modulo almost every finite place v of K ,
thenM is solvable by means of algebraic functions. (Hint: first show that the hypothesis
implies the vanishing of almost every v-curvature of a differential equation Λ ∈ A1 (OK )
associatedwith the direct image ofM on the x-line, on using IV ex.3. Remark that a solution
ofM is given by e

∫
f dx , and deduce that y = exp

(∑ν
j=1

∫ xj f dx
)
∈ K [[x1, . . . , xν]] satisfies

lim
n→∞

σ (1,y,...,yn)
log n = 0. Choose ν as in Remark 1.2.4.) ��� p. 161

6) Deduce fromex.5 that any rank-onemodulewith connection arising fromgeometry becomes
trivial over an étale finite covering of the base, at least if the base is a curve defined over Q;
comparewith II ex.1. (Hint: use the fact that connections arising fromgeometry are “globally
nilpotent”, see [40] or V, appendix.)
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G-functions in arithmetic algebraic
geometry

106



Chapter IX Towards Grothendieck’s conjecture on periods of
algebraic manifolds ��� p. 163

Let Q denote from now onwards the algebraic closure of Q in C. The Grothendieck conjecture
predicts that polynomial relations with coefficients in Q among the periods of an (algebraic) pro-
jectivemanifoldX defined overQ is determined by theHodge cycles on the powers ofXQ (or by the
algebraic cycles, in the strongest version). Building upon methods of Chapter VII and of variation
of Hodge structure, we give a partial answer to this conjecture in general setting (§5).

1. Periods

2. Hodge cycles and period relations

3. Period relations: the relative case

4. Periods and G-functions

5. Conclusion

Appendix: specialMumford–Tate groups and absolute Hodge
cycles

107



Chapter X Endomorphisms in the fibres of an abelian pencil

1. Introduction: distribution of the exceptional fibres

2. Period relations on exceptional fibres

3. Constructing nontrivial global relations

4. Special points on Shimura varieties and other comments

Appendix: a new proof of the transcendence of π

108
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