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Foreword

This is an introduction to some geometric aspects of G-function theory. Most of the results presen-
ted here appear in print for the first time; hence this text is something intermediate between a stand-
ard monograph and a research article; it is not a complete survey of the topic.

Except for geometric chapters (1.3.3, II, IX, X), I have tried to keep it reasonably self-contained;
for instance, the second part may be used as an introduction to p-adic analysis, starting from a few
basic facts which are recalled in IV.r... T have included about forty exercises, most of them giving
some complements to the main text.
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Notations

o
General notations
N is the set of natural numbers; Z (resp. Q, R, C) is the ring (resp. the field) of integers (resp. of
rational numbers, of real numbers, of complex numbers). If p is a prime number, F, denotes the
prime field Z/pZ and Z, (resp. Q,) the ring of p-adic integers (resp. the field of p-adic rational
numbers). For # € R, we shall write logJr t for log max(1, #); one has logJr ity < logJr f+ logJr 5.
We denote by [#] the integral partof #: [£] € Z, [¢] < ¢ < [¢] + 1. We denote by lim (resp. lim) the
upper (resp. lower) limit of a sequence of real numbers. If £ ¢ are two functions of a real variable,
with ¢ > 0, we write f/ = O(g) if there exists a constant C > 0 such that | (x)| < Cg(x) for all
sufficiently large x; we write /' = o(g) (resp. f ~ ) iflimx_,m% = 0 (resp. 1).
Places
Symbols
Q a fixed algebraic closure of the field of rational numbers,
K a number field; that is to say, a subfield of @ which is a finite extension of
Q
Ok the ring of integers in K,
d=[K:Q] the degree of K over Q,
Y or Z(K) the set of all places of X,
Zs (resp. Zeo) the subset of finite (resp. infinite) places,
v|porp=p(v) vliesabove the place p of Q,
K, a completion of K with respecttov € %,
dy = [K, : Qp(y)]  thelocal degrec atv € X;onehasd = 3, d.. b XI
Normalisation
[ 1, the absolute value in K, normalised in the following way:
[p(v)|, = p(u)dev if v € Zr (ultrametric case),
I€l, = |€] % if v € 2o (archimedean case), where
|| denotes the euclidean absolute value on K, for v € X,
C, a completion of an algebraic closure of K;; | |, extends to C,,
i, : K — C,orK, the natural embedding.
Remarks The symbol },, will denote a summation with all v € X(K). For any finite extension
K’ of K,any { € K and v € £(K), one has |£], = [1,ex(x7) I{1k7,w> and all factors have the same
value; see [46],[54] for this material.
Rings
Let R be a commutative entire ring with unit. We shall use the following entire rings (with standard
operations):
Rix] the polynomial ring over R; more generally,
R[x] the polynomial ring in several commuting indeterminates x = (xi,..., x,) over R,
R(x) the fraction field of R[x],
R[x]] the ring of formal powers series over R,
R((x)) the fraction field of R [[x]],
M,(R)  the ring of square matrices of size u over R; we shall identify M, (R((x))) with
My (R) (), ‘ p. XII

vi



Notations vii

GL,(R)  the group of its invertible elements,

I or I# its unit,

(i:) for Y € M,(R), (z) =(m) 'Y (Y =1I)-- (Y = (n—1)I) whenever 2! is invertible
inR,

'Yy the transposed matrix of ¥ € M, (R).

We shall also denote by A, W(R) the abelian group of matrices with ¢ rows, » columns, whose
entries belong to R. For Y € M, (R), we shall denote by ;Y € R the (4 j)-entry of Y. Let us
assume that R is a field. For ¥ € M, (R((«))), we shall denote by ¥, € M, (R) the coeflicient
of ¥ in Y, and by ;;¥, € R the coefficient of x” in ;¥ € R((x)). For ¥, Z € M,,(R((x)),
the Hadamard product Y * Z € M,,(R((«x))) is defined by ;;(Y = 2), = ;Y, - ;Z,. Then

(M wr(R((x), +, %) is a (nonentire) ring with unit; the entries of its unit are ﬁ € R((x)).

Differential operators

Differential polynomials in § = xi (resp. in dix) and their coefficients, are denoted by Roman
(resp. Greek) letters, e.g. A = /%% - Zf;(; Y}},i

References

Quotations like “cf. ITI(8)”, or “Theorem IV 5.3” indicate a reference to Formula (8) in Chapter I1I,
resp. to the theorem proved in Subsection 5.3 of Chapter IV. When there are several propositions
etc... in a single subsection, they are numbered.



Introduction

This booklet is by itself an introduction, because it is the first one devoted to G-function theory.
However this does not mean that G-functions constitute a new topic: they were brought in by C.
L. Siegel in 1929, in his famous paper on applications of diophantine approximation. He defined
G-functions to be the formal power series y = 3 2,4" whose coefficients 4, lie in some algebraic
number field K, which fulfil the following three conditions:
i) the maximum of the moduli of the conjugates of 4, grows at most geometrically with z (i.e.
is bounded by C”),

ii) there exists a sequence of natural numbers (d,,) which grows at most geometrically such that
dpay, is integral for every m < n (i.e. the “common denominator” of g - - - 2, grows at most
geometrically with 7),

iii) y satisfies some linear homogeneous differential equation

RIZ df"_l
o TVerg ey ey =0

with rational function coefficients y;, € K (x).
After giving some examples, (hypergeometric series » 77, abelian integrals...), Siegel stated some res-
ults that he could obtain using the techniques he worked out for so-called E-functions in the same
paper, but did not give any detail concerning the proof.

Except for scattered results about particular cases, it was not before forty years later that G-
function theory started to develop slowly as a modest chapter of diophantine approximation, in the
direction indicated by Siegel. In 1981 a fundamental paper of E. Bombieri appeared, in which not
only he proved some of Siegel’s irrationality statements in general form (relying on some previous
work of A. I. Galo¢kin), but also, and more significantly, he pointed out the local-to-global nature
of the theory.

Since then, the theory overflowed out of its original setting, and new connections with arith-
metic algebraic geometry appeared (through the works of D. V. and G. V. Chudnovsky, F. Beukers,
and the author); a few of them constitute the matter of the present book.

G-functions and differential equations

Meanwhile, point iii) tended to disappear in the definition of G-functions — maybe because many
authors studied components of solutions of linear systems, for which Siegel’s definition seems (un-
duly) insufficient? However this is unfortunate: for instance the (uncountably many) series which
satisfy i) and ii) may be quite “pathological”, while the (countable) set of G-functions enjoys nice
properties, such as the following one (see Chapter VI):

Theorem A. Any G-function y € K [[x]] satisfies [T R,(y) > 0, where v runs over the places of K
such that the radius of convergence R,(y) of y (considered as a v-adic function) is finite.

Roughly speaking, this means that the v-adic radii of convergence cannot be too small; whether
the converse statement holds, under iii), is an interesting open problem (see Chapter V for a partial
answer).

In fact, leaving ii) aside in the definition of G-function is more unfortunate, because it sacrifices
the geometric nature of Siegel’s concept, in light of the following conjecture:

Conjecture. G-functions are exactly the solutions in Q[[x]] of geometric differential equations

(over Q).

p-I



Introduction 2

Such a statement is currently believed in by the experts, and our only originality at this point
consists in providing a minimal definition of “geometric” differential equations (or polynomials):

Namely they are elements of the multiplicative submonoid of the Weyl algebra Q [x, d%] gen-
erated by all factors of Picard-Fuchs difterential polynomials which control the cohomology of
smooth varieties over Q(x) (one can even consider only proper smooth varieties without changing
the submonoid, see Chapter II).

One of the main aims in the second part of this book is to prove half of this conjecture, namely:

Theorem B. Any solution in Q[[x]] ofa geometric differential equation is a G-function.
(See V app.. The difficult case is when 0 is a singularity).

The converse statement seems for the moment to lie beyond the scope of current methods,
though some approach already exists via “diagonals” (see Chapter I).

We content ourselves with proving that differential equations satisfied by G-functions share
with geometric differential equations very nice p-adic features.

More precisely, let A be a differential equation as in point iii) above, and let v be a finite place
of K then we denote by R,(A) the supremum of the real numbers » < 1 such that A admits a
full set of solutions, analytic in the v-adic disk of radius , centred at a “generic” point (see Chapter
IV): for instance, every geometric differential equation has R, = 1 for almost every v (see Chapter
V, Appendix.) We prove in Chapters IV,V,VI the following result:

Theorem C. Let A be a differential equation of minimal order, satisfied by a series y € K[[x]].
The following assertions are equivalent:
1) yisa G-function,

2) [T, Ro(A) > 0.

The second condition defines what Bombieri calls “Fuchsian differential operator of arithmetic
type”; however, for reasons explained in Chapter IV, we shall prefer “G-operator”.

Hence we have reduced the above conjecture to a classieal conjecture of Bombieri-Dwork,
which asserts that G-operators should be “geometric”.

The proof of these theorems combines local methods (weak Frobenius structure...) and global
methods (Hermite—Padé approximants, 4 la Chudnovsky). In fact, we give quantitative results
which relate Bombieri’s size of y to [1 R,(y) and [T R,(A). In the same direction, we also com-
pare the algebraic structure of the two sets of functions that the conjecture would identify:

Theorem D. G-functions (resp. solutions of geometric differential equations) form a subspace of
Q[[«]] which is stable under both usual (= Cauchy) and coefficientwise (= Hadamard) product.

This includes the following fact: if 3] y,x” satisfies some geometric differential equation, so does
> yﬁlv x” for any positive integer N, whose proof relies heavily upon Hodge theory (degeneration of
Leray spectral sequence and semisimplicity of the monodromy for proper smooth morphisms, see
Chapter II).

On the other side, the units in the algebra of all G-functions (under the usual product) are
exactly the invertible algebraic functions in Q[[]). Generalising a conjecture of Christol, we expect
in addition that G-functions whose inverse satisfies condition ii) above (about denominators) are
exactly the diagonals of rational (or algebraic, which amounts to the same) functions.

Special values of G-functions

Via Theorem B, G-functions become a new tool in arithmetic algebraic geometry thanks to the
diophantine theory of their “special values”, see Chapter VII. The basic result tells that, given G-
functions yy,..., Y and a positive integer 9, there exists a constant ¢ (< power of 0 + 1) with the
following property: for any nonzero integers 4, & such that [5| > ¢|a|‘, then any polynomial rela-
tion p 0/1 (‘—g) seees Yu (%)) = 0 of degree J, with coefficients in the base field K, enters as a factor

P-4



Introduction 3

in the specialisation at x = % of some functional relation ¢(yy, . .., yﬂ) = 0 between the y,’s (with
coefficients in K (x)). In fact, this statement has a many-coloured meaning: indeed, one may un-
derstand the symbol y; (‘—;) as the value in the completion K, taken by the v-adic Taylor series y; at
the point ¥ € Q C K, for any place v of K such that y; converges at that point; the constant ¢ does
not depend on .

Bombieri has discovered the possibility of handling several, or even all of these places simultan-
eously, which leads to a sort of “Hasse principle” for values of G-functions. Using Theorems A
and C in order to simplify his hypotheses, one may express this Hasse principle as follows, via the
notion of a global relation. According to Bombieri, we say that a relation p(y1(£), ..., .(£)) = 0
is a global (resp. trivial) relation if it holds v-adically for every place v of X for which

1£], < min (Ry(y), -, Ry(3),1)

(resp. if it comes from a functional relation by specialisation at £). Then the following finiteness
assertion holds true:

Theorem E. Let []]; denote the set of points £ € Q where there exists some global nontrivial
relation of degree & at £ between given G-functions y;, .. ., Y- Then []]; has bounded height (at
most a power of 0 + 1).

In particular, any subset of [ [ [, of bounded degree over Q is finite. In fact Theorem E is ef-
fective; the bound for the height depends only on 9, the size of the y;’s, the order of the differential
equations they satisfy, the height and the cardinality of the singular locus of these differential equa-
tions. Theorem E or simple experiments show that relations between values of algebraic functions
at rational points are “almost never” global. Nevertheless global relations may sometimes be found
for some carefully chosen £ in this special case, and this leads eventually to results of a new kind
concerning the diophantine geometry of curves. Let us present here two such results:

Theorem F. Let y” = g(z) define an irreducible curve C, with g4 € Z[z], monic of degree .
Assume moreover that 7 and # have a prime common factor ¢ > 3. Then
i) there are only finitely many rational points (), z) on C such that no prime = 1 mod ¢ divides
the denominator of z; in fact, one has the bound H(z) < 1010”2H(q) 82 for any such point
(for any polynomial p € Q[z], we denote by H (p) the maximum among the absolute values
of the numerators and denominators of the coefficients);
ii) there are only finitely many totally real points in C(Q) with bounded denominator and de-
gree.

The method of proof of Theorem E is a transcendence argument, namely the so-called Gelf-
ond’s method. The same transcendence method, when applied in a different way to series which
satisfy properties i) and ii) in the definition of G-functions, furnishes new criteria of rationality.
Before giving an example, let us note that y = }, 4,x” satisfies i) and ii) iff its size

— 1
o(y) = lim =h(ao,...,a,)
n—00 72

is finite, where b denotes the logarithmic invariant height on the space K*.

Theorem G. A series y € K|[[x]] is rational iff for every embedding X' < C, y defines a mero-
morphic function on a complex disk of radius > exp(127(y)).

In fact, itis possible to give much stronger variants, assuming for instance only a uniformisation
property (cf. Chapter VIII), and this leads to Chudnovsky’s criterium of algebraicity, from which
they deduce a simple effective proof of the isogeny theorem for elliptic curves over Q.

p-6



Introduction 4

G-functions and periods of algebraic varieties

Let X be a proper smooth variety over Q c C. We call “period of X” in degree #, any coefficient
divided by (247)” of the representative matrix of the canonical isomorphism

Py Hig (X) 85 C —— H"(X¥,Q) 8 C,

with respect to bases selected in the algebraic de Rham cohomology A%, (X) = H"(X, Q%),
resp. in the rational singular cohomology of the associated analytic manifold X&' An element

t € Hfl’{”(X ) is called a Hodge cycle if it lies at the level F” of the Hodge filtration, and if

(Zz'ﬂ)_mp)zfm (¢) lies in the rational space H*" (X&, Q). The double rationality feature of Hodge
cycles (relatively to the @-space of de Rham cohomology, resp. to the Q(277)-space of singular
cohomology) has the following consequence: every Hodge cycle in ®2m Hiyp (X) c H, j{{‘” (x?")

(Kunneth) gives rise to polynomial relations with coefficients in Q(2i7) among the periods of X
(in degree 7).

Grothendieck’s conjecture. Every polynomial with coeflicients in Q(2i7) among the periods
“comes from Hodge cycles” (see IX 2 for a more precise statement). This is known for elliptic curves
with complex multiplication (G. V. Chudnovsky), and for linear relations among periods of any
abelian variety (G. Wistholz). Nevertheless, Grothendieck’s conjecture still remains an outstand-
ing open problem in the case of abelian varieties. We present here a new approach via G-functions.
Indeed, when X varies in a one-parameter family, the periods are given by the values of analytic
functions on the base: the “relative periods”, which satisfy suitable Picard—Fuchs differential equa-
tions. Moreover, expanding the locally invariant relative periods around a “strong degeneration”
(see IX 3,4) in Taylor series, one obtains G-functions — in fact diagonals of rational functions — and
it becomes possible to apply the results of the previous paragraph. Making use of results from the
theory of variation of Hodge structure, one can prove (IX s):

Theorem H. Let X — S be an abelian scheme of relative dimension g over an affine curve §
defined over a finite extension K of Q in C, and let us assume that the fibre of the connected Néron
model at some point sy € (S\S)(K) is a torus. Let & > 0, and let s € S(K) be sufficiently close
to sp in S’(C) (this proximity condition depends on d, K, “the” height of s, ... see IX 5). Then every
polynomial relation with coefficients in K, of degree < 9, between the values at s of the Zgz locally
invariant relative periods around 59, comes from Hodge cycles. In Chapter IX we shall also develop
similar results for some projective morphisms more general than abelian schemes; they apparently
fall beyond the range of any other current method.

Global relations among periods

We have seen with Theorem E how the existence of global relations leads to much stronger results.
Such a favourable situation is encountered in the presence of “exceptional” Hodge cycles in a fibre
X;, for instance when there exist elements of End X; which do not come from Endg X. In Chapter
X we shall study a typical case, and prove:

Theorem L. Let X/S be an abelian scheme as in Theorem H. Let us assume in addition that the
geometric generic fibre is simple of odd dimension g. Then there are only finitely many fibres

X, (s€ (@)

with bounded residual degree [K(s) : K], for which there is no ringembedding End X, < A4, (Q).
(Note that there does exist an embedding Endg X' < A, (Q) because of the degeneration at 5.)

For ¢ > 1 we believe that this type of result is new (and it is “effective”). For g = 1, exceptional
fibres X; are elliptic curves with complex multiplication, [K (s) : K] is essentially the class number



Introduction 5

of the order of complex multiplication, so that the statement s classical: there are only finitely many
discriminants with given class number. However our G-function method does not cover this special
case — unfortunately, because it would otherwise yield an effective version of Siegel’s theorem which
links quantitatively discriminant and class number of definite binary quadratic forms!

Vista: global relations and the “mysterious functor”

The failure of the previous method for ¢ = 1 and more generally the need for dealing with all
periods of X; and not only the values at s of the locally invariant relative periods, lead one to expand
the relative periods no longer at the degeneration sy, but instead at some point 5; of S. This raises
at once two problems:
i) the expansions ats; are no longer G-functions, but only linear combinations of G-functions,
SAY Y1y - -5 Vig?s with coefficients in the field K(ple) generated by the periods of X,. The
difficulty which arise in constructing special relations among the “archimedean values”
71(5), .+, 7442 (5) (using periods relations on X) is often easily overcome by choosing X (px; )
as small as possible, e.g. X, of CM type.
ii) (most serious) How to construct relations between the p-adic valuesatsof y, ..., 74,2 when
s is p-adically close to s; and “exceptional” — for instance when End X; is bigger than Endg X?
A natural way of dealing with this problem is by imitation of the archimedean case. Here the iso-

morphlsm px, should be replaced by the functorial p ) obtained by composing Grothendieck’s
“mysterious isomorphism” which relates the de Rham cohomology to the p-adic étale cohomology,
and Artin’s isomorphism which links étale and singular cohomology (once a double embedding

C
of the ground number field K@ c, is given). J. M. Fontaine and W. Messing (and later G.

Faltings in a more general setting) have indeed constructed this “mysterious” isomorphism (which
involves the definition of a p-adic analogue of 2/7), and the associated p-adic periods (which live in

C,((247))). By functoriality of p(P ), nontrivial endomorphisms on X; lead to period relations, ex-

()

actly as in the complex case. Unfortunately, the behaviour of Px. when X, varies in a family remains

rather mysterious. In fact a solution to the above point ii) seems to depend upon the following:

Problem. How can one relate the p-adic periods of X, to the values at s of the G-functions
Vbeeos )I4gz? More generally, what are the properties of the mysterious functor with respect to ho-
rizontality?

For the applications, the supersingular case is crucial; on the other side, one can raise this prob-
lem not only for abelian schemes.

Anyway, a nice answer would be of importance: aside from giving an effective version of Siegel’s
theorem as mentioned above, it would also suggest that relations between valuesat £ € K € C,
say, of solutions yy, ..., ¥, in K [[x]] of an absolutely irreducible G-operator A (for which 0 is ordin-
ary), have a “tendency” to be factors of global relations, thus providing a large range of applications
to Theorem E. The heuristic reasons for this are as follows: granting the Bombieri-Dwork conjec-
ture, we may first replace A by a Picard—Fuchs equation associated with a proper smooth K [x] (-
scheme X. The Grothendieck conjecture for the product X X Xz would now show that a relation
g (£),...,9,(£)) = 0 with coefficients in K comes from Hodge cycles. Deligne’s hope states
that Hodge cycles should be absolute (see Appendix to IX); this would enable us to write similar re-
lations g,(y1(£), ..., y5(£) = 0 which hold v-adically for every archimedean place v of K for which
the v-adic values y;(£) are defined. Furthermore, there is a conjecture of Fontaine which asserts
that the “variety of p-adic periods” of X should be isomorphic to the variety of complex periods

(with respect to a double embedding K@ g ); in fact, this is a consequence of a consequence

of a more general conjecture about the behaviour of absolute Hodge cycles under p(P )

Together

p- 10



Introduction 6

with a favourable answer to the absolute problem, this tends to show that there are corresponding
relations ¢, at the finite places. On multiplying these (finitely many) relations g, for all v such that
I€ls < Ry(Y1s- - - > ¥n), we would at last obtain a global elation, “containing” the initial relation as a
factor.

For other potential applications, we refer to the last section of Chapter X. In fact, we believe
that the above problem is a key for understanding and resolving a whole hierarchy of arithmetico-
geometric problems.

The reader may now skip to the last appendix of the book, where a short and typical application
of Theorem E is given: a new proof of the transcendence of .

Here, however, we can only hope that we have given some feeling for the intricate links which
relate G-functions to arithmetic algebraic geometry.



Part one

What are G-functions?



ChapterI G-functions

G-functions appeared in Siegel’s paper[s8] about diophantine approximation, and led in this con-
text to an extensive literature (see[6] for a small list). In this chapter we present a definition of
G-functions (inspired by Bombieri “local-to-global” setting [6]), and define two basic related in-
variants, namely the size & (which coincides with Bombieri’s one, ibid.) and the global radius. We
then turn to examples: rational functions, diagonals, polylogarithms and generalised hypergeomet-
ric functions, which we study with some detail; our presentation of diagonals is inspired by Christol
[15]. Atlast we gather some “pathologies”.
In the next chapter, we shall explore what should be G-functions (conjecturally).

1. HEIGHTS AND SIZES

r.1. Height of algebraic numbers [48]

Let{ € Qan algebraic number, lying in some number field K. If £ # 0, the following “product

formula” holds:
D, logldl=0.
veX(K)

The (logarithmic absolute) height of {"is defined to be

> dog" 121y = ().

veX(K)

One has h({") = |7|h({) forany { € K and » € Q. Thanks to our normalisations, »({) depends
only on £ but not on K. Thus the height is well-defined over Q. Letp = ao [1(x = §;) € Z[x] the

minimal polynomial of £ over Z. Then the so-called Mahler measure of /,, defined as

M) = lao| | | max(L121),
is related to the height via the formula

[Q(0) - QJA() = log M({)

1
= / loglp (ezmﬁ)‘ de (Jensen’s formula)
0
— 1 L
= lim —log" [Resultant (p, Z ¥ ) (Langevin’s formula).
n—oo 71 g

For a finite family (A4y);, of matrices, such that all entries belong to K, we set

b(( i) = ), log" max|ydil.
veX(K) S

Once again, this quantity does not depend on the choice of the number field which contains the
entries ;A of the 4’s.
The following classical inequality holds:

h(AB) < h(A) + h(B) +log», forany 4 € M,,(Q), B € M, ,(Q).

p-12
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L1 Heights and sizes 9

On the other hand, given 4 € M,,,(K) of rank < », one can find anonzero matrix B € M, (Ok)
such that 4B = 0, and

b(B) < %(bu) +log» + c(K)),

where ¢(K') depends only on K.

Indeed, taking components relative to some Q-basis of K inside O, and using the last displayed
formula, one sees that it suffices to handle the case K = Q, where it follows easily from the box
principle (“Siegel’s lemma”, which appeared in the same paper [58]); the point is that 4 carries

“
(Z <n ) into | Z <)) | »s0 thatif (27 +1)” > (2» ||4]| z + 1)¥, then two distinct elements of
= 2wl
(Z <n ) have the same image under 4, and the difference gives an element of (Z <o ) which is
>-n >—2n
killed by 4.

1.2. Height of polynomials

LetY € M/‘,,,(@[x]); Y = 3 Y,x". We write as usual deg Y = max{n : ¥,, # 0} for ¥ # 0. We
shall set:
h(Y) = (1+deg Y) " h((Yy),).

Foru = v = 1, it is easy to check that (1 + degy)h(y) < X (h({) + log2), where { runs over the

roots of y.

1.3. Height of formal power series; G-functions

LetY € Mw(@[[x]] ), ¥ = 2,5, Y,x". We denote by Y<p the truncated series

N —
DY € My, (@),
n=0

We set: .
h(Y) = A}im h(Y<n).

This is a well-defined quantity in [0, co]. One checks immediately that this definition reduces to
the previous one when Y has only finitely many (actually < 1 + deg ¥') nonzero coefficients.

Definition 1.3.1. A G-function is a formal power series y € Q[[#]] whose height 4 (y) is finite, and
which is annihilated by some nonzero element of @ [x, %] .
Explanation. This is equivalent to the classical definition (Siegel [58]): y = 2,50 2" € Q[+l
is a G-function if and only if all the coefficients belong to some fixed number field X, and
i) foreveryv € Zeo; 2,50 20 (90)x” € C,[[x]] defines an analytic function around 0,
ii) there exists a sequence of natural integers (d,),en which grows at most geometrically, such
thatd,y, € Og form =0,...,n,
iii) y satisfies a linear homogeneous differential equation with coefficients in X (x).
This equivalence will be proved in 2.3.

1.4. Size of Laurent series

LetY € Mﬂy(@((x))), Y =3, n Yux". Weset

) 0 if Y is a Laurent polynomial (i.e. if almost all coeficients are 0)
o =
b(xNY) otherwise.

p-14
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L1 Heights and sizes 10

One checks immediately that this definition depends only on ¥, and not on N. The generalisation
to the case of a finite family of matrices is immediate.
We shall also use constantly the convenient notation

by, (Y) = —maxlog \,jY/e|
]<v
k<n
here v denotes a place of some number field K* which contains the coefficients ;;1} of the (4 )-
entriesof Y for7 <y, j <, k< n.

However the nonnegative real number 3}, 4,,,(1") does not depend on the choice of X (by the
Remark made in the index of notations).

Lemmar.4.r o(Y) = lim me(y).

Proof. IfY € M,,(Q|[xL])

% +|), we clearly have lim, e 2, 4, (¥) = 0, so that it is enough to
assume that the sequence ((;) of nonzero coefficients of Y is infinite. We then have

— 1
a(Y) —llgi;o mb(Yg,... You) = hm (l) Z rnax log* |,ij|

/<V
k<p(l)

= lim Z max lo Y,
n—oo < g |Zj |
>4
m<n

O
Remark 1.4.2. We could everywhere replace the indexing set of summation £(K) by X (resp.
Zw). Denoting by by, o7 (resp. heo, 7o) the corresponding notions — finite (resp. infinite) part
of the height or size — the above proof shows that 7¢(Y) = lim Zuezf. hyn(Y). Assume that all

coefficients of the entries of Y lie in a fixed number field K. Let d,, the common denominator in
N\{0} of the entries Yy, ..., ¥;,,. One has

7#(¥) < log Tim dj < dap(Y).

The elementary proof is omitted.

Lemmar.4.3. Let Y € A, V(@((x)))
a) n}jxa(,] )<0‘(Y)—a‘(§'}’)<; (-Y),foranyfe@,
b) J(%Y) <o(Y),foranyn € N,

c) if the residue Y_ of ¥ vanishes, & (/Ox Y) <a(Y)+1,

d) for{ € Q,set Yiz) = X ¥,"x". Theno (Y(z)) < o(Y) + h({).
Let (Y[k]) be a subset of M, (Q((x)), then:

) (T(ZY )= o (Ya),) = S7 (V).

f) o ("] ) < Yo (Y

g) ifp = e 7 (1T Y1) = (1+log N) & ((¥ia1),).

p-17
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Proof. The proof a)b)d)e)f) is straightforward, using Lemma 1.4.1. Let us prove c): by direct com-
putation, we find

hyn(Y) ifo e e

bu,n (/ Y) < 1 ) 4 "
0 bv,n(Y)+;rnr11§;( oglm|,' ifve X,

so thato (/Ox Y) <a(Y)+ lim % loglem(l, 2,..., ), and the inequality c) follows from the prime
number theorem. In order to prove g), we use a trick introduced in this context by Shidlovskii (see

Galockin [33, Lemma 7]). First we assume without loss of generality that Y|z € A4, (Q[[#]]). Let
K be the extension of Q generated by the m first coefficients ;; ¥, of the entries ;Y[ of the Y[z,

and set ¥ = H,e 1 Y)- We have

/L
Z Z il Ylmllllz Y21m1 o 'lN—leNlmN'

> mp=m =1

For a finite place v € s, this gives

N
+ +
(*) log |1]Ym‘y < ml+,g_1'_a7§N=m Z log ’l/dk Yvklmk|y :
5o N Jleenf N k=1
By reordering Y3, ..., Y, we may suppose that m; > my > --- > my, hence kmy, < m. This
yields
lo Y, < Z max maxlog® |, Y} E
g |Z] | <t s S | Ll )
from which we deduce p.18

p, 1
%

&\I*-‘

N
bom(Y) < D" 2h
k=1

For an infinite place v € X, we have to add an extra term to the right hand side of (*), namely

log #{m, ..., my : Z my, = m} + logu,

which is o(m2); in this case we deduce

N
bum(¥) < ) 2,
=1

By summing over v € £(X), we find

) +o(1).

?v-l —
??\x

a(Y) <

> ) < (L+logN) o ((Yir),)-

k=1



1.2 Radii 2

2. Rap1r

2.1. Local radii of convergence

Let K be a number field, and let
y= > " € K[lx]l.

n>0
Then forany v € Xg,
D a0 € Cyflx]
defines a v-adic Taylor series y(”); we denote by R,(y) € [0, o] its radius of convergence. By
1

Hadamard’s formula, R,(y) = lim [y,|, *. More generally, for any Laurent series

y= Z " € K((x)),

n>-N

we set R, (y) = RU(xNy); this definition depends only on y but not on V.

2.2. The global radius
For Y € M,,(K((x))), we set

-1
p(Y) = Zy:log (rr%nRu (le)) € [0, o0].

Lemma 2.2.1. p(Y) = E lim b,,,(Y);p is invariant under finite extension of K.
7—00
v

Proof. Hadamard’s formula yields b

—1 —
p(Y) = Z rr}jth - log* il]'Y”L; = thn};xlog+ |1]'Y”|u'
Thus it is enough to show that

— 1 — 1

lim —maxlogJr |,~]-Ym| = lim —maxlog+ |z‘an| .

n—00 71 ij v n—00 7 ijf v
m<n

This is a special case, for , = max IogJr |,-J-Y " |U, of the well-known inequality

— 1 —
lim — maxs, < lim = = ¢

n—o0 52 m<n n—oo 7
Indeed, for any £ > 0, let M, < N, such that % <l +¢form > M, and % < %( form < M,.
3

Then

1 m\ t, m\ t,

—max¢, <max| max (— ] —, max — ) —].

n m<n m<M, \n/ m M <m<N;, \n’ m
The second assertion comes readily from the first one. O

Remark 2.2.2. Hereagain we could replace the indexing set of summation £(K) by £ (resp. Zco).
The above proof yields corresponding formulae

s = D Timby, (V) pe(¥) = D Timby,(Y).

UEZf VEX

Furthermore p(Y) = pf(Y) = peo(Y), and 0o (Y) < poo(Y).
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Lemma 2.2.3. Let Y € M, (K((x)).
a) H};Xﬁ (ZJY) =p(Y) = p({Y), forany { € K,

b) o (£7) =(1),
c) if the residue Y_; of ¥ vanishes, p (/Ox Y) =p(Y),

d) forZEK,Jo(Y(;)) Sﬁ(Y)+]9(Z). p. 20
Let (Y7g) )ivzl be a subset of M, (K ((x))), then

& £ () 11u1) < ((Yim)) = maxp (Yir)),
£) £ (Yiu) < Zp (Yia),
g) ifu=vp (1_[ Ym) < maxp (¥jg))-

Proof. Straightforward. |

2.3. We now prove the equivalence stated in 1.3. Let y € K[[x]]. Assume that b(y) < oo. By
Lemmas 1.4.1 and 2.2.1, one gets peo () < 00 and g7(y) < co. The first (resp. second) inequality
implies condition 1.3 i) (resp. 1.3 ii), taking into account Remark 1.4.2. Conversely, assume that for

— 1
any v € X, R,y(y) > 0(condition 1.3 1), and that nlggo d; < oo (condition 1.3 ii), where 4,, denotes

the common denominator in N\{0} of yo, ..., y,. Then
7(5) < 0o (y) + 77 (3) < poa(y) + log lim d < oo.
Atlast,let A = — - Zﬂ % then A (X y,4") =0 = Q(y0, y1,...) is a number field.

3. SEVERAL VARIABLES; DIAGONALISATION

3.1 All what precedes extends in a straightforward manner to the case of elements of K ((x)) =
K((x1,..., ).
For a multi-index 7 € N”, we denote by || its length }’ 7;; ¥ means [] x7". Let

7= ot e K(2)s

for any place v of K, we set

bvn(}’) - max 10g b’k'v

We also define the global radius (resp. size) by: p. 21
£0)= 2 Jim b,
7() = Tim > by, ().

For v = 1, previous lemma show the compatibility with original definitions.
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3.2. Diagonalisation
One defines the diagonalisation map A, from K ((x)) to K ((x)) by the formula
Av (Z)’Q)ﬁﬁ) = Zy(n,n,...,n)xn-
n>0
This is a useful tool to produce G-functions, through the following lemma (see 4.2):

Lemma 3.2.x. The following inequalities hold:

£(A0) <O
7 (A, () < v (y).

Proof. This follows immediately from the obvious inequality

Pon (B5(9)) < Do ().
O

Remark 3.2.2 (Deligne). Assume that for some infinite place v of K, y(“) = Y4, (y,) &% is analytic
at0 € C;, with» > 1. Then A, Y is represented by the integral formula

(v-1) dxy - - - dx,,
(271,,/ ) / — — for ¢ and |x| small enough.
X =|x,|=¢

X9 Xy
X1X2 X, =X

This follows from the residue formula:

(v-1) dx de X ifn=n ==,
(2=v-1) ./I R ={ crwise
X |==x, |=e

X2 Xy 0 otherwise.
X1X2° " Xy=X

Remark 3.2.3. It seems that diagonals were first introduced in the study of Hadamard products
(see e.g. [10]). This relationship is given by the formula

A, ()/1(961),- --:)’V(xv)) =Y Ecc kY

3.3. Geometric interpretation

Letusset W = Spec K (x)[x]/ (x1x2 - - - 5, — x), with » > 1. Let (E, V) be a coherent module with
integrable connection over some affine open subset U of 17, and let & be some horizontal K (U)-
linear map from E to K((J_C)), in other words, y := 8(e), for some ¢ € I'E, is a solution in K((a_c)) of
an “integrable differential equation”.

We consider the K (x)-linear map:

dxy - - - dx,
Ag:e® = A, (4(e)), for all local sections e of E.
X,

Proposition 3.3.1. The map A, 5 induces a horizontal map from the algebraic de Rham cohomo-
logy group H}jy 1(U (E, V)) endowed with Gauss—Manin connection relative to K (x) (see [40]),
to K ((x)) endowed with exterior derivative.

Proof. The smooth scheme U is affine, thus there is an isomorphism

y—1 r—1 y—
H (U (EV)~EyQ® QU/K(‘C) /VV—I (EU ® QU/K(Y))

) on E. The

statement would follow from Deligne’s integral formula if d(¢) ) were analytic at 0 for some v €

where the value at & of the Gauss—Manin connection acts through V —d
dx d(x1227++5,)

p- 22
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Yoo. However this can fail if 0 corresponds to an irregular singularity of (£, V); thus we shall rather

translate a purely algebraic argument from Christol [15]. The relation 3} % = 0in QIW K (x)?

together with the formula A, (x,» B;Lf) ) = x%Ay(ﬁ(e‘)), yields p. 23

Av,é’

dicy - - - da; - - - dw,
V.,_ - @
V1(€® xz---@-“dxy)

= Qs || %V 9 e—xV 9 e ®w
y c')xt 8.%'1 Xy st Xyt Xy
d6(e)  98(e)
=A . _ _
v (Xz axl' X1 axl 0.

Therefore A, 4 factors through Hc’l’il (U, (£ V)). In order to prove the horizontality statement,
we fix x2, ..., %, and get

A,,,a(xlv (;)g@ M) :Ay( 60'(5)) =.X'%AV’€(5®M).

X1 Xy Xy 1 0x; X)Xy
O
Corollary 3.3.2. Assume that H;’IEI(U, (E, V)) is finite-dimensional over K (x) (assume for in-

stance that (£ V) has only regular singular points, see next chapter, 2.2) then for y = §(e) as above,
A, (y) satisfies an ordinary linear homogeneous differential equation with coefficients in K (x).

Corollary 3.3.3. Assume that ¢ is a solution in X ((x)) of the Picard-Fuchs system HgR( Y/K(x))
of a smooth proper K (x)-variety Y. Then A, 4 is a solution in K ((x)) of the Picard—Fuchs system

HQL}:V_I(Z/K(x)) of a smooth K (x)-variety Z.
Proof. Let V' be an open dense subset of Spec K [9_6, ﬁ] such that ¥ extends to a smooth

proper morphism Y- L V', and let us denote by g the obvious smooth morphism V' —

Spec K [x1 c Xy, #] . Let us consider the cartesian squares:
X1Xy

Z— Yy

—
‘\'5

U———7V

I

W ——— Spec K [J_C,

1
Xpoxy |

According to the proposition, A, 4 is a solution in K ((x)) of HS; (U/K(x), HgR (z]U)). p. 24
On the other hand, there is the Leray spectral sequence
utv—1

(%) HNUK (x), Hip (Z)U)) == H

< . (21K ().

Let us extend the scalars K to C; since f¢ is proper and smooth, the Leray spectral sequence of
local systems R”"gc, R¥f . (C) = R (gfc), (C) degenerates [24, 2.4]. It follows from the
comparison theorem that (*) also degenerates as a spectral sequence of K (x)-vector spaces with
connection. Thus A, 4 is a solution of[—](‘:;_1 (Z/K(x)). O
Remark 3.3.4. Combining Corollary 3.3.3 with Remark 3.2.3, we get that if }} 4,x” satisfies a
Picard-Fuchs equation from projective geometry, then for any N, 3, 451\[ x" satisfies a Picard—Fuchs
equation.
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4. EXAMPLES

We shall study four typical classes of G-functions, each of which is stable under Hadamard product;
namely: rational functions, diagonals of rational functions in several variables, polylogarithms and
hypergeometric functions (geometric and hypergeometric series were already put forward by C. L.
Siegel [58], and G-functions borrow their generic name from these special cases). Each of these series
satisfies some linear homogeneous differential equation, which turns out to come from geometry.

4.1. Rational functions

Lety € K(x), and let us write pol(y) for the set of poles of y. We may write y as the quotient § of
two polynomials in O [x]. Let us write N for the norm of the first nonzero coefficient of ¢; then
y € Ok [%] ((x)). On the other hand, it is immediate that pe(y) < o0. Since such series occur
frequently, we state a

Definition 4.r.x (Christol). A Laurentseries y € K ((x)) is globally bounded if and only if
i) foranyv € X(K), R,(y) > 0,
ii) there exists N € N* such thaty € Ok [%] (x)).

Lemma 4.x.2. Anyy € K (x) satisfies p(y) = o(y) = b(pol(y)).

Proof. Wehave R,(y) = mingepol(y) |{1, for any v € £(K), whence the equality p(y) = h(pol(y)).

On the other side, the fact that y is globally bounded implies 4,,,(y) = 0 for almost all », and
all 7. Using Lemmas 1.4.1 and 2..2.1, we come by the inequality o(y) < p(y). In order to show that
it is an equality, it suffices to establish the existence of the limit lim,—co /5, (y) for any v € Z(K);
but this follows from the fact that the coefficients of y satisfy linear recurrence equations for z >> 0

(see Remark 4.1.4 below), or by decomposition into simple elements. O
Remark 4.1.3. Thislemma, together with the identity ﬁg = (];7 - %) ‘2 show that rational func-

tions are G-functions.

Remark 4.1.4. Thelemma generalises immediately to the case of a matrix ¥ € M, (K (x)). The
stability of M, (K (x)) under Hadamard product is easily seen using the characterisation of ra-
tional series: y € K(x) &= 3N € N*, Y, Z € Mp(K) such that ¥, = tr YZ” (existence
of recurrence relations); we have the formula (17 * 13), = tr (11 ® 12) (Z; ® Z,)”, with obvious
notations.

4.2. Diagonals of rational functions

We shall denote by K'[x] (,) the localisation of the ring K'[x] = K[xy,..., x,] at the ideal generated
by x1, . .., %, and by K{x} the henselisation of K [x] at the ideal generated by x (i.e. the subring of
K[[«]] of algebraic elements over K (x)).

Definition 4.2.1. Elements in the target A, (K [x] @) of the diagonalisation map restricted to

K [x] () are called diagonals of rational functions (over K).

Remark 4.2.2. Let us consider again the geometric interpretation of A, in 3.3. In the present case,
let % € K[x](x), with p, g € K[x]. We may take for U the subset of X where ¢ does not vanish;

E = Oy, endowed with exterior derivative V; &: the standard horizontal map Oy — K ((9_6)) , where
xis replaced by x1x5 - - - x5 ¢ 1= ’2 We have H(’i’lzl (U (EV)) = Hgil(u): the ordinary algebraic de
Rham cohomology of the smooth affine scheme U. This is a finite-dimensional K (x)-vector space;
see [51] for an algebraic proof which does not use resolution of singularities. According to Corol-
lary 3.3.3, diagonals of rational functions satisfy “Picard—Fuchs” differential equations associated
to smooth affine K (x)-schemes.

p-25
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Lemma 4.2.3. Lety € K[[x]l,y = A, (5) be a diagonal of rational function. Then y is a globally
bounded G-function, and 7(y) < p(y) < co.

Proof. We may assume that p, g € Og/[x]; let us denote by N the norm of g(0) # 0. Then it
is clear that § € Ogandy € Ok [%] [[x]]. On the other side, the v-adic radius of convergence
R, (g) is nonzero for every v € X(K), and the same holds for R,(y) according to Hadamard’s

formula. Using the last remark, this shows that y is a globally bounded G-function. The deduction
o(y) < p(y) is made as in Lemma 4.1.2. In fact, it could be shown that

71 () = pr(y) < vhy (9(0)7") < wh (4(0)).
O

It happens that diagonals of rational functions occur very frequently, even though it is often
difficult to find the (nonunique) relevant rational function. To explain this fact, G. Christol [16] ‘ p.27
has set the following conjecture up:

Conjecture 4.2.4. Every globally bounded solution in K'[[x]] of alinear homogeneous differential
equation with coefficients in K [x] is the diagonal of some rational function.

In other words, every globally bounded G-function should be a diagonal. We now prove
that algebraic functions are diagonals of rational functions in two variables (Christol-Furstenberg
[11][32]). Consequently, they are globally bounded (Eisenstein).

Proposition 4.2.5. The equality Ay (K [x1, %2] (x,,5,)) = K{x} holds.

Sketch of proof. In fact we shall only consider the inclusion . Let y € K{x} and let 7(y,x) := 0

be a polynomial equation for y. Assuming that 7(0,0) = 0 a—r| # 0, % # 0, we shall

>y (0,0) i(0,0)

exhibit a rational function 1;—7 such that A, (f—;) = y. We set

1
q(x1, %) = —r(xy, 21x2),
X1

1 99
so that 7 € K [x1, %] (3,%,)> and 7 0.0)

Let us consider the following diagram (where /77 and U have the same meaning as in Remark
422,and Z = W\U):

€SZzu{0}

0— = B (W U{0)) —— HL (1) —2 HO(Z U {0}) —— 0

K
J’ \\¢
~
)

Resz

0 HY (W) ——s HY (U) —— 2 HY(Z) ——— 0

where all arrows are horizontal maps, and where the horizontal rows are the residue exact sequences:

. . d . . .
Resy is the “coefficient of 7[]”, given at the stage of differential forms by

q(x1,%2)=0

Now the derivation O%C extends in a unique way to K (x, y), whence a connection on this space, |p.28
which can be identified with the Gauss—Manin connection on H°(Z). It follows that the image of

yeK(xy) = H°(Z) under @ is given by the class ofé . d;‘—zz where p = xlng—xqz.
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The following diagram of horizontal maps

H (V) +— H(2) «=— K (x )
AL&J
K[[x]] KTx]

(where @ is defined in the above remark) shows that (A4 o @) (Y) satisfies the same differential
equation as y, and

1 dq
A =xN\, |-—|| =
( 2,5°¢) ()’)|0 XAz (qaxz)o
It follows that y = A, (’%%). O

For a proof of the reversed inclusion C, with an argument from linguistics, see [31, 5].

Remark 4.2.6. The stability of diagonals of rational functions under Hadamard product is imme-
diate from the formula:

A7/1+V2 (VI (x1:~--;xvl) 72 (x,,1+1,...,x1,1+,/2)) = Avlrl * AVZVZ-

However the subclass of algebraic functions is not stable under #; by way of counterexample, one
may take (Jungen, 1931):

4 11
(l—x)% k (l—x)_% =A4( ) =2F1 (z, Z, l,x)

(221 —%2)(2 — x3 — x4)
_ Z (Zn)2 ( x )n
Sa\n 16
which is transcendental.

4.3. Polylogarithms

We turn back to more down-to-earth examples. Let L = 3,5 %7 be the kth polylogarithmic series.
It satisfies the “unipotent” differential equation:

obtained from the chain rule xiL/e = L1, Lo = 1%;; the other solutions can be expressed by  |p.29

means of the functions 1, log x; .. ., log/e_1 x; the singularities are 0, 1, co.
Lemma 4.3.1. Onehasp(Ly) =0, o(L;) = k.
Proof. This is a straightforward consequence of the prime number theorem. |

7(L;)

Moreover, one can show that lim Tt = 1(cf. Lemma 2.2.3g); see ch. VIIL
k—00 8

Remark 4.3.2. Integration of any formal power series y is nothing but the Hadamard product
xy * Ly.
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4.4. Generalised hypergeometric functions
Fora € Q,weset (a)o = 1, (@)p41 = (@ + n)(a),,and fora = (ay,...,,) € Q" weset

“

(@), = 1_[ (@m)n-

m=1

To any couple (4, ) in (Q\{-N})* x (Q\{-N})”, we associate the hypergeometric function

(@)n
y=F(abx) = —— ",
2.0,

Lemma 4.4.1. The three conditions p(y) < 00, 7(y) < oo and g = v are equivalent. If they are
satisfied, one has

“
£0) = 7() < max (Z (26 (@) ~ b B, 0) |

m=1
Proof. Either of the conditions p(y) < o0, 7(y) < oo implies that for v € Yoo, R,(y) > 0 which

implies in turn that z < », and R,(y) > 1 (hence peo(y) = deo(y) = 0). Let N be the greatest
common denominator of the a,,, b,,’s; for p > N and n — oo, we have

i, ol)
1 | L
den (N—:b(:;’;)") =0 (6’@):

1
and (den %) "~ f (Stirling, see the appendix). The former two estimates, together with the

divergence of 2. v li%ﬁ, show thatp(y) <00 = u>.
The latter two estimates show thato(y) < .0 = ¢ > ». Conversely the first and the third
estimates show that z = v implies finiteness for p and ¢, and that

0= 3 e

PIN
7(y) = lim Z Do
TN
A straightforward computation (remaking that [(2,,),], = |am|’; if ||, > 1) then leads to the

inequality

p(y) = a(y) < max Z (2logdena,, —logdenb,,),0].

m=1

O

Remark 4.4.2. We could define hypergeometric series for parameters (g, b) in (K\{-N})**" for
any number field. However it follows from methods of Chapter VI that such a hypergeometric
series is a G-function only if (&, &) € (Q\{-N})**", see VI ex.1.

Remark 4.4.3. G. Christol [16] has determined all globally bounded hypergeometric functions.

The extra condition is the following one: let /N as above; then for any M with 0 < M < N and

p-30
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(M, N) =1, and for any positive integer j with j < w, #{7 : Ma; < Mb;} > #{i : Mb; < Mb;};

here < is the total ordering of R defined by

Y=<z & y+ [yl <z+[-z]or (y+[-y] =2+ [-z] andy > 2).

Let us now introduce the classical Meijer G-functions, which however are not G-functions in

Siegel’s sense! These are integrals of Mellin-Barnes type over a suitable loop:

ﬁr(bj—s)ﬁr(l—aj'+x)

G (4, by x) = f i ! vds
N A 2
]_[ T(1- b +5) ]—[ (4 —5)
J=m+l J=n+l

for0<m<p 0<n<w
In the case u = », these functions satisfy some Fuchsian differential equation. Namely,

o= G a b (<1)"")

o
satisfies the equation
[(‘ Au d

() (-1)fx = ﬂ(a —a;+1)z= ﬂ(a ~b)e  whered =x—,
7=1 j=1

whose singularities are x = 0, (—=1)# and co.

The link with hypergeometric series is given by the formulae
H“ H“
[]re []re
Jj=1 1 1 Jj=1 1
F ,b, :—G‘u’ U T :—G’[‘ 1_ 1 TG
(g =z .X') 12 [t % 9 x 12 faclad (— 415 x)

[ [T [[r)
=i =i

and

G (a,b,%) =
]_[ (b~ by) ]_[ T+ b~ a)
U= j=l
i#k
> f: - HF (—4_1 14 by —b+1+b (—1)/4-’”-%),
ST ra+b-5) [T+ o0
j=m+1 J=n+l

where weset b = (b,..., h) forany b € Q, see [29, 5.5]. The latter formula shows that G;”ﬂ” isa
linear combination (with transcendental constant coefficients) of some Siegel G-functions.

Remark 4.4.4. Inthe case u = v = 1, we have F(a, b, x) = 2Fi(a, 1, b, x), the classical hypergeo-
metric function, and it is well known that equation (*) is a factor of a Picard—Fuchs equation [41].

For higher g, this is by no means obvious. However it remains that:

Proposition 4.4.5 (for x = v). F(a, b, x) satisfies some Picard—Fuchs differential equation.

p-31
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Proof. According to remarks of 4.2, we have

F(é_l, é) x) = ;1 (ZPi (ﬂi: 1; bz‘: x)) = AV (1_[ ZFI (dz} 1; bz‘; xz)) .
= =1
By Corollary 3.3.3, it suffices to show that [])_; 2/ (a5 1, b, x;) satisfies a Picard—Fuchs differen-

tial equation associated Hgg{(Y /Q(x)) for some proper smooth Y. Using Kiinneth formula in
algebraic de Rham cohomology, it is enough to prove this statement for » = 1. If & € N*, then
2F(a, b, x) is algebraic and the statement holds with ¢! = 0 (?). If & ¢ N*, we use Gauss relations
between contiguous hypergeometric series

(b—a—-1)FR(a1,bx)+ayF(a+11 bx)
—(b-1)FA(aL,b-1,x)=0
bla— (b—a)x]2F (4,1, b,x) + ab(1 —x)2F(a+1,1,5,x)
+(b-1)(b—a)x;Fi(a,,b+1,x) =0

in order to reduce ourselves to the case 2 > 0,1 > & > 2 (?). In this case, Euler’s integral represent-
ation

1
2F(a, 1, b,x) = (b—1) /0 (1-0)"2(1 =)™ dt

show that » F1(4, 1, b, x) satisfies the Picard—Fuchs equation associated to the differential % over the
smooth completion of the curve

N =1-0)PINA—)®™N, N =den(ab).

5- COUNTEREXAMPLES

In this paragraph, we gather some “pathological” examples to show that there is no link in general
between p and . We shall show later that for solutions of linear homogeneous differential equations

with coefficients in Q(x), p and ¢ are in contrast closely related. We also state that p and ¢ are bad-
behaved under inversion of functions.

s.L. A G-function whose inverse satisfies p = o = oo

Recall that p (%) =0, 0‘(%) =1 Lety = Lil,so thatyy = landy, = 37} Ynom For each pth

m=1 m+1"

a1 1
root of unity &’ € C,\{1}, % vanishesat1 — ¢, and |1 = |, = |p|2™". Therefore R,(y) < [p|;" and
p(y) = oo. It can be shown (see VIII ex.1) that o(y) = oo; it will follow that the composite series
L; o L1 € Q[[x]] has infinite size too, since

x(1- x)i(Ll olLp) =y.
5s.2. An example with p = 0 and ¢ = o

|k
Wesety = 3 is1 £ [l°gz’e]xk. We readily compute

0 forp = oo
bpa(7) =1 1 [ k Hlogk

— max 5 I
n k<n log kb ogp

] logp = 0,(1) for p afinite prime.

p-32
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Thus ”@ bpn(y) = 0and p(y) = 0. On the other side

Z bﬁﬂ()’) loglcm( [lﬂg};k])

p prlme

- Z (logp logp) — oo when n — oo,
P<”

This shows that o(y) = co.

5.3. An example with p = co and ¢ arbitrarily small

Let N > 0 and let us set

-3l

b4 prlme k>0
#00
We have
0 forp = oo
b n = mpy—. 0!
pel) [2{102;>N ] ITgp for any finite prime p,
denoting by {7, p} the maximal power of p such that 2{mr} < % Thus lim hon(y) = ZZTN in the
latter case, and p(y) = co. Now we have p-34
1 2{np}-N 1
hyn(y) = = logp <~ » 2lmh=N,
Zp, ) n;[ logp }ogp n;

We note that for p # g, then {n, p} # {n,¢q}, so that ZpSn 2{np} < plmpo} I 27* for some
P0, 2 < po < n. Therefore 7(y) < 27N. Examples with p = co and & = 0 do not exist (ex.1).

5.4. A globally bounded function with o < p

y= Z 2(_2)kx2k.

Let us consider

k>0
We have
0 forp#2, p# o0
[
hon(y) =42 log2 forp=2
(5]
log2 forp=o0

Thus 3, @, Bpn(y) = 210g2 = p(y) = a7(y) + oo (y), and @O S hpn(y) = 3log2 = o(y).

EXERCISES

1) Show thata(y) =0 = p(y) = 0.
2) Assume that for all v € X(K), lim,—e0 by, () exists. Show that p(y) < o(y).

3) Lety € K[[x]] and assume that p (}’: ;) < 0.
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a) Show that this condition is equivalent to

Z sup l log+ [ynly < 00
n

t}EZf nzl

(use the fact that forany v € Zf,y(”) (?) has no zero {’ € C, satisfying 0 < |£], < R, if

and only if 7 > sup, |y,|7” is a constant function on [0, R[), p-3s
b) deduce that this condition is satisfied in particular if y is globally bounded,
c) show that s (y) < p(y) < oo,
d) deduce that (¢()”*)),>0 is bounded,

e) show thatif y(0) # 0,¢ (i) < o0; give upper bounds for p (i) , T (i),
f) show thatif y(0) = 0, then for every z with finite size the composed series z o y has
again finite size.

4) Consider the series y of 5.3: assume the finiteness of the set of solutions of the equation

pk - ql =m (m fixed but arbitrary),

and show that, in point of fact, o(y) = 2~N-1
5) Give an example of a series y € K [[x]] with R,(y) = oo forall v € X(K).
6) Show thatif o (y) < oo, then R,(y) < coforallv € X(K) ory € K[x].

7) Show that the set of diagonals of rational functions is stable under taking derivatives.

APPENDIX: CALCULUS OF FACTORIALS
. . . . . . p-36
Following [16, 3], we give estimates for the p-adic valuation ,((4),) of the rational number

n—1
(@) = [ [a+2),
=0

fora € Q\{-N}. We first introduce general notations: let p be a fixed prime, and letz € Q N Z,,
i.e. the denominator of  is prime to p.

We define R, Q, and f by the formulae:
a=-R(a,p") + Q4 p")  withR(ap") €N, R(ap") < p,

k_1_ k
f(a,pk,n)z n+p—1 R(a,p)l.

P/e

For instance, when 2 = 1, we have R(l,pk) = pk -1 andf(l,pk, n) = [;‘—k] Let us remark that
f(a pk, n) —f(1, ]J/e, n) is periodic, with period ]Jk in ; this leads to the equality

R(a,p*
(6.0.1) Fladhn) —fLphn) =y (<%> - #)
P ?

0 ifx<0
where y(x) = { ] and {x) = x — [x]; we shall also use the notation {x} = —x — [—x].

1 ifx>0

We extract from [16][41] a formula for R (4, pk):
k

(6.0.2) Rap) (anfy = £

;o I

where the integer A satisfies the condition:
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forsome N € N, such that N|z| < pand Na € Z, Ap = 1 mod N (in fact N |4| <p/e
is enough).
p-37

At last we recall the generalisation for (a),,, of the classical equality v,((1),,) = X2, [ ﬁ] :

(6.03) 0p((2),) = Y fa ).
k=1

Putting together (6.0.1), (6.0.2), (6.0.3), we find:

Lemma 6.0.1. The following equality holds:

({5}

Remark 6.0.2. Forpk > (a + n)N, we have {Af4} > ﬁ > ]% + <ﬁ>, so that the second term at

log max((a + n)N, 0)
logp '

0o

(6.0.4) op((a)) = )

k=1

n
ok

the right hand side of (6.0.4) is bounded by




Chapter I  Geometric differential equations

1. DEFINITION

1. In this chapter we explain in a precise way what should be the differential equations satisfied
by G-functions according to the conjecture stated in the introduction: namely, the “geometric” dif-
ferential equations over Q. These are combinations of factors of Picard—Fuchs equations attached
to proper smooth varieties defined over Q(x). We study the stability of this class of differential
equations under standard operations and show that their solutions in Q[[«]] form a Q-vector space
stable under Cauchy and Hadamard products (making use of Hodge theory). We shall show in
Chapter V that such solutions are indeed G-functions.

1.2. Picard—Fuchs differential equations

Let k be a field of characteristic 0. Let X be a smooth k(x)-variety. Its algebraic de Rham cohomo-
logy groups H' éR (X) are k(x)-vector spaces endowed with a canonical connection

V:Hip (X) > Hp (X) @ Q,

called the Gauss—Manin connection, see for instance [39][40] or 2.1 below. Any nonzero vector in
this space provides a differential equation with coefficients in &[x].

For X = a complete curve, everything can be made explicit in the following elementary way
(after N. Katz): the only interesting group is H, éR (X), which can be identified with the group of
differentials of the second kind on X, module the exact ones. Let ¢ be a nonconstant function, so
that the function field £(x) (X) is a finite extension of k(x, £). Any derivation D of £(x) extends to
a derivation D, on k(x) (X) by requiring that D, (z) = 0; also the derivation % extends to £(x) (X),
and commute with D,. We let D; act on differentials by D,(f d¢) = D,(f) - d¢. The following
formulae hold true:

i) D.(df) = d(Df),

i) res,(D,(f dz)) = D, (res,(f dt)),

i) (D, D,)(f de) = d(D, (1)),
The first one shows that D, preserves exactness; by ii), D; acts as a derivation of HCIiR (X); iii) shows
that this action is independent of ¢, and therefore defines the value at D of a connection V on
HjR (X): that of Gauss—Manin. Since H éR(X ) is of finite dimension 2¢, where g = genus of X,
we get forany w € H éR (X) arelation of the form

2%
\Y (%) w—

multiplying by the common denominator d of the 4;, we obtain this way an element of 4 [x, &],

namely
& G d
9(@‘;7@'

By way of example, take the hypergeometric differential equation associated to F(, b, x) and dis-

2g-1

dV
Z 7V (a) w=0, wherey; € k(x);
7=0

cussed in I 4.4: according to W. Messing (see [41]), these are factors of Picard—Fuchs equations.

25
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1.3. Geometric differential equations

Let £ [x, %] be the Weyl algebra over £, sometimes denoted by A (k); this is a noetherian, simple,
entire, euclidean (noncommutative) ring.

Definition 1.3.1. We say that A € A (k) is a geometric differential equation if A is a product of
factors (in4; (k)) of some Picard—Fuchs differential equations over £.

In other words, the game of geometric differential equations consists in picking several Picard-
Fuchs equations, decomposing them into irreducible factors and then combining some of these
factors in arbitrary order. By way of example, take the polylogarithmic equation discussed in I.4.3.
We shall show below that in the definition, it suffices to take Picard—Fuchs differential equations as-
sociated to proper smooth varieties over K (x) (using (2.3) and resolution of singularities). Moreover
we shall see that the class of geometric differential equations is stable under symmetric powers, and
duality (see IIT ex.3 for definition) .

2. GENERALISATION: MODULES WITH CONNECTION ARISING FROM
ALGEBRAIC GEOMETRY

2.1. The functors R‘f*dR

Let S be a smooth scheme over a field £ of characteristic 0. Let MICg denote the abelian category
of quasicoherent Os-modules € with integrable connection V : £ — £ ® QIS Letf : X — Sbe
a smooth morphism. One constructs a functor Rof*dR : MICy — MICg as follows:

i) as Og-module, Rof*dRS = fi (Sle“X/S) where EVIPX/S denotes the sheaf of germs of
horizontal sections of £ under the restriction of the connection to the sheaf of germs of
relative derivations,

ii) the connection on £, (€ VIDerX/$ ) is defined using the exactness of the sequence of sheaves
onX:

0 —— DerX /S —— DetX —— f*DerS —— 0.

Definition 2.r.1. For7 > 0, the functor le*dR : MICy — MIC; is the 7th right derived functor

of Rof*dR; R‘ﬂdRE is the Og-module R’ﬁ (Q;( /5 ®0x & ) endowed with the Gauss—Manin con-

nection.

This makes sense since the categories MIC have enough injectives. See [40] or [36], in particular
II1.4. We write HéR (X/S) for R’ﬁdR((’)X, d) where d is the universal differential: Oy — Q}( The
Picard-Fuchs equations considered above correspond to the case S = Spec £(x).

2.2. Finiteness properties

We say that a smooth morphism of finite type f : X — S admits a (good) compactification if there
exists a diagram

(%) Xe—-—X

\\A k/proper smooth/S
S

such that D := X\ X is a divisor with relatively normal crossings.

In this situation, let £ € Ob MICy which extends to an O-module endowed with a connec-
tion with logarithmic singularities along D.

Assume moreover that £ is Ox-coherent; then R’f*dRE is Og-coherent, see 25, 6.14]. In fact,
because characteristic (£) = 0, any Og-coherent module with connection is locally free [40, 8.8].

p- 40
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2.3. The tannakian categories Gg

Definition 2.3.1. Gy is the full subcategory of MICg which contains the direct summands of
H éR (X/S) for any proper smooth S-scheme X, and any successive extension of these factors.

Proposition 2.3.2. Gg is stable under taking subquotients, tensor product, internal Hom. It con-
tains the objects 7, (X/S) for any smooth S-scheme X of finite type which admits a compactific-
ation and any 7 > 0.

Proof. We use the fact that the /' éR (X /8)’s for proper smooth X /.S are semisimple objects in MICs.
Indeed, by Lefschetz’s principle, one may assume that £ = C, and by the regularity and comparison
theorems [25, 6.13], this semisimplicity is equivalent to the semisimplicity of the local system R’ff“@,
which follows from Hodge-Deligne theory [26, 4.2] (see also [1]).

It follows that in the definition of G, one may replace “factor” by “subquotient”. On the other
hand the objects of Gy have finite length, according to 2.2. These two facts allow the following
reformulation of the definition of Ob Gg: objects of MICs whose Jordan—Holder constituents are
constituents of objects A’ éR (X /S) for proper smooth X /S. The stability under taking subquotients
follow at once from that description. In order to check the stability under ® and duality, it thus
suffices, according to that description, to check it on the A éR (X/5); this follows from the Kiinneth
formula and the Poincaré duality respectively. Hence G is stable under ®, duality, and internal
Hom.

It remains to prove that for any diagram () as in 2.2, A éR(X /S) € Gs. By induction on
the dimension of X and on the number of components of D, it is enough to prove the following

U———Y
statement: if \ / is a diagram of smooth morphisms such that Y\ U is a smooth
S

divisor, then
Hp(Y\UJS) € G and Hi (Y/S) € Gg = Hip (U/S) € Gg.
By stability of G under extension, this follows from the residue exact sequence

s HE2(Y\U/S) —— Hiy (Y]S) —— H (U[S) —S H (Y\U/S) — -,

which arises from the contravariance of de Rham homology with respect to open immersions (see
[36, IIL.4 Note p. 74]). The recursion goes through because at each step the morphism Y\U — §
admits an obvious compactification. ]

Corollary 2.3.3. Assume that S has a rational point s over k. Then Gy is equivalent to the category
of k-rational representations of an affine group scheme over 4.

Proof. We use the theory of tannakian categories, see e.g. [26]. The previous proposition shows that
Gy is an abelian £-linear rigid tensor category. The stalk at s furnishes an exact functor Gy — 4-
vector spaces. Applying to Hom the fact that horizontal sections are determined by any stalk, we
get the faithfulness of this functor. Summarising, we obtain this way a neutral tannakian category,
and the fundamental result of the theory gives the expected conclusion. O

Remark 2.3.4. For a comparison between the Galois group of G and a motivic Galois group, we
refer the reader to [1] or [2].

Letf : X — S be a smooth morphism of finite type which admits a compactification.

Proposition 2.3.5. The functor RlﬂdR : MICy — MICy carries Gy into Gg.

p. 42
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Proof. Let Z — X be a proper smooth morphism. By the same argument as in I, making use of

the Lefschetz—Deligne theorem, the Leray spectral sequence R’ﬂdR (HQR z/x )) = Hég (Z/S)

degenerates. By the previous proposition, this shows that for any direct summand & of HQR (Z/X),
R’ﬂdRE € Ob Gy (one uses here that RoﬂdR commutes with finite direct sums, and so does R’ﬂdR

henceforth). One extends this to the case of extensions of such £’s by using the fact that R'f3R is a
cohomological functor by definition: one writes the associated long exact sequence. O

3. SOLUTIONS OF GEOMETRIC DIFFERENTIAL EQUATIONS; ALGEBRAIC
STRUCTURE

‘We turn back to the situation of §1.

Theorem 3.0.1. The set of solutions in £[[x]] of geometric differential equations is a £-subvector
space of k[[x]] stable under usual (= Cauchy) and Hadamard products.

Note the following immediate consequence:

Corollary 3.0.2. If Z y»x" satisfies a geometric differential equation, so does Z yi\f x” for any
N > 0.

Proof. Let y,, y, two such solutions, in the “kernel” of elements Ay, resp. A, of A;(%). Making
use of Ore’s localisability condition in A4;(k), one may find a common multiple for A; and A,:
A =T1A; = I'3Az; hence A annihilates both y; and y,, and consequently any linear combination
of the two. The problem is to find such a A which is a geometric differential equation. This can be
done in the following manner: A; is given by an object &; in Gg for S = Spec #(x) and an element
¢; inside &;. For A, take £ = £ & &€, € Ob Gy, together with e = (ey, €2). The solutions y; of A;
correspond to &;(e;) for some horizontal §; : £ — k((x)). Taking & = A6; & ub5, one can see that
the solutions of geometric differential equations form indeed a £-vector space. The product y;y, is
a solution of the symmetric square A®2, which corresponds to a quotient of £ ® £. Because such
a quotient is an object of G (Proposition 2.3.2), A®? is indeed a geometric differential equation.
Now consider y;(x;) as functions of independent indeterminates xy, x, and let us write

5,‘ : gz‘ - k((xl)) .

We may consider the exterior tensor product & ® &, as an object of MICy; for U a dense open
subset of W = Spec k(x) [x1, %3]/ (2162 — %) = Gy p(x). The morphism f: U — § = Spec k(x)
admits obviously a compactification.

It follows from Propositions 2.3.2 and 2.3.5 that le*dR(El ® &) € Gg. On the other side, §3.3
of Chapter I tells us that y; * y; is a solution of the differential equation obtained from

dx
le*dR(& ® &), class of y1 (x1)y2(x2) =,
X
Hence y; * y; satisfies a geometric differential equation. |

EXERCISES

1) Using some results from Hodge theory [26, 27] or [2], show that any rank-one module with
connection arising from algebraic geometry becomes trivial over an étale finite covering of
the base.

2) Describe R° f*dR when £ is a finite morphism onto Spec £(x); in particular, give an interpret-
ation of the Picard—-Fuchs equations associated to Hfi)R (f). Show directly that HC?R (f)isa
semisimple object in MICj(y).

p- 44
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Chapter III  Fuchsian differential systems: formal theory

1. LOGARITHMIC SINGULARITIES

1.1. Canonical form of solutions

In this chapter, £ denotes an arbitrary field of characteristic 0. We write 0 = xi for the derivation
of M, (k((x))) givenby 8 (X Y,x") = ¥ n¥,x".

Let G € M, (k[[x]]) such that the eigenvalues of G(0) belong to £ (i.e. the characteristic poly-
nomial of G(0) splits in £). One considers the following differential system, with logarithmic (=
regular = Fuchsian) singularity at 0:

() 0X = GX.
The classical theory (see [34, ch. 14] for instance) tells us how to transform (1) into the fol-
lowing equivalent system:
(r1.2) A(Y'X) = CY'X thatis, formally: X = ¥x© = Y exp(Clogx),
(r13) oY =GY -YC with ¥ € GL, (k((x))) and C € M, (k).

If in addition to the previous assumptions, one supposes that
(4) none of the differences between the eigenvalues of G(0) is a nonzero integer,

one can then choose C = G(0); there is a unique solution Y5 € GL, (k[[x]]) of (3) com-

patible with this choice such that Y(0) = 7. In analogy with the analytic case, we call ¥’

the uniform part of X, and Y (under (4)) the normalised uniform part. Making use of the
formula
(s) Y™t = —=Y'aYY !, it is straightforward to check that if (Y”, C”) is another solution of

(3), the matrix V" := (Y")7'Y ¢ GL, (k((x))) then satisfies the differential system

(6) oV =C'V-VC.

1.2. Analysis of the system (6)

We consider equation (6) for itself. Let us write V' = 3 V,x”, and put U(C’, C) for the linear
endomorphism 4 +— C’4 — AC of M, (k). Equating coeflicients, one sees that (6) is equivalent to
the list of equations:
(7) U(C, C)YV,, = nl,.

This means that the nonzero coefficients of V" are eigenvectors of U(C’, C) with distinct eigenval-
ues. It follows that V" € M, (/e [x, }C] )

On the other hand, it is well-known that the eigenvalues of U(C’, C) are the differences
between the eigenvalues of C” and those of Cj it follows that if C and C” are conjugated and satisfy
(4) (with C instead of G(0)), then V' € M, (k).

1.3. Duality

The dual system of (1) is
()* 0X* = -'GX*.
One can pass from solutions of (1) to solutions of (1)* by setting X* = ‘X 1.
Moreover, if (¥, C) satisfies (3), then (‘Y ™1, —*C) satisfies the corresponding system (3)* associ-
ated to (1)*.

30
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1.4. Writing out the uniform part

In order to express the action of the “higher derivation” x™ dim on the solutions of (1), one defines

recursively a sequence of matrices G[,,) € M, (k[[x]]):

(8) Gro) =14 Gms1] = 0Gu) + Gomy (G m[)
With that notation, one finds the equation x WX Glm)X whenever X formally satisfies (x).
Moreover one computes readily

G ) (0) (ano)) _ % [(G(0) =1)---(G(0) = (m —1)D)].

Starting from the elementary calculations
G[m+1]Y = aG[m]Y + G[m](G - m])Y =0 (G[m] Y) + G[m]Y(C - mI)
and

(C+”)((n—m)1+ 0) = (m+1)(c-:?),

one ﬁnds inductively the formula p. 48

(10) —Y Z (C+n) i

Equating coefﬁc1ents this means that

() Y(C+n) Z G[m]lYm 2

I<n
For m = 1, making use of the (previously defined) operator U, one translates (11) into
(12) U(C +nL G(0)Y, + ) GiY, = 0.
I<n

Let us now assume that condition (4) holds. It follows that U(G(0) + 1, G(0)) is invertible
forn > 1; its inverse has the following form: [, (2; —a; + n)~1-Adj U(G(0) +nl, G(0)), where
a;, i = 0,...,  — 1 runs over the family of eigenvalues of G(0). This gives an induction formula
for the nth coefficient of the normalised uniform part:

n-1
(1) Yo, =] [ =2+ 7" |- (A U(G(0) + 1L, G(O)) - ), G Yeim-
Li<p m=0

This way, we get a proof of the equivalent between (1) and {(2),(3)} under (4). One may reduce
the general case to this special case by means of some shearing transformations, see below.

2. THE LANGUAGE OF J-MODULES

2.0. We now interpret §1 in the more canonical and somewhat “dual” language of d-modules,
which will provide a suitable way to express our results.

Let A4 an entire commutative unitary k-algebra containing #[x]; we assume that the derivation
0 on k[x] extends to 4, and thatker = k. By a 0-module over A, we simply mean a unitary module
M over the noncommutative ring 4 [ 8], such that the induced 4-module is free of finite type.

If A C k[[x]], the action of 9 over this induced A-module defines the usual notion of a connec-
tion with logarithmic singularity along 0.

. . -1 .
Let us endow M with an 4-basis {m,‘}io , and let us write

u—1
(14) Om; = Z’]ij fori=0,...,u-1
=0
Though 0 is not A-linear, we shall say by abuse of language that G represents 0 in the basis m. ‘ p. 49

Now let XC be an over-ring of A4, over which the derivation 0 extends, such that kerd = k.
We denote by S(M, K) the k-vector space formed by the solutions of M in K, ie. by the 4[0]-
morphisms from M to K. One has dim; S(M, K) < g, and in case of equality, one says that M
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is solvable in K. In this case the matrix X € GL,(K) formed by the components of a £-basis of
S(M, K) in the A-dual basis {2} } of {m;} satisty the differential system (1); the components of
a column of X are the values of § € S(M, K) at my, ..., My-1. Conversely, system (1) describes
solutions of a unique structure of d-module over £[[x]]* endowed with its canonical basis. The
dual 0-module M* of M is Hom 4 (M, A) with “connection” represented by —* G in the dual basis
{m}. This is compatible with 1.3.

2.2. Canonical form

By conjugating system (1), that is to say X and G, by a matrix in GL{‘(/e), one can reduce the matrix
C appearing in (2),(3) into its canonical Jordan form. Let us denote by [2] 4 the twist by & € £: this
means the d-module structure on 4 defined by 81 = . One also denotes by L7, for v € N*, the
0-module structure on.4” where 9 is represented in the canonical basis by the Jordan block of size
v.

Now assume that4 C k[[x]]. Making use of the dictionary 2.1, the equivalence between (1) and
(2),(3) can then be stated as follows: M ®4 £((x)) is isomorphic to one of the standard d-modules

@ [2]K(x) ® LZ(x)) ; where o, runs through the eigenvalues of C.

I3

Moreover the 9-modules ﬁZ(x)) are indecomposable, and the above standard form for M ® 4 k((x))
is unique up to translation of the #; mod Z, see [s0].

2.3. Exponents

For A c k[[x]], the eigenvalues of G(0) (multiplicities taken into account) depend only on the
0-module M and not of the chosen basis which defines G: we shall call these eigenvalues are the
exponents of M. When they satisfy condition (4) above, we shall say the M is normalised.

2.4. Morphisms

Let 4 be as in 2.1. Let M, M’ be two d-modules over 4, endowed with bases {2} and {mj’}
respectively. Let / be the matrix of a morphism (of 4[d]-modules) from M to M’ in those bases,
ie.:

(15) image (m;) = Z l]Hmj'

J

Let G, resp. G’ be the matrices which represent d in M (resp. M”) with recourse to {m;} resp.
{m’}. One readily check that / satisfies the following differential system:

(16) 0H = GH - HG'.
One can pass from solutions of

(1Y X' =G'X’
to solutions of (1) by setting

(17) X = HX'.
Let us now assume that / is invertible in GL, (4); this means that / represents an isomorphism
of @-modules. Let ¥ := (HY’) 'Y be the matrix relating the uniform parts of solutions of (1) and
(1)". Using (s) and (3), one finds

AV =Y 'H9HH'YY - Yoy’ - YT HTYY + Y TIHT9Y
=Y HIGY + Y\ GHYY - Y NGY -Y'G)Y ' HYY + YT HTY(GY - YC)
=C'V-VC

This is equation (6), which was analysed in 1.2. In particular, one gets that if condition (4) is fulfilled,
and if H(0) is invertible, then:

‘p. 50
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(18) Yg = HYw161H(0)™ . Here we have set:

(19) H[G] .= H'GH - H™'- 0H, to denote G’.
In particular if M = M, these formulae give the behaviour of representative matrices through any
change of basis. Roughly speaking, “0-module” is an intermediate notion between differential sys-
tems and connections: we allow changes of basis, but no change of variable. In the next paragraph,
we shall study two special cases of change of basis.

3. SPECIAL CHANGES OF BASIS

3.1. Shearing

This is a tool for modifying the exponents by integers in order to reach the normalised situation
(condition (4)), see [34, ibid]. Let G be as in 1.1 and consider the sez {2y, . .., 2,} of the eigenvalues
of G(0). Fix a set of integers {n, ..., 7,} with the same cardinality as {«o, ..., @,-1}.

Let S the matrix of a new basis of & adapted to the decomposition EB;:O ker(G(0) —a J)™ulte
into characteristic subspaces. Thus S~ G(0)S is formed by diagonal blocks, each of which has only
one eigenvalue. One can moreover assume that this is triangular (e.g. SG(0).S ~!hasJordan’s normal
form). Now let A be the diagonal matrix

X0
50 O mult a0

O x™

and put Hh = Sy, By formula (19) we get HMG] = +A + x2S71GSx ™2, with coefficients
l]'(HSh [G]) = ;A + xA"_AfZ'j(S_lGS). Itis thus clear that
1
(20) H" € GL, (/e [x, —]),
x
(21) H[G] € M, (k[[x])).
Furthermore, by looking at the diagonal terms of A’ sh [ G](0), one sees that
(22) the set of eigenvalues of H*M[G](0) is {a; + n;}.

3.2. Reduction to a differential equation

We assume in this paragraph that (1) is solvable in GL, (£((«))); sometimes one says that 0 is a cosiz-
gularity of this differential system (see e.g. [60, p. 7]; this is a property of the associated 0-module
over £((x))). Itis clear that in this case there exists some positive integer / such that —/ < ordy f </
for any £ in the k-vector space spanned by the entries of a solution X of (1) in GL,(k((x))). Let
lj, 7 =0,..., % — 1be integers such that rnax(lj — Iyl - 1/) > 2/ for ¢ # j. The following fact

follows easily from these choices: for any («; “le (£\Q)*, the series

=0
©=1
y= D ahyX j=0,,u-1
=0

are linearly independent over £. Set

n -1 s
wS= 3 (;)axm (Ciix—}f:) (iGla-m1)»

m=0 7=0

‘p. ST
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and § = (ZJ'S )‘:;10. Making use of Leibniz rule, one checks easily that the rows of SX are the suc-

cessive derivatives of (yo, ..., ,—1). Because of the linear independence of these functions, § lies in
GL,(k((x))); putting H*1 = § 1, one sees that system (1) is equivalent to the differential equation

u-1 e J
(23) i = Zy—l,j (H q[G]) —y

de = x dv/
More precisely, if yo, . . . , y,-1 are linearly independent solutions of (23) in £((«v)), one gets a solution
of (1) by setting
X =g (‘M)
7,7=0,...,u—1

The matrix H*1[ G] looks like this:

X
k * *

Remark 3.2.1. Let

-1 .
e
() N
=
denote a differential equation with coefficients y; € £((x)). Itis easy to translate it into

u—1
oy =gy,

J=0

orelse (1) X = GX by setting

0 gl Gt

as usual. p- 53
By Fuchs’ theory, or elementary calculation, one obtains that G € M, (k[[x]]) iffordp y; > j—p.

The characteristic polynomial of G is called the indicial polynomial of (x). Note that if 0 were an

ordinary point for (%) (i.e. ; € k[[x]]), it remains no longer an ordinary point for the associated

system (1); indeed, the exponentsare 0,1,..., gz — 1.

Remark 3.2.2. We take this opportunity to make a general remark about components of column-
solutions of (1). By 2.1, we know that they have the shape 8(;) for some ¢ € Sol(M, K), and m;
running over a basis of M (the associated 9-module). Sincerk M <, 0#m; isalinear combination
of ¥m;, 7 =0,...,u—1with coeflicients in the base ring 4. Since ¢ is A[0]-linear, 0“0(m;) is the
same combination of the &@(m;). Hence any component of a solution of a differential system of
order one satisfies a scalar differential equation of order < p with coefficients in A.

4. BLow-ur

This construction of Bombieri—Sperber [8] provides a very simple “model” for differential equa-
tions with given exponents, according to the regularity. We follow the presentation in loc. cit.
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Let A € k((x)) [d%] be a differential operator of order z. We denote A,, the unique element in
the ideal £((x)) [%] A such that the degree of A, — % % is at most # — 1, and we write

1 d” 1 d
M= g ™ 2 4
The coefficients y,,; satisfy the recurrence
1 d )
(24) Y1y = —— T\ g2 T IPmi-L ¥ mu-17 |-

Let us write y,,; = /13 + higher terms, ; # 0, and let us define p := maxg<;<, (:j 1) sothatOisa
logarithmic smgularlty ifand only if p = 1, and let us put

J={0<j<pu:9=p(p-,}

The recursion (24) implies that y,,,; = x%+ h.o.t., where of course 4,,; = 0if p(m — ;) is not an
integerand A,,; = A;ifj € /. One defines the blow up of A to be the constant coefficient differential
operator

~ 1 d* 1d
(25) A:ﬁ@ A ljjldxllfﬁ>l,
je/
and the differential operator of Euler type
~ 1 ¢ o 1d
6) A= —— — ——— —ifp=1
@) A= T ]; A+xeifdd

Note that in the latter case, the exponents of X at —1 are the exponents of A at 0.

Lemma 4.0.1. The formal power series y; = ¥+ A + Ayl ’jx/‘“ + - - - are annihilated by K, for
j=0,..,u—L
Proof. Letz;(t + x) € k((x))[[«]], forj = 0,...,  — 1, be defined by the formula
gt +2) = Y Y0,
m=0

It is clear that

dr ( ) 1 ifhzjfb 01 )
5 7 + = - UL e — L
Boa T T o ithey “
and that
1 d#
7 et =)
Hence Azj = 0. Since
7m]() (T_])+ h.o.t,

we obtain A X X
t2i(t +¥x) = yi(x) + 1095 (ﬂ,x)
where the natural integer & is such that bp is an integer, and where (7, x) € k[[7 x]]. It follows
that y; is obtained from f/’fzj (¢ + #x) by specialising £ to 0.
Let A, € k((x)[[+]] [ d.x] be defined by

~ 1 d“

A= ;‘7@ —Z}/ﬂh(t+l’ﬂx)t(/‘ e —

1 d
bl dxt’

so that A, (e 2z (¢ + #x)) = 0. The lemma follows by noting that A, specialises to A when ¢
specialises to 0. ]

p-s4
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E. Bombieri and S. Sperber interpret this proof as performing a blowing up transformation
xX—t .
2 2) > | ——, 7 )
(% 2) ( " z

for # — 0 on the graph of the mapping x + z;(x) and obtaining the differential operation associ-

ated to the blown up graph.

5. ForMAL FROBENIUS AND CHRISTOL FUNCTORS

s.x. The ¢ functor

We turn back to the general assumptions of 2.1. Let p be a fixed prime number. For any automorph-
ism @ of k, we consider the so-called Frobenius endomorphism of k[x], denoted by ¢ : f = f?(x7),
where @ applies to the coeflicients of /. We have the identity
(27) 08(F) = p3(9P).
We assume that ¢ extends to an zzjective endomorphism of 4 such that (277) carries over.
For G € M, (A4), we put G? := G?(«), with the same meaning as above.
Let M, {m;}, G be as in 2.1. We denote by M? the 8-module over 4 such that:
i) asan.4-module, M?% = M,
ii) the action of 8 in the basis {7} of M is represented (in the sense of 2.1) by pG?.
If IC is any over-ring of 4 on which ¢ extends such that (27) remains true, any solution X of (1) in
GL,(K) satisfies:
(1)? 8X? = pGPX?.
Similarly, we have (Y¢)? = Y,# in the normalised case. Itis readily checked that ¢ defines a functor
on the category (M, {m;,}), thus on the category of 9-modules up to isomorphism; ¢ is called the
Frobenius functor. It commutes with direct sums and tensor products. For the twist [«] (see 2.2),
we have [2]? = [pa?].

s.2. Instead of 0, one can choose another “centre” 2 € k, and replacex = & by (x—a) — (x—a)?;

this way one get a functor ¢, acting on (isomorphy classes of) (x — ) d%-modules.

s5.3. The E functor

We shall be interested for later purposes in inverting ¢. However, one cannot expect in our general
situation that ¢ is quasi-invertible; so we shall content ourselves here in constructing a functor 2

which inverts ¢ up to some twists [ 2] Let us assume in addition to the previous hypotheses:
(28) A isafree ¢(A4)-module generated by L %, ... ., P71

This is the case, for instance, if 4 = k[x] or £(x). More generally, if 4 C k((x)), this is the case if
and only if 4 is stable under the additive maps

-1
%:Zﬁ,x"l—)Zﬁinpx”, i=0,..,p—1

since the following identity holds in £((x)):
-1
(20) f = D ¥'¢vif -
=0
In general, take (29) as the definition of the ¥;; it is a correct one since ¢ is assumed to be injective.
The identity (29) (and definition of ¥;) extends readily to the case of matrices, and it follows from
(27) that

(30) 0y;G = ;%-GG - ;—;%G, forany G € M, (4).

Now for any such G, we follow [12, 3] and set

p-ss
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1/0G x;kp,lG e thG
_ G G xn G
(31) G= = % vo N V2 € My, (A), and
¥p-1G YoG
0 0
0 31,
J = € My, (k).

0 "=
7 I

Starting from (29), applied to GF:

p-1

-1
GF = X ¥ (16 )+ (yF)?,
=0 7=0
one arrives to the formula p.s57

7 p-1
%(GF) = ) (46 Wiy F) +x ) (46) YimjipF),
j=0

J=i+l

which implies in turn that
(32) (GF)® = GEFE.
On the other hand, it follows from (30) that

(33) 8(G%) = ’%wc’)i G+ GFJ.

Let M, {m;}, G be as in 2.1. We denote by M= the d-module over 4 such that

i) asan 4-module, M= = M @ - - - & M (p factors)

ii) the action of d in the basis {m,} of M is represented by ;—)GE - .
It is straightforward to deduce from (32) and (33) that E defines a functor on the category
(M, {m,}), thus on the category of d-modules up to isomorphism. Let us call 2 the Christol func-
tor. The following statement is due to G. Christol [12].

Proposition s5.3.1. Let A satisfy the above hypotheses, and let M be a 9-module over 4. Then

wo2-1]ox)

=0

Proof. This follows from the fact that
’ O
1,
G-3
-1
() G- T]f‘

(G9)F =

EXERCISES

0 x .
1) By means of Gantmacher’s counterexample G = ( o 1) test the statements of §1 without

(4)-
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2) Describe the d-module Hom (M, N) in terms of matrices representing M and V.
3) (O. Gabber) Assume that M admits an A-basis {m,}i:()l such that m;; = 0my;; one says

that m is a cyclic vector. Show that there is a relation (8/‘ + Zi:ol alﬁ") mo = 0. Show that
the (# — 1)th element m* _; of the dual basis is a cyclic vector for M*, and satisfies the dual
differential equation (( )" + Z/‘ 0( 0)’41) 4 =0.

4) (G. Christol) Under the assumption of 5.3, let # € GL,(4). Show that H= e GLy,(4), at
least for A C k(). Hint: introduce the matrix (¢ "fx"]‘u)];,_:lo.

5) Using 2.2, prove that, for 4 = k((x)),

M= NP = @[ ]@M @[;]QDN
(without making use of B).

APPENDIX: A ZERO ESTIMATE

Following a method of G. V. Chudnovsky [21] we sketch the proof of an explicit upper bound for
the order at one point of certain polynomial combinations of solutions of a Fuchsian differential
system over 4 = k(x). This result sharpens Shidlovskii’s lemma (see [57]) in the Fuchsian case, and
can be extended in a noneffective way to the general case according to Bertrand-Beukers [s]".

Let us assume that # = C and let us consider the following differential system:

(D) %X =I'X withI" € M, (k(x)).
We make the following assumptions:
i) (I)isin the Fuchsian class, i.e. atany polesof T"in Pl there exist matrices ¥, € M, (k[[x — s]])
of rank p, C; € M, (k), such that Y;(x — 5)G satlsﬁes( ); here we setx — 00 = }C,
i) there exists a solution ¥ = "(0s -5 Y1) of (I) in A[[x]]*.
Let p be an element of £[x; xy, . . ., xﬂ_l]; we assume that deg_p = N and that p is homogeneous
of degree 7 in xy, .. ., xy-1. We shall study the order at 0 of 7 := p(x, yo, .. .,y#_l) € k[[x]]. For
s € Sing I' (the set of poles of " in ]P’/le), and for C; as above, we denote by &, the minimum of the real
parts of the eigenvalues of C;. Atlast, let ¢, denote the dimension of the £(x)-vector space generated
by the successive derivatives or 7, so that g, < (/‘ +Z_1).

Theorem 6.0.1. Either » = 0, or

r\Fr — 1
(6.0.1) ordg 7 < Nu, — ny, Z &+ (|SingT'| - 2)%,

SingI"

Replacing (I) by its zth symmetric power, it is plain to see that it suffices to prove the Theorem
for n = 1. The proof relies on the following lemma, which belongs to differential Galois theory, see
[, 3] (taking into account the Fuchsianity of (I)). We first need a notation. For any s € P}, denote
by KC; the differential extension of #[[x — s]] generated by log(x — 5) and (x—s). For any f € K, we
defined the generalised order of £, and write g-ord, £, as the minimum of the “exponents” «; such

that ' = 3 u,;(x — 5)*% log(x — 5)” with #; € k[[x — s]] \0.

Lemma 6.0.2. Let A, € k(x) [dix] of order u, such that A,» = 0. Forany s € Pi, there exists

solutions * (20, - . - » 5,i—1) of (I) in K% such that the r elements p(, 2,0, - - - » 2544—1) Of K span
the kernel of A, in IC,.

'D. Bertrand has informed me that J. Yebbou recently succeeded in making this method effective in the general case.

‘P- 58
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Sketch of proof of Theorem 6.0.1. Let 55, denote the exponents of A, at s (i.e. the g, roots of its indi-
cial polynomial). A simple computation of generalised orders based on the Lemma gives:
(6.0.2)

> Uy ifs # 0

RCZ%,;’ > (00 = N) ifs = o0
¢ > ordg 7 + (ur —1)go  if's = 0 because of the existence of the solution ¥ of (I).

An elementary computation of generalised orders of derivatives shows moreover that:

r r_l
ZRCZ%,,»—% ifs # 00
(6.0.3) g-ord; w !
v r_l
ZRCZ”””#(#T) ifs = oo

where w denotes the Wronskian at the neighbourhood of s. Because of Liouville’s equation:

0 1
d . - .
(6.0.4) e (trTp)w, (where I, denotes the matrix O : associated to A,),
1
we find
(6.0.5) g-ord, w = residue, tr I',.

On the other side, the residue formula over P}e reads:
(6.0.6) Z residue; tr I, = 0.
Sing T’
Putting (6.0.2), ..., (6.0.6) together, one finds
r\Hr — 1 r\Fr = 1 r\@r — 1
Z ([urej— %) + ptr(6co —N)+/% + (¢ — Deg — &# +ordy7 <0,
5#£0

s#00

which gives (6.0.1) for » = 1, by remembering that only the elements of Sing I'\ {0, oo} can give a
negative contribution to the first sum. O



Chapter IV Fuchsian differential systems: arithmetic theory

1. BACKGROUND OF p-ADIC ANALYSIS

We record here all the properties of p-adic analytic functions (and prove some of them) which will
be used in the sequel of the book. We refer the reader to the general introduction [43], or to the
more advanced booklet [30]. Everything becomes simpler if one restricts oneself, as we shall do, to
the case of disks.

LI Let & denote an algebraically closed field of characteristic 0, complete under an ultrametric

(= nonarchimedean = p-adic) absolute value | |, with residue field k of characteristic p > 0. This
residue field is automatically algebraically closed, and the valuation group log b |£| is dense in R. A
typical example for £ would be the field C, (see general notations). We remind that a series 3’ 4,
converges in £ if and only if its general term 2, — 0, and that |} ,| < sup, |4,|. Let » € R*, and
a € k; we denote by D(4, 7) the disk {x € & : |x — 2| < r}, which is an open and closed subset of &.
For r = 1, these disks are also called residue classes, for they correspond to the elements of kU oo by
reduction modulo the valuation ideal D(0, 1).

1.2. Gauss absolute value

On k[x], the Gauss absolute value is defined to be the maximum of the absolute value of the coef-

ficients, and is still denoted by | | : |Ziv=0ynx”| ‘= max, [y,].

Letf, ¢ € k[x]; Gauss’s lemma shows that % depends only onig € k(x). This allows to extend

| | to an ultrametric absolute value on £(x).

1.3. Analytic elements

Let 4 be an element of 4 such that || < 1. According to M. Krasner one defines the ring E, of
analytic elements in D(4, 1) to be the completion (under the Gauss absolute value) of the ring of
rational functions without pole in D(4, 1). This allows to consider analytic elements as functions
on D(a, 1) in a natural way.

We also denote by E the completion of the whole ring £(x) under | |; warning: this is much
bigger than the fraction field E, of E,. The residue field of all those ultrametric rings is k(x).

We record now two basic properties of analytic elements.

1.3.1. E, is a noetherian principal Banach algebra over &; any ideal is generated by a polynomial.

A consequence of 1.3.1 is that any analytic element in D(4, 1) vanishes only finitely many times
when viewed as a function on this disk.
The second basic property is Krasner’s principle of analytic extension:

1.3.2. Letf € Ej, then for all but a finite number of residue classes D(a, 1), there exists a unique
element of £, which coincides with f as an element of E. At last we denote by £, the localisation
of Eg at the ideal (x — 2)E,. By 1.3.1we have E,, = E, ®p[4] k[x] (x-s), Where k[x] (x—,) denotes as
in Chapter I the localisation of k[4] at (x — ).

Remark 1.3.3. There is an isometric embedding of (£, | |) in the (complete) Amice ring

{f = anxn ¢ |f] = sup |f»| < c0and nErIloolf;z| - ()};

nez

however we shall not use it in this book.
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IV Background of p-adic analysis 41

I.4. Analytic functions

Leta € kand r € R*. The ring of analytic functions in D(4, 7), denoted by A(4, 7), is the ring of
convergent series y = 3,50 ¥ (x — 2)” in D(4, r) (under the Cauchy product); the requirement is
that Vo < 7, lim,—e0 [y,]0" = 0.

Asin the classical case, one may expand y in Taylor series at any point of D(g, ) and speak about
zeroes and order of zeroes of y; A(a, 7) is stable under % For any p < 7, one defines an absolute

value ||, (p) on A(a, ) by:
|Zyn (= ﬂ)"L (p) = sup e

Itis easy to check, forany / € A(4, 7), the formulae:

L4 |fl.(p) = sup |f(x)| = (sup [f(x)|ifp € |/e|).

x€D(a,p) [x|=p
For p = r, one sets furthermore |f|,(7) = limsup |f], € [0, co], which is a multiplicative
por
semi-norm.
For |a| < 1, wehave E, C A(a,1) and |f],(1) = |f| forany f € E,. Conversely, it is plain to
check that any analytic function in D(4, ) with » > 1 defines an element of E,; warning: the ring
of bounded analytic function on D(4, 1) under | |,(1) is much bigger than E,.

1.5. Meromorphic functions

The field M (4, ) of meromorphic functions is the quotient field of A(4, ). Asin 1.2, one checks
that | |, (p) extends to an ultrametric absolute value on M(a, 7) for p < r (resp. to a multiplicative

semi-norm for p = 7), thanks to the rule ’Ji (p) = ||f||agf’; . These (semi-) norms satisfy the
&la Zlalp
following important inequality:
1 d”
Ls.. Vf € M(a,r), Vo<r, Vr €N, ;dx”f (0) <" la(p).

This is clear for any f* € A(4, 7) by looking at the Taylor expansion at 2. The general case is
settled by induction, using the Leibniz formula:

nt\g ol g om!\g (n—m) ¢ =

Roughly speaking, a zero (resp. a pole) increases (resp. decreases) the norm; more precisely, for any

feM(ar)andr <r” <,

r5.2. f has neither zero nor pole in the annulus ' < |x| < 7 if and only if ||, () is constant in
the range p €]/, 7' [.

Atlast, let us remark that § = xd% is a contraction in M (0, ») endowed with any of the | |o(p);

this follows at once from 1.5.1.
Here is a diagram of inclusions between various rings that we considered:

/e[x] c Ey C EyCE

N N
A0, 7) C k[[x]] for0 <r <1
N N

M(0,7) C k((x))
Here E, M (0, 7) and k£((x)) are fields; £ and E are complete rings under the Gauss absolute value.
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IV.2 p-adic differential systems 42

2. p-ADIC DIFFERENTIAL SYSTEMS

2.1. Dwork—Frobenius lemma

Lemma 2.1r.1. Let

-1
¢ o &
A= - —
& ; "
be a differential operator with coefficients y;, € M (4, 7). Assume that the kernel of A in M(a, r)
is of dimension g. Then the y,’s are bounded in D(a, r); more precisely
|7/b|4(r)Srh_/‘ forb=0,...,4—-1

Proof. Let us denote by yy, ..., y,—1 a basis of ker A in M (4, ). We set

Vo0 =90

and

so that we have the so-called “Frobenius factorisation”
AZAﬂ_lo"'OAlvo.

Now inequality 1.5.1 gives the bound % for | |, (r) applied to the constant term of A;. The estimate
lypla(r) < ﬁ follows at once from the factorisation, and inequality 1.5.1 again. O

Corollary 2.1.2. Let
u—1

oy = gd"y
h=0

be a differential equation with coefficients in M (0, ») and which admits a fundamental basis of
solutions in M (0, 7). Then |g;|o(7) < 1,forh=0,...,u -1

2.2. Norms on matrix rings

It is convenient to extend the definition of the absolute values | |, respectively | |, (p), to the case of
matrices. We get norms on spaces of matrices by setting:

|H || = max |Hy| for H € M, (E)
ij
=, () :rrll_;x|]—gj|ﬂ(ﬁ) for H € M,(M(a, 7)) andp < 7.
Then M, (E,) and M,,(E) become Banach k-algebras under || || (for any 2 € & such that || < 1).
Similarly one defines a semi-norm on M, (M(a, 7)) by
14, (r) = max |Hjla (7).
Remark 2.2.1. Let G € M, (F) and H € GL,(E). Since % and 9 are contractions of (k(x), | |),
they extend to derivations on E. Thus 0 / and H[G] are well-defined, and
IH G < max (WA |E [ IGH, 1A |ET) < IE 1 |[H 7| max (4 1GI]).
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2.3. Estimates for G|,

Let G be a matrix in M, (M (4, 7)), with || < 1. We use the notation G|, of III (8).

Proposition 2.3.1. Assume that the entries of G are bounded, and that the system 0X = GX has
asolution X, in GL,(M(a, 7)). Then for every n € N, ||G[n] | , () < max (1, (IGll, (r))/‘_l).

Proof. We shall use a method of E. Bombieri in order to deduce this statement from the previous
lemma. Since k is algebraically closed, we may find a sequence ,, € % with |2,| — 7~ and the
change of variable x +— 2, (x — ) + 4 enables us to consider only the case 7 = 1,4 = 0.

The construction III 3.2 then applies: we get some elements ,,;S in M(0, 7), and a matrix

S=H"eGL,(M(0,7),

satisfying the equations

L &
x M (H[GD ) 5Xa = @(SXa) = (§8)i=n,.ntu—1 - Xo
J=0,..,u—1

whence ;S = x7" ((H[GDn)S)- It follows that |”J'S|o (1) < (max|a]) - IEE:HG[M]HO M-

Remind the definition of ,,;S:

n /‘*1 X
n\ o, d7a
5= 20 e e

m=0 7

and choose for any fixed 7 : 2;, = 1, @; — 0 for7 # 7y and /;, = 0. This gives
by induction on formula (8). O

2.4. Generic disks

Since the early works of B. Dwork on p-adic differential equations, one knows that a convenient
way to encode information about such an equation is, roughly speaking, by transferring it into a
“generic disk”, which has nice permanence properties; transfer principles then help to bring it back
into special disks. We shall study such a process in the next chapter.

A generic point, often denoted by ¢, is an element of an algebraically closed and complete ex-
tension € of the valued £ linearly disjoint from £((x)), such that |t — 2| = 1 forany 4 € % with
la| < 1. The image 7 of ¢ in the residue field of Q is then transcendental over k. Note that #” is
another generic point, for any nonzero integer #. The generic disks D(z R) are those of ©, and we
extend the previous notations by replacing £ by €; whether we use that extension or not should
be clear according to the context. For instance, the field £ can be embedded into the ring of ana-
lytic elements in D( 1); this provides an isometric embedding (E, | [) <= (A(5 7), | (7)) for any
r<1,and |f| = |f ()| for any / € E. This allows us also to apply Proposition 2.3.1 for 2 = ¢ when
G € M, (E).

2.5. Generic radius of solvability

The definitions of Chapter III are used up to now.

Definition 2.5.1. Let M be a d-module over E; its generic radius of solvability, denoted by R(M),
is the greatest real number R < 1 such that M is solvable in A(z R).
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IV.2 p-adic differential systems 44

By definition of the matrices G[,] and by Taylor’s formula, we get the following expansion for
asolution X; in M, (A(z R)) of the system X = GX associated with some basis of M:

%= 600,

n
n>0

Since ||G[n] (t)” = ”G[ﬂ]

, Hadamard’s formula yields:

_1
,1).

Lemma 2.5.3. R(M) > 0; more precisely, if G € M, (E) represents M in some basis, then

Gl
7!

2.5.2. R(M) = min

lim
n—oo

R(M) > |p|7 - min (1, ||G||-1)_

=
Proof. By the recursion (8), we get ||G[n] H < ||G]||*. On the other side |n!|_% < |pl|#71, according
to I, appendix. Hence the required inequality follows from 2.5.2. O

Proposition 2.5.4. Let M* be the dual d-module of M; then R(M™*) = R(M). If there is an
exact sequence 0 - M’ — M — M” — 0, then R(M) = min (R(M’), R(M")).

Proof. Let G and X; as above. By III 1.3, one has to prove that
X' e M, (A(4 R)).

Let w = det X, be the Wronskian determinant, which satisfies 0w = tr Guw; since tr G € A(z, R),
w is invertible in A(% R), and this is enough to conclude that R(M*) > R(M). The equality
follows by symmetry, since M*™ = M.

It is obvious that any quotient of a d-module solvable in A(z R) is solvable in A(z R); this
remains true for a submodule by duality using R(M*) = R(M). This proves the inequality:
min (R(M"), R(M")) = R(M).

Conversely let us write R = min (R(M”), R(M"’)). Then we have isomorphisms

M ®; At R) =~ A( R}
M" ®p A R) = A(s RY

} with trivial connection.

Thus in some suitable basis, the matrix representing M looks like

0 Gl ‘ull
0 0} ¢~
I [%
A solution X, of X = GX at¢ is given by (O ]X ) Hence X; € GL,(A(z R)), and it follows

that R(M) > R. m|

2.5.5 (Convention). Assume here that | | is an archimedean absolute value, in contrast to our pre-
vious hypotheses. Let M be a d-module over £(x). We then set R(M) = 1.

Explanation. By Gelfand—Mazur theorem, £ is isometric to C in our case; by analogy with the
previous case, where D(#, 1) was an ordinary disk, Cauchy’s theorem would imply that R(M) = 1.

Using the idea of Bombieri—Sperber, we give a local version of a result of N. Katz which relates
the generic radii of solvability at all the finite places (in the global case) to the singularity structure
and to the exponents, see [40] and [8]. Let A € Ey [}C, d%] be a differential operator of order g

with coefficients in £y [}C], say A = /% d‘i:“ - Zj:ol %uj]% % We define 1, p, / and A asin I 4;e.g.
Yy = 1—5;+ h.o.t, etc... We also write R(A) for the generic radius of solvability of the d-module

associa?ed to A as in Chapter IIL
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IV.3 Global radius of a d-module over K (x) 45

Proposition 2.5.6. One has R(A) < | pI/ﬁ in each of the following cases:
i) p > 1(irregular case) and | ;| > 1forallj € /,
ii) p = 1 (regular case) and at least one of the exponents of A (at 0) is at distance > 1 from Z,.

Proof. Let R(O, K) denote the greatest real number » < 1 such that A is solvable in A(0, 7). By
— _1
Lemma III 4 and Hadamard’s formula, we have R(0, A) = min (1, lim Hm Ji ” ) where 4, ; are
J

m—>00
defined by ,,,; = % +h.o.t. asinloc. cit.; note thaty,,; € Ey [}C] . By factoring out the possible
pole 0, we find

il = BT | =T sup gl 7D 2 )
r_)anp(j—m)

It follows that R(A) < R(0, A). Hence it suffices to show that R(0, A) < |p|1% in both cases i)

and ii), which we shall treat separately.

Case i): A is a constant coefficient differential operator and a basis of ker A is x” exp ax where a
runs over the roots of the characteristic polynomial

Z]

j€/

andv = 0,1,..., %, with », = multiplicity of «. Because p > 1,/ is nonempty and all |lj| are
bounded from below by 1 for j € /. This implies that the absolute values of the roots « are
1
also bounded from below by 1. Since the radius of convergence of exp ax is |a| ! [p| 7T, we get
R(0, A) < |p|1’ T as requlred
Case ii): Now a basis of ker A is (1 + x)*(log(1 + x))” where « runs over the exponents of A at
x = —1 (which are the exponents of Aat0)and » = 0,..., », with », = mult1p11c1ty of «. Since

atleast one 2 is at distance > 1 from Z,, it follows that the th coefficient 2 ( &), of (1+x)*
has absolute Value |72!] ™! max (1, |2|*); hence the radius ofconvergence of(l +x)*(log(1 + x))”

is again < |p|/’ T, and it is plain to deduce that R(0, A) < |p|P T
O

3. GLOBAL RADIUS OF A -MODULE OVER K (x)

3.1. We now turn back to the arithmetic setting of Chapter I. In particular, X' denotes a number
field, etc... To each finite place v € Xr, we associate the ultrametric field £, = C, which satisfies our
hypotheses; we have £, O K,.

A 9-module M over k(x) gives rise to a collection { M, = M ®x k,} of 3-modules over £, (x).
In order to point out the dependence on v, we shall add a subscript v to all objects defined in I-III
from k,, M,. Since k,(x) C E,, the generic radii of solvability are defined. Sometimes, we shorten
the notation R(M,) into R,, for some fixed M as above. When no confusion results, we shall
often write simply p instead of p(v) for the residue characteristic.

3.2. Remark For any polynomial ¢ € K[x]\{0}, we have |g[, = 1 for almostall v € X¢; this
carries over forany ¢ € K (x)\{0} and extends to matrices: every H € GL, (K (x)) satisfies || H]|, =
“H‘lnv = 1foralmostall v € Zp.
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IV.3 Global radius of a d-module over K (x) 46

3.3. With the convention 2.5.5, we may write
1 1
+
Z log R_u for Z log R_u
veX(K) vEZy

In analogy with Chapter I, and following Bombieri [6], we define the global radius of a 9-module
M over K (x) by the formula

(M) = Z log* z (l/vt) e [0, co].

veX(K)

Let {mz}i:ol be a K (x)-basis of M, and let G be the matrix which represents d with respect to this
basis (in the sense of 2.1). Pushing further the analogy with Chapter I, we define a collection of
sequences of nonnegative real numbers:

0 ifv e Xy
bvn M, iy) = Gl
ol i) llo*'malx bl L} ifver.
n m<n n. v

Let X, € GL,(A(% R,)) a solution of the system X = GX with X, (¢,) = I. By looking at the
coefficients of X;,, one may write 4,,, (M, {m;}) in the following manner, for v € X

3.3.1 .
h m;}) = = log* max|;:.X,
v,n(M’ { z}) 7 g men \lj Lonly?
i<u
Jsu
where the subscript 7 refers to the nth coefficient at #,. p. 71

Lemma3.3.2. Onehasp(M) =3, lim bou(M, {m;}); p(M) is invariant under finite extension
of K.

Proof. Taking into account 2.5.2, the argument given in the proof of Lemma 1.4.1 of I carries over,
and yields log RL = lim b,, (M, {m;}). We leave the second assertion to the reader. O
v n—o0o

Lemma 3.3.3. One has the following rules:

a) p(M) = p(M).
b) If there is an exact sequence 0 — M’ — M — M"” — 0, then

max (5(M"), p(M”)) < p(M) < p(M’ & M) < p(M’) + p(M”).

c) For any positive integer N, p(M®N) < p(M).
d) p(det M) < p(M).

Proof. a) and b) follow from Proposition 2.5.4; c) follows from the fact that a basis of solutions of
M®N into A(# R) is obtained from a basis of solutions of M into A(#, R) by taking products. A

similar argument involving the determinant yields d). O

For a differential system or equation L attached to a basis {mz,} (resp. a cyclic basis) of M, we
shall sometimes write p(L) instead of p(M); also, by, (L) for b, (M, {m;})...
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4. SIZE OF A 0-MODULE

4.1. We carry on developing the analogy with Chapter I; in the next two chapters, this will become
much more than a formal analogy (see also 5.4 below).
We define the size of a 9-module M over K (x) by the formula:

o(M) = Tim > huu(M, {ma)).

veX(K)

Lemma 4.r.1. This definition does not depend on the choice of the basis {#,}, and is invariant
under finite extension of K.

Proof. The second assertion is routine; let us prove the first one. According to III 2.4 a change of
basis is described by some A € GL,(K(x)) : X;, = HX;. We have remarked in 3.2 that || /||, =
||H71||U = 1 for all but a finite number of places v, and sup, ||(H(x +2,)),|| < oo for all v (since
rational functions are bounded analytic functions in the generic disk). Making use of formula 3.3.1,
it follows that by, (M, {m}) < hy,(M, {m.}) + % for some constants ¢, which are 0 for almost
every v. This implies the independence of o from {mz;}. O

Lemma 4.1.2. The following inequalities hold:
a) s M d M”) < a(M') +a(M”).
b) For any subquotient M’ of M, 7(M’) < ¢(M).
c) For any positive integer N, 7(M®N) < o(M)(1 + log N).

Proof. a) is straightforward. For b) it suffices to note thatif 0 - M’ - M — M"” — 0Oisan

exact sequence, a solution at ¢, of the associated differential system in a suitable basis can be written
in the shape

2 0
X, = ()%v ?’;) , with X]” resp. X/ corresponding to solutions of M"” resp. M’
ty

Similarly a solution corresponding to M® at ¢, can be written XfN (symmetric powers); c) fol-
lows from an adaption of Shidlovskif’s argument given in the proof of I, Lemma 1.4.3; details are
left to the reader. |

4.2. The example of polylogarithmic differential equations I 5.3 shows that one cannot expect an
equality like 3.3 b) for the size in the case of an arbitrary extension. Nevertheless the behaviour of &
can be controlled.

Proposition 4.2.x. If there is an exact sequence 0 = M’ — M — M"” — 0, then
c(M)<1+20(M & M & M),

Proof. As said before, we may choose a suitable basis so that the representative matrix G, and a
solution X}, at#, of X = GX, look like:

(6" &) (X
=[5 2] x5 )

From the formula X, = G” X, +G°X] , we deduce that X} = X}’ (/txX[’y’_1 (%O)X;v +A),With

A € M, (€,). Since we want that X;, (¢,) = I, we have to put 4 = /. For notational convenience,
we now omit the subscript t,. We get

X, = Z Z 1 J X// Iy (X//—l) bl G_O J X/
g my+my +mz" N 2 v
hlols 33 mi=n+1 "2

mo<n
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0
But since 4,7, (G—) € K(x) C E,, we have

X
GO
1112 ( x )
%) o
so that

], < e 2t DG, et (7, 0

B
hbls Pl YT
myy +mp, +miy <n+l

GO

<||—
X

PR

M =|l¢°

v ¢,

v
By reordering ;4 X", 1,4, (X”fl) and 13JX’ we may suppose that my, > my, s, > my,, hence
1 1
my, + my g, + my < 1+§+§ (n+1) <2(n+1).

‘We find, for the chosen bases on M, M’, M"" and the dual one on A4""*:
n+1

1 1
hyp(M) <2 ( ) hynsn (M @ M & M) + — logHGOHU + —log|lem(L,...,n+ 1)[;".
n n

Because ”GOHD = 1 for almost every v, and || G||,, < oo for all v,
2 ’ 144 17% 1
D hya(M) < (2 + ;) D by (M @ M @ M) + ~ (loglem(1,...., n +1) + const.)
<2 Z Bonsr (M’ @ M” & M) +1+0(n)

by the prime number theorem, and the required inequality follows. O

For a differential system or equation L, we allow the notation ¢(L) for the size of the associated
0-module over K (x).

Open question 4.2.2. Itiseasy to see thata trivial 9-module M over K () has vanishing size; does
the converse statement hold?

5. G-OPERATORS (p(A) AND o (A))

s.I. Bombieri’s and Galockin’s condition

Let M be a d-module of rank ¢ over K (x). The condition p(M) < co can be restated as follows:

Bombieri’s condition: [] R, > 0, see [6, 10].

It means that the generic radii of solvability R, cannot be too small.

Let us now consider the condition ¢(M) < oo; it corresponds, for the case of d-modules, to
the condition which defines G-functions. Let us choose some basis, so that M is represented by
G € M,(K(x)). Let U € O|[x] denote a common denominator for the entries ;;G of G. Then
(M) < oo can be written: there exists a constant C so that

[]ma [t

' <Cc™
UEEf .

This is clearly equivalent to:

u"G
Galoc¢kin’s condition: The common denominator d,, € N of the coefficients of # for

m = 0,..., nis bounded above by a geometric progression in #, see [33][61].

s.2. Theorem The following inequalities hold: p(M) < ¢(M) < p(M) + u —1; they imply the

equivalence of Bombieri’s and Galockin’s condition'.

'E. Bombieri informed me that there is recent independent work of Chudnovsky in this direction.
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Proof. The second inequality is implicit in [6, 6] and uses the theorem of Dwork-Robba (see Ap-
pendix). We pick a cosingularity 2 of M in K, then we make the change of variable x — x—4 which
enables us to reduce to a differential equation according to III 3.2, and by x = x + 2 we go back to

the original variable; hence we have got a differential operator in K (x) [%] which represents M, ‘ p-7s
and the corresponding matrix G looks like:

3 sk - *

Puc (=1 3= max ([ s Gt} 0 <&y <o < by s by € N). After Dwork-

Robba, we then have:
Gl

n!

7Glnl
X
n!

v &4

(Ry) < {mp—1},R,"
t
Hence b, < % log{n, x — 1}, + log R%' By summing over v € ¢ and takingm over 7, one gets

— 1
(M) < p(M) + lim ~ Z log{n, - 1},.
vEEf

We may simplify this inequality by noting that, thanks to our normalisations,

dy log
7 (=D [@
)

{mu-1}, <p

whence

d, |1
Zlog{n,/z -1}, < (g—-1) logpz = [lzgn]
U|P U‘P gp

= (¢ = D(logp)v,(Iem(L, 2,..., 7))
which implies

Z log{n, u =1}, < (g — 1) loglem(L, 2,..., n),
vexy

and n@o % Zuezf log{n, x — 1}, < p — 1 follows from the prime number theorem. For the other

inequality, let us recall that p(M) = Zvﬂbm and ¢(M) = Ezn by, with by, > 0. By

Fatou’s lemma, it is enough to prove that lim,, 4,,, exists for every v: indeed

D limby, <lim ) by, < o(M).

—m

x "G
Letusputl’, = % and g, = % log™ IT I, so that b, = max,, <y, 2 gum- Note that ',

“represents” -~ c&—z on a solution X of X = GX; let us look at ﬁ dimTiX = % % (I',X). By
Leibniz rule, the following identity holds true:
m+ n) 1 ( d” )
Doin = === -t
h

( n = h\ dx

which yields
m+n
(%) (m + n)gv,m+n < Ibnax (hgv,h) + ngun — 10g ( )
<m n v
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By induction, we get

1 o Im+m
< — o — —1
Sk =020 mS! ; m ( Im ) ’
But we have
hi Ly (Zm“”)’ LV og [hmt] + logm!l,) < % logp
- > —log = — oglhm!|," +log|m!|,) < — ———=
— hm m )|, m d (p—1pN

if m > p" for some N € N. Another application of () yields

< X ——gu) + o — log |77 7 for0 < n <
Lobm+n = I}lsanx hmgv,l Zv,hm J—— og n , orv=n<m,
_ 1 d, logp 1 bhm +n
<(1+4! = = - |
< (1+ )[rlll%;((mgy’l)]+dpzv(p—l) bhm +n og‘( n )v

-1 1 d, logp ]
<(+h )[ﬁﬁ‘(mg”’l)+ 41

whence

-1 1
bwﬁ(1+[ﬁ] )(bum+@ip), WheﬂanZ])N.
m TdpNp-1)
It follows that the bounded set {4,,,},>0 has only one limit point in R, hence the sequence 4,
converges. The proof of the theorem is now complete. O

Since these conditions appeared earlier independently in the literature, we are faced to the prob-
lem of choosing a terminology. I am not convinced by Bombieri’s proposal to call such differential
operators “of arithmetic type” [6, 10], and shall rather follow Debes’ terminology “G-operator”
[22].

Hence we shall call G-operator any differential operator d — G or % - ”g—; with finite global
radius (or equivalently finite size), with the following motivations: firstly, it stresses the link with
G-functions (see next chapters); secondly, it reminds Galo¢kin’s condition, and the typical geomet-
ric growth of denominators; thirdly, it will remind a tantalising conjecture of Dwork-Bombieri
according to which G-operators should come from geometry (in the sense of chap. II; see below V,
Appendix for a discussion).

Remark s.2.1 (about the proof of 5.2). In §6 of next chapter, we give a new (independent) proof
of the implication p(M) < 00 = (M) < oo, which does not use Dwork—Robba theorem.
Anyway, the precise estimate 7(M) < p(M) + ¢ — 1, which is best possible in general (look at
polylogarithms!), will not be needed.

5.3. Katz’s theorem

The result of Katz which was mentioned in 2.5 may be stated as follows:

Theorem s.3.1 (Katz). Let M be a d-module over K (x) such that p(M) < co. Then M is Fuch-
sian with only rational exponents at every singularity in ]P%.

The term “Fuchsian” deserves an explanation: one claims the existence of a Q[[x — s]]-lattice in
M Q@ Q((x — s)) stable under (x — ) d(x;d—:) for any s € PL; see also III appendix for an equivalence

statement (the equivalence is classical, see e.g. [25]).

p-76
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Proof. Let us first remark that [T R, > 0 implies that R, > |p|/% if v | pforany pin some set P; of
prime numbers which has Dirichlet density 1. Indeed, denoting by Py the complement of P, we

have 1
o 1
nRy>o:> Z gp<oo:>Z—<oo:>densityPo=O.
p-1
v|pePy P€Po 2€Po

We reduce to a differential equation according to 3.2, cf. the discussion in the proof of the previous
theorem; hence we have got a differential operator A in K (x) [ ] which represents M. We add
to Py the finite number of primes p such that ||, < 1 for some v | pand some; € /, where
A; € K\{0} has the same meaning as in III 4 or IV 3. Let us remark that the statement we want to
prove is invariant under finite extension of K, hence we may and shall assume that Sing A C ]P’}(.
Once again, one adds to Py the finite number of primes p such that |s;|, > 1 or [s;—s2|, < 1for some

v | pand somes; # s, € Sing A\{0}. Then forany v | p € Py, anys € Sing A, and any generic
point ¢, in some extension £, of k,, #, + s remains a generic point (as usual, we set ¢, + co = tl)
Hence the change of variable x + x — 5 does not modify R,, and it suffices to prove the statement
fors = 0. Now by constructlon of P, we have forany v | p € Pi: A € Ep, [ —] [Ail, > 1

x}
forj € J,R, > |p|v_ . Proposition 2..5.6 applies: case i) cannot occur, so that 0 is a logarithmic
singularity (ordy y,,; > j — @); case ii) cannot occur, so that the reduction mod. v of the exponents

at 0 belong to Fy. Since density Py = 1> 5 L Chebotarev’s theorem tells us that the exponents must
belong to Q. O

Remark s.3.2. This proof shows that we could replace the condition [] R, > 0 by the weaker one:
1

for a set of primes p of density > %,v lp = R, > |]7|5j.

5.4. Cosingularities of G-operators

In this subsection we give a corollary of the part of Katz’s theorem which concerns the Fuchsian
property. Let us make some comments on this property.
i) Let Grepresenta Fuchsian d-module M over K (x). Hence forevery s € IP% there exists H; €

GL, (@((x - 5))) such that (x — s)H;[G] € M, (@[[x - 5]]) (with the usual convention
X — 00 = %) By truncating H; at sufficiently high order N in x — s, one still has (x —
H <n[G] € M, (@[[x - 5]]), but also A, <n[G] € M, (@(x)) This means that for
every s € P}@ there exists 2 Q[x]-lattice in M@ stable under (x — s) d(x;d—r)

ii) Let us denote by Sinl C Q the set of nonapparent finite singularities of any differential
operator L = 0 — G over K(x); let gsin, r€Sp. g4 cos, stand for the product [[(x — {)

extended over all elements of SinZ, resp. over all apparent finite singularities (which are

certain cosingularities, see III 3.2). We put I, m G The classical theory of logar-

ithmic singularities tells us that if M is Fuchsran then there exists some integer & such that
q, cosqgf:bf €M, (Q[ ]), and ordy (x—mG[m] (;)) > —m — b (condition at c0), see e.g.
[25, I11]. The second assertion may be restricted as: deg (qf Cosq””br ) < (ISinZ| — 1) m+c

Sin
for some integer ¢ independent of 7.
iif) Let £ € K be a cosingularity of a scalar Fuchsian differential operator A. By change of

variable x +— x — £, we may assume that £ = 0, and write A in the standard form
0 1 0

00— G,withG = , see 11, Remark 3.2.2. Because A is scalar and Fuchsian,
1

G € M,(K[[x]]). On the other hand, taking into account notations III 1, the fact that 0 is

‘p. 78
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a cosingularity implies that X =X1re GL, (@((x))) Hence C is diagonalisable with in-

teger eigenvalues. By shearing along the lines of 111 3.1, we get a matrix A sh ¢ GL, (K [x, ch] )
such that F*"[G](0) = 0, i.c. Oisan ordinary point. We turn back to the original variable
by the change x — x + £, and get a differential system & — G’ which represents the same
d-module as A, and has the same set of singularities, except for £ which disappears.

Proposition s.4.1. Let A be a scalar G-operator, and let £ be a cosingularity of A.
Then any y € K((x — £)) annihilated by A satisfies

POG+E) <p(A) + (SinAl = Dhp(E) + Y (50 + b - 5)

Z€SinA
< k(&) + 5 + (A,

where k1 = 2|SinA| — Land x5 = |SinA|log 2 + 2 ¥ reginn h(£)-

Furthermore, one can replace the global radius by the size in these inequalities, which also ex-
tend to the case of a general G-operator d — G if £ is an apparent singularity. The constants x; and
ky are invariant under taking symmetric powers.

This improves on a result of Bombieri [6, Lemma 17] (and corrects a misprint there: there

should be a factor 2 before Y’ h({)).

Proof. Remind that p(A) and o(A) are invariants of the associated K () [0]-module; on the other
side it is plain to check that for any H € M, (k [x, }C]) and ¥ € k((x))*, one has p(HY) < p(Y)
and o (HY) < o(Y).

Hence, in the statement one may replace A by the G-operator d — G’ constructed in remark
iii) above, which has same set Sin, and for which 0 is ordinary. When £ is an apparent singularity,
the case of a general G-operator of the shape  — G can be dealt with along similar lines: a trick due
to Birkhoff-Christol (see next chapter, §1) allows to transform the apparent singularity £ into an

ordinary point by means of a matrix in GL,, (K,, [x -§ ﬁ] ) Since all invariants are not changed

by any finite extension of K, we may and shall start from L = 9 — G such that £ is an ordinary
point, and such that pol G ¢ K. We have to compare b, ,(y) = % log" max,, <, [T, (£)l, and

hyn(L) = % log* max,, <, [|IT,,(2,)ll,, with the notation of remark ii) above.
m+b
r

Sin
independent of 72, one has the bound

Since the entries of 4° ., g » are polynomials of degree < (|SinZ| — 1)m + ¢, for some b, ¢

qi cos (tv)%rf;b (tv)rm (tv)

2O O] <

max (1) |f|v)(‘sinL|—l)m+[)
v

hence (for v € Zp):

. ¢ + b +
hun() < (ISinLl =1+ ) log |£|U+(1+;) > log* I~ £l

JeSinL

b b
b log* |2, = 1, 1+ —
+n g og |z (|+(+”)

;Gpol I
/¢SinL

b L1
+; Z log m"‘bv,n(L).

Jepol Iy
¢SinL

L1
2. 8 T,

feSinL

Note that log™ |t, — £|, = log" |{], for algebraic {. Now we have p(y) = poo() + pr(y) and
1
70) £ p () + 7N and () = Y ) log" o

€eSinL v€X

‘p. 8o
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Using the formulae which relate p(y), o7(y), p(L) and 7(L) to the b, ,’s, we reach at last the

first required estimate in the proposition. The second one follows, since

(51;) b(E—2) <log2 + b(E) + h(2).

The invariance of x; and x, under taking ® N is left to the reader. O

The study of solutions at singular points which are not cosingularities requires deeper tech-
niques and will be the main aim of the next chapter.

5.5. Duality

In this last subsection, we give another corollary of Katz’s theorem, where exponents come into
play.

Proposition s.s.1. Let M be a d-module of rank x over K (x). Then for the dual module M,
o(M*) < a(M) (1 + log(x - 1)).

Proof. We may assume that ¢(M) < oo, whence p(M) < oo by Theorem 5.2, and then
p(det M) < oo (Lemma 3.3.3 d)). Let us choose a basis {#2,} of M, whence a differential oper-
ator d — G, and let X;, be a solution in GL,(A(#, R,)), normalised by X; (z,) = 1. We have

1
Dy (M, {m}) = = log" max
n m<n

1
< - logJr max
n m<n

®u—1
(),

Note that (det M, Am;) is represented by 0 — tr G, which annihilates det X;,. By Katz’s theorem,
0 — tr G is Fuchsian with rational exponents &, = Res, tr G (s € pol G), 29 = det G(0); by Fuchs’
condition, tr G = 3} == & - + a, so that

(x_tv) “ (x tv)
detX, = (T+l) 1_[ (1 — )

sepol G

2x (detthl)m

v v

Let I/ C Xy be the finite set of places v such that one of the quantities |o|o, |5],, ||, is # 1 (since
the proposition is invariant under finite extension of X, we have assumed that the poles s belong to
K). Then forany v ¢ V', we can see on the expansion of the algebraic function det X at ¢, that

1= ‘detX,y

= |det X,, (2,)] = |det X, |
Using once again Shidlovskii’s reordering trick, one finds
(%) Do (M*, {m:}) < byy(M, {m;}) (1 +log(x—1)).

On the other hand, we have shown (in the course of proving Theorem s.2) thatlim,, b, ,, does exist.
This implies the following equality, since 7" is a finite set:

(M) = Y lim by, (M7, ) +Tim Y huu (M, (i)

velV veXNV
1 _
= log —* + llm hv,n(M*) {mj})
1; R”(M ) " ve;fl\V

A similar equality holds for (M) as well, and we have R, (M) = R,(M?) (Prop. 2.5.4). Putting
together this and (), we find the required inequality. O
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5.6. Size and local monodromy

The last part of Katz’s theorem may be interpreted as asserting that all local monodromies of a
G-operator are quasiunipotent; indeed, the eigenvalues of the local monodromy 7" at some point
S € P% are the exponentials of the exponents x2:7. Now we are going on relating (partially) the size

to the level of quasiunipotency, that is, the minimal positive integer ¢ such that (7" — )g = 0 for
n > 0. Let M denote a d-module over K (x).

Proposition 5.6.1. If 7(M) < p(M) +1 < o, then all local monodromies of M are finite.

Since 7(M) < 0o, M belongs to the Fuchsian class. Let us choose a suitable basis of M in
which the connection is expressed by a matrix G € M, (K[x](x)). Weput L = 8 — G, and we let
N denote the nilpotent part in the additive Jordan decomposition of G(0): G(0) = D+ N; D has
only rational eigenvalues. The proposition will be derived from the following one:

Proposition 5.6.2. If N # 0, then for any 7 > 0, lim Z by, (L) = 1.
" p(v)>m
In order to recover Proposition s5.6.1, it suffices to show that ¢(M) < p(M) + 1 implies that
lim 3}, (4)m bun(L’) < 1for some suitable 72 and any differential operator L’ obtained from L by
n

change of variable x = x — £ { € Sing L (possibly co). This follows from the following lemma, in
which [ii) z = —1] is used to handle the case {’ = oo, and the following argument:

Since p(M) = Zvezfﬁbm(m < o0, one still has o(M) — Zp(v)gmmbm([) <1
for sufficiently large 7,2. But we have seen in the proof of Theorem s.2 that for every v € Zr,
(by,» (L)) has a limit; hence o(M) < lim 2ip(0)>m Pon (L) + Xp(o)<m limy, by, (L), and we obtain

lim 34 by (L) < 1.

Lemma 5.6.3. Let L’ denote the differential operator obtained from L after either of the following
changes of variable

) xx—000 <1

ii) x > x*, for a nonzero integer £.

Then by, (L") < by, (L) forany » € N.

Proof. In case i), this follows from the easy formula Gin] = (xf—[) G (x = ). For case ii), one

considers the complete solution analytic at #* (which is another generic point), say X, which satisfies
X (#%) = I; one has the following expansions:

X (F) = Z Gin (7) () (xk - tk)” = Z Gin ) () x—1t)" ((x A kzk‘l)n

nltkn nltkn
G 1(?)
_ [7] Y
=) =0,
whence the result. |

Proof of Proposition 5.6.2. Assume that N # 0 and consider Ezp(vbm by, (L) for m > 0. By
n

changing the variable x x* for k = common denominator of the eigenvalues of D, and then
shearing, one may assume that D = —/; here one uses the previous lemma ii), and the fact that a
rational transformation d — G — d — H[G] does not affect b,,, for almost every v. Moreover, one
may assume that 7 is large enough so that the poles of G are v-adic units in C,, and that [|[N]|, = 1

‘p. 82
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if p(v) > m. In this situation, we have

by (L) = — log max %
o n & (<n 4
Gy (0)
> -1
P T
1 (N -7 )
= — log max s

n t<n n ;

hence
1 1
Z hun(L) = - Z logrglsa;( Z Z
p(0)zm pzm k<t T,
because ‘ p. 84
N-I\ < : :
= 1"/ e BTN
(n) 20T Y (ke k)TN,
7=0 ky<---<k;<l
and the nonzero powers of N are linearly independent. But max,<, |Z/e§g iip = max¢<, |%, | and
we obtain at last
1 log n
Z byn(L) > =loglem(2,3,...,n) —m .
n n
pw)=m

We conclude by invoking once again the prime number theorem. O

Remark 5.6.4. One gets nothing more in considering the coefficient of other powers of V.

Open problems 5.6.5. Is o(M) — p(M) always an integer? May one interpret it in terms of
v-curvatures (see ex.4 below)? Note however that the order of nilpotency of v-curvatures grows
linearly when M is replaced by its successive symmetric powers, while o(M) — p(M) grows at
most in logarithmic rate.

Also, on paraphrasing Grothendieck’s conjecture, does the equality (M) = p(M) imply
that M is solvable by means of algebraic functions over K (x) ? (This can be checked when M is
“solvable by quadratures” using methods of Chapter VIII).

EXERCISES

1) Prove the statements asserted in remark ii) of 5.4.
2) Let A be an element of 41(Ok) = Ok [x, &] Remark that the residue field of Ok at v

is contained in ]dev. The v-curvature of A, say #,(A), is by definition the image of d% in
Aq (Idev ) / Ay (dev) A. Compare ¥, to the differential polynomial denoted by Ap in III

4. Show that left multiplication by ¥, in 4, (]dev) / A (de,,) A is an endomorphism of

Ay (dev)—module.
3) (Cartier) Assume that the order of A does not decrease by specialising mod. v. Show that
A is solvable in dev [[x]] iff ¢, = 0. Show that ¢, is nilpotent iff A ® 1 (in 4; (]deu) = ‘p. 85
A1 (Og) ® deu) can be expressed as a product of A,’s which are solvable in Fyo [[x]].
4) Let G € M, (K (x)) such that [|G||, < 1. If G arises from a differential equation as in I1I 3.2,
show that ¢, = 0 iff”G[p] ||U < 1, and that ¢, is nilpotent iff”G[pn] ”U < 1 for some #. In the
general case, show that the following statements are equivalent:
i) “G[pn] ||U < 1 for some 7,
ii) “G[n]”,, < 1forevery n > pu,
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iii) R,(d - G) > |p|7.

5) Give an example of a differential operator A which has vanishing p-curvature infinitely many
times exactly on a set of primes of density 0. (Hint: consider an elliptic curve £ over Q
without complex multiplication. Take for A the rank two differential operator which kills
the “logarithm” of E, and show that A mod p has a full set of solutions in F, [[x]] if and only
if £ has supersingular reduction at p).

6) Let A be a G-operator. Show that if |SinA| < 2, say SinA C {1}, then A is (completely)
solvable in terms of polynomialsin L; = 3} %ﬂ and (1 — x)”, » € Q (Hint: use the fact that
m (PM\two points) is a cyclic group, and see ex.8 (?) of Chapter I).

APPENDIX: OUTLINE OF A THEOREM OF DWORK-ROBBA

This is a deep refinement of Dwork—Frobenius lemma. As explained before, this result is not logic-
ally necessary in the present book, se we shall be very brief; see [28] and [6] for more details. p. 86

Theorem 6.0.1. Let
1 d#
[ul dat Z Y 7! dx/

be a differential operator with coefficients y; € M(ﬂ, 7). Assume that the kernel of A in M (4, »)
is of dimension g, and define A,, as in IIT 4:

1d» S 1 d
AM:JW_;}/W]'MEM(%V)[M]
Then we have

(r) < {mu—-1}7"" foreverym >0and0 <;<p—1,

1
I

with {m, u—1} = sup|ly, ..., 1| ! (where the sup is over all sets of z—1 distinct integers bounded
by m).

Outline of proof. It is enough to handle the case a = 0, r = 1. Let us consider a Frobenius factor-
isation as in 2.1. In order to shorten notation, we set D = d ,and D! for its formal inverse.
The proof is based on the following formula, which is checked by induction using Leibniz rule:

k
X %Dmyk ) Z bj(v0,...,0)D " 0D - D7y,
with
bmj(vo,...,vj)z %...Dljvj 1
: lo! L U+ )@+ b+ L) G+L+--+1h)
where 3 runs over all /; > 0 such thatj + lj + -+ /[y = m. Using 151 one finds

|(Uo ‘e 111)71| |bm]|0 (1) < {m,;}. On the other hand, we have y, = 09D 'oyD7!--- D71y, and
%D”yk = Z/‘ 0 7"1// . Dy, By putting this into (), we find

k ko (u-1
Z bm,jD_lijD_l : Z (Z 7mbbh]) D~ v]+1D_ .- D7y, forjk=0,...,u—1,
7=0 7=0
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which yields bm,j = Z/;;JI Vm,bbh,j forj = 0,..., % — 1. Dividing both sides by vy, ..., vj, one may
deduce (using (vg, . . ., vj)flb];j = ]l,)

1
i7"

h=j+1

u—1
(1) = (DOM'-)Uj)il (bm,j - Z 7m,bb/7,j) (1)
0
0

< max ({m b [ymsly (D} forh=j+1...,x-1)

<{mu-1}

the last step coming by descending induction on ]%;/m ’j‘o (1). O



Chapter V. Local methods

1. RESOLUTION OF APPARENT SINGULARITIES

We come back to the general p-adic setting of IV 1, 2. Thus & denotes an algebraically closed field of
characteristic 0 complete under an ultrametric absolute value | | with residue field of characteristic
2 > 0, Eg stands for the complete ring of analytic elements in D(0, 1), Eoo = Eo ®p[x] #[x] (x), etc...
Let us consider a matrix G € M, (Epo) such that the differential system (1) X = GX has only
apparent singularities in D(0, 1)\{0}. This means that for any 2 € D(0,1)\{0}, there exists some
74 > 0 and some matrix X, € M, (A(4, r,)) of rank u which satisfies (1). The following trick due
to Birkhoff-Christol [13, 8.2] allows to get rid of the apparent singularities (= poles of G in D(0, 1))
in an effective way. It follows from (1) that these singularities (in finite number) correspond to
the set of 2 € D(0,1)\{0} such that ord, detX, > 0, i.e. the set of zeroes of the Wronskian
determinant. For such a zero, say 4, of det X, there exists a linear dependence relation over &, say
2 biiX,(a) = 0, i = 1,..., 4 between the columns of X,; denoting by 7, an index such that
ibl-ﬂ| = max ||, one may suppose in addition that 4;, = 1. Let us denote by H,, the z X p matrix:

-

=

Hl=|b . b 1 ben % owy,

X
i
R

- O

Hence H, € GL, (k[x -4, ﬁ]) Moreover, the relation between columns of X, show that
X, = H;'X, still belongs to M,(A(a,7,)), and ord, det X, = ord, det X, — 1. By multiply-
ing such matrices H,, ie. by setting ™ = []H, where the product extends over all zeroes
of “the” Wronskian determinant (counted with multiplicity), one can reach the situation where
(H) X, e GL, (A(a, r,)) forany a € D(0,1)\{0}; hence H[G] has no pole atall in D(0, 1).
Using the explicit form of H, and making use of IV, Remark 2.2.1, we see that the following lemma
holds true.

Lemma ro.r. Let G € M, (Ey) such that the nonzero singularities of the system X = GX in
D(0, 1) are apparent ones. Then there exists /™ € M, (k[x]) N GL, (#[x] (x)) such that

a) H*[G] € M,(Eo).

b) |H™|| = HHres—IH =1

c) [[H*[G]| < max (L [|GI)).
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d) H'(0) € GL,(k).
Proof. Straightforward, from what precedes. O

Remark 1.0.2. We shall sometimes encounter the dual situation, where G € M, (Eq) and the
nonzero singularities of @ + “G are apparent. We then construct ™ corresponding to the res-
olution of apparent singularities for this dual system, and we set H™ = *(H res*) =1 Thys
H®™ e GL,(Ey), Hers 1 e M, (Ey) and H*"*[G] € M,(Ey). Moreover the properties
b) ¢) d) carry over for H°°". Let us also note that they imply ”Hcms_l (O)” <1

Remark 1.0.3. When G € M, (@(x)), for K anumber field, a similar construction works globally,
using the embedding Q(x) € Q((x — a)); one gets H € GL, (@(x))

2. ANALYTIC FROBENIUS FUNCTOR

2.1. At this point, the reader should remember the setting of III 5; we considered there a functor
¢ on d-modules which consists essentially in making the change of variable x +— #” (and twisting
the “coeflicients” by an automorphism ¢ of k). We were looking for an inverse, and found the

functor E which inverts ¢ up to some twists [ ;] if the base ring 4 is a free @(A4)-module generated

byl x..., =1, Here we shall specialise this setting by choosing 4 = Eo, Ego or else £, and p =
residual characteristic. We assume in addition to the previous hypotheses on £ that:

2.1.X. There exists a continuous automorphism of £, denoted by @, whose restriction to the Witt
ring of the residual field is the Frobenius automorphism (see [s3, II 6]).

Note that ¢ is necessarily an isometry. One can check that 2.1.1 (without the hypothesis that
k is algebraically closed) is stable under finite extension of &; hence it holds for Q,, and therefore
for C, as well (by continuity). The endomorphism ¢ on &[], defined by ¢(f) = f?(«), extends
to an isometry of (k(x), | ), and of £ henceforth by (uniform) continuity. For any G € M,(E),
“G¢|| = ||Gl|; hence ¢ is injective in M, (E). Also, formula (27) of III 5 goes through. On &[[x]],
radii of convergence behave well under ¢: R(f) = R(¢(f))?.

Lemma 2.1.2. For A4 = Ey, Ey or E, A is a free ¢(A4)-module generated by L, %, ... ., 71

Proof. This would be quite clear for 4 = k(x); this means that £(x) C &((x)) is stable under the
mappings ¥; : 2, fux” = 2 fﬁ;xn From (29): f = Z{:& x' $y;f, it follows that
i) v (k[x] (x)) C k[x] () (clear), and
ii) ¥ isa contraction of (k(x), | |). Indeed, let / be a nonzero rational function. Since ¥;f are
also rational functions, not all 0, the existence of 2 € k£ such that |z| = (maxl-:() ,,,,, -1 sz |) !
is clear from the very definition of the Gauss absolute value.
Replacing f by a@f (making use of the formulae ¥, (2@f) = ay;(f) and |2| = |4?]), we are reduced
to prove that |[f| = 1if max |1/,f | = 1. But this follows from (29) modulo the valuation ideal of
(#£(x), | ). By uniform continuity, the maps y; extend to the completion £ of k(x), thus proving
thelemma for 4 = E. On the other hand, one checks readily on the definition of ¥; that these maps
stabilise the subring A(0, 1) of £((x)) (using Hadamard’s formula). This stability, combined with
point ii), yields ¥, (Ey) C Ey, thus proving the lemma for 4 = Ej ; combining further with point
i), and reminding that Eoy = Eo ®g[] #[x] (x), we get the required assertion for 4 = Eqy. |
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V.2 Analytic Frobenius functor 60

2.2. Lemma Let N be a d-module over Ej, solvable in A(#, |p|). Then its exponents ; (at 0, see
111 2.3) satisfy || < |p| L.

Proof. Let F be a representative matrix in M, (Ey) for N5 by conjugating by a constant invertible
matrix, we may assume that £(0) is triangular. Using III (9), one gets

FONL N E2 @] (£
B n! B n

> (max|e;])" |n!] ™"
n!

if max |&;| > 1, hence

1
n

H F)

n!

< plF - RN) ™ < [l

— 1
max |a;| < lim |n!|
n—0oo

2.3. Until the end of §4, we shall fix a real number R satisfying

1
230 |p|? <R <1

Remember the functor ¢, is defined using the semilinear change of variable ¢, : x — a4 +—
(x — a)?, so that ¢,(x) = (x — a)? + a?. We have set ¢ = ¢y. Note the obvious implication
a? =a’ = l|a| = 1ora = 0. The particular choice we have made for @ is justified by the next
lemma.

Lemma 2.3.2 (Christol). Letz € ksuch that 2? = #2. Let N be a -module over E,, solvable in
A(#, RP) (and hence in A(4, ) for some 7 > 0). Then N#* @ E ~ (N ® E)?.

Proof. We may assume that 2 # 0. Let F € M,(E,,) be a representative matrix for N, and let
X € GL,(A(a,7)) asolution of 0X = FEX with X(2) = I; such a solution exists for 7 small

1
enough (e.g. » = ||F|| |p|7") because « is an ordinary point for this differential system: it is given

by
(~P)1) &=

n! a”

x=3 %(4)—@ ;f)n, x1=3

n>0 n>0

Let us put X%« = HX?, so that

Fiu® [(x —a) +a? -]

H=X?((x~ay +a°) X7 (&) = ) — —

n>0

(Since a? = af, we get H € M,(A(a,7)).) In fact (x — a)? + af — & = pxf with f € k[x],
|f| £ la| = 1. Thus the general term of the series which expresses A/ may be written

F ()7 (pf\” .
l’]n = T y B with l’]n € M#(E),
—0 since R? > |p|.

ball < Ipl

Fin)
n!

Because E is complete, we get H € M, (E). Using duality, we may write down a similar expansion

for H~!, which yields finally / € GL,(E). This establishes the required isomorphism. O
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V.3 Inversion of the Frobenius functor 61

2.4. Lemma Let AV be a 0-module over E solvable in A(#?, R?). Then M = N? is solvable in
AL R).

Proof. Since R? > |p|, we have |« —#| > R¥ = |&’ —#| = |x — ¢|/. The lemma follows at
once. m]

3. INVERSION OF THE FROBENIUS FUNCTOR

3.1. Theaim of this paragraph is to describe a subfunctor ¥ of the Christol functor E, which inverts
(up to ®E) the Frobenius functor ¢ restricted to normalised £ [d]-modules, solvable in A(z R).
This construction, due again to G. Christol [13][14], consists essentially in finding a change of basis
such that the new system is expressed in the variable ¥”. Unfortunately the results of Christol were
not cast in sufficient generality for our purposes (he handles only the case R = 1). The new fea-
tures of the “general” case R > | plf% are described by the occurrence of apparent singularities, and
Theorem 3.5 below.

3.2. Let M be a d-module over Ej solvable in A(z R), and let G € M, (Ey) be a representative

1
matrix. Since R > |p|?~1, we have ||G[ 7] || — 0. Following Christol, we introduce the following
matrix:

3.2.0. H = - Z(f_l)n Gla)-
n>0

Since 1 pr -1 (f 1

Moreover, Proposmon 2.3.1 of Chapter IV (applied for 2 = £, » — 1) yields the bound

€ Z, for every integer 7, H belongs to the Banach algebra A, (Ep).

322, || < max 1 GIF).

3.3. We make in addition the following hypothesis:
3.3.1. The exponents of M belong to pZ, and satisfy condition (4) of ch. III (i.e. M is normalised).
Using III, formula (10), we get

PN S

f]’ 172>0m=>0

= Z me Z ;fm+G(0)

m>0 f/’:l
= Z Ympxmp because of 3.3.1
= (Yo Yo)?.

A fortiori H(0) = I, whence the existence of H™ := H~lin M, (Eq). Let us set

33.2. F = (rwo YG) + ]1—)(% YG)G(0)¢‘1) (VoY) ™" € M (k[[x]]).
We get:

333. ) H™ € My(Ey), (H™)™' € M,(E), H™(0) =1,
b) H™[G] = pF?, and the nonzero singularities of d — pF? are apparent,
¢) F(0) = 5G(0)7",

o5
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d) Yr =Y,
e) F € M,(Epo), and the nonzero singularities of § — F are apparent.

Indeed a) and d) are clear,andd) = Yz = HYg = b) = c). It remains to prove
e). By b), we know that F? lies in the subring Eqq of £[[x]], and thanks to Lemma 2.1.2, it follows

that F = (F¢)% € M, (Eqo) too. Let 2 denote a possible pole of F, and let g, be the function
1 a
x> a(l+ ﬂi},)!’ which is analytic in D (a}’, |pl7T! ); let X,» be a solution of 0X = pF?X, analytic

at 2%; then the matrix X, = (Xﬂgo)szr1 0 g,(x —a”) isasolution of X’ = FX’, analytic at #”. This
completes the proof of ¢).

Remark 3.3.4. If ||G|| < 1, one deduces HG[”]” < 1forall #, and ||H]|| < 1. It follows that
|det H| = |det H(0)| = 1, hence H™™ € GL,(Ep),and F € M, (Ep).

3.4. We associate to M a d-module MY over Ey defined by

MY =M ®z, Eoo as Egp-module,
the action of 8 on MY is represented by F in the basis

where the action of 0 on M is represented by G.

Proposition 3.4.1 (Existence of a weak Frobenius structure). Let M be a normalised d-module
over Ej, solvable in A(z, R), whose exponents belong to pZ,. Then (M¢)¢ ~ M ®g, Eoo-

Conversely, let A/ be a normalised d-module over E, solvable in A(#, R?), whose exponents
belong to Z,. Then (N¢)W =~ N ®g, Eqo-

Proof. The first assertion is a straightforward consequence of 3.3.3 above. Let us deduce the latter
from the former one. Lemma 2.1.2 for 4 = Ey allows to apply Proposition s.3.1 of ch. III:

2

((/\/45)1/’)515 =~ N? ®g, Eop = (((N;zs)w)?’)g - ((N®E0 Eoo)¢)

-1 . p-1 .
£ @ (N¢)¢® [i] =~ @N®50E00® [i]
=0 p =0 P
N! N;

i

In order to get the required isomorphism N/; = N, we have to overcome the difficulty raised by
the fact that the /\fi' and N;’s are not artinian.

Let us first note that property 1.3.1 in IV implies that Ey is a discrete valuation ring with uni-
formising parameter x. It follows that for any integer N > 0, the Ego[8]/(xY)-modules Ny =
N @i klx]/ («"V) and V; v (defined in a similar way) are both artinian and noetherian. Thereby,
we can apply the Krull-Schmidt theorem which asserts existence and unicity (up to permutation

isomorphism of the factors) of a decomposition into indecomposable summands [38]. Because
EndWN; = 1<i£1N End \V; i as 9-modules (same for ./\/;’ ), we also have l(iilN Endy N;n = Endy N;
(same for /), which are finite dimensional over # (dim < x?). Hence Endy N; = Endg N, x for
N > 0 (same for NV;). This implies that for N > 0, the decomposition of N; n, resp. ./\/l' > into
indecomposable summands, which is the same as a set of orthogonal minimal idempotents, lifts to
N, resp. ]\/l.’ . So do permutation isomorphisms of direct summands.

Now any direct summand of N; or ./\/l * has all its exponents in 1’5 + Zy; because exponents are

invariant under isomorphism over g, we get NV; = /\/l.’, and therefore (/\/’¢)¢ ~ N ®g, Epo. O

Remark 3.4.2. Here are some words to justify the notation MY, i.e. to prove that this 9-module
does not depend on the auxiliary basis chosen for the construction. With self-understandable nota-
tions, it suffices to prove that

forany H; € GL,(Ep).

Y, . =7, inv
(Hi 161~ * (AeHE) (G
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V.3 Inversion of the Frobenius functor 63

But using the fact that ¥y is a morphism of rings #(k[[x]]) — #[[x]], an elementary calculation
involving formulae 3.3.3 and I1I (18) shows that both members are equal to ¥ (£, - ¥ - H1(0)7}).

3.5s. Theorem Let M be a normalised d-module over Ej, solvable in .A(# R), whose exponents
belong to pZ,. Then MY is solvable in A(#, RP); in fact R(MY) = R(M)?.

1
We remind the reader that R > [p|?.

Proof. Let us choose a representative matrix G € M,,(Ep) for M. Replacing Eo by Eog we may

assume in this proof that pF? = G, after a change of basis through ™. Using 3.3.3 €) and the
resolution of apparent singularities, one may assume, in point of fact, that F € M, (Ep).

i) We handle at first the case when 0 is an ordinary point, ie. G(0) = 0. By 3.3.2 0 is also an
ordinary point for @ — F. It follows that the expansions of G and F look like this:

t_"G[n] (t) " t_nF[n] (l’) "
T = Z Gn,mt B) T = Z Fn,m[ >
m=>0 m=>0

where F;, ,, G,,.n € M, (k). Here, we have considered the generic point as a variable over &
and we have replaced the usual embedding £y C k[[x]] by £y C £[[#]]; the point is that the

expansions start from 7 = 0. Let us next write out an expansion

np
(& =) = Y Ayilx =),

7=0

and let us complete the set of coefficients, in order to have A;; € Z, A;; = 1if7 ¢ pZor; = 0.

Let V, resp. W, be a matrix whose entries are analytic at 7 (i.e. in a small disk of Q centred at
t), satisfying V = pF?V = GV, V(¢) = I, resp. W = FW, W (¢t) = I. Hence we have
W? =V, and this equality can be translated into

(35.1) > %t‘f’” (Fin) () (& = #)" = Z Gl (1)~ 1),

n>0 """ n>0

To go further, we must assume that @ is extended to Q in such a way that#? = #. In (3.5.1),
x and # may be viewed as two independent variables, since Q is linearly disjoint from £((x))
over k.

It is convenient to set

F?’
Hn,m = { »

0 otherwise.

if m and z are both divisible by p

SR

Hence (3.5.1) can be written

DD HamBt" =0y = YN Gt (e — ey, inkllsx -1

n>20m=>00</<n 720 720

Equating coefficients, we reach the following strict upper triangular linear system:

(352) ]Mp - = Z Ann - ”MP forj:(),,..,MP,
]<n<MP

which can be inverted:

(3.5:3) F;fm— Z mn/ 7 (men)p—j WhereMm,nJEZ.
0</<np
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This yields the bound (since @ is an isometry):

Eim) H Gyji
max < — |5
m<n || m! J<np ]'
which implies #( W) > r(V)?,ie. R(MY) > R(M)?; the reversed inequality follows from  |p. o7

(3.5-2)-
ii) In the general case, one may choose a residue class D(4, 1) in which G extends analytically a
la Krasner (see IV 1.3.2): all but a finite number of residue classes are available. We have

R B e

so thatx — A P is a strict contraction of any residue class D(a, 17). Hence this contraction
has a unique fixed point, which we may take as the centre “42”. Hence, in the sequel of this
proof, we shall assume that D(g, 1) isan ordinary disk, with2? = 4. The theory of 3.3 carries
over, if we replace 0 by 4, @ by @, etc... and we get ¥, which transforms certain (x — ﬂ)(%c-
modules over E, into (x — 2) %-modules over E,,. We denote by N, the (x — 2) ﬁ-module
over E,, constructed from M in this way, but viewed as a d-module over E,, (recall that 4 is
ordinary for \V,,). By construction, /\/f” ®k,, E ~ M®k, E. Making use of Lemma 2.3.2, we
get (J\fa ®F,, E)¢ ~ (M‘y ®Ey E)¢. Applying the functor Z, and using Lemma 2.1.2 and
then Proposition I1I 5.3.1, we obtain

-1 1.
EB [5] ON,®F ~ EB [5} ® M’ ®FE
=0 p =0 p

Since exponents are not defined for £[d]-modules, we cannot use the argument given in
the last proposition. Instead, consider the £pp[d]-module £ := @i:ll [}’—)] ® M. The

exponents (at 0) of each direct summand of £ belong to })ZP\ZP; it follows that no factor of
Lissolvablein A(#, R?) since R? > |p|and F € M, (Ep) (see Lemma 2.2). Using the unicity
(up to permutation isomorphism) of the decomposition of the artinian and noetherian £[9]-
module £ ® E into indecomposable factors, we get an embedding

p-1 o
Lef— P [f] ON,®F
=0 P
which is an isomorphism for dimension reasons. The same unicity argument shows that  |p. o8
the complementary modules NV, ® £ and MY ® E are isomorphic. We get thereby that
R(MY) = R(N,), which is also R(M)? according to the point i) in the proof.
O
Remark 3.5.1. The identity (3.5.1) does not imply formally »(77) = »(V')?. By way of counter-
= n L
example, take V' =1+ 4, W = (1+ "T_’)Il’ = 50 (%) f"%,so that R(W) = |p|?77.

4. CONVERGENCE OF THE UNIFORM PART

4.1 Let us consider a differential system 0X = GX such that
) G e M,(E),
ii) the eigenvalues a; of G(0) are rational numbers, with common denominator N,
iii) none of the differences #; — «; is a nonzero integer.



V.4 Convergence of the uniform part 65

Lemma 4.r.x. Under i), ii), iii), the zth coefficient of the normalised uniform part Y of the solu-
tion X satisfies:

B -1 +
1. + /zz log [p| 1 2 + S log™ (@ —aj + n)N
~log" 17, < log” el + EBP— (2 1) g ”G(O)”UZ_; . .

Proof. Formula III (13) yields the bound

log 1.l < log" IG1] + (& = ) log™ G(O)] + log|[ e ~ e + n) | + log max | ¥l
i
The problem is to estimate iﬂﬁzzl (@ —a; + n)_llz if ; — a; is p-integral we use I, Appendix; oth-
erwise |]_[:‘”:1(a,- —a+ n)71| < 1, and we conclude by induction. O

4.2. This inequality implies at once that

2

. _ 2
(4.2.1) R(Yg) = |pl7 max (1, |GI) ™" max (1, [|G(0) )"
However when X = GX is solvable in some generic disk, we shall sharpen this poor estimate.

Proposition 4.2.1. If in addition to the assumptions of the lemma, we assume that X = GX is
uZ
solvable in GL, (A(# R)) with |p|/17 <R <1, then R (Y, Y5') = R D& p| 7T,

Proof. A change of basis over Ej [}c] does not change R(Yg), provided it does not destroy condi-
tions i) and iii) above (see the discussion which follows III (17). Because R > |p| and the exponents
are rational, they belong to Z, (Lemma 2.2). By shearing, we may change G so that the eigenvalues
of G(0) go into pZ, N Q and satisty iii). By means of ™, we may change G (without any further
change of its value at 0) so that G can be written pF? for some F € M, «(Eoo); since only apparent
singularities appear through this process, this does not change R(Y) anyway.

Va4 Va4
Hence we have R(Yr) = R (Yﬁ) =R ();ﬁ) = R(Ys)?. Now we can remove the nonzero

singularities of F (which are all apparent, see 3.3.3) by means of ™. Theorem 3.5 above shows that
0 — F' = 0 — H™[F] is solvable in A(#”, R?); by a constant change of basis, we may also assume
that 7 (0) has Jordan normal form. We then choose an ordinary point & € D(0, 1) and transform
the system into a differential equation (by means of /1 centred at & firstly, and then put in the

0 1
standard form F” = O .) According to Dwork-Frobenius lemma (IV 2.1, applied
1

toa = # and 7 = R), one has the bound ||F”’|| < R1~#?. Since 0 is a logarithmic singularity of
F", Fuchs’ criterium (see Remark IT1 3.2.1) tells that 7 € M, (Eqp). Moreover, we know that the
poles of F”” are only apparent singularities of 0 — F"’. Let us remove these singularities by applying a
transformation ™’ once again. Using Lemma 1.0.1 b), we see that F"" := H"' [ F"'] still satisfies
the inequality [|[F"|| < RU=#)P Ttis not clear whether @ — F””’ is normalised or not; however there
does exist a solution of the form ¥"”/x¢ with Y € GL,(k((x))), and with C = F’(0): it suffices
to look at the formula III (17) which relates X+ to Xp». The estimate of Lemma 4.1.1still holds up
to o(n) if we work on the general formula ITI (12) rather than III (13) (for z > 0, U(C +n1, F'"' (0))
is invertible), which yields, when applied to Y””” and *Y””’~! simultaneously (using duality):

2
-1

R(Y", YY) 2 |p| (max (4, I F”/ )™ (max (JIC]l, [l (0)]], 1))

p-99
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where R(Y””, Y"”"~1) stands for the exterior radius of the annulus of convergence. Since F’ was in
Jordan normal form, we get

. © _ 2 2 1
R(Y”I, ) idn ) > |P|p71 (max (1; ||F/N||)) 14 > |P|/771 R¥ ( ﬂ“)]’;

since R (Yg, Y, G 1) = R(Y"”, Y'”"71) by the preceding discussion, we get the required lower bound
for R (Y(;, Yo ) O

Remark 4.2.2. For R = 1, Christol[14] proves that R (Yg, Ygl) > 1.

4.3. Motivation At this point, we can give our motivation for introducing weak Frobenius struc-
tures in G-function theory. The point is that, before applying ¥, we can lay down only poor estim-

gP

ates such as Lemma 4.1.1, which involve some term =) , L.e. the general term of a divergent series

in p. However after applying ¥, we get estlmates llke the bound for log R(Y5) ™! in the previous

log ?

proposition, which involves a summable term p(p 1) t 2p prime )

< 1. In the sequel we shall

use twice more this device.

4.4. Remark We should add a few words concerning the convergence of the uniform part in the
archimedean case (£ = C). A famous result due to Frobenius asserts that the normalised uniform
part at a logarithmic singularity has nonzero radius of convergence (see e.g. [34]). By Cauchy’s the-
orem, it follows that this radius is exactly the distance from 0 to the nearest nonapparent singularity.

5. FRoM p(A) 10 p(Y)

We come back to the arithmetic setting, where K denotes a number field, etc... Let A = d% —TI'bea

differential operator with I" € M, (K (x)), such that a solution at 0 can be expressed by ¥xC, with
Y € GL,(K[[«]]) and C € M, (K). We shall use the notation SinA from the previous chapter
(set of finite nonapparent singularities).

Theorem s.0.1. The following inequality holds:

P SN+ (@ +1) D hE) +
ZeSinA

Proof. Foreachv € X, wechoosea, € k, = C,suchthat|a,| < mingesina {0y |{1o- Forany matrix
U whose entries belong to K ((x)), we set U, (x) := (£,U) (a,x), where 7, is the embedding K < £,
(acting on coefficients). Making the change of variable x — 4,x, we get the p(v)-adic differential
operator A, = i % —T,orelse L, = 0 — G, for G = «xI", which is better suited to our purpose;
then (G,) 4] = (Gp )U and the uniform part can be taken as ¥,. We have R,(Y) = |4,|R(Y,). Let
us now relate R, (A) to R(L,). To this aim, we bring again the polynomials g, ¢os and gsin from IV
5.4 into the picture.

We may assume that p(A) < oo (otherwise the required inequality is empty or trivial). By Katz’s
theorem, A and L, are in the Fuchsian class (with rational exponents), so that

7, o (Mg (AT,

, . X Gy [ € M,(K[x]), forasuitable constant
9a cos (LU)qSinm (L”)

(we allow finite extension of K'). Note that qi’ cos (Lv)qéi;m (L,) = (qf COS(A)qgf;m(A))v with the
above notation. Thus

192 cos (M gZT (M), (D
gl o (Mg, Ul

x‘va[m

m!

Tl
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which yields the bound

(s.0) bun(L) € Y Togt K™+ huu(A) +o()
£eSinA\{0}

so thatlog ﬁ < log m + X sesina\ 0y log™ [{] ~!. Now by reduction to a differential equation

(as in the preceding proof) and shearing, we may assume that G € M, (K[x](x)), and that A is
normalised. By removing singularities according to §1, one can change G, so that the new matrix
G, belongs to M, (Ey,). We shall distinguish two cases:

1) R(L,) > |pl il’; then Proposition 4.2.1 applies and yields

L Rlegpl
g R = pp-n TH e Vls Ry

2) R(L,) < |]7|117; Lemma 4.1.1 still applies and yields, after reduction to a differential equation
(as in Proposition 4.2.1):

21 -1
log* 1 _#log Ipl,
R(Y,) p-1

+ [uz([u —-1)log

R(L,)

1
-1

By hypothesis [p|7T > L}?llﬁR(L,,), hence

L1 @loglpl,t
I < + i3 log ——.
% R pp-1 “PRE)

Our three inequalities

1 1
log* =1 1 -1
8 R,(Y) " BR(T,) ¥ 8 rcsinar(0) 1o

. 1 2logllt
o R = pe-n TH %R

1 1
lo <lo + log” |§‘|_1
SR(L) = BR(A) g‘eSinZA:\{O} "

can be combined and give ¢ (Y) < ©o(A) + (1+43) 2zeSinA\ {0} lof([_l) + u?. We con-
clude by remarking that peo (Y) = X,z maxzesina\ 0y log” [£], ! (see Remark 4.4), hence

Peo(Y) < Tresinay (o} heo(C7H).
O

Remark s.0.2. We get a bound for p(Y; Y™!) this way, if we replace SinA by the set of all finite
singularities of A.

6. FrRomp(Y) TO 0(Y)

6.1. A “converse” to Proposition 4.2.1

Let & be an ultrametric field as in IV 1, and let G be a matrix such that
i) G e M, (k(x) N Ep),
ii) the eigenvalues #; of G(0) belong to Z,,
iii) L = d — Gisin the Fuchsian class (over P}e)

Proposition 6.r.1. Under i) ii) iii), we have the inequality R(L) > R(Y )ISinZlwhere ¥ denotes
the uniform part in GL, (#((«))) of a solution Yx€ of L.

p- 102
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Proof. Recall formula (10) from Chapter III, which can be read (for ¥ € GL,(k[[x]]))

(6.1.1) - Z Z Yh(c i b)(Y Dy,

n>0 h=0

By shearing we may assume that L is normalised so that such a ¥ does exist in GL, (£[[x]]), and

conditions i) ii) iii) are preserved. We may also assume that C = G(0) has Jordan’s normal form.
By condition iii), we have (with our usual notations) 4 cosq?m _m% € M, (k[x]) for some
positive integer 4, and the degree of its entries are bounded by 7(|SinL| — 1) + ¢ for some other

positive integer ¢. We shall set

wn=qhesdi| T1 ¢ [T ¢

J€a cosL JeSinL
{#0 {#0

so that
a) u,, € k[x], and the degrees of the entries of #,,G[,,| are bounded by 7 (|SinL|) + .
b) The first nonzero coefficient of #,,, say #,»,,, is 1, and 7,, < m + b (or bif 0 ¢ SinL).
¢) |#m| <1, because G € M, (Ey) by hypothesis.

We can write (6.1.1) in the following form:

—m m(|SinL—1|)+c
umX " Gom) C+h\ "
e YD YR Gl [Ee P

n=0 b+i+j=n+m

Using b) and c) above, we get p. 104

x_mG[mJ C+b
m! B m

for any #, so that

< max o IBlf(rT

bh+i<m|SinL|+b+c

max
h<m|SinL|+b+c

<o)

Because G € M, (Ep), det Y does not vanish inside its convergence disk; indeed det Y satisfies
Liouville’s equation d(det Y) = (tr(G — C)) det Y. Hence R(Y; Y™!) = R(Y), and it remains to

R(L) > R(Y, Y HISntl Jim max(

m—00 h<m

1
prove that lim,, e Maxj<,, (“(C;b) ) " > 1when |C| < 1and the eigenvalues of C belong to
Zy. To this aim, we write C + b = D + N, where D denotes the diagonal part of C. Then

-1

(C+b) Z;: Z H(D_j)’

=0 7 ji<ee-<ji<m j#j;

hence

C+bh
H( : )HS Ji<ee <j1<m mll—l(d ])

I<u J#i
a eigenvalue of C
The result now follows from the following observations:
i) a—-1...,a—j...,a—m+1,forj # j;,isasetof / < pusequences of “consecutives”
elements of Z,, whose total length is > m — 4,
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ii) any sequence of 7 “consecutives” elements of Zy, say BB—1...,—n+1,satisfies

[Tie-1< o=l

—_m
<|pl 7.

iii)

m!

6.2. Statement of the theorem

Let K be a number field. Let A = d% — I' be a differential operator with I € A, (K (x)), such that
a solution at 0 can be expressed by Ye*, with ¥ € GL,(K((x))) and C € M,(K).

Theorem 6.2.1. Assume that the eigenvalues of C are rational numbers, with common denomin-
ator N, and that A isin the Fuchsian class (over Pa) Thenwehaves(Y) < p(Y)+N (z—1)(#>+1).

Furthermore, if 0 is a cosingularity, then 7(Y) < p(Y) + - 1.

The proofis divided into several steps and will occupy the rest of this paragraph.

6.3. First reductions

We shall prove in fact the following more general result. For each finite place v of K, let £, denote
a complete algebraically closed extension of C,, and let ¥, € GL,(k,[[x]]) and C, € M, (k,) such
that:

1) R(Y,) =1,

2) G, =0Y,- Y, ' - Y,CY, ! € M, (k,(x) N Ey,),

3) L, = 0 — G, belongs to the Fuchsian class (over ]P}eu),

0 G, <1,

s) C, is nilpotent.
Under these conditions, we shall prove that

(6.3.1) lim lim

[— 00 n—00

(T < (u—1)(#*+1) in the general case,
Z #(10) <p-1 ifC, =0,

p(0)21

where b, (Y,) stands for % log* max,,<, || Yy mll,- (Note that b, is the logarithm of a seminorm on
M, (ky[[x]])). Granted (6.3.1), let us now deduce Theorem 6.2..1.
Firstly, we may assume that p(1") < oo, and we remark that:

o(¥) = Tim > hyu(¥) < Y Tim byu(¥) + Tim 37 buu(Y)

ueoil}m p(v)=1
plo)<l
(632) S logt ot i > hun(D)
= og + lim o Y
veoirjoo R,(Y) ”%‘X’p(v)zl
p(o)<l

for any /, hence it is enough to prove that

lim lim
[/—00 n—00

N(x—1)(#*+1) in the general case,
(6:3:3) D7 hua(¥) < {

P02l w—1 if 0 is a cosingularity.

Let us reduce the system to a differential equation (after a translation towards an ordinary point,
and before going back to 0); thereby we get a differential operator L = d — G such that G €

‘ p. 105

p- 106



V.6 From p(Y) too(Y) 70

M, (K'[x](x)). Since the new matrix Y is obtained from the old one by means of transformation
matrices with entries in K (x), b,,(Y") remains unchanged for all p(v) > 0. Hence in order to
prove (6.3.2), we may replace ¥ by the new one.

We now pass to the variable N, so that NG(xN) replaces G and has integral eigenvalues at 0;
we then shear the differential system in order to give it a normalised form, namely with (the new)
G nilpotent. By the same argument as above, b,,,,(Y) is “essentially” divided by /N through these
operations, at least for p(v) > 0 (independently of 7).

Hence it suffices to prove (6.3.3) with N' = 1, G(0) nilpotent. Note that G € M, (E),) and
IGll, < 1and p(v) > 0. Now leta, € k,, such that|a,|, < R,(Y) and ngzf log™ |a,|;! < oo.
WeputY, =Y (ava) , C, = G(0), so that G, = G(a,x). All conditions 1)—s) are satisfied, and
we have 5, (Y,) > b,,,(Y) = log* |a,|;*. Hence (6.3.3) for N = 1 follows from (6.3.1).

6.4. Frobenius inverse, twice

According to Proposition 6.1.1, it follows from conditions 1),2),3),5) above that R(L,) = 1. We also
have ||G,|| < 1. According to 3.3, the required conditions are now at hand in order to invert the
Frobenius functor. We get a matrix H™ € GL,(Ep,) (see Remark 3.3.4), such that

inv
I,

, <L H;“V[Gu] =pr for some F, € M, (E));

moreover ¥, = H'™ Yﬁ (since H™(0) = I), so that

1
6.4. ho(Y,) < =bp,1(¥E)-
(6.4.1) (Y,) p[;](F)
On the other side ‘ p. 107
|El, = |p|v_1 ||;k0 (Hli)nv[Gv])”v < |p|;1 ||Hli,nV[G,,]||v (see the proof of Lemma 2.1.2)

< el 11,

iny—1
nv
e

max (1, [|G,ll,,)
v
< pl, ! in the present case.

If one tries to apply Lemma 4.1.1 to Yz, a term log || F, ||, appears in the estimates, and thus a term

1 -1 . 1 -1
loglpl™ appears in the bound for 4, (Y,). In order to overcome the nonconvergence of 3, M,

we shall apply the ¢ functor again, but to the dual of the 0-module associated to 0 — F,. In other
words, we apply a transformation, say Hzi,“"*, to 0 + 'F, such that:
- -1
H™ € L (Fooo), (HI™) € My (o)
Hvinv* [—th] = —p[Ef for some £, € M, (Eqo,),
the nonzero singularities of — tEU are apparent,

YF — ly—lF _t (Hinv*)_l (ty—lE )¢ _ (tHinv*)_l Y¢
v —t'F, — v —'E, - v

E,
On the other side
” ( Hinv*)—l
v

< max (£, ¥ bysaz

v

1_
<lpl, "

-l
()

and

IEM, < |pI,* ||

v

max (L, || Fl,) 5
v
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since det (H;“"*)_1 (0) =1and det (Hj“v*)_1 € Ey,. It follows that ||E, ||, < |p|;2_([‘_1)‘u, and:

(6.4.2) b (Yg,) < ) log |~ +;b[g] (Yz,)

forany » > 0,and any v | pin 2. p. 108
Making use of the matrix H;°"* € GL(Eyo,,) constructed in Remark 1.0.2, we have the follow-
ing situation at hand:

HE™ [E,] HE[E, ||, < B, < [pl, >~ “ %,
and ||[HE™|| < 1, ||H N 0)] < L

The difficulty with the formula
YE,, — Htfores YH,f‘"CS [Ev]Hgores -1 (0)

is that A, ¢ M, (E),,) in general. However, let g, € k,[x] be a denominator for H;*", with
4+(0) = 1; then, the previous inequality can be multiplied by g,, and yields

|
by (Vi) < B ) Vo).

n

-1

P .
In order to evaluate |g,|,, note that we may choose g, such that det (Hll)nV ) = qye,, with ¢,

invertible in E,,; the point s thatlocal solutions of E, and F,, arerelated by X_+, = (Hi“"*) ! XftF s
or else (more accurately):
-1

-l 4
detX_ip » = (det (H;“" ) detXtFM) 06, (x—d)

(with the notation of 3.3.3), and that (for 2 # 0) detX_rg » has no zero in D(0,1). Since
det (H;“V*) ! (0) =1, we gete,(0) = 1, hence since ¢, is invertible in Eg,,,

-l -l
1ol = |det (H;"V) le,| = |det (H;"V ) > |p| D),
which gives
*(u-1)
(6.43) ba (Yg,) < % log [p15" + b (Yerses(5,) -
Now Lemma 4.1.1 applies and gives the bound
Zlog |p|;t
by (Ypgro(£,)) < % + ¢ log" | [E,] ||,
that is to say,
(6.4.4) by (Yesrs(g,]) < (3 + u(p - 1))[u log [pl, " -
Putting (6.4.1)—(6.4.4) together, we find ‘ p. 109
(@ +1D)(u—-1) log |pl,!
(643) (1) < = log ) + 22 +3) 7 T

Now itis clear on formula III (12) that b, (Y,) = 0 for p(v) > #, using properties 2) 4) and 5) in 6.3.
-1
On the other side, ), % < oo,
Thus the required inequality (6.3.1) (in the general case) follows as a straightforward con-
sequence of (6.4.5) and the fact that lim,, e % Yir(v)<n 10g pl;t =1
This completes the proof of Theorem 6.2.1 in the general case.
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6.5. The case of a cosingularity

We now assume that C, = 0. Then, instead of applying the ¢ functor, we may use Dwork—Robba
theorem as in the proof of Theorem IV 5.2. Arguing exactly as in the proof of Proposition IV 2.3.1,

‘ Gv[n]

n!

GU[]]

J-

< {n,/,c—l}vmax(l, ) < {n,/z—l}v|(/4—1)!|v_1.

<
On the otherside, ¥, = % (0). Hence b, (Y,) < log{n, u—1},ifp(v) > p. By the computation
made in IV 5.2, we get lim, o0 % Zﬂﬁp(u)ﬁn log{n, # — 1}, < p — 1, which yields the required
inequality (6.3.1) in this special case, and completes the proof of the theorem.

6.6. Conclusion

Remark 6.6.1. The inequality (6.4.5) remains true if we replace Y, by (Y,, ¥, ™) (using duality).
This allows one to replace ¥ by (¥; ¥!) in the theorem.

Remark 6.6.2. By choosing ¥, = Xy (4,(x +¢,)), where X,z denotes a complete solution at a
generic point #, € k, over C,, and 4, some element of &, such that |4,| < R, (Xt;), we get a new
proof for p(A) < 00 = ¢ (A) < oo, but with the less sharp inequality

a(A) < p(A) + (u - 1)(‘u2 +1).

Corollary 6.6.3. Let y be some entry in Q[[«]] of “the” uniform part of the solution at 0 of a
G-operator. Then y is a G-function.

Proof. It follows from Theorems s.0.1 and 6.2.1, together with Katz’s theorem, that o(y) < oo.
Thus it is enough to prove that y satisfies some differential equation (linear, homogeneous, with
coefficients in Q(x) as usual): we shall find such an equation of order not greater than the square
of the order of the G-operator.

Let us write X = Yx¢ for a complete solution of the given G-operator (which represents a &-
module structure M on Q(x)* endowed with its canonical basis). Let [ C] stands for the d-module
structure on Q(x)* represented (in the canonical basis) by the constant matrix C. Itis easy to check
that the entries of Y are the components (in the canonical basis) of a solution of the d-module
Hom([C], M) in Q((x)). We conclude by invoking Remark 3.2.2 in IIL O

EXERCISES

1) Refining Proposition 6.1.1, give an upper bound for p(L) (resp. ¢(L)) in the function of
P(Y, YY) (tesp. o(Y; Y71)). In particular, show that if 0 is an ordinary point and X a com-
plete solution with p(X) < oo, then A is a G-operator.

2) Refining Theorem 6.2..1, give an explicit bound for “the” common denominator of the z first
coeflicients of a series which is annihilated by a G-operator.

3) Using Dwork—Robba’s theorem instead of Proposition 6.1.1, extend the results of this
chapter to the case of differential operators whose coefficients are globally bounded func-
tions (not necessarily rational), cf I 4.

APPENDIX: THE GEOMETRIC SITUATION

Recall from Chapter III the definition of a geometric differential equation (over £ = Q).

Theorem 7.0.x. Lety € Q[[«]] be a solution of a geometric differential equation. Then y is a
G-function, and R,(y) = 1 for almost every place v of Q.

‘ p. 1o
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Proof. Let A be such a differential equation (or “operator”), and assume that R,(A) = 1for almost
every finite place v of a number field K such that the coefficients of A belong to K (x). Then by
results of this chapter, y is a G-function; the fact that R,(y) = 1 for almost every v would follow
from the quoted result of Christol [14].

Now letus prove that R, (A) = 1foralmostevery v. By results of Chapter IT, we know that Aisa
product (in the Weyl algebra 4, (Q)) of factors of Picard—Fuchs equations relative to smooth proper
(geometrically connected) varieties X /K (x). Using IV 2.5, we see that it suffices to prove that, for

any such X /K (x), R, (HjR (X )) = 1 for almost every finite place v of K. In fact, for every v such
that Xgx, — K, (x) lifts to a proper smooth Og,-morphism X — § with geometrically connected

fibres, one has R, (H;R(X)) = 1, because there is an F-crystal structure on Hjp (X) ®x(x) £y

(see e.g. [37][42]). Here S stands for the complement of some points (with distinct residue classes
# 0) in Spec O, [x]. For an absolutely nonramified finite place of K, let ¢ denote the Frobenius
endomorphism of K, and ¢ the lifting of @ to E, discussed in this chapter. It can be checked that
¢ extends to a morphism of $*", i.e. respects the completion of Oy in E,. The F-crystal structure
referred to is a horizontal isomorphism

(Hip (X) @k (x) Eo)® = Hip (X) ®k(x) Eor

which is furnished by crystalline cohomology (in the ramified case, one has to use the work of
Berthelot—Ogus [4]). One concludes using Lemma 2..4. O

«s »

This proof also tells us that any geometric differential equation “is” a scalar G-operator (we do
not distinguish between the equation A? = 0 and the operator A).

The converse statement is a conjecture, known as Bombieri—Dwork’s conjecture: every G-
operator comes from geometry (in the sense of II).

In fact, the conjecture is slightly stronger and says that if the p-curvatures of A are nilpotent for
p running over a set of primes of density one, then A should be a geometric differential equation.

p.



Chapter VI Global methods

The method displayed in 6.1 of the last chapter enables us to pass from invariants of the “uniform
part” and its inverse to invariants of the corresponding differential system (ex.3). Now we shall start
from one “injective” solution (see below for the meaning of “injective”) and shall deduce informa-
tion about the differential system. To this aim, we follow and simplify an idea of Chudnovsky [18]
(and correct a slight mistake in loc. cit. 8.3), involving Hermite-Padé approximants. We refer the
reader to [9] for an extensive survey on this theory; however we shall use only very elementary facts
from it, so that our exposition remains self-contained.

The need for global considerations in order to transfer information from a single solution y
towards A should be clear on examples like y = 3’ z!x”; indeed, R,(y) = 1forall p, but R,(A) <

e
|p|7~T for almost every p and for any nonzero A € Q [x, %] such that Ay = 0. In the last paragraph,
we summarise in a single statement the main results obtained in the second part of this book.

1. ITERATING A

Let £ be a field of characteristic 0. We let A = — —T, for some matrix I' € M, (k(x)). We define a
sequence of matrices I',, € M, (k(x)) by the followmg property: , dx” — I, is a left multiple of A
in M, (k(x)) [ dx]' Hence Wlth our usual notations,

r,=

We also have the rule

1 d ,
(I) F,H.] = m (ar‘n + F”F) 1nM/,(k(x)).

Lemma r.o.1 (Chudnovsky). The following identity holds in the ring M, (k(x)) [%] :

) -y (0SF (g)

m=0

Proof. By induction. This is a tautology for = 0. Assume that (2), holds, whence after left
multiplication by -2+ £ in M, (k(x)) [%];

1 d ~ (—l)m d n+l-m .
n+1a'r”‘r”“+ PESTi Z( )(n+1)!(dx) A

On the other side, right multiplication of (2), by ﬁA yields

n+l m— n+l—m
( )(1) l(a) AT

Using Pascal’s identity (;) + (m’il) = (”H) one finds (2),,41. O
Let po, ..., pu-1 € k[x] be arbitrary polynomials. We define sequences of rational functions
= ,R(A) by the formula

n M- 1
1(d

(3) wR = ZE( bpl)ljnb forn>0,7=0,...,u—1

h=0 [=

74
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A straightforward application of Leibniz rule and (1) gives

1

d
(4) R = i1 (an,?R + n,?RF))

.....

-1
1 d" (S
(s) nR-Z = e (;pm) foranyZ ="(z0 --- zﬂ_l) € ker A.
Indeed, let KC be a differential extension of (/e(x), &) in which A is solvable. To prove (s), it suffices
to replace Z by a full set of solutions of A, in GLﬂ(IC). p. 114
Then
- -1
1 d H(1d 1 4
7l do (meZ Z bz (Z@pf) ' ((n —h)! dunh (f"’Z))
=0 h=0
1 n b
1d
=20 (siaan) orz =2
=0 =0\

whence the identity (5), since now Z is invertible.
We next replace A by the dual differential operator A* = d% +T". Identity (4) can be rewritten

1
* n R* — Am nR* )
(4) 2 n+l1 _n 1 (?, )
where ; , R* stands for the column * (n,OR(A*) -l R(A*)). Iterating this formula we find:
X (m+1 m
8 O R = AR,

Let R<”> denote the matrix whose columns are given by (m+’)> m+iR* fori = 0,..., 4 — 1. Then,
identity (2) inside A, (k(x)) [ ] specialises to the following identity inside A, (k(x)):

(6) [,R<" = Z Z (7(1 _IZ)' ci; n;R<m>.

m=0 [=0

2. NONVANISHING OF A CRUCIAL DETERMINANT

2.1. We now study conditions which may ensure that the matrix R<% in the left hand side of (6)
is invertible, i.e. such that A := det R<?> # 0.

LetA = % — I"be a g x g differential operator as before. Let py, ..., p,-1 be polynomials, not
all p; being 0; let us construct ;, R* and R<"> as before.

The following statement is similar (in fact “dual”) to the classical nonvanishing theorem of Shid-
lovskii, see e.g. [57][6]; it generalises [18, Lemma 8.3], while correcting a slight mistake there: the
assertion “det (Go + G1SR™) # 07 is false (G, = 0).

p- 115
Theorem 2.r.1. There is a constant ¢y (A) with the following property. If ¥ = * (yo - -- )//4—1) ‘

is a formal solution in £[[x]]* of AY = 0 with linearly independent entries over k(x) , and if

min ordy (p,yj - pjy,‘) > maxdegp; + co(A),
{/ K

then we have
R € GL,(k(x)), thatisA # 0.

Proof. We shall proceed step by step.
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2.2. Letv = rank R<%>. Since not all p; are 0, we have » > 1. Let J be a subset of {0,..., x — 1}

of cardinality |/| = v, such that a »-minor R; of the form (Z-J ,]vR*) eI (inside R<%>) has

rank ».

Let any permutation of the set {0, ..., #—1} act on the rows and columns of " simultaneously;
this is compatible with the corresponding permutation of the components of any Z in ker A*, hence
after (s), with the same permutation of the components of ;,R*. Thereby we may assume that
(z'l,...,ij) =(0,...,v—1).

23. Let Z € GL,(K) be a complete solution of A*Z = 0, in some differential extension K

of (/e(x), ﬁ) It follows from (5) above that the Wronskian matrix W = (ll—, dd7i‘ Z‘Z:(l)pb.ij)

! = o
constructed on (Z[;;é Ph-h?Z) is nothing but *R<%>Z. Hence this Wronskian matrix has rank ».
Let ¢ denote the map (73) + 3 p;T; hence the target of ¢ has dimension » over k. Therefore by
a new choice of Z, one can reach the situation where ¢ (;JZ) =0forj=0,...,u—v—1 Wehave

1 d” S
— g ? i 2) = D k2,

=0
hence the last displayed equation yields the matrix equation

t(ijZ) 7=0,...,u=1 (z‘mR*)i:o ,,,,, u—1 =0.
J=00ept=v=1 m=0,...,y—1

,,,,,,,,,,

It follows that (j,-Z) ial has rank ¢ — », since so does
J=0,p—v—1

(:2) c0pt = (:2) w1 (Lv —B).
7=0,,u=v—1 J=05—v—1
This allows one to conclude that
B=- (jz’Z)_l wr (iZ)  rer € My, (k(x)),
J=0,,u—v=1 J=05p—v—1

when v < .

2.4. In this situation, a well-known argument of Shidlovskii [57] shows that the degree of all nu-
merators and common denominator of the entries of B is bounded by a constant ¢; = ¢;(A) de-
pending only on A. For the convenience of the reader, we give the argument.

Let V" denote the finite dimensional k-vector space generated by the monomials of degree < yz
in the quantities ;;Z, 57 = 0,..., 4 — 1. Let (21,0005 zq) be a basis of 7" such that zy,. .., 2, remain
linearly independent over k(x), and form a basis of /' ®; k(x). Let f; € k(x) be rational functions
such that Zp4j = Z‘Z:lﬁbzh, 7 =12,...,9 — p. Now suppose that /' € k(x) is a ratio of two
elements in V7, whence a relation 27:1 ljzj =f 23:1 %zj> not all % being 0. We can translate this
equation into

g

U+ Z;]:_fp Epifp
Since the rational functions /3, depend only on 7 which is determined by A but is independent of
the polynomials py, . . ., p,—1, we are done.

p. u6

p- 117



VL2 Nonvanishing of a crucial determinant 77

2.5. NowletY =" (yo e }’;471) be the particular solution of AY = 0 being considered in the
theorem and let us introduce the » X g matrix (in case v < ):

Ju-1 O —Jo
N =)0
v—1 O =0 O

[ —

5 S

Hence the matrix 7" == § (l;ij*)izowﬂ_l has entries:
mj€l

T = 0m Ry = sy R0 fori >0
’ O’W/'R*)'/‘—l - ﬂ—l,m]'R*}/() fori = 0.

We have TRJ_1 =8’ + 5" B, and this matrix looks like

Yu-1— bo}’o —hlyo T /1—1170

O
Yr-1 O —%0
Therefore . p. u8
w=1- Zf:_() bl’)’z’

N —%0
-1 _
det TRJ = .

Ir—-1 Y0

does not vanish, since the components y; of Y are linearly independent over £(x) by assumption.

2.6. Using formula (4)*, we can compute

-1
1 d * * * * S * *
(7) m+1 a (z}mR _)’_] _'/,mR _)’z) = z',m+1R _}’] _j,m+1R Vi + Z l'hr (b,mRI){j _j,mR }’b) .
h=0

Letting 9 = max(1, — ordy I'), we conclude that ordy ;; 7" > min, (ordg (0 7)) — 7,9, hence

v(v—1)9

ordp det 7 > y min (ordo (p,-yj —pjyl-)) - 5

On the other hand, it follows clearly from (4)* (by induction), that

®) degden ;,R* < mdegdenT’
deg num ;, R* < max; degp; + m(degdenl" —1)
form > 0andj = 0,..., % — 1. Thereby the degrees of all rational function entries of Rj_l are

bounded by WQ (A) + vmax, deg p;. As for B, we have seen in 2.4 that the degrees of its entries
are bounded by ¢; (A). Since the y;’s are components of a solution of A, ordy y; can also be bounded
by a constant ¢3(A) depending only on A. We thus find the following double inequality:

ordg det TR]_1 = ordg det(S” + 5" B) < v(c1(A) + c3(A))
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and

1/(1/—1)5_ ‘V(V+1)C
2 2

ordy det TRJ_1 >y rrijln ordg (plyj —pjyl-) — max degp; | — 2 (A).

Now let ¢y (A), the constant in the theorem, be
e+1
(A) =a(A) +a(A)+ — (0 +c2(N)).

Then min;; ordy (piyj - pjyi) — max; degp, > ¢o(A) yields a contradiction, in the case (v < #)
under consideration; hence this inequality forces v = g.
This allows one to invert R<%> in formula (6). O

3. HERMITE-PADE APPROXIMANTS

Looking for polynomials p; satisfying the assumption of the theorem is the very classical problem
of (dual) Hermite—Padé approximants. Here is a simple construction.
Let g € k[x] be a nonzero polynomial of degree < N, satisfying the following condition:

1—
(9) ordo(qY)>N2N(1+—T) +1 forsomer, 0 <7<l
U

Here we have set (9Y)sn = qY — (9Y)<n = 2pon 2ieg 95" Yai
Condition (9) means that4Y should be lacunary between order N and order N (1+¢), for small
¢. More precisely, (9) is a linear system of [M] equations in the /N + 1 unknown quantities

90> - - -» qn (the coeflicients of ¢); there always exists a nonzero solution ¢, since N +1 > g [%] .

In order to satisfy the assumptions of the theorem, it suffices to choose N large enough, and to set

(10) 2i=(ay) e
Note that, given g, this is the unique choice for which ordy (qy,» - p,») > N. Then
ordy (p,yj —pjyzl) >N (1 + 1;—’) + 1. Let us denote by # a common denominator in &[x] of the
entries of I', and let s := max (deg #,1 + deg (ZJF) u) As previously, we assume that 1" is a solution
d —
of LY =TY.
Lemma 3.0.1. Under (10), we have the relation
N(l-7)
—#f .

u™ ( d™
(1) m(_( o ) ,-) = mR'u” fori=0,...,u—1landm <
m! \dx q ! <N+m(s—1)

Proof. Of course, the case m = 0 is a tautology. We first notice that deg ;,, R*#” < N + m(s —1).

By induction, and using the last remark, it suffices to show that ordg (;,,L) = N + m(s—1) + 1 for
m dm

imL = Ty Vi imR*u™, and for any 7 m as in the statement. We can readily compute

u d B ”m+1 dm+1 . mu™ d d”
mA1de™ " m+ Dldeiy T Gnr )i \dee ) domg
-1 -1
um+1 “ qu d u” %m+1 “
+— Y T—2 .y - —  RF———— Y T, R
(m+1)!;;f & m(dx”) (m + 1)1 (m+1)!;]]
%m+1
- N Lm R*
(m + D>
d -1
m (W) u 1
= im L+ imL + l"F : 'mL:
(o m+1 m+1 Z 7

Jj=0

‘ p- 119
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which gives

1-
minordg (;,+1L) = minordg (;,,L) —1 = N (1 + T) - m
H 1
©

by recursion. We conclude by noting that N + m(s—1) +1 < N (1 + 1;—7) —m + 1 for m asin the

lemma. O

4. FRoM o(y) TO 7(A)

Now k# = K is a number field. By Siegel’s lemma (see I 1.1), we can find a nonzero polynomial
q= ZnN: 09»x" € Ok [x] which satisfies condition (9), with ‘p. 121

([

b (q(), . ..,qn) < ] [19 ()’0,0)}’0,1) .. "y/z—l,[N(l—l;T)J) + logN + f([()} s

_ N(1-7)
N+1-pu [—ﬂ
that is to say, making use of the convention I 1.2:

1- 1-
(12) (1+degq)h(q) < TT [N (1 + TT) b (YgN(l—l‘/j)) +log N + c([()] .
Without loss of generality, one may also assume that the polynomial « lies in Ok [x]. To go further,
we have to fix n € N, and to assume that

, max (co(A), us(n + u—1))
- 1-7

(13)

, ¢o(A) being as in Theorem 2.1.1.

Now let v be a finite place of K. Under condition (13), the assumption of Theorem 2.1.1 is fulfilled,
hence R<*> can be inverted in formula (6); this gives the following estimate:

1(d -
(T, Il, < max||—= | — R ) AdjR="|| |det R !
h<n || b dxh v v
< max |[R<”> Adj R<**|| |A|;
<n
according to IV 1.5.1, henceforth the following bound
“
‘U
||F,,||U§(max R ) |A7Y, <| max [5R|,| |A7Y]
h<n v v h<n+u—1 v
i<p-1

We use Lemma 3.0.1 in order to estimate |;,R*|,; indeed condition (13) makes (11),, available. We
obtain

X _ h+1
(14) HR =u b Z (%h)k ( / )qb+l)’z;mxk+l+m:
h+l+m<N+hb(s—1)

whence

G R*| < max ; < max ;
R, |4|vmsN+b(j_1)[y”"iv mgmh(x—l)l%’m

v’

since g € Ok [x]. Therefore we get p. 122

#e=1) -1
(5 0= (om0 a)

m<N+(n+p—1) (s-1)

v
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because # € Ok [x]. Now let { be any root of unity satisfying (u@ A) (&) # 0. We have

th(A) Zmax( max log [Tl )

UEZ/

< Z max—log||Fm|| since [y =7

vexTy
st(Y)(%[“”(l)) Zlog( s )()|

UGEf

But the “product formula” in K'\{0} yields
Z log ||«
UEZf

Using formula (14), one finds

(O

since h({) = h(1) = 0. Putting everything together, we arrive at the upper bound

( (/4 1)) )(;)| log ( u(/‘ 1)) )(;)|
2

00

1)) <40+ deg i)+ o) o)

+o(1).

(16) Z hyn(N) < p (1 + g) a(Y)+ %(1 +degq)h(q)

Now, we choose N to be the minimal integer satisfying condition (13). Hence % ~ é, when
n — oo. Making use of the estimate (12), we can translate (16) into

7(A) = lim Z hon(A) < 1

1 1-7 1
1 - — Y),
+‘u5(T+ pe +1_T)]o-( )

and letting 7 = %, we arrive at
(17) 7(A) <5¢%so(Y), ifu>1 (S (1+59)0(Y) ife=1).

The qualitative part of the following conclusion follows readily from (r7) and was given by Chud-
novsky [18] (for K = Q).

Theorem 4.0.1. Let A = % — I be a differential operator with I' € M, (K (x)). Assume that a
solution Y of AY = 0 in K [[x]]* has linearly independent components over K (x). Then

a(A) < Gluzsa‘(Y).
In particular A is a G-operator if the components of ¥ are G-functions.

Proof. Recall that s denotes max (deg #;1 + deg (,]F) u) for a common denominator # of the
entries of T". O

For want of a better place, we now give some algebraic structure properties of the set of all G-
functions. We make our exposition depend on the previous theorem, but this could be avoided
using direct recurrence arguments a la Lipschitz.

Corollary 4.0.2. The set of all G-functions is a Q-subvector space of Q|[[]], stable under the
Cauchy and Hadamard products.

p-123
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This statement should be compared to Theorem II 3.0.1.

Proof. We first notice that the condition ¢ < 0 is stable under +, X and * according to I 1.

The stability of the condition “y is killed by some nonzero element of@ [x, %] ” under + and
x follows formally from Ore’s localisability condition in the Weyl algebra 4 1(@) = @ [x, %] ,as
explained in the proof of II 3.0.1. It remains to prove that this condition is also stable under *, under
the additional condition o < co. But according to the proof of the previous theorem, o(y) < oo
implies that any nonzero element A of 4; (Q) of minimal order with respect to the property Ay = 0
has to be in the Fuchsian class. The required stability then follows from Corollary I3.3.3. O

Scholie 4.0.3. The units in the algebra of all G-functions (under the Cauchy product) are the
elements y € Q[[«]] which are algebraic over Q(x) and satisfy y(0) # 0.

Sketch of proof. We adapt an argument of G. Christol [17], who also deals with diagonals. If y and
é are solutions of linear differential equations, }}//_' must be an algebraic function, say g, according to
a theorem of W. A. Harris and Y. Sibuya [35]. Let us denote by M the d-module over K (x) which
arises from the differential equation y* = gy; here K stands for any number field which contains
the coefficients of y. We have dim M = [K(z, ¢) : K(x)].

It follows from the previous theorem that a quotient of M, say N (for which y becomes an
injective solution, cf. next paragraph) satisfies /.7(./\/ ) < oo, therefore this quotient must have nil-
potent v-curvatures for every finite place v whose residue characteristic of Theorem IV 5.3.1 and
IV ex.4. On using some elementary differential Galois theory (see e.g. [1]) and the fact that A/
actually “comes from” a module of rank one by a restriction of scalars, one may derive that these
v-curvatures vanish, in point of fact. A fundamental result of Chudnovsky [19], cf. VIII ex.s, based
upon methods to be described in ch. VIII, implies that y is algebraic. The converse statement is
immediate. O

The determination of the units under the Hadamard product has not yet been studied; % isan
example (notation of I 4).

Remark 4.0.4. It follows easily from Lemma I 1.4.3 that the set of G-functions is stable under
taking primitive or derivative.

Open questions 4.0.s. 1) Under the assumptions of the theorem, does the following implic-
ation hold true: p(Y) < 00 = Aisa G-operator?
2) For any G-function y, does the inequality p(y) < o(y) hold? It would be enough to show
that for every place v, lim,—c 4y, does exist (by Fatou’s lemma). D. Bertrand suggests to
relate this question to Poincaré’s theorem about recurrent series.

5. MAIN THEOREM

We summarise here the main qualitative results of the second part of this book. By injective solution,
we mean an injective 4; (@)—morphism M — Q((x)).

Theorem s.0.r (Main). Let M be a d-module over Q(x), and let  be an injective solution of M
into Q((x)). The following assertions are equivalent.
i) For some cyclic element 7 of M, 7(8(m)) < co.

ii) Forevery m € M, o (8(m)) < oo.

iii) ¢(M) < oo.

iv) o(M*) < co.

v) p(M) (= p(M*)) < co.
And they imply

vi) forevery m € M, p(8(m)) < oo.

‘ p. 124
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Remark s5.0.2. Recall that forany m € M, 8(m) lies in K ((x)) for some number filed K; this gives
a sense to p(d(m)). However these invariants do not depend on the choice of XK. I don’t know
whether vi) = ).

Proof of the theorem. i) = ii) is a formal consequence of Lemma I 1.4.3. Indeed let 72y be a cyc-
. . -1 0 .
lic element and let 7 be any element of M; we can write m = Z?:o Ji0'meye, for suitable

rational functions f;. Then 8(m) = Zf:ol ﬁ[‘)’lﬁ(mcyc) because ¢ is a morphism of 4; (Q)-

modules, and this gives

3 3 e
@) < 3 fo o furs 60me) < 5 (o-(e(mcyc» ) a(ﬁ)),

hence if 7(8(mcyc)) is finite, so is 7(8(m)), because o takes finite values on Q(x), see 1 4.

ii) = iii): choose a basis {2} of the Q(x)-vector space underlying M such that 8(m;) € Q]I
for every 7 = 0,..., % — 1. Since @ is injective, the series &(m;) are linearly independent over
Q(x), and formula (17) above gives the required implication.

iif) &= 1iv): this is Proposition IV s.s.1.

ili) = v): this is part of Theorem IV s5.2.

v) = i): thisis aslight extension (for y € Q((x)) instead of Q[[x]]) of Corollary V 6.6.3, with the

same proof.
v) == vi): this is included in Theorem V s5.0.1, once we have remarked that a solution
" (yo = O(mg) -~ Yu-1= 9(m‘“,1)) is always the first column of a suitably chosen “uniform

part” of the complete solution at 0 of the differential system associated to M equipped with
basis {72;}. Indeed by Katz’s theorem, a complete solution may be written in the form ¥x€,and

0
0 0), i.e. by the first column of
Yx€ which can also be rewritten x* YE); for some “exponent” a. It is clear that we may assume
that @ = 0 without loss of generality (there is much freedom in the choice of Y).

our particular solution is expressed by YxCEy with By = (1

O
Remarks 5.0.3. 1) If M is an irreducible 8-module over Q(x), then the nonzero solution of
M is of course injective.
2) It is plain that the theorem fails if & is not injective, even if it is nonzero. E.g., let M =
(@(x), 0l = 0) ® (@(x), 01 = x) and # = first projection.
Corollary s.0.4. Every G-function y satisfies p(y) < oco.
Proof. This is a plain consequence of i) = vi) in the theorem. O

Remarks s.0.5. Recall fromIsthato(y) < co does notimply p(y) < oo in general.

EXERCISES

1) Relate the exponents of the (generalised) hypergeometric differential equation in I 4.4 to the
parameters of the hypergeometric function solution y. Show that o(y) < oo implies that
these parameters are rational numbers.

2) Use the zero estimate given in III Appendix to compute explicitly a constant ¢o(A) as in
Theorem 2.1.1in case ¢(¥) < oo.

3) For any G-function y, give a bound for (y) in terms of p(y) which looks like the one in
Theorem V 6.2.1. (Hint: use ibid. 6.3.2).

p. 126
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Chapter VII  Independence of values of G-functions

1. INTRODUCTION

In his paper of 1929 [58], C. L. Siegel, after defining G-functions and giving some examples, an-
nounced some results which one could obtain by the techniques he found (and described in the
same paper) for studying the diophantine approximation properties of values of what he called E-
functions. However no proof had appeared, and the first attempt in the direction of Siegel’s state-
ments was in M. S. Numagomedov’s work, more than forty years later. The successive work of A.
I. Galo¢kin [33], Y. Flicker, E. Bombieri [6] and D. V. & G. V. Chudnovsky [18], finally completed
the proof of a G-function theorem that Siegel could have envisioned; roughly speaking, this is a
quantitative result on the nonexistence of too many algebraic relations among the values at some
algebraic point £ of certain G-functions, when £ is “arithmetically” small enough (depending on
the degree of the relations). Therefore, the diophantine theory of values of G-functions belongs
to irrationality rather than transcendence theory. Nevertheless, its typical feature (and strength),
discovered by Bombieri, is the possibility of a local-to-global setting. This leads to a kind of Hasse’s
principle for values of G-functions as follows: calling “global” a dependence relation which is true
in a p-adic field whenever it makes sense in that field, then every global relation at £ comes from a
functional relation between G-functions yy, .. ., Yu—15 EXCEPE for a set of £ of bounded height.

All of the works mentioned above use some invariants of Siegel’s method. Here we shall sim-
plify and sharpen substantially all those results by using instead Gelfond’s method, following an
idea of P. Debes [22]. We shall also make the constants explicit. Nevertheless, the reader will prof-
itably compare the two methods (see ex.3 below). Indeed, following a way traced by S. Lang in the
E-function case [45], Siegel’s method also gives rise to lower bounds for polynomials in special val-
ues of G-functions, a subject that we have not at all touched upon, because of the present lack of
geometric applications — we refer to the works of D. V. and G. V. Chudnovsky [18], K. Viininen
[61] and Xu Guangshan for this matter.'

In this chapter, we shall also illustrate the powerful local-to-global method, but only in the
special case of algebraic functions, by giving two applications: firstly, an effective version of Hilbert’s
irreducibility theorem (after V. G. Sprindzhuk), and then a study of certain rational points over
superelliptic curves. In this latter application of the Hasse principle for values of G-functions, we
obtain effective bounds of a new kind; the method itself can be viewed somehow as an “adelised”
version of the old method of Runge - the first general statement about two-variables diophantine
equations — which we recall briefly in the appendix.

2. APPROXIMATING FORMS

2.1. Let K be a number field. Let I' € A, (K («x)) and let us consider the differential operator
A= cL% —T;wesets == |SinAl. Let Y = (yo --- }’;4—1) be a solution of AY = 0 in K[[x]]%,
with linearly independent entries (over K (x)). We assume that7(Y") < oo, or equivalently, that the
;s are G-functions.

At least, let £ # 0 be an algebraic number in X, which is an ordinary point or an apparent
singularity of A.

"This theory has a long-standing bad reputation of noneffectivity, which comes from the constant ¢o (A) in Shidlovskif’s
theorem (VI 2.1.1, or the more usual “dual” statement [57][6]). However, this can be overcome by using instead IIT appendix,
taking into account the fact that a differential system satisfied by a column of linearly independent G-functions is Fuchsian
(VI4). Also the needed explicit estimates for the coefficients of the G-functions may be derived from the asymptotic estimate
(for o, see V ex.2).

84
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2.2. LetZ € M, (K[[x — £]]), 0 < » < g, beasolution of AZ = 0 (since £ is at worst an apparent
singularity, one could even take » =  and Z invertible, but in the application in view, Z will have
rank v < p). We shall construct a row of polynomials P = (po, .. .,pﬁ_l) such that P - Z has a high
orderat £.
Lemma 2.2.1. Let « be a positive integer, and let 7 be a positive real number. Then there exists
P = (po, e P/;—l) € K [x]#, with the following properties:

i) degP < {%(1 + 1), p;notall 0,

ii)

h(P
1+ degp)ﬁ < {3(1 +7) 4 7(2s — 1)} h(£)
I

a

s Z1 log2 + 2 b 7(A) +0(1),
+{T+‘u( +7)} g2+2r > h(f)+70(A) +o(1)

£ESinA
iii) ords PZ 2 a,
where 0(1) is relative toa — co.

Remark 2.2.2. o(A) < oo because o(Y) < oo and the y,’s are linearly independent, according to
the results of the last chapter.

Proof. Condition iii) is the following linear system of vz equations in the £/N unknowns p;,, 7 =
0,....,04—Ln=0,...,N-1withN = [%(1+7)] +1:

Z (};)f”‘lpfm‘qzm—ﬁo» Jj=0..,v-Lm=0,...,a—-1

Hence by Siegel’s lemma, there exists a nonzero solution with ‘ p. 131

b((pin),) < #N”_‘ — {(N = D((§) +10g2) + b (Z<a) +logaN? +(K)}

< {ﬁu +7)(h(§) + log2) + w(Z>} +o()
144

and we conclude using Proposition IV 5.4.1 (recall our convention for the height of polynomials).
O

. . -1 . .
2.3. Let us now consider the series » := Zf:o piy:. Since o(A) < oo, it follows from results of

Chapter IV that A is Fuchsian. Hence the zero estimate in Chapter III (appendix) is available in
our present case, and yields

£:=ordgr < u(N = 1) +0(1) < %‘(1 +7) +o(1).

3. A METHOD OF GELFOND

3.1 Let us consider the first nonzero coefficient of 7

LI S e e K\O)
Ne=—= T = in)if—n .
ﬁ' dxﬂ 0 =0 n=0
For any place v of K, we have
(3.1.1) log |5], =< max log* IP’;”L) + Bhup(Y),

with an additional term (%) logfuifv € Xeo.
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3.2. We now assume that there exist # — » linearly independent relations over K
u—1
(3.2.1) a;y(£) =0, j=0,...,u—v-1
=0
Such relations may be understood in several ways. Indeed the functions y; may be considered as
convergent Taylor series 7,(y;) in the v-adic disk D, (0, R,(Y)). Thus of |£], < R,(Y), it makes
sense to consider the above relations as holding in K. ‘ p. 132
Now we assume that (3.2.1) is satisfied v-adically for every v in some fixed finite set of places V/,

such that
|£], < min (L, R,(Y)) min (L, |£],"), forallve V.

3.3. Letus choose a basis m,, ... ., m,_1 of the K-linear subspace of K¥ defined by the equations

—

P
a;x; = 0, j=0,...,u—v—1
=0

Let us fix Z by requiring that its columns take the values 7z, . . ., 7,1 respectively at £.

Because of (3.2.1), we have 7,(Y) (&) = (4,(Z2)(§)) - B,, for some suitable column B, with
v entries in K,, depending on v € V. Because 7,(1) and 7,(Z) are both solutions of A, hence
uniquely determined by their “initial” value at £, we have

i,(Y) = 4,(Z)B,, identically.
This implies that
Z.U(r) = l.u(P : Z)Bu:

from which we deduce

(3.3.1) ordgi,(r) 2 @, foreveryv € V.

—a
3.4. Let us consider, for v € V, the v-adic analytic function z'v(r)x_ﬂ (1 S ) in

Z, (f)
D, (0, R,(Y)). Ittakes the valuez,(7) at 0. Lete > 0 besuch that |£], < 7, := min (1, R,(Y)) eI,
The maximum modulus principle in the disk D(0, ,) gives

aloglé],

o _ aloglcly
log [7l, < Hggxlog i, + min (1, R,(Y))

(3-4.1)

X<y

+ lr?ax log || Y (%), + alog |£];* + Blog* m +B0(1)e + o().

3.s. We next sum our inequalities (3.4.1) over all v € V" and (3..1) over all v ¢ V;since 5 # 0, the
“product formula” 3}, log |7], holds and yields, after dividing by «: ‘ p. 133

( ) 8 . 1
log
2.8 7.7

D log lEl, + (1+deg P)——= + S (¥) +
velV z

(where the last quantity may depend on ¢). We now use 2.3; we use the previous lemma, and let
a — oo, then ¢ — 0; we then get:

(1 + g) +e0(1) +0.(1) > —log2

> log £l + {2(1 +7) +7(2 - 1)} h($)

vel”

+ {1 T+ ;(1 + ﬂ}logz +20 Y h(Q) +70(A)

/€eSinA

1/(1+T) v(1+7)
#(Y) + (1+ )Zl R(Y)_o

Hence we have proven the following.
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Proposition 3.5.1. Under the assumptions 2.1 and 3.2, we have the following constraint on £:

Z log |£], + {;(1 +7)+7(25 — 1)} h(&) = —cs(A 7, Y),

vel”

where

a(A 7 Y) = (n+£(1+f)+1) 10g2+T(0’(A) 2 ) b(:))

J€SinA
v(1+17)

(Y)+(1+—)ﬁ(Y)

1+
L)
T

(and the last two terms may be replaced by (1 + @) o(Y) if (by,(Y)), has a limit for every
vel).

Remark 3.5.2. p(Y) < oo follows from o(A) < oo by the results of Chapters IV and V (more
precisely, we may express explicitly these two invariants in terms of oY), &, I'). In practice however,
itis more convenient to compute o(Y) and p(A); we have also given expressions for p(¥) and o(Y)
in terms of p(A), see Chapter V.

Remark 3.5.3. The proposition is nonempty only if 7 is such that i(l +7)+7(25s—1) < 1,ie.

‘ll—T/

7< (2s=1)p+»-

3.6. Application: Hilbert’s irreducibility theorem (after P. Bundschuh, V. G. Sprindzhuk and
P. Debes [23])

Letp € K|[x y], and assume that p(0, y) has a simple root in K. Hence there exists an algebraic
function y; € K[[x]] such that p(x, 1) = 0; moreover ¥ =" (}’0 =1 y - Y :)/‘1‘71) has
linearly independent entries over K (x) if ¢ = degy > and is a solution of a G-operator A (the fact
that 7(Y) < oo comes either from Eisenstein’s theorem about algebraic functions, or Proposition
I 4.2.5). The reducibility of p(& y) € K[y] for some £ € K* would yield dependence relations
among the y;(£). Replacing £ by £” for m large, this contradicts under suitable assumptions the
inequality displayed in the last proposition. We can get this way some effective versions of Hilbert’s
irreducibility theorem; a typical example is

Corollary 3.6.1 (Sprindzhuk [59]). Assume that the quantities |£|,, where v runs over the set of
places such that |£], < 1, constitute a nonempty family of multiplicatively independent real num-

bers. Then for any sufficiently large 7 (effective), p (£, y) is irreducible in K'[y].

4. LOCAL DEPENDENCE

4. Inaddition to the assumptions 2.1, we suppose that the entries of ¥ are homogeneously algeb-
raically independent over K (x), (hence ¢ > 2). We then may replace ¥ by Y®” and A by A®” for
any 7 > 0. The new invariants may be controlled as follows:

+n-1
efyr7)
u—1

7(Y®") < o(Y)(1+logn),
7(A®") < o(A)(1 + logn),

the global radii, and SinA, remain invariant.

Instead of 3.2, we suppose that there is some nontrivial homogeneous relation of degree 9 among
dy

the 7,(y:(£))’s, with coefficients in 7,(K) for some place v such that |£|, < 277 min (1, R,(Y)).

e
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Multiplying this relation by monomials of degree » — 3 > 0 in the y;’s, we get (“ +Z:}7'}) linearly

independent linear dependence relations among the 7, (y;(£))’s. Hence we may take

L - (‘u+n—1) B (#4.;1_1_,)‘) < 5‘252—0231'(71 +‘u—1);“—z'_2(‘ul—ll) - 5(3+n+/¢-1)#—2
" u—1 u—1 - (e —=1)! - (e —=2)!

We choose 7 = Then ‘ p- 135

(Zf 1)°

D+t < 21 +7) + (25— 1)

n n

< (‘u—l)gz“"l ifn>0+u—1,

and V”(HT) +1< (” _ou- 1(25 — 1). We assume that 5(£) > ¢ and that

h(&)
logh(£) ~

max(a(Y)+Zh(Z)+l 0g2, 3)“@ )

(4.1.1)

and we choose

RINGRS:
(4.1.2) n= I(alogb(f)) l +1

Thus, if we make the mild hypothesis that s is the same as the one defined in VI 4,

O’(A)(logn +1)+2Xh()
T D2 (w1 ;

(e - 1)%2/‘_1 {lo(f) +log2

< (-1 22)
< 2 (1= 1) h(E)TE (log h(£))

(for the first inequality, we used the formula given in Theorem VI 4.0.1: ¢(A) < Sp*so(Y) and half
of (4.1.1)). Similarly, using again (4.1.1), we find

o
(r=2)!
2u+1 1 1_7

(#— Dsd" #h(&) (logb(f)) a(Y)

1
2471 (25— 1) (v(Y)(logn +1) +log? W)

(here we also use the fact that log* m < (Y)). Putting everything together, we find that if

(0 + p)tet

b(£) > max (J(Y) + D h(2) +log2, 5

)max(l, log h(£))

and if

|€ly, < exp {—22</‘+1)J(Y) max ( Sl_ib(f)l_i (log b(f))i, 1)},

s
(=1
then there cannot be any nontrivial homogeneous relation of degree o among the elements
20(£), .., yu-1(£) of K,. At this point, it is important to remind the normalisation of | |,. Note

also that the case of inhomogeneous relations can be derived by replacing ¥ by Y'* = ()1/) and T"

I 0
byI_‘+—(0 0).
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4.2. All of this generalises without difficulty if we only assume that at least one of the i—; is tran-

scendental (instead of assuming that the transcendence degree of K () (( }y/—;) ) is  — 1). However
it would be difficult to present an explicit statement as above. '

The proof follows closely 4.1, so that we give only a brief sketch (see [6, 12] for more details).

Since the entries of Y®” are no longer assumed linearly independent, one has to replace A®” by
a “suboperator” A defined in the following way: let M, be the vector space over K (x) generated
by all monomials y;,..., ¥, 0 <7 < --- <4, < p—1andletp(,) = dimg ) My; letus fix g,
monomials y;, ..., y;, linearly independent over K (x) and let ¥’ () be the corresponding vector.
Then there exists a unique matrix '™ with entries in K (x) such that

Ay iym _rwym _ g,

From Lemma IV 3.3.3 and 4.1.2, it follows that
£ (A®) <p (%) <p(A),
- (A(”)) < 7 (A®") < o(A)(1 +logn)
< Syzsa'(Y) (1+logn), sbeing defined
according to VI 4, while we have
SinA™ < SinA®” (c SinA) ;

this follows from the following remark: if we write Y for the complement of ¥’ () in ¥®" 5o that
Y’ = BY™ forasuitable (¢n = #(n)) X () matrix B with entries in K (x), then any solution X
(

of A lifts to a solution ( (n) of A®”. At last, we have

X
BX
E(n) = dim H° (Proj @Mm, (’)(n)) =x (Proj @Mm, @(n))
for large 7, in particular

. n¥
U(n) ~ deg (PrO] @Mm) —
!

as 7 — oo where ¢’ stands for dim Proj P M, = trdeg K () ((j’—;) )

Now we are faced to the problem of counting how many independence linear relations
hold among the 7, (yi,..., ;) (£)’s; let us denote this number by U(») — Y(»)- Hence
V(n) = dimg H® (Proj P M,, s, O(n)) where M,, ¢ denotes the K-vector space generated by the
monomials 7, (y,-], e y,-m) (£). Following Bombieri, we shall say that there is a strongly nontrivial

homogeneous relation of degree & among the y;(£)’s, if there is a hypersurface X of degree J in Pl;(_l
such that

Proj @Mm,f C specialise Proj @Mm NX; =X,
x—¢&

and such that this intersection Xy has dimension < g’ (hence = ¢’ —1). The point is that a strongly
nontrivial relation decreases the transcendence degree. Then
V() < dimg H° (X5, O(n)) = y (X5, O(n))  forn >0,
deo X ndimX;
T OB (dim ).

/—1

< ddeg (Proj @Mm) . ﬁ

‘ p. 136

‘ p-137
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by Bézout’s theorem (see [36,17.7]). (Thisis a simplification of Bombieri’s argument [6, 12].) Using
the semicontinuity of coherent cohomology applied to Chow variety which parametrises the X¢’s,
one can show that these estimates are uniform in £.

4.3. Theorem Letyy,..., Y1 be u G-functions. Then there exist two constants ¢s and ¢g depend-
ing only on yo, . . ., ,—1 with the following property: let J be a positive integer, v a place of K, and
let " denote the homogeneous transcendence degree of the field generated bv the y;’s and their
derivatives over K (x); if h(£) > ¢5d* (logd + 1) and if

1o < exp (e 7R 7 og (D),

then there cannot be any strongly nontrivial homogeneous relation of degree d among the elements

)’z(f) Ova~

Proof. Note first that if ” = 0, there cannot be any strongly nontrivial relation at all, hence we
may assume that ¢’ > 1. If A; is a matrix operator associated with the scalar operator which kills

s, we may construct A = G A;and ¥ = ()’0’)’6’)'6,’ .. .,yiirld(A‘H)_l) ), sothat AY = 0and
o(Y) < co. Moreover ¢’ corresponds to the homogeneous transcendence degree of K (x)(Y") over
K (x). Now we construct the differential operators A", which are uniquely determined by the
choice of £ (,) independent monomials of degree 7 in the y,’s. We assume that ¢s is large enough to
ensure that
h(E) > s = &€ SinA D SinA™).

Next we use our previous upper (resp. lower) bound for »(,) (resp. p(»)). Finally, the rest of the
argument goes as in the special (but explicit) case 4.1 but choosing

n~(a LG )
logh(9))
O

_1 L
Remark 4.3.1. In [6, 12], a similar result is stated, but with b(f)1 %’ instead of b(;”)1 e
Moreover one imposes there a priori that A is a G-operator, and that p(1") < oo; at last, the proof
given loc. cit. uses Dwork—Robba’s theorem, and a refined version of Siegel’s lemma (we did not
$0).

Remark 4.3.2. It turns out that Proj @ M, and its specialisation at £ (at least for £ ordinary) are
torsors (= principal homogeneous space) under suitable differential Galois groups, see Chapter IX.
Hence if “the” differential Galois group is (geometrically) connected, these varieties are geometric-
ally irreducible, and every nontrivial relation is automatically strongly nontrivial.

5. GLOBAL DEPENDENCE; HASSE’S PRINCIPLE

s.X. Let p be a homogeneous polynomial in p variables, with coefficients in K, and let ¥ =
"o -+ 1) € K[[x]]¥. We say that a relation p (yo(£),..., yu-1(£)) holds v-adically if
i, (p) (7,(y0) (Z.(E)), ..., z'v(y/‘_l)(z'v(f))) = 0 in K,; such a relation is said nontrivial if it does
not come by specialisation at £ from a homogeneous relation of the same degree (with coefficients
in K[x]) among the series y;. According to §4, we call it strongly nontrivial if it does not occur as
a factor of the specialisation at £ of a homogeneous irreducible relation among the series y; (pos-
sibly of higher degree). Following Bombieri, we say that a relation p (yo(£), ..., Yu-1 (&) is aglobal
relation if it holds v-adically for every place v € Z(K) for which |£], < min (1, R,(Y)). In other
words, a global relation is a relation which is true v-adically whenever it is defined. Let us remark
that for a global relation, the fact that it is trivial (resp. nontrivial) at one place v where it is defined,
is independent of this place ». In his paper of 1981 [6], E. Bombieri remarked for the first time that
the existence of nontrivial global relations implies a finiteness property. In fact, the following result
may be considered as a Hasse principle for values of G-functions.

‘ p- 138
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s.2. Theorem Assume that Y € Q[[x]] satisfies the differential system %Y = I'Y for some
I' e M#(@(x)), and that 7(Y) < co. Let [[[;(Y) (resp. [1]5(Y)) denote the set of ordinary

points or apparent singularities £ € @X where there is some nontrivial (resp. strongly nontrivial)
global (homogeneous) relation of degree . Then

b (]_U(Y)) <cr(Y) - 22V (logd +1)
)

and

< g(Y) - 0*(logd +1).

(L1
)

In particular, any subset of [ [[5(Y"), with bounded degree over Q, is finite.

Proof. Let V be the set of places v € Z(K) such that

|£], < min (L, R,(Y)) ifve X
[2£], < min (1, R,(Y)) ifv € Ze.

We have
1

Z log |£], = - Z log*

vel” vel”

= —h() + ) log"

v vel”

1
Z_, <h(E) +p(Y) +1log2.
“&)
2:/4(’;)
bound for h(£), after replacing A by A Since (3) = O (8#71), the required estimate for » ([ 11;)

will follow after choosing 7 = for instance.

Looking at Proposition 3.5.1, we see that any choice of 7 such that 7 < will lead to an upper

2t

In order to estimate b (mg), we use A instead of A, for appropriate large 7 (as in the
previous theorem, whose proof carries over in the present case without an essential change). The
finiteness assertion follows from the bound for the height and Northcott’s theorem, see e.g. [48].

O

5.3. Remark However, relations between special values of G-functions need not be “global”, even
in the particular case of rational values of algebraic functions at rational points. In order to under-
stand better this phenomenon, the reader is invited to carry out the case of the Pythagorean func-
tion V1 + x?. Of course, by multiplying all the “local” relations, obtained for each place v such
that our algebraic functions converge at the given point £ (there are only a finite number of such
v), we obtain this way a global relation; but in most cases this relation comes from a functional (=
“trivial”) relation by specialising. In this respect, the case of transcendental G-functions yo, ..., Y,—1
is easier to handle, because a product of strongly nontrivial relations remains strongly nontrivial;
thus in practice, it suffices to construct, for each place v such that yo(£),..., y,-1(£) has a sense
v-adically, a strongly nontrivial relation with algebraic coefficients which links these v-adic values

yO(;)r'“:}’Au—l(f)'

6. APPLICATION TO DIOPHANTINE EQUATIONS

6.1. We now apply the “Hasse principle” which has just been proved, to the arithmetics of super-
elliptic curves, and obtain that certain rational or algebraic points (with some conditions about de-
nominators) are in finite number. Moreover we shall display quite explicit and fairly “small” bounds.
We also take this opportunity to refine our Prop. 3.5.1in the case of algebraic functions, and show
how to compute the invariants in this concrete situation.

‘ p. 140
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6.2. Two diophantine results
Let us consider an irreducible superelliptic curve C over Z defined by the equation
(6.2.1) " =q(2),

where ¢ denotes a monic polynomial with coeflicients in Z, of degree say 2. We assume moreover
that

(6.2.2) m and 7 have a prime common factor / > 3, or else are divisible by / = 4.

Let us denote by H (g) the maximum among =+ the coeficients of 4, and let us set (&) = exp h(£)
(if £ = § € Qisan irreducible ratio, this is simply max (||, [4])).

Theorem 6.2.1. There are only finitely many rational points (y, 2) on C such that no prime =
1 mod/ divides the denominator of z. For such a point, one has the bound

H(z) < (2% PH(g)*) .

Theorem 6.2.2. There are only finitely many totally real points in C (Q) with bounded denomin-
ator and degree.

6.3. Proof
1) Let us consider the column of Y consisting in the two G-functions yo = 1and y; =

2
(x"q (}C)) . Hence Y (0) = (i), and Y satisfies the differential system of order g = 2:

Y=o

AY d Y (0 0
=Y - 2x7"
&\ 5m

One has SinA = {reciprocals of the nonzero roots of ¢}, and [SinA| = 5 < .

Now, let us compute the invariants of Y. Since the components of Y are globally bounded
(Eisenstein, or direct checking on the expansion below), one has o(Y) < p(Y) = p(yn).

2
Let us write g = «” [, (x - élv), so that y; = [] (1 - 4&“) " By looking at the expansion of

(1 _ g)% = Ys0 (—%)j (%xf), one finds (I app.):

P, < Z (vp (é) + ﬁ) logp + h(SinA)

23
< % log 202(1) + (vz (é) + 1) log 2 + h(SinA)
< glogl + h(SinA).
But
b(sinA) < > b (%) (since h(£) = b (é_lv))
oo

1\ @2
= log 1—[ M (Z) ) (with the help of the Mahler measure A1, see I 1.1)

= log 1—[ max (1, !

Z’) since g has rational coefficients,

< nlog2 +logH(q) by a well-known inequality.

‘ p- 141
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2)

3

~

Therefore p. 142
(6.3.1) p(Y) <nlog2+ % log/ +log H(g).

Similarly the size of the matrix Z involved in the proof of Proposition 3.5.1 can be estimated,
because

N
1
—_—
—_——
—
[
ENE
~i
[T
S~————

=)

and therefore

1 3
7(2)<p2)< )] b(T)+—logl
(6_3'2) JeSinA z f 2

<2nlog2+ % log/ +log H(g) + sh(£) forany ordinary point £ € Q

Let us now write down the relations which occur in case there exists a point 2 = (y, 2) as in
the theorem. Letusset £ = % Then any singularity of A gives rise to a point P on C (Q), but
they are in finite number and certainly satisfy the required inequality for the height. Hence
we assume from now onwards that £ ¢ SinA. Let K = Q(y, z) denote the field of definition
of P. We shall show that the following relation between the values of y, y; at £ = %:

(633) (yzzJT”) 20(£) = n (&),

is a global (resp. “almost” global) nontrivial relation if K = Q and |£], > 1 for every prime

p =1(J) (resp. if K is totally real of bounded degree and /¢ (é) is bounded), which corres-
ponds to the hypothesis of Theorem 6.2.1 (resp. Theorem 6.2.2). Let us notice that (6.3.3)
is nontrivial because yy and y; are linearly independent over @(x); indeed / > 2, and C is

assumed to be irreducible, so that ¢ is neither /th nor a (é)th power. On the other hand, by

1
putting y, = (x"g (}C)) ' = \[/1> (6.3.3) can be written in the following form:

(634) [T(=@-2¢t) =0

e==1

(recall that / | 7). But the following identity of formal power series: yzl =x"g (%) implies ‘p. 143
that for any place v such that |£], < min (1, R,(Y)) one has yzl(f) = ylf” v-adically, i.e.

[T (yz (&) — ¢ %) = 0. Thereby relation (6.3.4) holds true whenever for such a place v,

(6.3.5) the only /th roots of unity in K, are + 1.

The point is simply that y,(£) € K. In the case of Theorem 6.2.1, every place v of Q such
that|£], < 1satisfiesv = coorv = p # 1(/), hence (6.3.5) is fulfilled. In the case of Theorem

6.2.2, every infinite place v of K satisfies (6.3.5), because K, = R. Since moreover bf (%)
is bounded, a slight modification of Theorem 5.2 shows that 5(£) itself is bounded; all the

same in the case of Theorem 6.2.1. And because [K : Q] is bounded too, there is only a finite
number of points P in both cases.

Under the hypothesis of Theorem 6.2.1, we shall push further the computations, using (6.3.2)
and avoiding the general Proposition IV s5.4.1. Let J” denote the set of all places v of Q such
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that min (1, R,(Y)) > |£], (resp. |2], if v = o0). In terms of the approximating forms, the
argument of §3 revisited gives rise to the inequality

b (P,
D logl£l, + lim (1+deg Pro) ( ”) ( )hmZbU](Y)

vel”
+ Zlo* ! (1+v(1+l))+lo 2>0
Z1% R, 7)) T BTET

On the other hand, we have

b (P (a))

T (1+ deg P(s) < 5(1 +7) (b(£) +log2) + 70(Z)

(see Lemma 2.2.1). In our present case, x = 2,» = 1, and Y is globally bounded. Replacing
p(Y) and #(Z) by the bounds (6.3.1) and (6.3.2) respectively, we find ‘ p. 144

Z log |£], + HTT (h() +1og2) +log2 + 7 (anogz + ;logl +sh(§) + logH(q))
velr

1 3
+ (2 + ;) (nlogz + Elogl+ logH(q)) >0,

hence

1—7(1+2)

5 h(€) < 10%2 (7+4n+~r(1+4n) + z?n) +log(1%H(q)) (2+T+ ;)

We next choose 7 = ——. A straightforward computation then gives the required inequality

45+2
h(£) < (45 +6) (/m log2 + % log/ + IogH(q)),

and we conclude by noting that 5(£) = log H(z).
It is also true that H(z) < IOIO”ZH(q) 8, O

Remarks 6.3.1. 1) This bound should be compared with Baker’s upper bound for integral
solutions of the “general” superelliptic equation: y” = ¢(2), m > 3, g € Z[z] with at
least two simple roots; then for integral (, 2),

x () I2l) < expexp | (5m) ' H (g)”

cf. [3].

2) In his paper [7], E. Bombieri has pointed out that the algebraic function case of a variant
of Proposition 3.5.1 could be obtained by a geometric method, using Weil functions and the
quadraticity of the Néron-Tate height.

EXERCISES

1) Proveastatementanalogous to Theorem s.2 for globally bounded series y; € K [[x]] without
assuming that the y,’s satisfy any differential equation, but with a bound for the height of
£ € 111, of the form ¢(Y; ¢), which may depend on the height of the relation ¢ too. (Hint:
use the fact that £ corresponds to a pole of the v-adic series 7, (q (}’0, ... ,y#_l) ) _1.)

2) From 5.2 deduce the full Theorem E in the introduction.
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3)

4)

(Siegel’s method). Hypotheses are as in 2.1and 3.2. Let IV be a sufficiently large integer and
let 0 < 7 < 1. Construct first z polynomials po, ..., p,—1 € K[x] such that

maxdegp; < N,

u—1
ordg (me) 2 (u=-7)N,

=0

N2
b (cock. poy..,pat) < :) #(Y)N +o(N).

Recall from V11 (3) the sequences of rational functions

n M- 1
R = ( pz) 4
nj b Gt n—
h=0 [=0 ' dv
Show that det (,,jR)j oo poq * 0, using VL1 (5), the fuchsianity of A and III, appendix, or

else a variant of VI 2 (Shidlovskii).

Let Zi:ol al»jyl»(f) =0,7 =0,...,u — v — 1 denote relations which hold v-adically for v
belonging to a subset ¥ of the set of all places such that |£], < min (1, R,(Y)). Constructa
nonzero determinant

a
A= 7 with 7; < 7N + cst.;
(n, R(f))

forv € V7, one has Ay;(§) = X7, (cofactor#_wr,j ) nl,' d‘iél (Zl 01]71}’1)~ Use this equality
to bound 3} ,¢ ;- log |A|, from above. Using the product formula for A, and letting N' — oo,
deduce a statement analogous to Proposition 3.5.1 (by controlling 4 (,,, JR(f)) in terms of
a(A), b(P), h(£), see [6, 1].

Show that if we consider only integral points in Theorem 6.2.1, the hypothesis / > 3 can be
lowered: / > 2 is enough; but “4 monic” is essential (think at the Pell-Fermat equation).

APPENDIX: ON RUNGE’S METHOD

Runge’s argument, which is exactly one-century old and perhaps a little forgotten, was the first
general method for solving diophantine equations in two variables. We shall describe itin the special
case treated in §6 in order to emphasise the similarity between this method and the G-function
method used in this chapter; E. Bombieri, loc. cit., already pointed out that Runge’s theorem [52]
could be easily obtained from G-function theory. On the other hand, nonramification hypotheses

of the type (6.2.2) are typical features from both methods; the next case not covered by either of
them is the Thue equation.

Let us consider a solution (y,2z) € Z? of the irreducible equation y”* = ¢(z), such that m
and # = degg have a common factor / > 2 (not necessarily prime). Let us consider the algebraic
function

1 7 n
g(x):q(}—c) :x_7+...+g%+g%+1x+...’

and let us choose / polynomials po, . .., p1-1 € Z[x] of degree < 7 and not all zero, such that

(St

p. 145
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This is possible, because this linear system has more unknowns (/ (% + 1)) than equations (% + 1).
For a sufficiently large solution z, if any, and for the value £ = i,

Sl (f)-Zrer?
Azl (2] =D penT ez
OP] Eg/f opjz.y

1

but Zf)_lpj (%)g/ (?) = bhf + h.o.t. < 1, hence vanishes. Now y is a common root of the two

polynomials Zé_l 2i(2) ymTj and y” — ¢g(z), and we find that 2 lies among the finitely many roots of
the resultant polynomial. Clearly it is possible to give effective bounds for (y, z) this way, and the
method also extends to the case of rational points with bounded denominator.



Chapter VIII A criterium of rationality

1. STATEMENT OF THE RESULTS

LI In this logically independent chapter, we present various generalisations of the Borel-Dwork
criterion; all of them are derived from a single “main criterion” whose proof relies on the diophant-
ine method already used in the last chapter, namely Gelfond’s method at several places.

Let us first recall the statement of the classical

Criterion r.r.1 (Borel-Dwork). Lety € K[[x]] (K = number field). Then y is a rational function
if and only if it is globally bounded and [],cx M, (y) > 1.

Here M, (y) stands for the v-adic radius of meromorphy of y, that s to say, the greatest element
7 € [0, 00] such that7,(y) = X7, (y2) ¥ € K,[[x]] extends to a meromorphic function on the
disk D(0, 7) of C, (this definition extends obviously to series in several variables, replacing disks by
polydisks). A particular case of this criterion states that any globally bounded series y € K[[x]]
which satisfies [, R,(y) > 1is a polynomial.

Our first generalisation deals with the problem of weakening the assumption of global bounded-
ness (which however cannot be omitted, e.g. thinkaty = 3} ’;—T with Mo (y) = o0). We prove:

Theorem rr2. Lety € K[[xi,...,x]]. Then y is a rational function iff #(y) < oo and

MM, M) > 1.

1.2. Can one give a criterion of algebraicity along similar lines? The answer turns out to be yes:
it suffices to replace the meromorphy condition on y by the assumption that both y and x are uni-
formised (meromorphically). Let || ||, denote the “sup norm” on either C;, or A4, (C,).

Theorem 1.2.0. Lety € K|[xy,...,x,]]. Assume that for each place v, y, resp. xy,...,%, can
be expressed as meromorphic functions y, (21,. .., 25), 1esp. ¥,y (21, ..., %), ..., on the polydisk
“g“y < M, of C,, with the following “normalisations”:

i) x(0) =0,

. . . . Dx
ii) the jacobian matrix ( 5”)
z

is invertible, and
0
-1

()
Dz 0

<l

iii)

v

If y is globally bounded and [, M, > »*, then y is algebraic over K (x).

Remarks 1.2.2. 1) The normalisation iii) rules out dilatations in £ which could trivially enlarge
the M,’s.

2) The assumption ¢(y) < oo would not suffice here, as the following example shows: y =
DI ”7” =zaty = 00,x = 1—¢7%, M, = 0. Butone could replace the global boundedness
by the (a priori) weaker assumption o(y) := sup, & (y, yz, e y”) < 09, if one replaces at the
same time [] M, > > by [[ M, > +* - &°.

As a corollary of the theorem refined in this way, we have:

Corollary 1.2.3. Lety € K [[J_C]] with 7(y) < co. Choose an embedding K C C, and assume

that y and the x;’s are uniformised by meromorphic functions of z on C”, such that the jacobian
Dx

'z

determinant does not vanish identically. Then y is algebraic over K (x).

Remark 1.2.4. For sufficient conditions which imply o(y) < oo, see ex.3 below.

97

p-147

p- 148



VIIL1 Statement of the results 98

Remark—Construction 1.2.5. In fact the uniformisation (sufficient) condition of Theorem 1.2.1
is also necessary up to adding some new variables, at least if one starts with » = 1. Indeed, let
y € K{x} be an algebraic function (in one variable). Dividing by a monomial, we may assume that
(0) = 1. Let us consider the complete smooth curve, say C, over K associated with the function
field K (x, y), and let D denote the divisor of poles of the differential form w; = y dx on C.

Let wy, ..., w, be a basis of Qlc(—D), and let us write /p for the generalised jacobian of C as-
sociated with the “module” D. For every complex embedding ¢, of K, we get a sequence of mero-
morphic maps:

C” =~ (QL(-D))" —— (QL(-D))"/ Hi(C\ Supp D) —— Jp — C?

w w

(Z[ = Zj ‘/(‘)’C] 5‘)1') crj(x,-)
where C*) denote the »-fold symmetric product of C with itself (v = genus C —14 max(1, deg D)).
Thusy = g—z S can be expressed in terms of the (meromorphic) jacobian matrix %, and y

and o;(«;) are simultaneously uniformised by meromorphic functions on C” (of exponential order
or growth < 2 after Serre [5s]). In other words, one can choose M, = oo forany v € X (K) in the
theorem.

1.3. Now remember the classical

Criterion 1.3.x (Pdlya). Let y € K[[x]]. Then y is rational iff y is globally bounded and % is
rational.

. . . d .
Asa direct consequence of Corollary 1.2.3 and Construction 1.2.5 (applied to d—i ), we obtain the
following variant:

Corollary 1.3.2 (of Corollary 1.2.3). Lety € K[[x]]. Then y is algebraic iff y is globally bounded
and j—z is algebraic.'

(The fact that an algebraic function is globally bounded is Eisenstein’s theorem, see I 4.2).

L4. If one is willing to weaken the global boundedness assumption in Theorem 1.2.1, one has to
put some extra growth condition upon the meromorphic uniformisation.

L

We shall say that a quotient R of two entire functions on C” has (exponential) order of growth

<y ifmax”g” < (If 2 lg(2)]) < expAx” for some constant 4, and any sufficiently large x (here
the sup norm || || is relative to the euclidean metric on C).

Theorem 1.4.1 (Chudnovsky—Chudnovsky). Let ¥ = (yo,..., ¥,-1) € K[[x1,..., %, ]|, Assume
that for each infinite place v, there is a simultaneous uniformisation on C, = C as in Theorem 1.2.1
(with M, = 00), except that condition iii) is replaced by:
iv) the x;, have order of growth < y < co.
Ve Y5®n)
log n

If moreover lim < %, then yo, ..., Yu-1are algebraically dependent over K (x) (here ¥ s®n

denotes the set of degree < 7 in the y;’s).

7(L})

Example 1.4.2. Recall our notation L; = —log(1 — x). Let us prove that n@o Togn = 1, as was

announced in I 4.3. Indeed, by Lemma I 1.4.3g), one has lim % < ¢(L;) = 1. On the other

hand

n—k)! k
a(Lf):a(L;i.,,,( . ) (-(1—@%) Lf,,__,1):a(1,L1,...,Lf).

"This statement was suggested to me by J. P. Bézivin.

p- 149
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One may uniformise x and L; simultaneously by putting x = ¢7%, which has order of growth 1,

L = z. Since L is transcendental, Corollary 1.3.2 applies and gives the reversed inequality

_ y - L<L ®n
A LR el (V0
O
Remarks 1.4.3. 1) Actually it is required in [19] that the uniformising functions y,’s also have

order of growth < 7, but this turns out to be unnecessary. p.1s1
2) If one combines this theorem with Construction r.2.5, one may modify Corollary 1.3.2
(variant of the Pélya criterion) in the following fashion: replace “globally bounded” by

m 0_(1’%}2"”,},71)

T < L. Examples to be given below show that this is best possible in general.
ogn 2y

n

1s. Topological interlude

The following examples, arising from the theory of elliptic genera (see [44]), are intended to show-
ing that the estimate in Theorem 1.4.1 is rather sharp and sensitive.

Recall that a power series g(z) =1 + a2 +aszt+--€C [[zz]] determines a homomorphism
(genus) ¢ : Q — C, where Q is the Thom cobordism ring of oriented differentiable manifolds:

writing formally the total Pontryagin class of a 4k-dimensional manifold X as (1 + zf) . (1 + zg k),
then @(X) = g(z1) - - - 9(221). Each such genus has a logarithm:

y= /Z;D (€ 27 dr e xC[[¢]].

n>0

It is related to the characteristic series ¢ in the following fashion: taking y = z as “uniformising
parameter”, then ¢(z) = f’—c A genus @ is called elliptic it

X _1
y = / (1 - 20 + 5:4) 2 dt forsomed, ¢ € C.
0

We note thatif J, ¢ € Q, y is a G-function; it satisfies the differential equation of order two:

&%y dy
2 4 2 —
(%) (1—20x +5x)—2+2x(£x—5)——0.

In fact, if ¢ # 0, there is the expansion

2n+1
r= Zp( 5) 1

n>0

where the p,,’s denote the Legendre polynomials. For instance, if 8 = ¢ = 1, one has

2n+1
)= / -2 _ZZn+1

). Andif § = —%,zz 0, one
2n+1

<1>( ) o 2

= 2n+1

e . o : e .
andg(2) = 555 T is the characteristic series of the 4 genus. In both cases, x(z) = 7( isanentire |p.152

and ¢(z) =
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function of order of growth y = 1. It s easily seen on the expansions that at least the prime-to-2

. . ——o((Ly® . .
part of the size is < 1; it follows that lim ((log)n ) < 1in both cases. As artanh and arsinh are
n

transcendental, we sec that the estimate in Theorem 1.4.1 is best possible in both cases. Now, let us
assume that (9% —¢) # 0. Then yis an elliptic logarithm in the usual sense, and x(2) is a jacobi“an”
function, which is meromorphic of order of growth y = 2. We next assume that d, ¢ € @ and that
%% = ex* —20x* +1 has complex multiplication. Then from the fact that Ej,

(( y)®n)
log 7 S i’

the elliptic curve Ej, : x
mod. v is supersingular for a set of places v of denmy =, it can be deduced that hm
because supersingular places v induce vanishing v-curvatures for the dlfferentlal equation (*) (see
ex.4 for more details). As an elliptic logarithm is transcendental, we see once again that the estimate
in Theorem 1.4.1 is best possible in this case.

At last, it is perhaps worth pointing out that this connection with algebraic topology is no
artifice, but the integrality and congruence properties of the coefficients of the elliptic logarithm
lies contrariwise at the root of theory of elliptic cohomology, already in the proof of its existence,
see [44].

1.6. All the above results are subsumed in the following

Criterion 1.6.t (Main). LetY = (yo,...,%,-1) € K[[x1,..., ]|, let7 > 0,andlet V' C Z(K) be
some set of places af K. Assume that foreachv € V' the y;’s and x;’s are simultaneously uniformised
by (v-adic) meromorphic functions on a polydisk of C}, of radius > «,, with the “normalisations”

i), i), iii) (of Theorem 1.2.1). Write x;, = % as a quotient of analytic functions with g,(0) = 1, and

set
(il
|zlo=xy
If the following inequality holds
1
(%) Tnot v (Y) +70(Y) + 2logv < Z log x, — (; (1 + 1))~/;{U R
vel

then the y,’s are linearly dependent over K (x). Moreover if x, = zorif I C Zr(K), the term
2 log v may be omitted.
(Here oo i is defined like a size but the summation runs only over those v not in ¥ hence, if

Y\ V is finite, onoc  (Y) = 2er logJr m)
Remark 1.6.2. Inequality (*) can be satisfied only for 7 > 7 1, wheny, = z.

Corollary 1.6.3. Lety € K[[x]]. Then y is rational iffelz”(y) < [Toer M,(y) for some (resp. any)
subset V of Z(K).

Proof. Indeed, take yo = 1,1 = y,v = Lu = 2,x = 2, , = logx,, ¥, = M,; in Criterion 1.6.1,
then (x) is satisfied for 7 = 2 (z = V2 + 1 gives a slight improvement: 11.66 instead of 12). O

In particular if ¢(y) = 0 and if some A4, (y) > 1, then y is rational with poles in the set of roots
of unity (since for a rational function, o(y) = h(pol y), see I 4.1). Can one replace the assumption
M,(y) > 1by “yis a G-function” in this statement?

1.7. Deduction of Theorems 1.1.2, 1.2.1, 1.4.1

1.7.x We shall prove Theorem 1.1.2 in two steps: at first we show that y is algebraic We set ¥ =
(Ly,...,y" 1), sothato(Y) < (1+log(n — 1)) 7(y). Letussetx = nand 7 = \f’
large enough, inequality (*) is then satisfied with V" = X (X)), if the «, are chosen close enough to
the M,’s. Hence y is algebraic.

x, =2z Forn

p- 153
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Multiplying y by a polynomial, we may assume that R, = A, (elimination of the apparent
singularities of the V-module associated with y). Moreover R, = 1 for almost all v, because y is a
diagonal of a rational function. Thus it is enough to show that any series y € K [[x]] satisfying

a) R,(y) = 1foralmostall o,

b) T Ro(y) > 1
is a rational function (in fact a polynomial). Given an integer N > 0 and a multiindex » with
max 7; < N, and given {' € K™, we form the series ¥,y = 3, flﬁlyN,meﬂ. The v-adic radius of
(R, (7))

this series is given by R, (¢¥;,y) =
and b).

Let S denote the set of places either infinite or such that R,(y) # 1. Applying the pigeon-
hole principle to the lattice given by the S-unit theorem and the N’ + 1 points (R (y)”)

; therefore, by the product formula, ¢,y still satisfies a)

vES’ n=

LN ,wefind N, 0 < N < N’, and some S-unit ¢ such that e” Vo< ”‘?") < eV for any

v € S except one, and for constants ¢, independent of N’. By choosing N” sufficiently large, we
may assume that

1-(3)
logl_[max (LR, (%) ") < 54) lognRu(me)-

veS veS

Since (¥my) < p(¥my) = log [1,es max (L, R,(¢¥:,y)), inequality () (without the term 2 log )
in the main criterion is then satisfied for yo = 1, y1 = ¥3), ¢ = v = 2 and x = 2: hence the ¢;,)’s
are rational. Since y({%) = X nax m;<n ¥im ()57, we find that y({x), whence y 1tself isrational. O

1.7.2 Proof of Theorem r.2.1: since p(y) < coand [] M, > »?, one may choose ¢ > 0, a finite set V'
of places of K, and real numbers 0 < x, < M, (for each v € V) subject to the inequalities

Zlogxu—ZIOgv> 2

Zlog 2 ()/)

vel”

Let us choose ¥ = (L %,...,5*"") in the main criterion, and 7 < 3;@ Because 7(y) < 00,0 (Y)
and the left-hand side of (x ( ) are bounded independently of x. The same thing holds for y,. Let u

be so large that ;- ( ) Xv < 5. Inequality () is then satisfied because

1
Thnot V(Y) S_Pnot V(Y) = 10g+
2. 55

for globally bounded y. Hence y is algebraic. O
1.7.3 The proof of Theorem 1.4.1 goes as follows: apply the main criterion for I = place associated
with K — C,Y = Y®§”,‘un = (”:”) ~ n* instead of g. By assumption y, < dy “FK, + st for any
v € Xoo(K). Letus take x, = nr.

By assumption, there exists¢ > 0 such thato (Y®<") < (1-¢) ( ) log 7 for every large enough

n. For sufficiently large 7 (resp. small 7) inequality (*) is thus fulfilled, whence again the conclusion
that the y;’s are algebraically dependent. O

2. APPROXIMATING FORMS
Assume that Y € K [[x]]” satisfies o(¥) < o0. Recall thatif y; = 2in Y™, then

o(Y) = lim 1 max log* [y,n|

m—eo m |n|<m

‘ p- 154
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Lemma 2.0.1. Leta be a positive integer, and let 7 € R*. Then there exists P = (po, . p#_l) €
Ok [x]#, with the following properties:

i) N:=degP < (i (1+ %));zx+0(zx), P#0,
ii) h(coef P) < 7ar(Y) + o(a),
iii) ordg P-Y 2 a.

Proof. We write p; = 3|, <n pin®™ Then condition iii) is the following linear system of (“+:_1)

equations in the /L( ”) unknown quantities Pin:

Z Yim =0 forll] <.

1

N+V) & and (“”71) ~ £ this system has a nonzero solution if N' ~ 1 1+ l) “afor |p.s6
V. ‘ll T

Since( S )~ 4

N+v
any 7 > 0. Furthermore, Siegel’s lemma gives such a solution in (9“;(( ’ ), with

) -
h ((Pi,ﬂ)l;ﬁ) < W b ()/z m)l I(i,r;.l.,i 1+ log‘u( ) ) + const. | < 7ac(Y) + o(x).

]

In the sequel, we denote by » the series P - ¥ = 3] p;y;. In case » # 0, we denote by 8 the order
of 7at 0. Let us consider some coefficient of 7 of order j:

1 9%
(2.0.1) == A

n! Ox*

with |z| = 4 such thaty # 0.

x=0

We have written z! for [17_, #;!,ifn = (n1,...,n,). Wehavey € K*. One finds easily the following
bound for the non-¥" part of the height of #:

(2.02) D" 10g" 7l < hnor v (coef P) + Bonoc 1 (Y) + 0(8).
vel”

3. A METHOD OF GELFOND

. biy . . . .
3. Let us write y;, = 7 as a quotient of two analytic functions, and let us put, in accordance
with the hypotheses of the main criterion and the previous lemma,

[ (2)
vo(2) = g (2) - Zpl( ())m(z)

=0

so that ¥, (z) is holomorphic in a neighbourhood of the polydisk ||g||v < %y, and

f @
Vo(2) =g (2) - eul2) - V( ())

/(2)
whenever |[=—
g(2)

v

subscript v is present to recall that there exists such a holomorphic function ¥, at every place of V.

< R,(Y). Moreover |g,(0)| > 1, and we can also assume that |¢,(0)| > 1. The
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‘ p- 157
3.2. Using the estimate for f;,, g, on ||g||v = x,, we obtain

(21)  loglvy(2)], < %Iog #(N : ) + Ny, + log max_ X (hio(2), €,(2)) + by(coef P).

.....

We now apply Cauchy’s integral formula in the polydisk Hg“v < %, to the holomorphic function
¥, whenov € Vi:

L) g
o o, T e g
Therefore:
(3.2.2) log | — a—ﬂ% < max log|%(z)| — |m| log x,.
m! aJ_Cm 5:9 ||z|| =Ky -

If v € V' N X, the same inequality holds (generalisation in several variables of IV 1.5.1).
For |m| = j, we find:

Z log

%
| m
vell m 6

SN D g+ hulcocf P) =8} log s + o(f)
v v

2=0
(3.23) ’

< by (coef P) +[@Z P (%’)V —log Ku) +0(8)
Vv

by using Lemma 2.0.1 (part i)).

for || = B, using

3.3. We now express 7 (or rather 7,(»)) in terms of the quantities - m, r')x’” ;h,

as well as g;,ﬁ vanish for |m| = f: because ENZ) e r(x) we find

the fact that (%—Q% o

-1
o0,
g PR 6x]1 ax]‘m !

=0

By our normalisation of g,, ¢,, gz at 0, the combination of last displayed formula and (3.2.3) gives: ‘ p. 158
1 0z
1 » <281 1
U;Ogm ﬁOgHZ il

(33-2)
< by (coef P) + 88

1
1+7\”
log » + ZV: o ( ‘uTT) —log KU)) + 0(p).
3.4. Using inequality (2.0.2), we can now conclude. Since 7 # 0, the “product formula” yields

0= loglsl,+ > loglsl,

vl vel”

1
logl/z +Z (}[v (1 +T) _logku) +7notV(Y)
7z “r

(3-4.1)

< h(coef P) + +0(f)
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while h(coef P) < zas(Y) + o(a).
Note thatif z = x, or /' C X, the term log »? arising in (3.3.2) can be omitted.
For « sufficiently large, these inequalities are in contradiction with the assumption (*) of the

main criterion, since 8 > «. Hence for some & € N, the linear form in yp, . . ., y,-1 with coefficients
in K (x) (not all 0) defined by 7 vanishes.

4. APPLICATION: THE ISOGENY THEOREM, AFTER CHUDNOVSKY

The “isogeny theorem” states that if two elliptic curves defined over Q have the same number of
points modulo “sufficiently many” primes, they are isogeneous over Q. This is a consequence of
Faltings’ solution of Tate’s conjecture, completed by the work of Serre [56, p. 196]. Building upon
their criterium of algebraicity D. V. and G. V. Chudnovsky have established a new and simple proof
of a result of this type [20], namely:

Theorem 4.0.x (Chudnovsky). Let £} and E; be two elliptic curves defined over Q, and let / (E;)
be the inverse of the area of a fundamental domain of the period lattice I'g, of E; with respect to a
Néron differential form on a minimal model of E; over Z, for 7 = 1, 2. If E; and E, have the same
number of points modulo each prime p < ¢, (H(E)H(E,))"™
Q.

Here £ denotes any positive number and ¢, is an effective constant depending only on .
Since a detailed exposition of this result already exists [49], we shall be very brief about the
proof.

Assume first that £} and E, have the same number of points modulo every prime. It then fol-

, then £ and E; are isogeneous over

lows from the theory of one-dimensional formal group that there is a commutative diagram

C/Ty, —— CP!

exp £y
" Tyez[[xz I
expf\z

C/Tg, —— CP!

7

(+2) c

where 71, r, are nonconstant rational functions on Ej, E>. Note thatx; = r; 0 exp (2), £ = 1,2,
1

is meromorphic (or order of growth 2). Since obviously sup & (1, Prevos y”) < 00, it follows from
Theorem 1.2.1 or 1.4.1 that y is algebraic over Q(x;), that is, there exists ¢ € Z[xj, x5] such that
q (71 O eXpy, 72 © expEz) = 0. This implies that £; and E; are isogeneous.

In the general case, one obtains y € Q[[x]] with good p-integrality properties only for p <
. (H(E)H(E,))™. The proof is carried over on building upon the following idea: in the course
of proving the criterium of rationality, we use only the 4 first coeflicients of y, for such a 8 that (3.4.1)
contradicts the growth assumption on the first coefficients of y; it remains to exhibit explicitly the
0(1)’s which appear in (3.4.1) respectively; see [49] for a detailed account.

EXERCISES

n
1) Show thato (L%) = co, as was announced in I 5.1. (Hint: show that & (1, Lil’ s (i) ) <

L
For the following exercises, recall from IV ex.2,3,4, the formalism of v-curvatures of a scalar
differential operator A in the Weyl algebra 4, (Ok).
2) Let 8 — G denote the matrix-valued differential operator of order one associated with A.

o (i) on using the successive derivatives of Lil)

Show that ||G[n] “U > |p|v[§] for all , if the v-curvature ¥, of A vanishes.

s

‘ p- 160
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3)

4)

5)

6)

Deduce that the size of a solution y € K[[x]] of A is finite if ¥, = 0 for almost every v, at
least if 0 is an ordinary point. Show moreover that & (1, Dreves y”) is bounded independently
from 7 in this case. (Do not use the Dwork—Robba theorem nor Frobenius structures ...)
Extend this to quotients of solutions.

Using the Dwork—Robba theorem, prove the following generalisation of ex.3: let A be a G-
operator of order ¢ in A1 (Ox) such that ¢,(A) = 0 for a set of places v which has Dirichlet

7(lyy")
log n =

density 9, and such that 0 is ordinary; then for any solution of A in K [[x]], lim

u(1 = 9). In particular, consider the G-operator (*) in 1.5, associated to an elliptic curve with
complex multiplication; show that its v-curvatures vanish for a set of places v of density 0 = %
(hint: see IV ex.s, and [47, appendix 2]).

(after Chudnovsky). Let M be a -module of rank 1 over an affine curve C defined over a
number field K; denoting by x a local parameter on C, M is given by a differential equation
%m = fm for some f € Oc¢. Prove the Grothendieck conjecture in this case, which
asserts that if M has nontrivial “rational” solution modulo almost every finite place v of X,
then M is solvable by means of algebraic functions. (Hint: first show that the hypothesis
implies the vanishing of almost every v-curvature of a differential equation A € 4;(O)
associated with the direct image of M on the x-line, on using IV ex.3. Remark thata solution

of M is given by ol f 4 and deduce that Y =exp (Z}’zl / Y f dx) € K|[x,...,x,]] satisfies
g 2
n—oo 10g”

Deduce from ex.s that any rank-one module with connection arising from geometry becomes

= 0. Choose » as in Remark 1.2.4.)

trivial over an étale finite covering of the base, at least if the base is a curve defined over Q;
compare with ITex.1. (Hint: use the fact that connections arising from geometry are “globally
nilpotent”, see [40] or V, appendix.)

‘ p- 161
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Chapter IX Towards Grothendieck’s conjecture on periods of
algebraic manifolds

_ p. 163
Let Q denote from now onwards the algebraic closure of Q in C. The Grothendieck conjecture ‘

predicts that polynomial relations with coefficients in Q among the periods of an (algebraic) pro-

jective manifold X defined over Qis determined by the Hodge cycles on the powers ofX@ (or by the
algebraic cycles, in the strongest version). Building upon methods of Chapter VII and of variation
of Hodge structure, we give a partial answer to this conjecture in general setting (§s).

1. PERIODS
2. HODGE CYCLES AND PERIOD RELATIONS
3. PERIOD RELATIONS: THE RELATIVE CASE
4. PER1ODS AND G-FUNCTIONS
5. CONCLUSION

APPENDIX: SPECIAL MUMFORD-TATE GROUPS AND ABSOLUTE HODGE
CYCLES

107



Chapter X Endomorphisms in the fibres of an abelian pencil

1. INTRODUCTION: DISTRIBUTION OF THE EXCEPTIONAL FIBRES
2. PERIOD RELATIONS ON EXCEPTIONAL FIBRES
3. CONSTRUCTING NONTRIVIAL GLOBAL RELATIONS
4. SPECIAL POINTS ON SHIMURA VARIETIES AND OTHER COMMENTS

APPENDIX: A NEW PROOF OF THE TRANSCENDENCE OF 7
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