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I. INTRODUCTION AND EXAMPLES

A complex manifold is a paracompact Hausdorft space which has a covering
by neighbourhoods each homeomorphic to an open set in the 7-dimensional
complex number space such that where two neighbourhoods overlap thelocal co-
ordinates transform by a complex analytic transformation. That is, if 2, .., 2
are local coordinates in one such neighbourhood and if wh ..., w™ are local co-
ordinates in another neighbourhood, then where they are both defined, we have

w' = w' (2',...,2"), where each w' is a holomorphic (or analytic) function of

o(uhn)

the z’s and the functional determinant — ) m)

We will give some examples of complex manlfolds

r.1. Example. The complex number space C,, whose points are the ordered -

tuples of complex numbers (zl, ey zm). C, is called the gaussian plane.

1.2. Example. The complex projective space P,,. To define it, take C,,4; — 0,
where 0 is the point (0,..., 0), and identify those points (zo, ..., zm) which
differ from each other by a factor. The resulting quotient space is IP,,. It can be
covered by 7 + 1 open sets U, defined respectively by 2 # 0,0 < 7 < m. In

k
U; we have the local coordinates ;(* = k= z— ,0< k < m, k # 1. The transition of

local coordinates in U; N U, J; is given by ]Z h = ; ,0 < h <m,b # j,which are
holomorphic functions. In partlcular, PPy is the Riemann sphere.

By assigning to a point of C,,41 — 0 the point it defines in the quotient space,
we get a natural projection ¢ : C,,,41 — 0 — P,,, for which the inverse image of
each pointis C* = C; —0. This relationship is the first example of the important
notion of a holomorphic line bundle and it is justified to enter into some detail.

In fact, in ¢! (U;) we can use instead of the coordinates (2°, .. ., 2) the coordin-

ates /7 = z—f, 0 < h < m, b # i,and 2. This has the advantage of expressing
clearly the fact that 7 1(U;) is a product U; x C*, 2’ being the fibre coordinate

(relative to Uy). In 1 (U; N U; /), the fibre coordinates 2’ and #/, relative to U;
and U, respectlvely, are related by

7

d = = =
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Thus the change of fibre coordinates is expressed by the multiplication of a
nonzero holomorphic function. The general notion of a holomorphic line
bundle, which generalises this example, plays a central role in complex manifolds.

To a point p € P,, the coordinates of a point of ¥ (p) are called its homo-
geneous coordinates. They can be normalised so that

(r1) Z =1

Equation (.1) defines a sphere S**! of real dimension 2. + 1.The restriction of

¥ gives the mapping ¢ : S*"*! — P, under which the inverse image of each
point is a circle. This is called the Hopf fibring of S 2m+l,
Further examples are obtained from submanifolds of P,, and quotient mani-

folds of C,,,.

1.3. Example. Nonsingular submanifolds of P,,, in particular, the nonsingular

hyperquadric
(r.2) )+ + (> =0.

By a theorem of Chow, every compact submanifold embedded in P,, is an al-
gebraic variety, i.e. it is the locus defined by a finite number of homogeneous
polynomial equations [3s, p. 170].

It will not be significant to consider compact submanifolds of C,,, because of

the:
Theorem 1(A). A connected compact submanifold of C,, is a point.

The proof makes use of the lemma: Let / be a holomorphic function on a
complex manifold A1. Suppose py € M is a point such that |/ (p)| < lf(po)| for
all p in a neighbourhood of pg. Then £ (p) = f(po) in a neighbourhood of py.

For one variable this follows from the maximum modulus principle. The case
of m variables follows from the consideration of the lines through po and the
application of the one variable case to these lines.

Now let M be a connected compact submanifold of C,,. Each coordinate of
C, is aholomorphic function on A1. By the lemma, it must be constant on every
connected component of M. Since M is connected, M is a point.

However, various significant examples arise from the quotient manifolds of

Cu.

1.4. Example. LetI" be the discontinuous group generated by 2 translations
of C,,, which are linearly independent over the reals. Then C,,/I" is called the
complex torus. If a complex torus can be embedded as a nonsingular submanifold
of a projective space of sufficiently high dimension, it is called an abelian variety.

Let A be the discontinuous group generated by Z — 2261 < k < m. The
quotient manifold (C,, —0) /A s called the Hopf manifold. It is homeomorphic
to S x §2771,

p-3
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Consider C3 to be the group of all matrices

1 21 22
(1.3) 0 1 =23
0 0 1

Let D be the discrete subgroup consisting of those matrices for which 21, 22, 23
are gaussian integers (i.e. 2 = my, + inp, 1 < k < 3 where my, 7, are rational
integers). Then C3/D is called an fwasawa manifold. Its fundamental group is
isomorphic to D, and hence is not abelian.

5. Example. An orientable surface is a complex manifold (of dimension one).
We suppose the surface to be C* and define on it a positive definite riemannian
metric. By the theorem of Korn-Lichtenstein there exist local isothermal para-
meters x;, y so that locally the metric can be written

(L4) d? = 2% (d? + dy?), 2> 0

ords® = 12dzdz, wherez = x + 7y, the orientation of the manifold being defined
by ddx A dy = %dz A dz. If w is another local coordinate we will have

ds? = 1%dzdz = /,czdw dw
because ds? is globally defined. It follows that dw is a multiple of dz or dz. If we
assume that the complex coordinates z and w define the same orientation, then
dw must be a multiple of dz. This means that w is a holomorphic function of z,

and the surface becomes a complex manifold.
A one-dimensional complex manifold is called a Riemann surface.

1.6. Example (Calabi-Eckmann). Let.Sand.S” be spheres of dimensions 2p +1
and 2g+1 respectively, p, ¢ > 0. By the Hopf fibring in Ex. 1.2 we have a fibration

7:SxS —P,xP,
with fibre a two (real) dimensional torus. Since both the base space and the fibre

are complex manifolds, we would expect that the total space could be given a
complex structure. This we will prove to be the case as follows:

Let S be the set of all points z = (zo, ..., 2") such that ZOSIeSp #ZF =1,and S
be the set of all points 2’ = (z’o, ey z"f) such that ZOS]Sq 277 = 1. We define

V/ejz{(z,z')eSxS’:szVJEO,OSkSP,OSqu}.

Then the sets V; form an open covering of § X .S”. Let 7 be a complex number
such that Im(7) # 0. In V}; we introduce the following complex coordinates

h 4
” kwb:z—k,jw'gzg,bile,€¢j,0§b§p,0$€§q,
L§

1 .
L = oy (logzk + Tlogz’f) :

where#;;is defined mod 1 and 7. Thus #;; defines a point on the torus 7{y ) which
is the quotient of C by the translations 1 and z. In this way we have p + ¢ + 1
coordinates in V; and these definea map Vy; — C,1, X T(1,7). We show that this

o

p-s



COMPLEX AND HERMITIAN STRUCTURES ON A VECTOR SPACE 5

map is a homeomorphism. It suffices to show that o, jw’ ¢and t; determine the
2’s and 2”’s uniquely. Now

h=h
bh —b yard 1
Ekﬂ)kw:g—_—IZ—z—L
btk ) #7 |Zk|

) |z/€ | is determined. Similarly, |z’f| is determined. By the second equation of
(r.5) we have

1
By = =—

(log zk’ + 7log |z'j| +7arg &+ i arg z'f') ,  mod(l, 7).
Hence arg 2, arg 2 are determined mod 27. The other z’s and 2”’s are then
determined by the first equations of (r.5). This proves that our map is a homeo-
morphism.

In Vy; N Vs we have

Y

b ‘
W = 134 W= i
7 - ker K -

and

1
by =ty + - (log w0+ Tlog]-w”) ,  mod(l, 7)

where we set ;¥ = 1and jw? = 1. Hence we have defined a complex structure
on S x S’ with the zw”, ]_w/f’ t4; as local coordinates in V.

2. COMPLEX AND HERMITIAN STRUCTURES ON A VECTOR SPACE

Let 7 be a real vector space of dimension 7. V" is said to have a complex struc-
ture if there exists a linear endomorphism/ : /' — V/, such that/ 2 = —1, where
1 denotes the identity endomorphism. An eigenvalue of / is a complex number
A such that the equation /x = Ax has a nonzero solution x € V. Applying / to
this equation, we get

—x = J%x = Jx = 2%
It follows that 1> = —1 or A = =+7. Since the complex eigenvalues occur in
conjugate pairs, it follows that 77 must be of even dimension » = 2m. The
following relations are immediately verified:

(2.1) J-D(J+i) =+ -7 =0.

Let V™ be the dual space of V, i.c., the space of all real-valued linear functions
over V. We denote the pairing of /" and V™ by <x, y*), x € V,y* € V", so that
this function is R-linear in each of the arguments. Alternatively, we also write
y(x) = <x, y*). In addition to V* we consider V* ® C, i.e., the space of all
complex-valued R-linear functions over . Then V'* ® C is a complex vector

space of complex dimension 7. An element f € V™ ® C is said to be of type
(1, 0) (respectively (0, 1)) if

(2.2) fUx) = if (x) (resp. f(Jx) = —=if (x)), x€ V.

p-7
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Lete¢™,1 < o < n, be a basis of *. Consider the functions

(23) A(x) ={( + )% ™) = (5, ) + 1 (x,c).

Since —7 is an eigenvalue of / of multiplicity 7, exactly m of these functions are
linearly independent with respect to C. It can be immediately verified that 1%(x)
are of type (1, 0), and their complex conjugates

(23) 2 (%) = ((J = D) €
are of type (0, 1).

Suppose our basis ¢** is so chosen that 24(x),1 < k < m, are linearly inde-
pendent with respect to C. We split them into the real and imaginary parts:

(2.4) 22 (x) = 5 (x) + 27 (x).

We wish to show that 1% (x), 17%(x),1 < k < m, are linearly independent with
respect to R. In fact, suppose that

Z % (x) + Z sy =0, xeV
k k

where 73, 51, € R. This relation can be written as

N -2 @) + > (i) T () =0
k k

—k
Replacing x by /x and using the fact that 2¥(x) and A (x) are of types (1, 0) and
(0, 1) respectively, we get

S - i) @) = Y e+ i) T () =0
k k
Adding these two equations, we find

> e —is) 2(x) =0,

which gives 7, — 75, = 0, and hence 7, = 5, = 0, since 2*(x) are linearly inde-
pendent over C.
Using the exterior algebra A (7* ® C), we can express the fact proved above

by

i' " k_/e_ th 1k
(2.5) (2) Ap M0 _Oz 27 0.

It follows from (2..5) that 2%, j/e are linearly independent over C and that * ® C
is a direct sum of Ve @ V¢, where Ve (reps. 7@) is the space of all elements
of '* ® C of type (1, 0) (resp. (0,1)). Conversely, a direct sum decomposition
of I'* ® C over C into two subspaces, complex conjugate to each other, defines
a complex structure on V, if the subspaces are defined to be consisting of the
elements of types (1, 0) and (0, 1) respectively. This follows from the fact that
when x is given the equations in (2.2) determine the values of the elements of
V* ® C at Jx, whereby /x is determined.
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As an example, let ¢y, ¢,,,4 be a dual basis of A” k A% so that
(2.6) Hep) = epan) =0F, 1<h k<m,

all other pairings being zero. This can be written
1
(2.6a) H(ep) = =2K(epup) = OF.
i
On the other hand, we have p.9

2F () = DF(x) = =2 (x) + iV* (%),

from which it follows that

1
(27) 2 (Jer) = ~25(Jemss) = i3,
Comparing (2.6a) and (2.7), we get

(2.8) Jeb = mihs  Jemsh = —€p

The elements A* form a basis of V¢ over C. Under a change of basis the real-
valued 2m-form in (2.5) will be multiplied by a positive factor. Hence the com-
plex structure / in ¥ defines an orientation of V.

If/ defines a complex structurein V7, —/ does too. The two complex structures
are said to be conjugate to each other. A form of type (1, 0) (resp. type (0, 1)) in
the structure / is a form of type (0, 1) (resp. (1, 0)) in the structure —/ and vice
versa.

Suppose V" is provided with a complex structure /. An hermitian structure in
V" is a complex-valued function H(x, y), x, y € V, which satisfies the following
conditions:

(1) H (A + Aaxa,y) = MH (x1,9) + AoH (x2,9), %1, %2,y € V, A, Az € Ry

(2) H(xy) = H(y x);

(3) H(xy) = iH(x ).
In view of (2), (3) is equivalent to the following:

(3)) H(xJy) = —iH (x, y).
We split A (x, y) into its real and imaginary parts: p.10
(2.9) H(xy) = F(xy) +G(x ).

Then (2) is equivalent to

(2.10) Fs)) = F(nx),  G(x)) = ~G(n %),

and (3) is equivalent to

(2.11) F(xy) = G(Jxy), orG(xy) =—-F(xy).

Thus H (x, y) defines a pair of real-valued bilinear functions, of which one is sym-
metric and the other antisymmetric, which are related to each other by (2.11).
Either one of these functions, together with /, determines H (x, y).

The hermitian scalar product H (x; y) is called positive definite if the corres-
ponding real-valued symmetric bilinear function F(x, y) is positive definite.
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It is known that the space A?(V*) of exterior forms of degree two is iso-
morphic to the space of all antisymmetric bilinear functions over /. The iso-
morphism is established by the fact that it is a vector space isomorphism and that
for & y € V" the bilinear function corresponding to £ A 7 is

Gr)  EApE) =5 {E@I0) ~ £y}, wye V.

By means of this isomorphism there is an exterior form A of degree two corres-

ponding to the function —1 G(x, ). H is called the Kiihler “form of the hermitian
structure.

We wish to express H («; y) in terms of the basis 2K of V. For this purpose
let

(23)  x= ) e y= e 1<af<2m1<kj<m.
Then we have “ ﬁ |pn
Hesp =t (Z (e + 7%k, ) s (Z (e + 24 ,y)
=3 (kk + 2" H(ew, ) k
- Zk] (i + ) (f = 17") H(ew )
8
; (07 () H (et ).

It follows that we can write

(2.14) H= Z h/ejl/e ® 7
kj

where

(2.15) hyi = H(ep €) = Z]/e

To find the expression for the Kihler form H, we derive from (2.9)
(G = {H(5y) - Hsy)]
=2 ;J by @7 0) -7 920}
By (2.12) it follows that

77 k
(2.16) H=> ; b2t AT,
5
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If a real vector space has a complex structure and in addition to it an hermitian
structure, the exterior algebra has rich properties. In particular, a complex-
valued exterior form, i.e., an element of the exterior algebra A (7 ® C), is said
to be of type (p, 9), if it is a sum of terms each of which contains p factors A* and

—=h
g factors A . A form of degree 7 can be written uniquely as a sum

(2.17) a= Z gy (p» ) mutually distinct,
prq=r

where a,, is of type (p, ). The latter will also be denoted by
(2..18) apq = Hpqﬂl,

whereby the operators I1,, are defined.
Another operator, which we will denote by L, is defined by

(2.19) La=HAa

L is a real operator in the sense that it maps a real-valued form into a real-valued
form. This operator L plays an important role in Hodge’s work on transcend-
ental methods in algebraic geometry.

3. ALMOST COMPLEX MANIFOLDS; INTEGRABILITY CONDITIONS

Let M be a C*° manifold of dimension 7. To a point x € M we will denote
by T and T} the tangent and cotangent spaces respectively. An almost complex
structure on M is a C*™ field of endomorphisms J,, : T, — Ty, such that ]x2 =
—1,,, where 1, denotes the identity endomorphism in 7.

A manifold which is given an almost complex structure is called a/most com-
plex. Not all manifolds have this property. In fact, from the discussions in §2
follows the:

Theorem 3(A). An almost complex manifold is even-dimensional and orient-

able.

Remark. This condition is not sufficient for a manifold to have an almost com-
plex structure. For instance, it was proved by Ehresmann and Hopf that the
4-sphere S* cannot be given an almost complex structure [s3, p. 217].

Alternatively, an almost complex structure can be defined by the space 4 of

its complex-valued C* forms of type (1, 0). If A denotes the space consisting of
forms which are conjugate complex to those of A4, then at every x € M we have
the direct sum decomposition

(3.1) T ®C=Ad, &4,

where A, (resp. A,)is the space of the forms of A (resp. A) atx.
To establish the relation between the definitions letx*,1 < «, 8 < 7, be alocal
coordinate system. Then a basis in the tangent space 7, is given by % and its

p- 12
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dual basis 77" consists of the differential forms dx’. The endomorphism /. will
be defined by

(3.2) Jx (Z fﬂﬁix"‘) = Z 42%(9%.

af
The condition that /2 = —1, is expressed by
(33) ozza‘ﬁ = —9;‘, 1<aBy<n
8

At each pointx € M the discussions of §2 and we see that the forms
(3.4) Zﬁ: (az + 152‘) dx’

are of type (1, 0). They are # in number and exactly 7 = % of them are linearly
independent over the ring of complex-valued C* functions (cf. (2.3)). (The situ-
ation being local, we restrict ourselves to a sufficiently small neighbourhood. As
all our functions are C* unless otherwise specified, we will later on frequently
omit the adjective “C*”.)

Proposition 3(B). A complex manifold has an almost complex structure.

In fact, the complex-valued 1-forms which, in terms of the local coordinates
2F,1 < k < m, are linear combinations of dz*, are well-defined in a complex
manifold M. These we define to be the forms of type (1, 0). Since

(%) Ap def A d2F # 0,

we have defined an almost complex structure on .
To describe / in terms of the local coordinates 2* let

(3-5) &=+ z'yk.

Then we have, using the fact that dz* is of type (1, 0),
0 0
dzk — | = é\k dzk -— | = '9.%,
@ |55)=% @ {55)=3

o\ . 9 ,
(d2") (]@) =i, (d) (]a—y/.) =3, 1<jk<m
It follows that
o\ o ) )
. o) ap lag) =5

The question arises whether this is the only way to get an almost complex man-
ifold, i.e., whether every almost complex manifold is complex. This is the case
for » = 2, but not in general. The question is whether local coordinates ok, yk,

1 < k < m = %, can be introduced such that, if 2F are defined by (3.5), the forms

p-14
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of type (1, 0) are linear combinations of dz*. Suppose the almost complex struc-
ture is locally defined by the forms 6 of type (1, 0) which are linearly independ-
ent (over the ring of complex-valued C* functions). Their exterior derivatives
can be written

1 ; o=t 1 - =t
e 1 k ¢ 3 1 k
(7)  do _ZE A9 NG+ Y B G +2§. Chd NG

where Ajkfg, lef"é,, C} .k[ are complex-valued functions satisfying
(3.8) Ay + A, =Co+ Cp=0, 1<jkl<m
The condition

(3-9) d¢* =0, mod¥

remains invariant under a linear transformation of the 8*. It is satisfied if 6% =
dz*. Thus it is a necessary condition for an almost complex structure to arise
from a complex structure. We will call (3.9) the integrability condition. By (3.7)
it can also be written

(3.92) Cfg =0.

Before proceeding, we will express the integrability condition in terms of the
tensor field az which defines the endomorphism /. Suppose that our Greek in-

dices range from 1 to 7:
(3.10) 1<aBylupo<n
Then we have:

Proposition 3(C) (Eckmann-Frolicher). Let

; 842‘ 84“

Yy T TN T Gy axﬂ

(3.11)
Toy = Z (%‘/ “WZ)
P
The integrability condition of the almost complex structure defined by the tensor
field 4% s is tﬁ =0.

Since the forms of type (1, 0) are linear combinations of those in (3.4), the
integrability condition can be expressed by

Zdﬂ“/\dx‘g_o modZ( + i3] dif,
Z ézz},dx*g Adx” =0, modZ (az + zé\i) dat.
A

Ly

or

p-Is

‘p. 16
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If we equate to zero the forms in (3.4), a fundamental system of solutions of the
resulting linear equations in dx® can be selected from az - 1'5; (cf. (2.1)). The
condition above can therefore be written

Z ﬂz}/ (ﬂ‘i - zé‘f) (ﬂZ - 1'3/7:) =0.

By
Equating to zero either the real or the imaginary part of this equation, we get
% =0.
By

Remark. It can be verified that tzy are the components of a tensor field.

The integrability condition is identically satisfied when 7 = 2, as can be seen
from (3.9a). For n > 4 the condition is clearly nontrivial. An almost complex
structure satisfying the integrability condition is called integrable, otherwise non-
integrable. An almost complex manifold of dimension > 4 always has a nonin-
tegrable almost complex structure, for even if the given one is integrable, it can
be perturbed slightly to give a nonintegrable one.

A significant example of an almost complex manifold is the 6-sphere § ¢ From
the theory of Lie groups it is known that .S ¢ can be considered as a coset space
G, /SU(3), where G is the exceptional simple Lie group of 14 dimensions and
SU(3) is the special unitary group in three variables. From the definition of
G, and its structure equations one sees immediately that S' ¢ hasa nonintegrable
almost complex structure.

Suppose that we have an integrable almost complex structure. The condition
(3.9) suggests us to apply the theorem of Frobenius on completely integrable dif-
ferential systems. Since the forms are complex-valued, it will be necessary to sup-
pose that the almost complex structure is real analytic, i.., that the functions ag
are real analytic. Under this hypothesis it follows from Frobenius’s theorem that
there exist complex local coordinates Z* such that the forms of type (1, 0) are lin-
ear combinations of dz%. In a neighbourhood where two such local coordinate
systems 2¥ and o/ are both valid du/ are linear combinations of dz*, which im-
plies that &/ are holomorphic functions of z¥. Thus the manifold has a complex
structure.

This theorem that a complex structure can be introduced in a manifold with
an integrable almost complex structure is also true if the latter is C* or satisfies
even weaker smoothness conditions. This was first proved by A. Newlander and
L. Nirenberg [s0]. Subsequent proofs were given by A. Nijenhuis and W. B.
Woolf, J. Kohn and L. Hérmander. These proofs are rather difficult. The case
n = 2 is a classical theorem of Korn and Lichtenstein which asserts that a two-
dimensional riemannian metric of class C** (0 < « < 1) is locally conformal to a
flat metric. Even the proof of the Korn-Lichtenstein theorem is not simple [21].

Thus we see that integrable almost complex structures and complex structures
are essentially identical. In some of the problems it is not necessary to make use
of the local complex coordinates 2*, and the Newlander—Nirenberg theorem will
not be needed. But we will not insist on this point.

p-17
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The integrability condition (3.9) or %’ = 0(by 3(C))is a criterion for deciding
whether a given almost complex structure is integrable. It gives no information
on the problem whether an almost complex manifold can be given a complex
structure, whose underlying almost complex structure may be different from the
given one. Recently van de Ven gave examples of compact four-dimensional al-
most complex manifolds which do not have any complex structure; his proof
makes use of the Atiyah-Singer index theorem [57]. It is an outstanding prob-
lem whether S¢ can have a complex structure.

Let M be an almost complex manifold of dimension » = 2. All complex-
valued C* forms of type (p, g) constitute a module 4, over the ring of complex-
valued C* functions. The following properties are easily verified:

(1) Ifa € Ay, thena € 4.
(2) Ifa e qu,ﬂ € Ay, thena Af € Aprrgis-

(3) dqu C Aprog-1 + Aprrg + Apgr1 + Ap-1,442-
(4) 4pg = 0ifporg > m.

From (3) we define, for « € 4,,, the operators
(3.12) Oa =Tpuy,de, Oz =1, 0 de
If the almost complex structure is integrable, (3) becomes
(3) ddy, C Apr1g + Apgr1s
as follows immediately from (3.7). We can then write
(3.13) d=4d+0.
Since d* = 0, we get

9 +30+30+9 =0.
Equating to zero the terms of different types, we find
(3.14) 8> =00+00=9 =0
The last condition gives rise to the following form of the integrability condition:

Proposition 3(D). An almost complex structure is integrable if and only if
d =0.

-2
It remains to prove that the integrability condition is satisfied if @ = 0. In
fact, let F be a complex-valued C* function. We write

dF = Zkl F/e&k + ; G/egk.

Then we have

OF = Z Ef4, OF = Z GF,
k k

p-18
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and
8°F = Tp,ddF = Ty,d(3 — d)F = —T1y,ddF
)
= - > FCiE A,
ikl
Since this expression is zero for any F, we get C} /; = 0, which is the integrability
condition (3.9a).
From now on suppose M is a complex manifold. A form« € Apy is called

d-closed if dz = 0. Let Cy4 be the space of d-closed forms of type (, 4). The

quotient groups

(3.15) Dypg(M) = Cpy[0dp 41
are called the Dolbeault groups of M.

The Dolbeault groups are analogous to the de Rham groups of a real mani-
fold, whose definitions we recall as follows: Let 4, be the space of real-valued
C®* forms of degree 7, and C; be the subspace of the forms of 4, which are anni-

hilated by d. Then the de Rham groups are
(3'16) RV(M) = Cr/d-Ar—l-

Both the de Rham groups and the Dolbeault groups are isomorphic to co-
homology groups with coefficient sheaves, which will be treated in §4. Before
concluding this section, we will prove an important lemma:

Lemma 3(E) (Dolbeault—Grothendieck). In the number space C,, with the co-
ordinates 2%, 1 < k£ < m, let D be the polydisc |zk| < 7%, and let I’ be the smaller
polydisc [2*| < 7, 7"* < #*. Let a be a form of type (p, ), ¢ > 1, in D such that
Oz = 0. There exists a form 8 of type (p, ¢ — 1) in D such that 5[8 =ainD'.

We consider first a special case of this lemma, i.e.,, m = 1, (p,¢) = (0,1). We
write z for z!. Then
a = f(2)dz,
where f(z) is a complex-valued C* function. The form £ sought is a function
which satisfies the partial differential equation

of

(3.17) 3_§ =f(z),
where

o 1(0 0 ,
(3.18) 8_525(&4-18_)/)’ 2 =x+1y.

We note that if the equation (3.17) is split into its real and imaginary parts we get
an elliptic system of two equations of the first order in two independent and two
dependent variables.

Letz, { € D and regard z to be fixed. We have the relation

()58

7=z

p- 20
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Suppose z € D' and let A, be a disc of radius ¢ about 2, ¢ being sufficiently small.

Applying Stokes’ theorem to the domain D' — A,, we get p. 21
/ B(ds /B(Z)dz Brdl ndf
T2 o L7

The second integral at the left-hand 51de tends to 2773(z) as ¢ — 0. We have
therefore the generalised Cauchy integral formula

d Beds A dZ
(3.19) 27if(z) = /(; ’ f_i + . —:f -

Taking the conjugate complex of this equation and replacingﬁ by 8, we have also

T B L S
(3.192) 27iB(z) = o> 73 /, = .
Equation (3.19) shows that if (3.17) has a solution (z), it is given by
dz A d?
(3.20) 22 = | ’% +¢(2)

where ¢(z) is a holomorphic function. It remains to verify that the function in
(3.20) satisfies the equation (3.17).
For this purpose we consider the relation

d {f(() log |£ — zlzdf} = frlog | —=*dZ A dZ + %d{ AdZ,

and apply Stokes’ theorem to the domain D' — A,. Ase — 0, the integral
[ r@ogle - <2
0A,

tends to zero, because, if | ({’)| < B, we have p.22

[ rernogle —oz
IA,

< 47Beloge.

We have therefore
/ F©O)logl¢ - 2d - / Floglf — oPdf A dE
oD’

L) 4r n dF = 2m8(2) - g,
b Tz

by (3.20). Differentiating under the integral sign with respect to z, we get
- ds A d7 d
{(z)df+/]%{ Z—Zz—[g
oD’ ;’ _ E ’ [ _ 2 (92
This differentiation can be justified, essentially because the resulting integrals ex-

ist. By (3.19a) (with 8 replaced by /) we see that the function 4(z) in (3.20) satisfies
the equation (3.17).
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It is important to remark that the proof shows that if the function f(z) is
holomorphic in some complex parameters, the same is true for the solution .

To prove the general case we introduce the hypothesis (£7;) :  does not con-
tain d7/*, ..., dz”". We shall prove that if the lemma is true with the additional
hypothesis (#;-1), it is true with the additional hypothesis (#;). Under the hy-
pothesis (H)), we have 2 = 0, and the lemma is true. On the other hand, the
hypothesis (/,,) is empty. Thus the above induction statement will imply the
lemma.

Suppose therefore that the lemma is true with the additional hypothesis
(Hj-1). If 2 does not involve dz*,..., 2", we write

a= (dE] A 2.) + 1
where A and g are forms of types (p, 4 — 1) and (p, g) respectively and do not

contain d7,...,dz”. Since dz = O, their coefficients are holomorphic in
AR By the special case proved above, we can find a form 1" of type
(p, g — 1) which satisfies the equation

0
T}V = l
07
in D" and whose coefficients are holomorphic in F1 ..., 2" here the operator
07
(say) does not contain d#/, ..., dz", and

9 means the operator applied to each of the coeflicients. Then OV —dd AL =

a=0) +u—

Since da = 0, we have 5(‘u —v) = 0. But z — » does not contain dz,...,dz",
so that, by our induction hypothesis we can find a form p of type (p, 4 — 1) in D
satisfying

u—v= gﬁ in D'

Thusa = d(X + p) and the induction is complete.

4. SHEAVES AND COHOMOLOGY

Sheaf theory is a basic tool in the study of complex manifolds. We will review
its main ideas and the cohomology theory built on it. For details cf. [35] or [30].

Let M be a topological space. A sheaf of abelian groups is a topological space
S together with mapping 7z : & — A, such that the following conditions are
satisfied:

(1) 7 is alocal homeomorphism;

(2) foreach point x € M the set 77! (x) (called the stalk over x) has the struc-
ture of an abelian group;

(3) the group operations are continuous in the topology of S.

Let U be an open set of M. A section of the sheaf S over U is a continuous
mapping f : U — &, such that 7 o f = identity. The set I'(U, S) of all the
sections over U forms an abelian group, forif £, ¢ € I'(U, §), we can define f — ¢

p-23
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by (f — ¢)(x) = f(x) — g(x),x € U. The zero of the group I'(U, §) is the zero
section which assigns the zero of the stalk 77 (x) to every x € U.

If V" is an open subset of U, there is a homomorphism oy : T'(U, S) —
I'(V, S) defined by restriction. These conditions motivate the following defini-
tion:

A presheaf of abelian groups over M consists of:

(1) abasis for the open sets of A4;

(2) an abelian group Sy assigned to each open set U of the basis; and

(3) ahomomorphism ppy : Sy — Sy associated to each inclusion V' C U,
such that ppypyy = ppy whenever W C V' C U.

From the presheaf one can construct the sheaf by a limit process.
Suppose now that A is a complex manifold. The following sheaves will play
an important role in future discussions:

(1) the sheaf A, of germs of complex-valued C* forms of type (p,4). In
particular, we will write A = Ao, the sheaf of germs of complex-valued
C® functions.

(2) the sheaf Cy,; of germs of complex valued C* forms of type (p, g), which

are closed under 8. We write O = Cyy, the sheaf of germs of holomorphic
functions. For complex manifolds this is the most important sheaf.

(3) the sheat O* of germs of holomorphic functions which vanish nowhere.
Here the group operation is the multiplication of germs of holomorphic
functions.

A section of the sheaf A, is a form of type (p, ), etc. Thus, in the notation of
§3,

(4.1) Apg =T(M, Apy),  Cpy =T(M,Cpp), et

Let
7:S—>M, :T—->M

be two sheaves of abelian groups over the same space M. A sheaf mapping ¢ :
S — 7T is a continuous mapping such that 7 = 7 o @, i.c., a mapping which
preserves the stalks: ¢(77(x)) € 771 (x). ¢ is called a sheaf homomorphism if its
restriction to every stalk is a homomorphism of the groups.

If Q@ — M is a third sheaf over A4, the sequence of sheaves

(4.2) 0—>5—i>7'i>Q—>0

connected by homomorphisms is called an exact sequence if at each stage the
kernel of one homomorphism is identical to the image of the preceding homo-
morphism. We describe this by saying that S is a subsheaf of T and Q is the
guotient sheaf of T by S.

It follows from the Dolbeault—Grothendieck lemma proved in §3 that the se-
quence

i 0
(4-3) 0— Cpg—= Apg = Cpge1 = 0

‘p. 25
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is exact. Here 7 is the inclusion homomorphism and O is the homomorphism on
sheaves induced by the 5—operator. The Dolbeault-Grothendieck lemma says
that 8 is onto; the exactness of the sequence at the other stages is obvious.

To develop the cohomology theory with a coefficient sheaf we suppose that
M is a paracompact Hausdorff space. Let U = {U;} be a locally finite open
covering of M. The nerve N (U) of the covering U is a simplicial complex whose
vertices are the members Uj; of the covering such that U, Uy, ..., U,-q span a g-
dimensional simplex if and only if the intersection U,y N U; N --- N Ul'q * Q.
Let 7w : & — M be a sheaf of abelian groups over M. A g-cochain of N (U)
with coeflicients in the sheaf S is a function f which associates to each g-simplex
o= UyU; - U, € NU)asection f (o) € T'(U;, N--- N U, S). Since the
set of sections is an abelian group, the set of all g-cochains form an abelian group
C1(N(U),S).

A coboundary operator
9y : C1(N(U), S) — CTY(NU), S)
is defined as follows: if f € C1(N(U),S) ando = Up - - Uyy1, then Jf €
CT (N (U), S) has for 7 the value
g+l
(44) (3f)(@) = Y (~Wpef Vo UpraUpsa -+ Upw),
7=0

where po denotes the restriction of the sections to the open set Uy N -+ - N Uy
It is immediately verified that

(4.5) 5q+154 =0, ¢g=0.

The kernel of d, is called the group of all g-cocycles and will be denoted by
Z1(N(U), S). The image of 9, is called the group of all g-coboundaries and
will be denoted by B7(N (), S). As a consequence of (4.5), a g-coboundary is

a g-cocycle, and the quotient group
(46)  HINU),S) = Z1(NU),S)/BI(NU),S), B’ =0,
is called the g-th cobomology group of the nerve N (U) with the coefficient sheaf'S.

The zeroth cohomology group has the simple interpretation:
(4.7) HY(NU),S) =T(M,S).

By a standard process initiated by Cech, one can pass from the cohomology
groups H7(N (U), S) relative to all the locally finite open coverings U of M, to
the cohomology groups H7(M, S), g > 0, of the space M itself.

Let7 : & — M be a sheaf of abelian groups over M and letf = {U;} be a
locally finite open covering of M. A partition of unity of the sheaf S subordinate
to the covering U is a collection of sheaf homomorphisms 7, : S — S with the
properties:

(1) #; is the zero map in an open neighbourhood of M — Uj;
(2) 2;7: = 1, the latter being the identity mapping of the sheaf S.

‘p. 26
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A sheaf' S of abelian groups is fzze if it admits a partition of unity subordinate
to any locally finite open covering.

Examples of fine sheaves are 'AM' Examples of sheaves which are generally not
fine include:

(1) the constant sheaf;
(2) the sheaf Cy,.

Fine sheaves play a catalytic role in the cohomology theory of sheaves, because of
the theorem:

If S is fine, then H7(M, S) = 0,9 > 1.

A sheaf homomorphism 7 : § — T induces a homomorphism I'(U, §) —
I'(U, T) for every open set U of M, and hence a homomorphism

1:CI(NU),S) - CI(NU), T).
This leads to an induced homomorphism
1 HI(M,S) - HI(M,T), qg=>0.
As a result of the exact sequence (4.2) we wish to describe a homomorphism |, 28
o7 - H1(M, Q) — H'"\(M, S)

and to connect the homomorphisms into a long exact sequence. The exact se-
quence (4.2) induces the exact sequence

0 — CI(N(U),S) i CI(NU), T) S25—q> CI(NU), Q).
We put
(4.82) CH(NWU), Q) = ¢7CINU), T) € C1(NU), Q),

so that the sequence

05 CINWUY,S) L crnwy, ) S T Nw), 9) - o
is exact. Let

ZI(N(U), Q) = {f e THNU), Q) : 3, = o},
H (NU), Q) = Z'(NU), Q)/3,4C" (NU), Q).

Consider the diagram

! | ! ) /
0 —= CUNU), §) — CIHNU), T) —— T'(N(U), Q) — 0
M P 1 WJ,
0 CH(NWU), S) > e (N, T) L T (N ), @) — 0

S7+1 59+1 praz’ \L
q+2

0 — CI2(NU), 8) 2= crr (), T) 2= T (N W), @ — 0

l

(4.8Db)
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This diagram is commutative, in the sense that the image of a cochain depends
only on its final position and is independent of the paths taken. Moreover, the

horizontal sequences are exact. To an element of o’ (M, Q) we take a represent-
ative g-cocycle, i.e., an element # € Z'q(N (U), Q), such that 7% = 0. There ex- p.29
istsv € CI(N(U), T),such that $7v = u. Then ¢7*1 0070 = 8o gTv = 3y = 0,
and there exists w € CT*(N(U), S), satisfying /7w = 87v. w is a cocycle, for
l.q+2 o §q+1w — 3q+1 o Z.q+1w — é\q+1 o gqv — 0,

so that 071w = 0. By further “chasing” of the diagram, it can be shown that the
element of H7* (N (U), S) defined by w is independent of the various choices
made. This defines a homomorphism

3 . HI(NU), Q) —» HI™'(N(U), S).

This definition is valid for a general topological space M. It can be proved that if
M is Hausdorft and paracompact, then

H'(M, Q) = HI(M, Q).

A fundamental fact in cohomology theory is the result: If the sequence of
sheaves (4.2) is exact, the sequence of cohomology groups

(4.9)
i ¢0 30
0—— H'(M,S) —=H'(M,T) — H*(M, Q) — H' (M, S)
. 1
M T) - H\(M, Q) 2 H2(M, S)
is exact.

We apply this result to the exact sequence (4.3). A section of the induced se-
quence of cohomology groups will be

(4.10)
= H (M, Ayy) —— H (M, Cpyi1) — H' (M, Cy)

e H(M Apy) ——
Since the sheaf .qu is fine, we have
H (M, Apy) =0, r21,
and it follows from the exactness of (4.10) that we have the isomorphisms ‘ p.30
H" (M, Cpy) = H'™ (M, Cpgn) = -+ = H' (M, Cpger1)

(4.1m) _
= H (M, Cpgr) [GH (M, Ay i)

Comparing with (4.1), we see that the latter is the Dolbeault group D, 4+, (M).
By changing notation, we get

(4.12) Dyy(M) = H1(M, Cyo).
This gives a sheaf-theoretic interpretation of the Dolbeault groups. Notice that

Cyo is the sheat of germs of forms of type (p, 0) with holomorphic coefficients,
and, in particular, Cop = O.
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The sequences (4.3) can be combined into one sequence

i 9 Fl 9
(4.13) 05 Cooo Ay > Ay = - > Ay — oo,

where 7 is inclusion and 8 is defined by the g—operator. The Dolbeault—
Grothendieck lemma says that the sequence (4.13) is exact; the subsheaf of Ay,
which is the image of the preceding homomorphism and the kernel of the next
one is precisely Cy,. Since Ay, is fine, (4.13) is called a fine resolution of the sheaf
Cyro.

! A similar, but simpler, situation prevails in the case of a real differentiable man-
ifold M. Let A" be the sheaf of germs of C* real-valued differential forms of
degree 7, and let C” be the subsheaf of A" consisting of germs of closed 7-forms.
Then the sequence

(4.14) 0—>R—Z'>A0i>,,41e---i>,,4r—>---,

where R is the constant sheaf of real numbers and 7 is inclusion, is exact. (4.14)
is a fine resolution of the sheaf R. From the exactness of (4.14) follows the de
Rham isomorphism

(4.15) R, (M) = H" (M;R),

where the left-hand side is the 7-dimensional de Rham group of A1 (cf. (3.16)).
The sheaf theory discussed above can be extended to other algebraic structures,

such as sheaf of rings, sheaf of modules, etc. Moreover, the group operation on a

stalk may not be abelian, in which case, however, there will not be a cohomology

theory.

5. COMPLEX VECTOR BUNDLES; CONNECTIONS

Throughout this section we will denote by A4 a C* differentiable manifold,
and we will develop the properties of complex vector bundles over M. For eco-
nomy the adjective “complex” is sometimes omitted.

Let

F=C,=Cx---xC
—_———
q

be the complex vector space of complex dimension 4. Suppose F is acted on to
the right by GL(4; C), the general linear group in 4 complex variables, so that
£-geFand

(s.1) (éph=£(gh), £ek gheGL(gC).

A complex vector bundle £ over M consists of a space £ and a projection
(5.2) v E— M,

such that the following conditions are fulfilled:

‘p. 31
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(1) Every point x € M has a neighbourhood U for which there exists a
homeomorphism (a “chart”)

(53) pu: UXF —y ' (U),
with
(5-4) yoou(né) =y yelUfekF

(2) In theintersection U N V" of two such neighbourhoods U, V" there exists
aC¥ map gy : UNV — GL(g;C), such that

(5-5) ¢U(x)f):¢V(x’f,)) xEUﬂV;f,f’eF,
if and only if

(5-6) Lur(x) =¢£.

These functions gy, the so-called transition functions, satisty the compatibil-
ity relations

-1 _
- VUJ
(5.7) {jW £

ovgvwiwuy = 1 mUnNVnWw.

If g = 1, the vector bundle is called a line bundle. The set v (x), x € M, is
a complex vector space of dimension ¢, and is called the fibre at x. Our assump-
tions are such that the complex linear structures on the fibres have a meaning.

As a consequence of this remark, operations on complex vector spaces which
commute with the actions of the general linear groups can be extended to oper-
ations on bundles. Among the most important operations are:

(1) The dual bundle E* of E. Its transition functions are * g&ll/ (i.e., the trans-
pose inverse of g7, when the latter is interpreted as a nonsingular (9 Xg)-
matrix).

(2) It £" and E” are two complex vector bundles over A1 with the transition
functions g}, g, respectively, their direct sum or Whitney sum E' ® E”
is defined by the transition functions

i )
0 gup

Similarly, their tensor product £’ ® E” is defined by the transition func-
tions g7, ® g7~ If the dimensions of the fibres of E', E” are ¢/, 4" re-
spectively, the fibre dimension of £ ® E” is 4" + 4" and that of £’ ® £”

IS qlqll'

(3) The bundle Hom(E, E”) = E™* @ E.

In order that the notion of a vector bundle be meaningful, it is desirable to
introduce an equivalence relation which amounts to a change of the charts. Let
E and E’ be two vector bundles over M with the same fibre dimension 4 which,
relative to an open covering {U, V; ...} of M, are given by the charts ¢y, ¢}, and
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the transition functions gy, g, respectively. They are called equivalent if to
each U thereisa C* map gy : U — GL(g; C), such that

(5-8) u(x&gu) = ¢ (% &), xeU £€F

In terms of the transition functions condition (s.8) implies:

(s-9) Loy = LUgUV e

An immediate question is the scope of the equivalence classes of complex vec-
tor bundles over M, or, more specifically, whether there exist bundles which are
(globally) not products of M with F. For 4 = 1 the answer is given by the:

Theorem s(A). All the C* complex line bundles over a differentiable manifold
M form a group which is isomorphic to H 2(M,Z), the second cohomology
group of M with integer coefficients.

To prove this theorem let A be the sheaf of germs of complex-valued C* func-
tions and let A" be the sheaf of germs of nowhere zero complex-valued C* func-
tions, the latter with multiplication as the group operation. By the compatibility
relations (s5.7) and by (5.9) it follows that the equivalence classes of C* complex
line bundles are in one-one correspondence with the elements of the cohomo-
logy group H' (M, A*). Thus all the line bundles of M form a group, and the
multiplication of two line bundles is given by the tensor product. From now
on we will not distinguish between a line bundle and an equivalence class of line
bundles.

Consider the sequence of sheaves
(5.10) 025 AS A >0,

where 7 is inclusion and ¢ is defined by

(5.11) e(f(x)) = exp(Zm'f(x)), f(x) € A

The sequence (5.10) is obviously an exact sequence. From its exactness follows
the exactness of the following sequence of cohomology groups:

H'OM, A) S M AN DS B2 7) S B2, A).

Since A is a fine sheaf, the groups at both ends of this sequence are zero, and we
get the isomorphism stated in the theorem.

IfE € H' (M, A*) is a complex line bundle, 0E € H?*(M,Z) is called its
Chern dass.

The simple conclusion in 5(A) is possible, because the group GL(1;C) is
abelian. For general g4 there are Chern classes

(E) e H*(M,Z), 1<i<gq

which are the simplest invariants of a complex vector bundle, but we will post-
pone their discussion to a later section.

p-34
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Let E be a complex vector bundle over A, and let 7 be the cotangent bundle
of M. Denote by I'(E) and I'(T™ ® E) respectively the spaces of sections of £
and of the tensor product 7* ® E (over C). A connection on E is an operator

(5.12) D:T'(E) > T(T"®E)
which satisfies the conditions:
(513 Dy +92) =Dyi+ Dys, 7,72 € T'(E),
I
> D(fy) =df -y +fDy, y e '(E),

where /€ A (= the space of complex-valued C* functions over M) and df -y =
df ® y, the tensor product here being over 4.

We will first study the local properties of a connection. Let U be an open set
of M, and let sy, ..., s, be a frame field over U, i.e., q sections of the bundle £

over U, such that s1(x),..., Jq(x), x € U, are linearly independent. Then we
can write

(5.14) Ds=) dsg 1<ij<g
:

where (JZ are complex-valued 1-forms in U. For economy of writing we will ex-
press (5.14) in matrix form. In fact, let

(S-IS) ‘s= (51) ] Sq)) w = ((’)]l))
so that s itself is a one-columned matrix of ¢ sections. Then (5.14) can be written
(5.16) Ds = ws.

The matrix @ completely determines the connection. In fact, any section £ of E
over U can be written

(5:17) E= " Es,
where £ are complex-valued C* functions in U. By (5.13), we have

(5.18) D¢ = Z d& + Z ffa); 5
; 7

We call w the connection matrix.
The section £ is called horizontal if

(5-19) DE =0
(5-192) d& + Z o = 0.
I

Equations (5.19a) are a system of total differential equations and generally do
not have a solution. However, when restricted to a parametrised curve C with
parameter #, they become a system of ordinary differential equations, and a solu-
tion £(¢) is determined by its initial values £’ (#9) at a given point # = #y. The
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mapping C — ¥ '(C) defined by assigning to the point # € C the vector
y = X, £(¢)s; is called a lifting of the curve C to the bundle E, and it is called
a horizontal lifting if  satisfies (5.19) or (s.19a). In classical language a lifting is
called a vector freld along C and a horizontal lifting is called a parallel vector field
along C.

Let

(5.20) S =gs

be a new frame field, where ¢ is a nonsingular (¢ X g)-matrix of complex-valued
C* functions in U. By (5.13), we have

(5.21) Ds' =d's,
where
(5.22) o'¢ =dg + gw.

This is an important formula, giving the effect on the connection matrix under
a change of the frame field.

By taking the exterior derivative of (5.22) and using (5.22), we get

(5.23) Q/g = gQ,
where
(5.24) Q=dw-wAuw,

and €' is defined similarly in terms of the connection matrix »’. Qisa (g X g)-
matrix of exterior 2-forms, and is called the curvature matrix relative to the frame
field s.

The simple transformation law (s.23) implies the following: The vanishing of
Q is a condition independent of the choice of 5. A connection satisfying Q = 0

is called flaz.
Exterior differentiation of (5.24) gives
(5.25) dQ+QAw-wAQ =0,

which is called the Bianchi identity.

The example of the curvature matrix motivates the definition: Suppose there
is associated to every frame field s a (¢ X ¢)-matrix ¢; of forms of degree £, such
that under a change of the frame field (5.20) we have

(5.26) 0 =gpg

Such a collection of matrices {¢,} is called a tensorial matrix of the adjoint type.
(The name arises from the adjoint representation of the group GL(g;C).) By
taking the exterior derivative of (5.26) and using (s5.22), we get

(5.27) D¢y = gDgg™",

where

(5.28) Dé, = dg—w A g+ (=1)*8, A w
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and D¢y is defined similarly with the connection matrix &” relative to the frame
field s'. Thus D¢; is a tensorial matrix of (k£ + 1)-forms of the adjoint type. It is
called the covariant differential of ¢,.

The covariant differential of the curvature matrix will not lead to anything
significant because the Bianchi identity (5.25) can be written

(5.29) DQ = 0.

Here and later we will frequently omit the subscript s, when the frame field is
fixed through the discussion.
By (5.28) it can be immediately verified that

(530) D’¢ = DDg = [¢,Q],
where the “commutator” is defined by
(s.31) [£Ql = AQ-QA

We now consider a complex-valued function P(4y, ..., 4,), whose arguments
are the (¢ X g)-matrices 4;, 1 < 7 < 7, and which is C-linear in each of the
arguments. In fact, if

(5-32) Ai = (a;p), 1<i<r1<af<g
then
(5-33) P(Al: ) Ar) = Z lal...ocrﬁlmﬂyﬂlmﬁl <o Ay, B

where the A’s are complex numbers and the summation is over the #’s and the £’s
from 1 to g. Such a function (or polynomial) is called 7nvariant, it

(534) P(gAlg_l, . ..,gArg_l) =P(Ay,..., A4,)

for every nonsingular matrix g. It will be called symmerric, if its value remains
unchanged on a permutation of its arguments.

Examples of symmetric invariant polynomials can be obtained as follows: Let
Abea (g X g)-matrix, I be the (g X g)-unit matrix, and let

>, C].)PJ(A),

(5-35) det([+ LA) =
27 -
0<s7<q

where P;(4) is a polynomial of degree 7 in the elements of 4. Let P;(4, ..., 4;)
be the completely polarised polynomial of P;(4), so normalised that

(5.36) Pi(4,...,4) = Pi(4).
From the definition (s.35), we have
(537) Pi(gdg™") = Pi(A).

Since P;(4y,.. ., ;) can be expressed in terms of P;(A) for different arguments
A, for instance,

Paliy ) = 1 (Po(c + o)  Polc) - Po(id),

it follows that P;(4, ..., 4;) are invariant.

‘P~39
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Suppose P(Ay, ..., .A,) is an invariant polynomial, so that the equation (5.34)
is fulfilled. Let

g=1+ g’.
Then
g_I:[_g’.F...)
where the dots involve terms containing higher powers of the elements of ¢’. Sub-

stituting into (5.34) and retaining only the terms which are linear in the elements
of ¢’, we get

(5.38) Z P(Ay,....d4;,—A4;q,...,4,) =0,

1<i<r

for any matrix ¢’. This identity remains true, when A4y, . . ., 4, are matrices whose
elements are differential forms (in which case P is a complex-valued form).
Suppose the elements of A; are forms of degree d;. It follows from (5.38) that

Z (=) iapg  ONA,..., A
1<i<r

+ ) ()P NG 4) =0,

1<i<r

(5-39)

where 6 is a (¢ X g)-matrix of 1-forms. In fact, ¢ is a sum of matrices of the form
¢'a, where ¢’ is a matrix of functions and « is a one-form. Since (5.39) is linear
in g, it suffices to prove it for the case ¢ = ¢’. By moving « to the front of
the expressions, we see that (5.39) for the case § = g’ follows immediately from
(5-38).

The invariant polynomials constitute a link between the local properties of
a connection and its global properties. In fact, we say that a family of matrices
{¢s} is a tensorial matrix of £-forms of the adjoint type in M, if such a matrix ¢,
is associated to every local frame field s such that the relation (5.26) holds under
a change of the frame field (5.20). If P(4y,..., 4,) is an invariant polynomial
and 4; is a tensorial matrix of the adjoint type in M, whose elements are forms
of degree d;, 1 < 7 < r, then P(4y,...,4,) is a form of degree d; + - - - + d,
which is globally defined in M. Moreover, it follows from (5.27) and (s.39) that
its exterior derivative is

(s.40)  dP(Ay...,4,) = Z (=1)D++diip( 4, DA,..., A,).
1<i<r
For the polynomials P;(A4) defined in (5.35) we have therefore
(5.41) dB(@) =0,

because of the Bianchi identity (5.29). Thus 2;(Q) is a closed form of degree 2;
in M and defines an element of the de Rham group R,; = H ¥ (M, C) with
complex coefhicients.

Theorem 5(B). Let  : £ — M be a complex vector bundle with fibre dimen-
sion g. Let Q be the curvature matrix of a connection in the bundle. Then a

‘p.4o
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change of the connection modifies P;(Q), 1 < j < g, by an additive term of the
form dQ, where Q is a form of degree 2/ — 1in M.

The following proof of 5(B) is due to Weil. Let w, Q and o, Qbe respectively
the connection and curvature matrices of two connections relative to the same
frame field s. If sand s are related by (5.20), we have (5.22) and the corresponding
relation

&g =dg+ gw,
for the second connection. Putting
(5-42) p=w-—w, 5 =d -d,
we get
(5-43) 7'¢ =gy

Thus, 7, the difference of two connection matrices, is a tensorial matrix of 1-
forms of the adjoint type. We put

(5-44) w=w+ty, 0<tr<1L
Then w; is a connection matrix depending on the parameter £, which reduces to
wand w for# = 0 and ¢ = 1 respectively.

The curvature matrix of the connection w; is by definition
(5-45) Q =dw, —w, Nw, = Q+ Dy — t277 A7,
where the covariant differential is taken with respect to the connection w.

Let P(Ay, ..., A,) be asymmetric invariant polynomial. Let

P(A) = P(4,..., A),

(5.46) Q(B,A) =rP(B,4,...,4).
—_——
r—1

Then we have

< P@) = QDR Q) - 207 A 7,2
On the other hand, we have, from (s.45) and (5.30),
DQ, = tD2;7 + 1 [ Dyl = t[n, Q] + r* [, Dy]
=ty ],
so that
dQ(» Q;) = Q(Dy, Q;) — r(r —1)P(y, D, Q4 .. ., £2;)
= Q(Dy, Q) —r(r = DeP(y, [, ], Qs ..., ).
Equation (5.39) gives, with 0 = 4y =, Ay = --- = 4, = Q,,
200 A, ) = r(r =) P(y, [, €], Qs ..., Q) = 0.
Combining the last two equations, we get

dQ(’?} Ql‘) = Q(D% QZ’) - ZIQ(V A 77) Qt)

p- 42
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Therefore

(547) SP(©) = Q0 Q).

Integrating with respect to £, we get

(5.48) P(Q) - P(Q) =d /0 1 Q(y, Q)de.

This proves 5(B). p.43

Special cases of P; (L) are:
7 ;
PQ)=—)>) &
1¢) Zﬁqz .

Pt = (277)24@ - 1) Z ( Y %)’

where QJ/?, 1 <, k < g, are the elements of the curvature matrix Q.

(5-49)

We will now define an hermitian structure on the bundle (5.2). We recall that
an hermitian structure on a complex vector space V" is a complex-valued function

H(&79), &9 €V, such that
(1) H(h& + b, ) = MH (&, 7) + A H (&, 7),
(5-50) 22 €C &, 6,7€,

(2) H(&7) =H(p$)

It is called positive definite if

(5-51) H(EE) >0, £#0.

An bermitian structure on the complex vector bundle (5.2) is a C* field of posit-
ive definite hermitian structures in the fibres of E. That s, if & 7 are two C* sec-
tions of the bundle, H (& ) is a complex-valued C* function having properties
corresponding to (5.50). A complex vector bundle with an hermitian structure
is called an hermitian vector bundle. By a partition of unity argument, it can be
shown that every complex vector bundle can be given an hermitian structure.
To every frame field s the hermitian structure defines an hermitian matrix p. 44

(552) H, = [ITI: = (H(,&'l’, 5])), 1< z,] <g

and is in turn completely determined by this matrix. Under a change of frame
field (5.20) this matrix is transformed according to

(5-53) Hy = gH/'y,
where

H, = (H(;Z,sj'.)), 1<4j<q.

A connection in an hermitian vector bundle is called admissible, it H (& »)
remains constant when & 7 are horizontal sections along arbitrary curves. Let

(5-54) bix =H(sps1), 1<ijk<g
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£ = ZEZ'SZB 7= Z}/SJ
i J

H(E7) = ) hat'7"
ik

and let

Then

The sections &  being horizontal, we have (5.192) and a similar equation for ;716 )
It follows that

dHE D) = Y (b= Y st = " 1y ) EF
ik
Since horizontal sections along curves exist with arbitrary initial values of £/, ;716,
the condition for an admissible connection becomes

J J
or, in matrix notation
(5-552) dH = wH + H'®,

where the subscript s is dropped. By an elementary extension argument, it fol- p. 45
lows from (5.552) that an admissible connection always exists in an hermitian vec-
tor bundle. By taking the exterior derivative of (5.55a), we get

(5.56) QH + H'Q = 0,

i.e., QH is skew-hermitian.

A frame field s of an hermitian vector bundle is called unitary, it H; = I (=
the unit matrix). Relative to a unitary frame field, the equations (s.552) and (5.56)
become respectively

(5:57) w+'w =0,
(5-58) Q+'Q =0,
i.e., the connection and curvature matrices w and Q are both skew-hermitian.

It follows from (5.56) that for an hermitian vector bundle with an admissible
connection, we have

7 I — 7
. —Q] = - —Q| = —Q|.
(5.59) det([ + > ) det([ oy ) det([ + oy )
For the coefficients P;(A4) defined in (5.35) and their polarised polynomials
Pj(Al, ..., A;) we write
(5.60) Pi(4y,...,4;) = (Re P)(4y,..., 4;) + i(Im P)(4y,..., 4)),

so that Re P; and Im P; are real-valued and R-linear in each of their arguments.

Le
‘ (Re P)(Q) = (Re ) (..., Q),

(Im P)(Q) = Im 2)(Q,..., Q).
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Then it follows from (5.59) that
(1m P)(@) = 0

for the curvature matrix Q of an admissible connection of an hermitian struc-
ture. It follows from Theorem 5(B) that for any connection the element of the
de Rham group Ry; determined by (Im ;) (£2) is zero. On the other hand, we
will show later that the element determined by (Re P;) (L) is what is called the
jth Chern class of the bundle £ with real or integer coefficients.

6. HOLOMORPHIC VECTOR BUNDLES AND LINE BUNDLES

Let M be a complex manifold of dimension 7 and lety : £ — M bea
complex vector bundle over A1 with fibre dimension ¢. Relative to a covering
{U, V,...} of M let gy be the transition functions of £. The bundle is called
holomorphic if all these functions gy are holomorphic (i.e., guy, considered as a
nonsingular (g X ¢)-matrix, is a matrix of holomorphic functionsin U N V). If
q =1, E is called a holomorphic line bundle.

An example of a holomorphic vector bundle over A/ is the tangent bundle of
M. Let le, ..., 2]y (respectively le, ..., 2};) be the local coordinates in U (resp.
in V). Then the tangent bundle has as transition functions the jacobian matrices

0 (zb,...,zz”])
(6.1) Juoy = ———.
0 (le,...,zg)

Let E be a holomorphic bundle. A section y of E over a neighbourhood
U C M is holomorphic it the components of  relative to a chart are holomorphic
functions. A frame field s = “(s5y,..., sq) is holomorphic if each s; is a holo-
morphic section. When s and s’ are holomorphic frame fields, the matrix g in
the equation (5.20) is a matrix of holomorphic functions. A connection such
that the connection matrix is a matrix of 1-forms of type (1, 0) relative to a holo-
morphic frame field will be called a connection of type (1, 0).

Suppose an hermitian structure is defined in £. From (s.55a) it follows that it
has a uniquely defined admissible connection of type (1, 0). In fact, its connec-
tion matrix is

(6.2) w=0H -H
From (6.2) we find that its curvature matrix is
(6.3) Q=-90H -H'+0H -H'ANOH-H,

so that Q is of type (1,1). (A matrix of differential forms is said to be of type
(p, q) if each element is a form of type (p, ¢).)

In case g = 1, the matrices in question are (1 X 1)-matrices:
(6.4) H=(), Q=(Q), h>0,
and (6.3) can be written

(6.5) Q =-0dlogh.

p- 46
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Notice that for ¢ = 1a tensorial matrix of the adjoint type is a form in A, so that
Qs globally defined in M. We call ﬁﬂ the curvature form of the connection.

On M let O be the sheaf of germs of holomorphic functions and O be the
sheaf of germs of nowhere zero holomorphic functions, the latter with multiplic-
ation as the group operation. A meromorphic function is locally the ratio of two
holomorphic functions. Let # be the sheaf of germs of meromorphic functions.
Then O is a subsheaf of # and the quotient sheaf D is by definition a sheaf of
germs of divisors. The latter is locally represented by a meromorphic function
defined up to the multiplication by a nowhere zero holomorphic function. We
have the exact sequence

(6.6) 050" 5SS Do

Its induced exact cohomology sequence has the part
(6.7)
70 0 0
0 H(M O S B M u) S B WD) S B (M,07) — -

From the exactness it follows that the quotient group
(6:8) H' (M, D) [K"H® (M, )

is isomorphic to a subgroup of H* (M, O*). An element of H°(M, D) is called a
divisor. Two divisors are called linearly equivalent if they differ from each other
(multiplicatively) by a meromorphic function in M. Thus the group (6.8) is the
group of divisor-classes with respect to linear equivalence. On the other hand,
H' (M, O*) is the group of all holomorphic line bundles over A1, the group op-
eration being defined by tensor product. Kodaira and Spencer proved that if A4
is a nonsingular projective variety the group (6.8) is isomorphic to H* (M, O%),
[45].

We wish to study the group H'(M, O*). For this purpose we consider the
exact sequence of sheaves:

(6.9) 0—>Zi>0i>0*—>0,
where ¢ is defined by
(6.10) e(f(x)) = 2miexp(f(x)), f(x) € O.

The sequence (6.9) leads to the homomorphism
(6.1) o HY (M, O — H*(M, Z),

and we wish to describe the image of o,
Let "4]}1’% be the sheaf of germs of real-valued C* r-forms in A1 and Cf& be the

subsheaf of 'AIVR consisting of those germs which are closed under d, so that Cl(é is
the constant sheaf R. Then we have the exact sequence

o d
(6.12) 0—Cp — Ag — Cf&ﬂ — 0,
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whose induced exact cohomology sequence is ‘ p. 49
= HP (M, CL) —" > HP(M, A7) —4= HP (M, CLH)
(6.13) 41 )
*> HR (M CR)

We note that A]% is a fine sheaf.
We now write the following diagram of cohomology groups of M connected
by homomorphisms:

HY(AQ) =0
d
HO(AL) 4 Bo(c2) — s el — s (ALY = 0
(6.14) ’ aLo
HY(0%) —~ H(2) HA(R)
o

HX(A2) = 0

In this diagram the manifold A/ is omitted in the notation of the cohomology
groups for the sake of simplicity. The vertical sequence and the top horizontal
sequence are exact, being parts of the sequence (6.13). The homomorphism ;
in the second horizontal sequence is induced by the coefficient homomorphism
j + Z — R. For an hermitian line bundle £ € H'(M, O*) we wish to determine

(6.15) (0% 0 (8"°) 0/ 0 'E,

which is a real-valued closed 2-form in M. In fact, we wish to show that the
negative of the form (6.15) is the curvature form %:Q’ up to an additive term dz,
where « is a real-valued 1-form in A1.

This “diagram chasing” is not difficult, the main point being to remember the
definitions of the homomorphisms in question. Before proceeding we will give
some more discussion of the hermitian structure of a holomorphic line bundle | 50
E and its curvature form. In fact,letd = {U, V, W,...} be an open covering of
M which is sufficiently fine. Let si7 be a holomorphic frame field over U. The
fibre dimension being one, sy is given by a nowhere zero holomorphic function
inU. Let

(6.16) bU = H(JU, JU) > 0.
The change of frame field in U N V" is given by
(6.17) suguv = S,

where gy is a nowhere zero holomorphic function in U N V. From (6.16) and
(6.17) we derive

(6.18) by IgUV|2 =hy imUNV.
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It follows that
(6.19) ddloghy = ddloghy inUNV,

which gives a verification of the remark following formula (6.5).

Suppose M is equipped with a riemannian metric and that the members of
the covering U are convex. Then the intersection of any number of the mem-
bers of the covering, if nonempty, is convex. In U N V' (# @) we construct the
holomorphic function fp- satistying

(6.20) quy = exp(Zm’fUV).
InUNVNW +olet

(6.21) covw = fuv +fvw + fwu.
Then

exp(27icyyw) = guvgvwgwy = 1,
so that cyypyy is an integer. The two-cochain of the nerve N (U) of the covering
U defined by assigning to the simplex UV the integer cyppy is a two-cocycle
and defines a representative of O'E and hence of jo SE.
Next we wish to find a representative of the element of A 1(CI{&) which is
mapped by 00 to jo OLE. This will be given by a real-valued closed 1-form in

every U NV # @, and we see that the form 1d | fup +]_CUV) has the desired
property. In fact, by (6.20) and (6.18) we have

1 - 1 =
sdfor +fUV) = i {aloggUV - aloggw}
1 _
= (9~ 9)log leur|”

1 —
= E(@ - 0)(=log by + log hy).
By the definition of %! we get a representative of (6.15) as
1 = i = Z
-l =—9001 =——Q
4m,d(@ 0) loghy zﬂaa og hy 5
Thus we have the:

Theorem 6(A). Let E € H'(M, O*) be a holomorphic line bundle over a com-
plex manifold M. Let c(E) = —3'E € H*(M, Z) be its Chern class. Suppose
that £ has an hermitian structure with the curvature form ZZ—WQ Then the ele-
ment of the de Rham group R, () defined by ﬁQ corresponds to the element
Jje(E) € H*(M,R) via the de Rham isomorphism (4.15), / being induced by the
coefficient homomorphism; : Z — R.

Consider the de Rham isomorphism

(4.15) Ro(M) D H2(MR).

There is a subgroup Ri; (M) of Ry (M), whose elements have as representatives
forms of type (1, 1). (Recall that an element y of R, (M) is a class of forms 2 +dj,

p- st
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where 2 is a given real-valued closed 2-form in A4 and 8 runs over all real-valued
I-forms in M. Any such form « + df is called a representative of y.) Let

622 PRu(M) = Hi, ) (M R),
H(ZLD (M, Z) = ]-—IH(ZM) (M, R).
Then we have the:

Theorem 6(B). The image of the homomorphism ¢ in (6.11) is H (21’1) (M, Z).

Since the curvature form éQ is of type (1, 1), we have proved
NHY (M, O ¢ H(ZLI) (M, Z).

To prove inclusion in the other direction, consider the following exact sequence

induced by (6.9):

e HY(M, Z) 2 H'\(M, ©) —= H'(M, O%)

(6.23) M 2
e Z) - B M, 0) -

It suffices to prove that /2H. (21 D (M, Z) = 0.

As previously let A" be the sheaf of germs of complex-valued C* 7-forms and
C” be the subsheaf of the germs of A” closed under d. Also let A”7 be the sheaf of
germs of C* forms of type (p, ) and C? be the subsheaf of germs of A?7 closed

under 4. Thus by definition C 0 = Cand C% = 0. We have the diagram

k d

0 C}" Ar Cr+1 0
(6.24) l o, l I, i Mo, 41
0 oo ¥ A0 ] Ccor+Hl

where £ and £’ are inclusions. This diagram is clearly commutative. Moreover
both horizontal sequences are exact. The above diagram implies the following
commutative diagram of cohomology groups, where the manifold A1 is omitted
in the notation:

H(C?)[dHO(A) —2—= H(C) —~ F2(C)
(6.25) \LHOZ ll_lm \LHOO
HO(cOZ)/EHO(AOI) AHI(COI) A_[_ﬂ(o)

Moreover, A%, Al ZO, Al are isomorphisms (cf. §4, in particular (4.11)). We de-
compose the inclusion 7 in (6.9) by

(6.26) 72 o o

so that 7 = Ilgp o h. Forany 8 € H*(Z) we have then
28 = ToohB = A'A 1o, (A%) H(AY) 14,

p- 52
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by the commutativity of the diagram (6.25). If 8 € H, (21 N (M, Z) we have
Moo (A%) (A1) 146 = 0,

so that /28 = 0. This completes the proof of 6(B).

To study H'(M, O*) the next step is to consider the subgroup of all £ €
H' (M, O%) such that ¢(E) = 0. By the exactness of the sequence (6.23) this
is isomorphic to

(6.27) HY (M, 0)/)i*HY (M, Z).

For a nonsingular projective variety M the group (6.27) is compact and is called
the Picard variety of M, [4s].
The following are some important examples of holomorphic line bundles.

6.1. Example. The determinant bundle A?(E) of a holomorphic vector
bundle £ of fibre dimension ¢. If gy are the transition functions of E, so that
guv arenonsingular (¢Xg)-matrices with elements which are holomorphic func-
tionsin U NV, the bundle A\?(E) is defined by the transition functions det gy
If 7™ is the cotangent bundle of M and dim M = m, then A" (T™) is called the
canonical bundle of M it will be denoted as K (M). If le, ..., 2];and le, S 14
are the local coordinates in U and V" respectively, the transition functions of
K (M) are the jacobian determinants

0(2}1,...,%[’})

(6.28) ko = 9 (le oo z’ﬁ)

6.2. Example. Consider the line bundle in Example 1.2. We will call it the #n:-
versal line bundle over P,,. Here the base space P, has‘ the covering {U;}, and

the bundle has the transition functions g;; = ;&' = 5,0 < 4,7 < m, 7 # .
The linear form )’ 2,2" in C,,41 — 0, where the 4’s are constants, has in the local
coordinates in ¢! (U;) the expression

E a@ =7 (do,»fo L amEm |-
S it
j

The expression in parentheses, which is essentially the linear form at the left-hand
sidein “nonhomogeneous” coordinates in Uj, defines a section in the line bundle

g _
bundle, to be denoted by H, is called the hyperplane section bundle ot P,,; itis the
negative or dual of the universal line bundle.

Moreover, a holomorphically immersed submanifold f : M — P,, has an

induced bundle /*H, called the hyperplane section bundle of M.

.. . A\ —1 . ..
whose transition functions are gl'.]. = (JZ “) . Because of this origin the latter

s
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7. HERMITIAN GEOMETRY AND KAHLERIAN GEOMETRY

Let M be a complex manifold of dimension 7. M is called hermitian if an

hermitian structure A is given in its tangent bundle 7(A4). With the local co-

ordinates 2, . .., z” a natural frame field is given by

(7.1) 5= %, 1<,k l<m,
and this frame is holomorphic. Let
0o 0 -

) by =H|—, —| = b
(7.2) ' (5zl 6z,€) k
Then the matrix
(7.3) H="H= (hy)

is positive definite hermitian.
There are special features arising from the fact that the bundle in question is
the tangent bundle. First there is the Kihler form (cf. (2.16))

(7.4) H=3) hudd A,
Ik

which is a real-valued form of type (1,1). An hermitian manifold is called kzh-
lerian if its Kihler form is closed:

(75) dH = 0.

Secondly, lets be alocal frame field, holomorphic or not. To s there is uniquely
determined a coframe field ¢ = (¢, ..., ¢”) such that at every pointx € M
the sections 51(x), .. ., 5, (x) of s and the sections ¢! (x),..., 7" (x) of & in the
cotangent bundle are dual bases. The sections o, being in the cotangent bundle,
are complex-valued 1-forms, and they are everywhere linearly independent. Let
s’ be a new frame field, related to s by (5.20), and let ¢’ be its dual coframe field.
Write

b= (Spenssm), 5= (SpeeerSi)s

(7.6) o= (..., ™).

If 7% and T are respectively the tangent and cotangent spaces at x, we denote

their pairing by
(7.7) (Gwy, £€T, weT..

Then we have
(7.8) <sl‘, o*k> = <5:», o*’k> = yf

Equation (5.20) can be written

(7.9) s;= ngs] g= ().

J
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In view of (7.8) we have
(7.10) o= Zgja"j
J
or, in matrix notation,
(7.10a) c=dg
By taking the exterior derivative of (7.10a) and using (5.22), we get
(7.11) (do/ - AN )g=dor—c A
We will call the (1 X g)-matrix
(7.12) r=de—-cAw

the torsion matrix. It is a matrix of complex-valued two-forms and follows the
transformation law (7.11) under a change of the frame field, holomorphic or not.

Proposition 7(A). Let M be an hermitian manifold. A connection in its tan-
gent bundle is of type (1, 0) if and only if its torsion matrix is of type (2, 0).

To prove this let & be the dual coframe field of a holomorphic frame field s.
The connection matrix » relative to s can be written in a unique way as

w=w + wy,

where w; and w; are matrices of 1-forms of types (1, 0) and (0, 1) respectively. o
is a matrix of forms of type (1, 0) with holomorphic coefficients. The torsion
matrix 7 in (7.12) is of type (2, 0) if and only if

g Awy =0.
Let
c=(0Y..., "), wy = (65, 1<ijk<m
Then the above relation can be written explicitly as
Z oA ﬁf =0.
-
Since ¢ are linearly independent, we have

k k _j
;= al-j-o*f,
J
where af.”l. are functions. But & is of type (1, 0), while ﬁf is of type (0,1) by our

hypothesis. It follows that the above relation is equivalent to
#=0 or w=0.

This proves 7(A).

The criterion expressed by 7(A) has the advantage that, unlike the notion of a
connection of type (1, 0) which is defined in terms of holomorphic frame fields,
it has a meaning for C* frame fields. In the study of hermitian manifolds it is
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desirable to use C* frame fields, for example, the unitary frame fields. It fol-
lows from §6 and 7(A) that an hermitian manifold has a uniquely determined ad-
missible connection in its tangent bundle whose torsion matrix is of type (2, 0).
When we speak of the connection in an hermitian manifold, this will be the con-
nection meant. It is to be noticed that the curvature matrix of this connection is

of type (1, 1) (relative to C* frame fields).

Proposition 7(B). An hermitian manifold is kdhlerian if and only if the torsion
matrix of its connection is zero.

Since both properties are independent of the choice of a frame field, it suffices
to verify this theorem by using the natural frame field (7.1). Its dual coframe field
is

o= (dzl, .., dz™),

so that dz = 0. By (6.2) the vanishing of the torsion matrix can be written

cNOH =0,
or, in expanded form,
0by . . .
4 (’)szdz] ANdZ =0, 1<ijk<m
i
The latter is equivalent to the conditions
( ) 8}]1‘/@ abj/e
Bi - — - =
7 07 07

One sees directly that (7.5) and (7.13) are equivalent.

Proposition 7(C). An hermitian manifold is kihlerian if and only if there exists
locally a real-valued C* function #, such that its Kihler form can be written

(7.14) H = id0u.

It suffices to prove that a kihlerian manifold has the property stated in the

theorem, for the form (7.14) is clearly closed. Suppose therefore that /A is closed.
There exists locally a real-valued 1-form w such that

H = do.
We can write
w=a+a,
where
alpha = pw, a =TIl w.
Then

dw = 0z + (D + 07) + 0,
where the terms are of types (2, 0), (1, 1), (0, 2) respectively. Since dw is of type
(1, 1), we have

Oz = 0.

p-59



HERMITIAN GEOMETRY AND KAHLERIAN GEOMETRY 40

It follows from the Dolbeault—Grothendieck lemma that there exists a complex-
valued C*-function F such that

2= 0F
Then
H =dw = 00(F - F).
The theorem follows by setting # = —/(F — F).
The most important local properties of an hermitian manifold arise from its
curvature matrix. The latter is defined in terms of a frame field. To have the situ-

ation under control we list together the formulas giving the effect from a change
of the frame field on the various matrices we have introduced (formulas (5.20),

(5.23), (5.53), (7.102)):

s = g5
Qg =gQ
(7.15) ' = gti,
c=dg

From the second and third formulas of (7.15) we get
(7.16) Q'H' = gQH'y.

We note that QH is skew-hermitian (cf. (5.56)).
Since QH is of type (1, 1), we set

QH = (Qz'/e):
(7.17) Q= Z Rl‘/ejga'j AT
7l

The skew-hermitian property of QH is then expressed by

(7.18) Ryje = Ry

Throughout this part of our discussion we suppose as usual that our small Latin
indices have the range from 1 to 7:

(7.19) 1<45,kCpguv<m

The fourth equation of (7.15) and the equation (7.16) can be written out in detail

as follows:
i L
= 0.5
J

’ 1o =0 _ —q u oA —v
Z lej[a/ Ao = Z g‘fgkRMmJ AT,
14 y X%

where the left-hand sides of the second equation are the entries in the matrix
Q'H’. It follows that

_ —7 u=
(7.20) R:’/ejf = Z gfg/@&?g%ﬁqw
pguv
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Let
(721 =) =) 8
i Vi

be a vector at x € M. The & and £7 in (7.21) are the components of the vector
relative to the frames s and s” respectively. Between them we have the relation

(7.22) £= gl
J
From (7.20) and (7.22) we get

’ /z'_'k i z'_k r
R,‘/ejgf f f]f = Rz’/eﬂf f fjf >
14 14

Lyurry

so that the common expression is independent of the choice of the frame field.
If & # 0, we define

i 0 Raje& Z'é?kff?]
—k\2
(Zo'E)

to be the holomorphic sectional curvature at (x, £).
From the second equation of (7.15) we get

(7.24) TrTQ =TrQ=¢ (say).

(7.23) R(x &) =2

¢ isaform of type (1, 1) and is called the Riccs form of the hermitian metric. The ‘ p.62
metric is called hermitian-einsteinian if the Ricci form is a multiple of the Kdhler
form.
Let 5™ be the elements of the matrix H~'. By the symmetry relations (7.18)
we see that

(7.25) R = Z R,-kjg/o’kbﬂ
P4

is real; it is also independent of the choice of the frame field. This quantity R is
called the scalar curvature.

Compact kihlerian manifolds have strong topological restrictions. Perhaps
the simplest among them is the following:

Proposition 7(D). The second Betti number of a compact kihlerian manifold
is positive.

Corollary. The Hopf and Calabi-Eckmann manifolds § 2+l 5§29+ p =0,
g > 1, cannot be given a kihlerian structure. (Cf. §1.)

Since H is closed, it determines by de Rham’s theorem an element » €
H?*(M, R). To prove 7(D) we make use of the fact that the 2m-form

—~ —~

H"=HA---ANH, mtimes
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determines the element #™ = # U~ - - Uz (cup product m times) of H*™ (M, R).
Using the local expression (7.4), we find

(7.26) g7 = (%)m m!(det H) /J\dz/ Ad7.

Since the matrix A is positive definite, det 4 > 0. It follows that

/ H" > 0,
M
and #™” # 0. Therefore # # 0.

Let M, N be complex manifolds, of dimensions 2, 7 respectively. A continu-
ous mapping f : M — N is called holomorphic, it locally it is defined by express-
ing the coordinates of the image point as holomorphic functions of those of the
original point. f is called an mmersion, if m < n and if the jacobian matrix is of
rank 7 everywhere. An immersion £ is called an embedding, if it is one-one, i.c.,

if f(x) = f(9), %y € M,implies x = y. The following is immediate:

Theorem 7(E). Let N be a kihlerian manifold and let ' : A — N be a holo-
morphic immersion. Then A1 has a kihlerian structure.

Consider the complex projection space P, of dimension 7. It is known that
(cf. §8)
H*(P,Z)=7 0<i<n,
H*P,, Z) =0, kodd

Moreover we will show in §8 that P, is kihlerian. In this case, however, there is
an additional important fact: The cohomology group H*(P,, R) is a real vector
space of real dimension 1and is isomorphic to /H*(P,,, Z) ®R, where ; is induced
by the coefficient homomorphism j : Z — R. In other words, if {’ denotes a
generator of H*(P,, Z), j{ generates H*(P,, R) over R. By the multiplication of
aconstant factor when necessary, we can define on P, a kihlerian metric such that
the cohomology class # € H*(P,, R) determined by the Kihler form belongs to
jH?*(P,,Z). A kihlerian manifold with this property is said to be of restricted
type.

Under the conditions of Theorem 7(E) we have the commutative diagram

(7.27)

HAN.Z) > HA(NR)
A
H(M,Z) —~ H*(M,R)
where /™ is induced by the mapping f and ; is induced by the coefficient homo-

morphism. Theorem 7(E) has the following complement:

Theorem 7(E’). Let N be a kihlerian manifold of restricted type and let f :
M — N be a holomorphic immersion. Then A is a kihlerian manifold of
restricted type.
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A theorem of Chow says that a compact complex manifold holomorphically
embedded in P, is an algebraic variety, i.c., its locus is defined by a finite number
of polynomial equations. The embedding theorem of Kodaira says that a com-
pact kihlerian manifold of restricted type can be holomorphically embedded in
a projective space, [44].

As an example we will study the conditions that the complex torus ® = C,,, /T"
(Ex. 1.4) can be given a kihlerian structure of restricted type. Suppose that such a
kihlerian structure exists on ®. The latter being a compact connected Lie group,
we can integrate the kihlerian metric over ®. The resulting metric will define a
kihlerian structure of restricted type which is invariant under the action of ©.

Letzl,..., 2" be the coordinates in C,,, and let I be generated by the vectors

(7.28) ™) = (Wi,...,n’iﬂ), 1<pu<2m,

which are linearly independent over R. Let the kihlerian structure of restricted

type be given by
(7.29) ds* = Z hadz'dZ", 1< L)k < m,
ik

where by, are C* functions in ©. If the structure is invariant, as we are allowed to | p. 65
assume, b are constants. A homology basis for the two-dimensional cycles of ©

is formed by the two-dimensional tori T A< u Top i the quotient of the space
spanned by 7;, 7, divided by the discrete group generated by 7;, 7,.. It follows

that the metric (7.29) is of restricted type, if and only if

(7-30) =g = 7 Z ik (7/71’ )

are integers. We introduce the matrices

(7.31) G= (gzﬂ), H=(hy), T= (ﬁf)

so that their orders are (2 X 2m), (m X m), and (2m X m) respectively. Then
(7.30) can be written

G=v-1 (HHfﬁ - ﬁan)
V-1H 0 T
= (IL, IT — .
= ( )( =z
Taking the inverse matrix of this equation, we get

T\ 1,0 = [-V-IHT 0
(,H)G mm={ " \/__1[7_1).

(7.30a)

Therefore we have the:

Theorem 7(F). A necessary and sufficient condition for the torus ® = C,,/I"
to have a kihlerian metric of restricted type is that there exists a skew-symmetric



HERMITIAN GEOMETRY AND KAHLERIAN GEOMETRY 44

matrix G with integral elements such that
17 -1
FTIGT'II > 0,

32
(7.32) TIG™II = 0.

The first condition in (7.32) means that the hermitian matrix at the left-hand
side is positive definite.

The conditions (7.32) were first given by Riemann.

We wish to simplify the Riemann conditions (7.32) by proper choices of the
basis vectors of C,,, and of T". Let

(zl,...,zm) — (El,...,Em) = (zl,...,zm)T

be a change of coordinates in C,,, where 7" is a nonsingular (7 X m)-matrix
with complex elements. Meanwhile, under a change of basis of I" the matrix IT
is transformed according to

I — I = UTI,

where U is a unimodular integral matrix. The combined effect of these changes
on the matrices is given by

-1 =UNT
(7.33) H—H = T_lHtT_l,
G — G=UGU.
It is known in the theory of matrices that U can be so chosen that
(7:34) G= (_3) 10))
where
d 0
(7.35) D= , d; €L
0 dy
We can then choose T, so that
(7.36) = (é)
With 6, Min place of G, I1, the conditions (7.32) become
(7.37) ‘Z=2 iZ-2)>0
where
(7.38) Z =2D.
m(m+1)

The domain defined by (7.37) is of dimension ; it is called the Szegel up-
per half plane and is known to be biholomorphically equivalent to one of the

p. 66
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bounded symmetric domains of Elie Cartan. For m = 1 it is the Poincaré half-
plane.

An example of a torus not satisfying the Riemann conditions is given in the
case m = 2 by

(7.39)

(2 3
v v
Then

V=2d, V-5d,
V=3d, V-7d,

For this matrix to be symmetric we must have d; = d, = 0. Then the second
condition in (7.37) will not be fulfilled. Thus the corresponding torus will not
have a kihlerian structure of restricted type.

In the general case a meromorphic function on the complex torus ® is p. 68
identical to a 2m-ply periodic meromorphic function in C,, with the period
vectors (7.28). All the meromorphic functions on © form a field. It follows
from Kodaira’s embedding theorem that a complex torus satisfying the condi-
tions (7.32) can be holomorphically embedded in a projective space and is thus
by definition an abelian variety. At every point x of an abelian variety © of di-
mension 2 there are 7 meromorphic functions on ©, which are functionally
independent at x. On the other hand, there exist complex tori on which every
meromorphic function is a constant.

ZD:( ) d; eZ

8. THE GRASSMANN MANIFOLD
Let
(8.1) Cn41=Cx---xC, N +1factors

be the complex number space of N + 1 dimensions. Let GL(N + 1, C) be the
general linear group in N +1 complex variables, which we identify with the group
of all (N +1) X (/N + 1) nonsingular matrices with complex elements. Suppose
GL(NV + 1, C) acts on Cp4q to the right, as described by

(8.2) (%...,2") = (2%...,2")g g€ GL(N+1C).

Among the subgroups of GL(N + 1, C) are:
(1) the unitary group U(NN + 1), which consists of all matrices ¢ satisfying

(83) ‘=1

where / is the identity matrix;
(2) the group GL(k + 1, N — &, C), consisting of all nonsingular matrices of
the form p. 69

(8-4) ( : 2 ) e

> N-k
—_— ——

k+1 N-k



THE GRASSMANN MANIFOLD 46

where the elements at the upper-right corner are zero. The group GL(k+
1, N =k, C) is the subgroup of all elements of GL(N + 1, C) leaving fixed
the (k£ + 1)-dimensional subspace of Cp41 spanned by the first £ + 1 co-
ordinate vectors.
The space of all (k£ + 1)-dimensional linear subspaces of Cp41, & > 0, is called
a Grassmann manifold, to be denoted by Gr(N, k). Using the projection

(8.5) v:Cny1— 0> Py

in Example 1.2, the notation suggests that it is also the space of all £-dimensional
linear (projective) subspaces in Py.

From the above discussion Gr(Z\, k) can be represented as a right coset space
in two different ways:

GL(N+1C) U(N +1)
GL(k+1L, N —kC) U(k+1)xUN —k)

(8.6) Gr(Nk) =

The first representation shows that it is a complex manifold of dimension (% +
1) (N — k). The second representation shows that it is compact.

An element of Gr(J\, k) can be given by a nonzero decomposable (£ + 1)-
vector

(8.7) A=XoAXIA---ANX,#0

defined up to a constant factor. If 68, e 6‘?\] denote a fixed frame in Cpr4g, we
can write

(8.8) A:Zszo ,,,, akego/\w-/\egk, 0<ay...,4 <N,

where the P’s are skew-symmetric in their indices. The P, ..., are called the

Cayley-Pliicker-Grassmann coordinates in Gr(N, k). By consider%§lpﬂo...uk as

k+1) — L, we

the homogeneous coordinates of a projective space of dimension (
get an embedding of Gr(Z\, k) in the latter.

We propose to study the topological properties of Gr(2, £). Our main step
is to obtain a cell decomposition of Gr(4\, k) by means of the Schubert varieties.

This was first accomplished by C. Ehresmann in 1934. Let
(8.9) 0<ay<ay<---<ap<N-#k
be a sequence of integers, and let

(8.10) Ly CLyy1 C-+- C Ly CPx

be a nested sequence of linear spaces whose dimensions are given by the sub-
scripts. (We will deal with linear spaces of Py; their images under y ! will
have one dimension higher.) A Schubert variety (apay - - - ay) is the set of all &-
dimensional linear spaces X' € Gr(Z\, &) such that

(8.11) dim (X N L4j+j) >7 0</<k

‘p.7o
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By definition, (g4 - - - a;) is a closed subset of Gr(/, k) and is determined by
the 4’s up to a projective collineation. Its (complex) dimension is
(8.12) dim(aga1 - ap) =ag+a1+ -+ a.
Examples. (1) (N—Fk---N —k)=Gr(N k)

(2) (0---0) =Ly
(3) (0...01...1) (» ones) is the set of all X satisfying the condition

(8.13) Liy CX C Ly,

where L;_, and Ly are fixed linear spaces of dimensions £ — 7 and & + 1
respectively.

We take a fixed sequence of linear spaces in P :
(8.14) LoCcLiC---CLn_1CPxN

and suppose the Schubert varieties are constructed from the linear spaces of this
sequence. Put

(815) (a0 a)* = (a0---ap) = . (ao-+-ajaai=1---a), (a_y=0).

Then any X € Gr(N, k) belongs to a unique (a4 ---4;)*. That is, the sets
(a0 - - - ap)™ are mutually disjoint and their union is Gr(Z\, k).

Proposition 8(A). (4 - - - a;)* isan open cell of real dimension 2(ag +- - - +4;).

Example. For k£ = 0 we have

(8.16) Pv=(MN)"+(N-D"+---+ ()" +(0)"
I

= (Py —Ln-1) + (Ln—1—Ln—2) + -+ (L1 = Lo) + Lo.

That is, Py is a union of cells of dimensions 0, 2, 4, ..., 2N respectively, which
are mutually disjoint.

We prove 8(A) by induction on k. The example shows that it is true for £ = 0.
For definiteness we suppose 29 > 0; the treatment of the case 29 = 0 requires
only slight modifications. We take a hyperplane 7z in P such that

7N Ldo = Ldo—b
7T N Lq = qu—l’ ay < g
where L;_I is of dimension g — 1. Consider the set
X = (aoar - ap) — (ag — lay - - - ap).

If X € %, it meets L,,, but not L,,—_;. Hence it meets L,, — L,,—1 in exactly
one point y (say). Moreover the intersection £ = X N 7 is of dimension & — 1,
satistying & N L, -1 = @. We therefore have the continuous mapping

(8.17) ¢: 2 > (Lyy — Lag—1) XA
defined by
(X)) = (),

p-71
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where A is the subset of the Grassmann manifold Gr(IN — 1, £ —1) of all (£—1)-
dimensional linear spaces in 7 such that £ N L, —; = @.

To describe the image ¢(X) we consider in 7 the sequence of linear spaces
(8.18) Ly1CL, C---CLly,Cm

The Schubert varieties of Gr(/N —1, £—1) to be considered will be defined relative
to the sequence (8.18) and will be denoted by the same symbols with dashes. We
have, forj > 1, p-73

dim (f NL ) = dim (X NzN La].+j) >7j-1

aj+j—1
sothat£ € (a1 - - -a;)’. Conversely, if
()’) f) € (Lﬂo - Lﬂo—l) X (dl e dk)’)
they span a k-dimensional space X whose intersection
contains y and £ N L;j -1 and is hence of dimension > ;. If moreover, £ € 4,
then X' € 2. Thus ¢ is a homeomorphism of % onto the set

(Lao _Lao—l) X {((ﬂl o 'ﬂ/e)/ ﬁA}

Analogous to (8.15) we set

(a1 a)" = (@ ap) = Y (a1 aaa—1-ap).

ﬂj*l<ﬂj

Then & € (a; - - - a;)” implies that £ N L, | =@sothat £ € A. Ourinduction
hypothesis says that (4; - - - 2;)"" is an open cell.

The homeomorphism ¢ depends only on 2 and on the choice of 7; it is inde-
pendentof theintegersay, - - - , 4, provided that the conditions (8.9) are fulfilled.
It follows that, forj > 1, aj-1 < aj, ¢ restricts to a homeomorphism

¢:(dodl...dj_ldj_l...dk)_(do_141...dj_lﬂj_1...ﬂ/€)

i

(Lﬂo - Lao—l) X {(5{1 Crrdjdj — 1. 'él/e)/ ﬂA} .

From this we see easily that ¢ establishes a homeomorphism between (4 - - - 44)*
and (L, — Lag—1) X (a1 - - - az)"*. This proves 8(A).

The Schubert varieties relative to the sequence (8.14) give a cell decomposition | p. 74
of Gr(N, k) whose cells are all of even dimensions. From known theorems in
algebraic topology (cf. [40]) we are thus able to draw the following conclusions

on the topological properties of Gr(2\, &):

Proposition 8(B). The Schubert varieties are cycles. Gr(N\, &) is simply connec-
ted. Ithas no torsion coefficients and its homology groups of odd dimensions are
zero. A homology basis of Gr(N, k) of dimension 27 is formed by the Schubert
varieties (@oay - - - ag), where aq, a1, . .., a; run over all sets of integers satisfying
0<ag<a1<---<a,<N-kandag+a1+---+a,=r.
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Example. Gr(3,1) is the space of all lines in P3. Its (complex) dimension is 4.
Its Schubert cycles of different dimensions are respectively

(00), (01), (11), (02), (12), (22).
Hence its Betti numbers are
P=r=1 =t=1 b=2
where the superscripts indicate the (real) dimensions.

Of geometrical significance is the structure of the homology or cohomology
rings of Gr(1\, k), i.e., the intersection properties of the Schubert varieties. These
are at the basis of enumerative geometry and have been completely determined
(cf. [38], [33]). We will, however, not enter into this question.

The Grassmann manifold has been playing an important role in recent devel-
opments of mathematics, because it is a so-called dassifying space for complex
vector bundles. In fact, when Gr(/, k) is considered to be the manifold of all
(k + 1)-dimensional linear subspaces through the origin of Cx4y, it is the base
space of a complex vector bundle whose fibres are these linear subspaces them-
selves. More precisely, let A € Gr(\, k) as defined by (8.7) and let v € Cpr4y be
suchthatv A A = 0,ie.,v € A. Also let

(8.19) Ey={(s, A) : v ANA =0}
Then

(8.20) Yo : Eo — Gr(\ k),
with the projection ¥y defined by

(8.21) Yoo, A) = A,

is a complex vector bundle with the fibre dimension £ + 1.

Thebundle (8.20) has an important property. To describe it we define a (£+1)-
frame to be an ordered set of £ + 1 vectors ey, . .., ¢ € Cn4 such thateg A+ -+ A
er # 0. The space of all (k£ + 1)-frames in Cpy4; is called a Stiefel manifold, to be
denoted by St(IN + 1, £ + 1). It is the total space of a fibre bundle

(8.22) A:St(N+Lk+1) - E
over Ey, with the projection A defined by
(8.23) Alegy...,er) = (eo,e0 A+ ANep) € E.

The total space St(N + 1, £ + 1) has a string of vanishing homotopy groups ex-
pressed by

(8.24) 7 (St(N+1Lk+1) =0, 7<2N -2

(cf. [53, p- 134]). Following Steenrod’s terminology the bundle (8.20) is (2N —
2k + 1)-universal in the following sense: Let M be a compact manifold of real
dimension < 2N — 2k. The equivalence classes of complex vector bundles of
fibre dimension & + 1 over M are in one-one correspondence with the homotopy
classes of continuous mappings f : M — Gr(N, k), the correspondence being
established by assigning to each mapping f the bundle f*Ej induced from Ej.

p-7s
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On account of this theorem the bundle (8.20) is called a #nzversal bundle and
its base space a dassifying space.

The universal rth Chern cassc,, 0 < r < k + 1, is the element of
H? (Gr(N, k), Z) such thatits valueis 1 over the Schubertcycle (0 - - - 01 - - - 1) (»
ones) and is 0 over all other Schubert cycles. By the above theoremify : £ — M
is a complex vector bundle with fibre dimension £ + 1, it is induced from £, by
amapping f : M — Gr(N, k) (real dim M < 2N — 2k), and f is defined up to
a homotopy. It follows that £*¢, € H*" (M, Z) is completely determined by the
bundle £. We define

(8.25) (E) =fC e H'(MZ), 0<r<k+1

¢ (E) is called the rth Chern class of E. Clearly ¢y (E) = 1.

In applications it will be essential to identify ¢,(£) with geometric or analytic
invariants defined in other ways. We will sketch one such application without
insisting on details. Let A4 be a compact almost complex manifold of real di-
mension 2. Its tangent bundle 7°(A1) is then a complex vector bundle over A/
with fibre dimension #. Then we have

(8.26) an(T(M)) - M = x(M),

where the left-hand side stands for the value of ¢,(7'(M)) on the fundamental
cycle of M and the right-hand side y (A1) is the Euler—Poincaré characteristic of
M.

To see this we consider the universal Chern classz, € H>*(Gr(N, n — 1), Z),
with NN sufficiently large. By definition this is the class which has the value
one over the Schubert cycle (1---1) (2 ones) and the value zero over all other
Schubert cycles. By Poincaré duality this can be realised by taking a fixed
Schubertcycle (N =7, - - - , N —n) of complementary real dimension 27 (N —#)
and taking its intersection with the Schubert cycles of real dimension 2z. By
definition (N — z---N — n) consists of all the #-dimensional linear spaces
through 0 in Cp4; which lie in a fixed hyperplane L of dimension N. Let vy
be a vector through 0 in Cp41 orthogonal to L. By using the mapping f : M —
Gr(N, n — 1) and by taking the orthogonal projection of vy to f(x), x € M, we
define a vector field over M, which will have singularities exactly at the points
x € M such that f(x) € L. One verifies that ¢, (7 (M)) - M is equal to the
sum of the indices at the singularities of a vector field with a finite number of
singularities. This proves (8.26).

By studying the homotopy groups of the unitary group, Bott proved the the-
orem: Let £ be a complex vector bundle of fibre dimension 7 over the 2z-sphere
$%". Then ¢, (E) - $** is divisible by (n — 1)!.

If $?" has an almost complex structure and £ is the tangent bundle, then by
(8.26) ¢, (T(5?")) - $>" is equal to 2, the Euler—Poincaré characteristic of $*”.
It follows from Bott’s theorem that S*” has an almost complex structure only
when # < 3. On the other hand, it can be proved by a different method that S 4
does not have an almost complex structure. Thus .§ 2 and S are the only even-
dimensional spheres which have almost complex structures.
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We now study the geometry in Gr(N, k). For this purpose it is necessary to in-
troduce an hermitian structure in the bundle (8.20). This is most easily achieved
by introducing in Cp41 the hermitian scalar product

(8.27) (Z, W) =(W,Z) = 2wy + -+ + aNWN,
where
(8.28) Z=(z0,...,2N) € Cny1, W = (wo,..., wn) € Cny1

This induces an hermitian structure in £y in an obvious way.
The definition (8.27) can be extended to decomposable (£ + 1)-vectors. In
fact, let

(8.29) A=XgA-AXpy M=YoA- AT

We define the hermitian scalar product
(8.30) (A, M) = det(Xa, Yﬂ), 0O<af<kh

The product (A, M) in (8.30) depends only on the (k£ + 1)-vectors and is inde-
pendent of the ways that they are decomposed in (8.29). By the hermitian prop-
erty of (A, M) and the fact that any (k& + 1)-vector is a linear combination of
decomposable (£ + 1)-vectors, the definition of (A, A1) is extended to arbitrary
(k + 1)-vectors A, M. For simplicity of writing we will introduce the notations

1
(8.31) IAM] = |(AM)], Al =+(A A2
|Al s called the zorm of A. Clearly the norm determines the scalar product. The

quotient % depends only on the elements of Gr(J\V, k) determined by the

(k + 1)-vectors A, M, and we have the Schwarz inequality
(8.32) |A, M| < |AllM].

Utilising the scalar product (8.277) we will restrict ourselves to unitary frames.
A unitary (b+1)-frameis an ordered set of b +1 vectors Zy, Zy, . . . , Zj, satisfying

(8.33) (ZiZj) =0y, 0<4j<h

If b = N, we will call it simply a unitary frame. We will identify U(N + 1) with
the space of all unitary frames. Then we have the fibrings

(8.34) UN +1) 5 St(N + 1Lk +1) 55 Gr(N k),

where St(N +1, £+1) is the Stiefel manifold of all unitary (£ +1)-frames in C;
and the projections 4, ¢ are defined by
529 W20 Zis s ZN) = (Zoy Zos s Zi),

35 W20 2y Zi) = Zo NZLA -+ N Zy

the last (£ + 1)-vector defining an element of Gr(N\, £).
In U(N + 1) we put

(8.36) G4 = (dZ4,Zp), 0<A4,B C<N.
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From the orthogonality relations (8.33) we get by differentiation

(8.37) O48 + 9314 =0.

Equation (8.36) can also be written

(838) dz, = Z 04825
B

Taking its exterior derivative, we get

(8.39) ddyp = Z Bac A Oc.
C

These are called the Maurer-Cartan equations of the unitary group U(N +1).
Under the projection z o 1 in (8.34) the differential forms of Gr(J\, k) are

mapped into forms of U(XN + 1), and this mapping is an isomorphism, i.e., a

form w on Gr(N, k) is completely determined by its image (x o 1)*w. We will

utilise this fact by studying the forms on U(/N + 1) and consider a relation to

be on Gr(N, k) when all the forms involved belong to the image of (xz o 1)*.

Moreover for simplicity the mapping (# o A)* will be omitted in the formulas.
With these conventions, let A be a decomposable (& + 1)-vector and let

A
(8.40) Ao =

|A|
so that Ag is a unit (£ + 1)-vector. We write ‘ p. 80
(8.41) No=2ZyN--- N2y,

Zy, ..., Zy being a unitary (k + 1)-frame. Then we get, by means of (8.38),

(d/\o, Ao) = Z gaa == Z g)aw
(8.42) (dAo, d/\o) =+ (Z eaa) (Z éaa) + Z eﬂ’gﬂ’”’

0<a<k k+1<r<N,

where the multiplication of differential forms is in the sense of ordinary commut-
ative multiplication. It follows that

(dAy, dAg) — (dAo, Ao)(Ag, dAg) = Z 0B,

By substituting the expression in (8.40), we get
1

(43) (A AN AA) - (dA M)A, dN)) = Z BB

This defines an hermitian structure in Gr(2\, £). In fact, the left-hand side of
(8.43) shows that it is hermitian and the right-hand side shows that the metric is
positive definite.
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The Kihler form of (8.43) is

(8.44) ﬁ/e = % Z Our N gmﬁ = % Z Our N Or = %d (Z ﬁzxa) .

It is therefore closed, and the metric (8.43) is kihlerian. By (8.40) and (8.42) we
can further write

(845) Z gmx = (6 - 5) log |A|)
so that
(8.46) Hy = 99 log |Al.
We summarise the results in the: p. 81

Theorem 8(C). The Grassmann manifold Gr(XN, &) has a kihlerian structure
invariant under the action of U(/N + 1). Its Kihler form is equal to 7 times the
curvature form of the hyperplane section bundle over Gr(N, k) defined by the
embedding by the Cayley—Pliicker—-Grassmann coordinates and the hermitian
norm |A].

The first statement has been proved. The second statement may need some
explanation. All the (k£ + 1)-vectors A of Cp41, decomposable or not, form a
complex vector space C, of dimension » = (N+11). As in Example 1.2 and Ex-
ample 6.2, C, — {0} — P,_; defines the universal line bundle over P,_; and an
hermitian structure is introduced in this bundle by the norm |A[. The restric-
tion of this bundle to Gr(J\, £) C P,_; is the negative of the hyperplane section
bundle meant in the theorem, and |A|™! defines an hermitian structure on it.

By (6.5) the curvature form of this bundle is ﬁaé log b, where h = |A|™ is
the square of the norm of a local holomorphic section. It is therefore equal to
293 log|Al = +LHj, by (8.46).

This proves the second statement in 8(C).

Remark. Consider the universal bundle (8.20). Let 7 be a neighbourhood in
Gr(N, k) andlet Z4, 0 < A < N, be a frame field over V" into U(N + 1).
Then Z, ..., Z; define a frame field of the bundle £y over V. The matrix (6,p),
0 < &,/ < k, depends only on the (k¢ + 1)-frame field Z, and follows the trans-
formation law (5.22) under a change of the frame field. It therefore defines a con-
nection in the bundle £y. The curvature matrix of this connectionis © = (©,),

where, by (8.39), ‘p. 82
Oup = 045 = > Oy NOyg= D b Abyg == ) Our Ay,
4

0<aly<kk+1<r<N

(8.47)

It follows that _

6+6=0
and hence, asin (5.59), that the determinant det (7 + jr §) is real. Using the nota-
tion of §5, we have therefore (ImP,)() = 0,0 <r < k+1.
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By actual integration one can show that

k+1
€ r 9 = ,
( 4 )[0...01.,,1)(R P)( ) 1

where (0---01---1) is the Schubert cycle with 7 ones and that the same in-
tegral over any other Schubert cycle is zero. This means that the element of

H* (Gr(N, k), R) defined by (kjl) (Re P,)(6) via the de Rham isomorphism is

J¢r, where ¢, is the 7th universal Chern class and
j: H”(Gt(N k), Z) — H¥ (Gr(N, k), R)

is induced by the coefficient homomorphism.

(8.48)

Let M be a compact manifold and ¢ : £ — M be a complex vector bundle
of fibre dimension £ + 1 induced from £y by the mapping f : M — Gr(I\, k).
Then the above relationship remains true for the induced connection. By The-
orem 5(B), we conclude that

(“1)1),(9), 0<r<k+l
7

where Q is the curvature matrix of any connection in £, corresponds to the
Chern class jc,(E) by the de Rham isomorphism. This is a relationship between
the curvature of a connection of a complex vector bundle and its characteristic
classes and contains as a special case the Gauss—Bonnet formula in high dimen-
sions.

9. CURVES IN A GRASSMANN MANIFOLD

As in §8 we will denote by Gr(/\, k) the Grassmann manifold of all 4-
dimensional linear subspaces of the projective space Pxr of dimension N. Let
M be a one-dimensional complex manifold or Riemann surface. A holomorphic
curve in Gr(I\, k) is a holomorphic mapping f : M — Gr(J\, k). In particular,
aholomorphic curve f : M — Gr(1, 0) = Py is a meromorphic function on M4,
given by the ratio of the homogeneous coordinates in P;.

Let A be a nonzero decomposable (£ + 1)-vector which defines an element
of Gr(N, k), so that A is determined up to a factor. Let Zp be the subset of all
A € Gr(N, k) such that

(9.1) (AB)=0

where B is a fixed (£ + 1)-vector, decomposable or not. X is then a submanifold
of codimension one in Gr(N, &).

This set Xp has a simple geometrical interpretation if B is decomposable. In
fact, we shall say that two points Z, W € Py are orthogonal it (Z, W) = 0. (We
will identify points of P with their homogeneous coordinate vectors, and the
same with elements of Gr(N, £).) If Bis decomposable, it determines an element
B € Gr(N, k). Associated to the latter there is an element B+ € Gr(N, N —k-1),
which is completely orthogonal to B, i.e., B* is the set of all points of Py which
are orthogonal to all points of B. This relationship is obviously symmetrical:

p-83
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(B*)* = B. Foradecomposable B, Zp is the set of all A € Gr(2\, k) which meet
Bt.
Since (A, B) is holomorphic in Gr(N, k) we have

89 log|A, B|* = 3d{log(A, B) +log(B, 4)} = 0.

Combining with (8.46) we can write
=~ o |A]-]B
. H, =i001 .
(92) (= 03 log

This formula is valid in Gr(2\, k) — Zp (while (8.46) is valid only locally).
Let

(9.3) f M — Gr(N, k)

be a holomorphic curve such that the image /(A1) does not belong to Zp. Let
D be a compact domain in M with smooth boundary set 0D and consider the
restriction | D. Since the points of the set f}(f (D) N Zp) are the zeros of the
holomorphic function (A({), B), { € D, which is itself not identically zero, the
set f71(£ (D) N p) consists only of a finite number of points. Let {y € D be
such a point, with {" the local coordinate in a neighbourhood of ;. We define
the order of { to be the order of zero of the holomorphic function

w(§) = (A(F), B)

at {y. The sum of the orders of all such points we define to be the order (D, B)
of the domain D relative to B or the intersection number of /(D) and Xg. About
the point ¢y draw a circle y, of radius . By a local consideration it is easily seen
that the order of {j) is equal to

1 _
Eglgr(l)/y;((?—a)loglwl.
Define
1 -
(9-4) v(D) = — / H,
7 Jf(D)

so that v(D) is the normalised volume of /(D). By applying Stokes’ theorem to
the formula (9.2), we get the:

Theorem 9(A) (First main theorem for holomorphic curves). Let f : M —
Gr(N, k) be a holomorphic curve and let D be a compact domain of A/ with

smooth boundary D. Let Bbe a fixed (£+1)-vector such that f(0D)NZp = @.

Then

(9:5) n(D, B) — v(D) = ZL /f(aD)(a _3)log |A, B

|AlIBI

e

where (D, B) is the order of D relative to B and v(D) is the normalised volume

of f(D) .

‘p. 84
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Corollary. If A is a compact holomorphic curve without boundary in
Gr(N, k), then

(9.6) n(M, B) = v(M),
ie., /(M) meets all Zp the same number v(A) of times.

With the classical theory of meromorphic functions as an example, we will
study holomorphic curves (9.3) where A1 is noncompact. The right-hand side
of (9.5) motivates us to introduce the operator

(9-7) d¢ = (4 - 9)

d€ acts on complex-valued C* forms and is of degree 1, i.e., it maps a form of
degree 7 to a form of degree » + 1. It is also a real operator in the sense that it
maps a real form into a real form. We have

(9.8) dd® = 2/04.
A smooth function 7 on M is called harmonic, if
(9.9) ddz = 0.
If 7 and g are two smooth functions on M, we have p. 86
dz Ad%g —dg A d“z = 2i(dg A 37 — dg A O7).
Since M is one-dimensional, the right-hand side is zero and we have
(9.10) dr AdCg =dg A dz
Example. Suppose M = C* = C — {0}. Let{ € C*,{ = r¢%, » # 0. Then
log{ = logr + 6,
logZ = logr — 70,
If 7 = log 7, we have
dz =dlogr = %{dlog{ + dlog?}
and

(9.11) 4z = —%{dlogf —dlog{} = dé.

Now suppose 7 is a real-valued smooth function on 4. With a local coordin-
ate { we have

(9.12) dr = 7,d{ + 'z'chZ,
so that

(9.13) d%7 = i(~7pd{ + Tde)
and

(9.14) dr A d7 = 27,75 (idd A do).
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An exhaustion function on M is a smooth function 7 : M — R (= set of
real numbers > 0) which satisfies the conditions:

(1) the mapping 7 is proper, ie., 77! (4) is compact whenever 4 C R¥ is
compact;
(2) the critical points of 7, i.c., points at which dz = 0, are isolated.

An example of a function satisfying the second condition is a real-valued har-
monic function.

Suppose that A has an exhaustion function 7; such a function exists on every p.87
noncompact manifold, cf. [47, p. 36]. Let

(9.15) Dy={{eM:7({) <u}
and write
(9.16) n(D,, B) = n(u, B), v(D,) = v(an).
Then (9.5) can be written
1 A, B
9.1 n(u, B) — v(u =—/ dlo )
(9.17) (, B) — v(u) = — oy &AL~ 5]
By (9.10) we have
0
c _9 ¢
d g = 8z‘d 7, moddz

The boundary 0D, is the curve 7 = #, along which dz = 0. Hence the right-
hand side of (9.17) is equal to

1 o INBl .o
— —1 dvz.
27r/aa,f o7 BTAT- 1B

By an argument which we will not give here (cf. [60, p. 70] or [13]), the integral

and the differential operator (% can be interchanged, and we have

L0 [ MO8 e
229u Jon, BTN 1B

n(u, B) — v(u) =

where { € 0D,,.

We put
(9.15) NGB = [ o)

-
(9-19) T(un) = /0 uv(t)dt.

The function 7'(#) is called the order function or the characteristic function of
Nevanlinna. Integrating the above equation with respect to #, we get the (the
integration needs justification; cf. [60]):
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Theorem 9(B) (Integrated form of the first main theorem). Let f : M —
Gr(N, k) be a holomorphic curve, where A1 is a Riemann surface with an ex-
haustion function 7. Let y(#) be the real curve defined by 7 = #. Let Bbe a
fixed (£ + 1)-vector such that f(y(#)) N £z = @. Introduce the function

[ MG Bl
(9.20) m(u, B) = 5 ./7:(;{)1 g |A(;/)||B|d 5, { €y(n).
Then
(9.21) N(u, B) — T(#) = —m(u, B) + m(0, B).

The function m(u, B) is called the compensating function with respect to B. In
fact, (9.21) can be written

(9.212) N (u, B) + m(u, B) = T () + m(0, B).

Thus m(u, B) measures the “deficiency” of N (%, B) from the order function
T ().
By the Schwarz inequality (8.32) we have

NG
SIAQIB] =

By (9.14) we see that d“7 is positive along y(«). It follows that
m(u, B) > 0.

0.

From (9.21a) we get the inequality
(9.22) N(u, B) < T(u) + m(0, B),

which expresses the remarkable fact that 7'(#) is an upper bound for N (%, B)
for all B, m(0, B) being a constant relative to «.

The classical problem of value distribution of meromorphic functions in the
sense of Picard—Borel-Nevanlinna can be generalised to holomorphic curves in
a Grassmann manifold. We see from the Corollary to Theorem 9(A) that if A4
is compact and without boundary and if / is not a constant map, then /(M)
meets every 2. The question is whether a similar statement can be made on the
equidistribution of f(A4) relative to all the X when A is noncompact but is
“conformally large”.

The inequality (9.22) furnishes a key to such results. To make the main
ideas clear we restrict ourselves to the classical case of a holomorphic mapping

f : M — Py, where
(9.23) M=Cy={z€C:|z| >1}.

In other words, Cy is the complex line with a unit disk removed. Asitsexhaustion
function we take 7 = logr > 0,2 = 7. We suppose that f is not a constant
map.

We will derive from (9.22) the theorem that /(Cy) is dense in P;. In fact, sup-
pose that P; — f(Cy) # @. Let dB be the element of area in P; so normalised

p- 89
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that

(9.24) dB =1

Py
Let A be the area of f(Cy), so that 4 < 1. We integrate the inequality (9.22) with
respect to dB over f(Cy). Since v(#) is the area of the image /(D,,) (ct. (9.15)),

we have

/_n(u, B)dB = v(n),
s

(Co)

and the integration gives
T(u) < AT (#) + const.

Since T'(#) — o0 as u — oo, this leads to a contradiction.

A deeper study of the value distribution of the meromorphic function f or,
what is the same, of the equidistribution of the image set /(Cy) consists in the
investigation of the relation of f(Cy) with respect to a given set 4; € P;,1 <
7 < 5, of mutually distinct points. An idea originating from F. Nevanlinna and
Abhlfors is to integrate the inequality (9.22) over a density with singularities at the
points 4;. Let

B A -2
(9-25) P(B) = C]—[ (W) , 0<2A<],

;

where the constant ¢ is so chosen that

(9.26) /ﬁ(B)dB =1
Py

Under the mapping / we have

(9.27) fdB = o2rdr A d6,

so that & is the ratio of the elements of area. & is zero at the points where the
linear mapping induced by / on the tangent spaces is not an isomorphism, i.e.,
at the branch points of the meromorphic function /. Integration of (9.22) over
Py gives the inequality

" exp u 2
(9.28) / du/ rdr/ Joa'2d<9 < T'(#) + const.
0 1 0

The inequality (9.28) has an implication given by the:

Lemma 9(C). Suppose (9.28) is valid. Then

1 27
(9.29) > / log(/oaz)dﬁ <% log T'(#) — 2u + const., x> 1,
T Jo

with the exception of a subset £ of # € R* such that fE du < 0.

‘p. 90
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To prove this let F(7), G(7) be positive-valued functions such that () is of

class C' and increasing. Suppose that
F'(r) > F(r)*G(r),

where ¥ > 1is a constant. Integration gives

L () - F) s / "G dn

x—1 1

so that
(9.30) / G(r)dr < +oo.
1

Thus with the exception of a set of 7-intervals for which (9.30) holds we have
F'(r) < F*(r)G(»),

and hence
logF' < xlogF +log G.

Successive applications of this formula give respectively

27 r 2
log/ padf +logr < xlog {/ VC]J’/ ﬁ&'zdﬁ} +log G,
0 1 0

r 2
log {/ VC]J"/ Joazdﬁ} —logr < xlog T(x) + O(1) + log G.
1 0
Combining them we get
2
log/ Joazdﬁ < x? log T'(#) + (x — 1) log 7 + (x + 1) log G + O(1).
0

Choosing G(7) = % and using the concavity of the logarithmic function

1 27 1 27
log(/oaz)dﬁ < log {Z ‘/0 ﬁerzdﬁ},

(9.31) 2 ),

we get (9.29).

To draw meaningful conclusions from the inequality (9.29) we need an estim-

ate for the integral
1 27
— log odé.
oz ) ogo

For such an estimate consider the projective line P; = Gr(1,0). Let A = (1,
be its homogeneous coordinate vector so that 0 < [¢| < oo, including infinity.

By (8.43) its metric is

drdr
2 Qdr
(9:32) (1+ #)2

By (8.46) its Kihler form is

~  fdeadr i = -
Ho=2 = 53 log(1 + ),
0= e 200 losll+ )

60

)
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as can be directly verified. A direct computation gives p. 93
(9:33) Hy==
P

so that
(9:34) dB = 21—%55 log(1 + #%).
Under the mapping £, # is a holomorphic function of z and we have by definition

c=(1+ l‘Z)_lﬂ'_% o

0z

It follows that
1 —
*dB = ———d(9 - 0) logg, .
f7dB 47”(1((9 d)loge, o #0
Applying Stokes’ theorem to the domain D, and supposing that 8D, contains

no branch point, we get

V14

(539 200 = 5= [ (08 1ogo —utw)

where w(#) is the sum of the orders of the branch points in D, necessarily finite
in number (D, being compact). Integrating with respect to %, we get

1 27
(9.36) 2T (n) = —/ logode — W (#) + const.
27 0
where
(947) = [t
We have thus the inequality p. 94
1 27
(9.38) —/ loggdd > =27 (#) + const.
27 0

By (9.25), (9.20), and (9.38) we get
1 2w 5
. — [ 1 2 A) — 4T ().
(9.39) 27[/0 og(ps?)dé > const. + lZm(% ) ()

We introduce the defect of the point 4 € P; by
m(u, A)
T (n)

Thus 0(A4) = 1if 4 ¢ f(Cp) (cf. (9.21)). By letting A — 1in (9.39), we immedi-
ately get, by using (9.29), the:

asu — o0,

(9.40) 0(A4) = liminf
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Theorem 9(D) (Nevanlinna’s defect relation). Let f : Cy — P; be a noncon-
stant holomorphic mapping. Let 4,, 1 < 7 < s, be a set of mutually distinct
points of P;. Then

(9.41) Z 3(4;) < 2.

Corollary (Picard’s theorem). A nonconstant meromorphic function in C
omits at most two values.

Appendix. Geometry of characteristic classes'
1. HISTORICAL REMARKS AND EXAMPLES

Thelast few decades have seen the development, in difterent branches of math-
ematics, of the notion of a local product structure, i.e., fibre spaces and their gen-
eralisations. Characteristic classes are the simplest global invariants which meas-
ure the deviation of a local product structure from a product structure. They
are intimately related to the notion of curvature in differential geometry. In fact,
a real characteristic class is a “total curvature”, according to a well-defined rela-
tionship. We will give in this paper an exposition of the relations between char-
acteristic classes and curvature and discuss some of their applications.

The simplest characteristic class is the Euler characteristic. If A1 is a finite cell
complex, its Euler characteristic is defined by

(1) 2M) =Y (D= (1),
k k

where 4, is the number of k-cells and &y, is the k-dimensional Betti number of M.
The equality of the last two expressions in (1) is known as the Euler-Poincaré
formula.

Now let M be a compact oriented differentiable manifold of dimension 7 and
let £ be asmooth vector field on A1 with isolated zeroes. Each zero can be assigned
a multiplicity. In his dissertation (1927) H. Hopf proved that

(2) x M) = Z zeroes of &,

This gives a differential topological meaning to y ().

This idea can be immediately generalised. Instead of one vector field we con-
sider &£ smooth vector fields &, . . ., &. In the generic case the points on M where
the exterior product & A - - - A& = 0, i.e., where the vectors are linearly depend-
ent, form a (£ — 1)-dimensional submanifold. Depending on the parity of 7 — £,
this defines a (£ —1)-dimensional cycle, with integer coefficients Z or with coeffi-
cients Z,, whose homology class, and in particular the homology class mod 2 in
all cases, is independent of the choice of the & vector fields. Because the linear de-
pendence of vector fields is expressed by “conditions”, it is more proper to define
the differential topological invariants so obtained as cohomology classes. This

"Reprinted by permission from Proc. 13th Biennial Seminar, Canadian Math. Congress,
1972.
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leads to the Stiefel-Whitney cohomology classes w e H(M,Z,),1<i<n-1,
i = n—k+1. The nth Stiefel-Whitney class corresponding to £ = 1 or the Euler
class has integer coefficients w” € H” (M, Z). Itis related to y (M) by

G 2(M) = /M o,

where we write the pairing of homology and cohomology by an integral.

Whitney went much farther. He saw the great generality of the notion of a vec-
tor bundle over an arbitrary topological space M. (Actually Whitney considered
sphere bundles, thus gaining the advantage that the fibres are compact but los-
ing the linear structure on the fibres. He was not concerned with the latter, as
he was only interested in topological problems.) He also saw the effectiveness of
the principal bundles and the fact that the universal principal bundle

(4)  O(g+N)/O(N) = O(g + N)/{O(g9) X O(N)} = G(¢, N)
say, has the property
(s) 7:(0O(g+ N)/O(N)) =0, 0=<i<N,

where 7; is the 7th homotopy group. The left-hand side of (4) is called a Stiefel
manifold and can be regarded as the space of all orthonormal g-frames through
a fixed point 0 of the euclidean space E7*¥ of dimension g + N and the right-
hand side is the Grassmann manifold of all g-dimensional linear spaces through
0in %N, while the mapping 7 in (4) can be interpreted geometrically as taking
the g-dimensional space spanned by the g vectors of the frame. Thus the univer-
sal principal bundle has the feature that its total space has a string of vanishing
homotopy groups while its base space, the Grassmann manifold, has rich homo-
logical properties. The associated sphere bundle of the principal bundle (4) can
be written

(6)  O(g+N)/{O(g-1) xO(N)} = O(g + N)/{O(g) x O(N)}.

The importance of the universal bundle lies in the Whitney—Pontrjagin embed-
ding theorem: let M be a finite cell complex. A sphere bundle of fibre dimension
g —1(oravector bundle E of fibre dimension ¢) over M can be induced by a con-
tinuous mapping / : M — G(g,N), dimAM < N, and f is defined up to a
homotopy.

Let # € H'(G(g, N), A) be a cohomology class with coefficient group A.
It follows from the above theorem that f*» € H’(M, A) depends only on the
bundle. Itis called a characteristic class corvesponding to the universal class u.

Example r.1. Consider all the g-dimensional linear spaces X through 0 in £+
satisfying the Schubert condition

(7) dim (X0 EN) 24 12i<y
where E“N=1 i a fixed space of dimension 7 + N — 1 through 0. They form a
cycle mod 2 of dimension g/N —7in G(g, N). The dual of itshomology class is an

element o’ € H'(G(g, N),Z,) and is called the 7th universal Stiefel-Whitney
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class. Its image w'(E) = f*w' € H'(M,Z,),1 < i < g, is called the Stiefel-
Whitney class of the bundle E.

Example 1.2. Similarly, consider the g-dimensional linear spaces X through 0
satisfying the condition

(8) dim (X N EZ/”N_Z) > 2k,

where E2+N=2 is fixed, with its superscriptindicating the dimension. They form
a cycle of dimension g/N — 4k with integer coefficients. The dual of its homology
class is an element p;, € H 4k(G(q, N),Z) and is called a universal Pontrjagin
class. Its image px (E) = f*pr. € H*(M,Z),1< k< [%], n = dim M, is called
a Pontrjagin class of E.

Example 1.3. It has been known that the complex Grassmann manifold
(9) G(g N, C) =U(g + N)/U(g) x U(N)

has simpler topological properties than the real ones. In fact, it is simply con-
nected, has no torsion (i.e., no homology class of finite order), and its odd-
dimensional homology classes are all zero. G(g, N, C) can be regarded as the
manifold of all g-dimensional linear spaces X through a fixed point 0 in the com-
plex number space C 4 of dimension ¢ + N. Imitating Example .1, let C;y n—;
be a fixed space of dimension 7 + N — 1 through 0. Then all the X satisfying the
condition

(10) dim (X NCiun-1) 24 1<i<g,

form a cycle of real dimension 2(¢/N — 7) with coefficients Z. As above, this
defines the Chern classes ¢;(E) € H*(M,Z),1 < i < g, of a complex vector
bundle £ and they are cohomology classes with integer coefficients.

When applied to the tangent bundle of a differentiable manifold the Stiefel-
Whitney classes and the Pontrjagin classes are invariants of the differentiable
structure. Similarly, the Chern classes of the tangent bundle of a complex mani-
fold are invariants of the complex structure.

It is of great importance to know whether and how the characteristic classes
are related to the underlying topological structure of the manifold. The first such
relation is the identification of the Euler class with the Euler characteristic, as
given by (3). It was proved by Thom and Wu that the Stiefel-Whitney classes
can be defined through the Steenrod squaring operations and are topological in-
variants. On a compact complex manifold of dimension 72 we have, in analogy

to (3),
() 2(M) = /M o (M),

where ¢, (M) denotes the mth Chern class of the tangent bundle of 1.
From the Pontrjagin classes of the tangent bundle of a compact oriented dif-
ferentiable manifold A of dimension 4% Hirzebruch constructed a number
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called the L-genus and, using Thom’s cobordism theory, proved that it is equal
to the signature of M # Tn the simplest case £ = 1 the relation is

(12) sign(M) = % /M nM), M=M*

In particular, it shows that the integral at the right-hand side is divisible by 3.

The characteristic classes are closely related to the notion of curvature in differ-
ential geometry. In this respect one could take as a starting point the theorem in
plane geometry that the sum of angles of a triangle is equal to 7. More generally,
let D be a domain in a two-dimensional riemannian manifold, whose boundary
0D is sectionally smooth. Then its Euler characteristic is given by the Gauss-
Bonnet formula

(13) 2my(D) = ) (7~ ) +/6D§ +/DKdA,
7 £

where the first term at the right-hand side is the sum of the exterior angles at the
corners, the second term is the integral of the geodesic curvature, and the last
term is the integral of the gaussian curvature. They are respectively the point
curvature, the line curvature, and the surface curvature of the domain D, and
the Gauss—Bonnet formula should be interpreted as expressing the Euler charac-
teristic y (D) as a total curvature.

The interpretation has a far-reaching generalisation. Let 7 : £ — M be
a real (C*-differentiable) vector bundle of fibre dimension ¢. Let I'(E) be the
space of sections of £, i.e., smooth mappingss : M — Esuchthatz os =
identity. A connection or a covariant differential in E is a structure which allows
the differentiation of sections. It is a mapping

(14) D:T(E) > T(I'"®E),

where 7™ is the cotangent bundle of A4 and the right-hand side stands for the
space of sections of the tensor product bundle 7* ® E, such that the following
two conditions are satisfied:

(152) D(s1 +53) = Ds; + Dsy, 51,5 € [I'(E),
(15b) D(f5) =df @ s+ fDs, s €T'(E),
where f in (15b) is a C* function.

Lets;, 1 < 7 < g, be alocal frame field, i.e., be 4 sections defined in a neigh-
bourhood, which are everywhere linearly independent. Then we can write

(16) Ds; = Z 9: ® 5,

where 4 = (&i), 1 < 47 < g, is a matrix of one-forms, the connection matrix.
Putting

(17) 5= (5ppenns sq), s = transpose of s,
we can write (16) as a matrix equation

(16a) Ds=0®s.
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The effect on the connection matrix under a change of the frame field can
easily be found. In fact, let

(18) S =gs

be a new frame field, where g is a nonsingular (¢ X g)-matrix of C* functions.
Let & be the connection matrix relative to the frame field 5’ so that

(19) D =0 ®5.
Using the properties of D as expressed by (15a) and (15b), we find immediately
(20) 0¢ =dg+ g0

This is the equation for the change of the connection matrix under a change of
the frame field.

Taking the exterior derivative of (20), we get

(21) e = g@g_l
where
(22) O®=d9-6A0

and ©’ is defined in terms of ¢ by a similar equation. ® is a (¢ X ¢)-matrix of two-
forms and is called the curvature matrix relative to the frame field s. Equation
(21) shows that it undergoes a very simple transformation law under a change of
the frame field. As a consequence it follows from (21) that tr(@k) is a form of
degree 2k globally defined in M. Moreover, tr(©F) can be proved to be a closed
form and the cohomology class {tr(@k )} e H k(M R) it represents in the sense
of de Rham’s theorem can be identified with a characteristic class of E.

Example 1.4. Let M* be a compact oriented differentiable manifold of dimen-
sion 4. Let® = (@J‘.), 1 < 4,7 < 4, be the curvature matrix of a connection

in the tangent bundle of A7*. Then p;(M*) can be identified with a numerical
multiple of {tr(®?)}. By (12) we will have the integral formula

1 : .
2 sion(M) = O AO, M*=M.
(23) ign(M) /M Z] /A

2472

Example 1.5. When the bundle 7 : £ — A is oriented and has a riemannian
structure, the structure group is reduced to SO(g), and we can restrict our con-
sideration to frame fields consisting of orthonormal frames. Then both connec-
tion and curvature matrices are antisymmetric, and we have

(24) 0=-'0= (@ZJ), ®y + @11 =0.
If 4 is even, the pfaffian

(=" 1
(2‘5) Pf(®) = 277 ) Z El'l"-l'q@l'll'z ARRRIVAN el'q_lz'qJ r= 5}
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represents the Euler class, i.c.,
(26) {PE(®)} = w(E).
Formula (26) is essentially the high-dimensional Gauss—-Bonnet Theorem.

The starting point of this paper is the Weil homomorphism which gives a rep-
resentation of characteristic classes with real coefficients by the curvature forms
of a connection in the bundle. The connection makes many cochain construc-
tions canonical and gives geometrical meaning to them. The resulting homo-
morphism exhibits a relationship between local and global properties which is
notavailable in the topological theory of characteristic classes. Itis effective when
the manifold has more structure, such as a foliated structure (Bott’s theorem) or
a complex structure with a holomorphic bundle over it. In the latter case we
will show the fundamental role played by the curvature forms representing char-
acteristic classes in the Ahlfors—Weyl theory of holomorphic curves in complex
projective space, which generalises the theory of value distributions in complex
function theory. This is the case of the geometry of a noncompact manifold
where deep studies have been carried out.

In another direction the Weil homomorphism leads to new global invariants
when certain curvature forms vanish. In recent works of Chern and Simons
such invariants are found to be nontrivial global invariants of the underlying
conformal or projective structure of a riemannian manifold.

This exposition will be devoted to the following topics:

(1) Weil homomorphism;

(2) Bott’s theorem on foliated manifolds;

(3) Secondary invariants (Chern—Simons);

(4) Vector fields and characteristic numbers (Bott—Baum—Cheeger);
(s) Holomorphic curves (Ahlfors—Weyl).

2. CONNECTIONS

We will develop the fundamental notions of a connection in a principal
bundle with a Lie group as structure group. We begin by a review and an ex-
planation of our notations on Lie groups. All manifolds and mappings are C*.

Let G be a Lie group of dimension 7. A left translation L, : G — Gis
defined by L, : s — as,a,s € G, a fixed. Let ¢ be the unit element of G and 7,
the tangent space at e. A tangent vector X, € 7, generates a left-invariant vector
field given by X; = (L,).X.. If T is the cotangent space ateand w, € T, we get
a left-invariant one-form or Maurer—Cartan form w; by the definition

(27) w; = (L;l)* w, or Lo =uw,.

Letw!,1 <7 < r,beabasisin 7. Then o’ = &' € T are everywhere linearly
independent and we have

(28) da)Z:EZc]’.ka//\wk, c]’./e+c/lej:O,1Sz',j,/eSV.

Ik
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It is easily proved that cjlfk are constants, the constants of structure of G. Equa-

tions (28) are known as the Maurer—Cartan structure equations.

LetX; = (X;), € T,beadual basis to . The X; are left-invariant vector fields
or, what is the same, linear differential operators of the first order. Dual to (28)
are the equations of Lie:

(29) X, X] == ) ciXe

k
The tangent space 7, has an algebra structure given by the bracket. It is called
the Lie algebra of G and will be denoted by g.

Forafixeda € G theinnerautomorphisms — asa ! leaves ¢ fixed and induces p. 107
a linear mapping

(30) ad(a) : g — ¢,
called the adjoint mapping. We have

(31) ad(ab) = ad(a) ad(b), a4 beG
(32) ad(2)[X, Y] = [ad(4) X, ad(2) Y], X Y €.

The first relation is immediate and the second is easy to prove.

Let M be a manifold. It will be desirable to consider g-valued exterior differ-
ential forms in M. As g has an algebra structure, such forms can be multiplied.
In fact, every g-valued form is a sum of terms X ® w, where w is an exterior dif-
ferential form and X € g. We define

(33) [X®w Y ®6] =[X Y] ® (wAd).

Distributivity in both factors then defines the multiplication of any two g-valued
forms. Interchange of order of multiplication follows the rule

G4) [X®w,Y®0=(-)""Ye4xQw, r= degw, s = deg .

This notion allows us to write the Maurer—Cartan equations (28) in a simple
form. The expression

(35) w= ) (X)®af

defines a left-invariant g-valued one-form in G, which is independent of the
choice of the basis. It is zhbe Maurer—Cartan form of G. Using (28) and (29)
we have

1

(36) dw = -3 (@, ].

This writes the Maurer—Cartan equation in a basis-free form.
Exterior differentiation of (36) gives the Jacobi identity: p. 108
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What we have discussed on left translations naturally holds also for right trans-
lations. In particular, we have a right-invariant one-form « in G. Under the map-
pingss — 571, 5 € G, w goes into —a. We derive therefore from (36)

(38) de = %[az, a].

If we denote by ds the identity endomorphism in 7 and consider it as an ele-
ment of 7; ® 77, then we can write

(39) w=(L-),ds= s,

where (L;-1), acts only on the first factor 7 in the tensor product 7,®7"; the last
expression is a convenient abbreviation. In the same way we can write « = dss7L

Example. G = GL(4;R). We can regard it as the group of all nonsingular (g x
g)-matrices X with real elements. Then g is the space of all (¢ X 4)-matrices, and
w = X~'dX. Thus the notation in (39) has in this case a concrete meaning. The
Maurer—Cartan equation is

(40) dow = - A w.
A principal fibre bundle with a group G is a mapping
(41) w:P— M,

which satisfies the following conditions:

(1) G acts freely on P to the left, i.e., there is an action G X P — P given by
(4,2) > az =L,z € P,a € G,z € P,suchthataz # zwhena # ¢

(2) M = P/G;

(3) Pislocally trivial, i.e., there is an open covering {U, V.. .} of M such that
to each member U of the covering there isa chart yy : z71(U) — UXG,
with ¥/ (2) = (7(2) = % 50(2)), 2 € 771 (U), satisfying

(42) sulaz) = asy(z), zen Y (U), a€G.
Suppose z € 7 1(U N V). By (42) we have also
sv(az) = asy(2),
so that
su(az) sy (az) = 5u(2) sy (2)
is independent of 2 and depends only on x = 7(z). We put
su(2) sy (2) = guw (x)
or
(43) suguy = sy
The gy are mappings of U N V" into G and satisfy the relations
guvgvu =¢ inUNYV,
gurgvwgwu =€ in uonrynmw.
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They are called the transition functions of the bundle. It is well known that the
bundle, the principal bundle or any of its associated bundles, can be constructed
from the transition functions.

The bundle structure in P defines in each tangent space 7 a subspace G, =
7;1(0), called the vertical space. By (43) each fibre of P is the group manifold
G defined up to right translations. It is thus meaningful to talk about g-valued
forms in P which restrict to the right-invariant form chUs—Ul on a fibre.

We will give three definitions of a connection, which are all equivalent:

Definition 2.1. A connection is a C* family of subspaces H, (the horizontal
spaces) in 7 satisfying the conditions:

() T, =G, +H,,G,NH, = 0;

(2) Hae = (Lg)+H..

The second condition means that the family of horizontal spaces is invariant un-
der the action of the group G.

Definition 2.2. This is the dual of the first definition, by giving instead of H, C
T, its annihilator V7| in the cotangent space 7. This in turn is equivalent to
giving a g-valued one-form ¢ in P which restricts to dJUs_Ul on a fibre, i.e., locally

(44) ¢(2) = dsys) + 6u(% su, dx)
such that
(45) ¢(az) = ad(a)$(z).

The last condition is equivalent to condition (2) in the first definition. It implies
that locally

(46) #(z) = ClJUS_Ul + ad(sp) 0y (x, dx)

where 0 (x, dx) is a g-valued one-form in U. Thus the second definition of a
connection is the existence of a g-valued one-form in P, which has the local ex-
pression (46).

Definition 2.3. When we express the condition that in 77}(U N V) the right-
hand side of (46) is equal to the corresponding expression with the subscript I,
we get

(47) Gy = ngVg&lV + ad(gUV)eV inUNY,

where the first term at the right-hand side is the pull-back of the right-invariant
form in G under gyr. Hence a connection in P is given by a g-valued one-form
Oy in every member U of an open covering {U, V;...} of M, such thatin UN V/
the equation (47) holds. This is essentially the classical definition of a connec-
tion.

We wish to take the exterior derivative of (46). For this purpose we need the
following lemma, which is easily proved (and the proof is omitted here):

p. 110

‘ p. 11



CONNECTIONS 71

Lemma 2.4. Let 8 be a g-valued one-form in U. Lets € G and leta = dss™! be
the right-invariant g-valued one-form in G. Then, in U X G, we have

(48) d(ad(s)8) = ad(s)dd + [ad(s)6, «].
We put
1
(49) Oy =diy - 5[9U, ul,
1
(50) = dg- 44l
Applying the lemma we get by exterior differentiation of (46),
(s1) ® = ad(s0)Oy.

Thus @ is a g-valued two-form in P, which has the local expression (s1). Altern-
ately, we have,in U N 1V,

(52) Oy = ad(gur)Oy.
Either @ or ©y will be called the curvature form of the connection.
Exterior difterentiation of (50) gives the Bianchi identity:

(53) d® = [, ¢] = [¢, D].

One of the most important cases of this general theory is when G = GL(¢; R).
As discussed above, s¢7 is now a nonsingular (¢ X g)-matrix, ¢/, ¢ are matrices
of one-forms, and @y, @ are matrices of two forms. Equation (46) becomes a
matrix equation

(54) ¢ = (dsu +subu)sy;

Let o7 (resp. op) be the one-rowed matrix formed by the first row of s/ (resp. ‘ p. 112
sy). Then (43) gives, by taking the first rows of both sides,

(s5) cuguy = ay.

This is the equation for the change of chart of the associated vector bundle £,
defined as the bundle of the first row vectors of the matrices representing the
elements of GL(g; R). Moreover, equating the right-hand side of (54) with the
corresponding expression with the subscript V7, we get

(56) (dsu + subu)guy = dsp + sp 0.
On taking the first rows of both sides of (56), we have
(s7) Daoyguyv = Doy,

where we put

(s8) Doy = doy + oyby.

Applying to a section of E, we can identify this with the operator D in (14). Thus
we have shown that the connection in a vector bundle defined in §1 is included
as a special case of our general theory.

Another important case is the bundle (4) discussed in §1, which is a principal

bundle with the group O(g). This bundle plays a fundamental role in the study
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of submanifolds in euclidean space. Asremarked above, itsimportance in bundle
theory arises from the fact that it is a universal bundle when N is large. We will
describe a canonical connection in it. Let EZ*N be the euclidean space of dimen-
siong + N. Let

eq = (€A1,-~,€A,q+N), 1<4,BC<g+N,

be an orthonormal frame, so that the matrix

(59) X = (e4)

is orthogonal. O(g + IN) can be identified with the space of all orthonormal
frames ¢4 (or all orthogonal matrices X). Let

(60) dey = Z A 4BER.
B
Then, if « = (a45), we have
(61) a=dXXx ' =-a
The Stiefel manifold O(g + N) /O(IN) can be identified with the manifold of all
orthonormal framesey, ... ., ¢, and the Grassmann manifold O(g + N)/{O(g) X
O(N)} with the g-planes spanned by ¢y, . ..., ¢;. The matrix
(62) a= (alj), 1<4j<gq

defines a connection in the bundle (4), as easily verified.

3. WEIL HOMOMORPHISM

The local expression (s1) of the curvature form ® prompts us to introduce
tunctions F(Xy,..., X)), X; € g,1 <7 < b, which are real or complex valued
and satisfy the conditions:

(1) Fis b-linear and remains unchanged under any permutation of its argu-

ments;
(2) Fis “invariant”, i.e.,
(63) F(ad(a)Xy,...,ad(2)X)) = F(Xy,..., X)), allaeG
To the A-linear function F(Xj, ..., X)) there corresponds the polynomial
(64) F(X)=F(X,...,X), Xeg

of which F(Xj, ..., X)) is the complete polarisation. We will call F(X) an invari-
ant polynomial. All invariant polynomials under G form a ring, to be denoted

by 7(G).
The invariance condition (63) implies its “infinitesimal form”
(65) DUF,. (%X, X,) =0 YXeg
1<i<h
More generally, if Y is a g-valued one-form and X; is a g-valued form of degree
m;, 1 <7 < b, we have

(66) ()R L (KX, X)) = 0.

1<i<h
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It follows from (s1) that if  is an invariant polynomial of degree b, we have the
form of degree 25:

(67) F(®) = F(O,).

The left-hand side shows that it is globally defined in P, while the right-hand side
shows that it is a form in A4. Moreover, by the Bianchi identity (53) and by (66),
we have

%df(q)) = F([4, @], ®,..., D) = 0.

Hence F(®) is closed and its cohomology class [F(®)] is an element of
H? (M, R). We shall prove that this class depends only on F and is independent
of the choice of the connection.

Lemma 3.1. Let ¢, ¢1 be g-valued one-forms and let /' € 7(G) be an invariant
polynomial of degree /. Let

(68) ¢r = ¢o + i, a=¢1— Po,
(69) D, = d¢t - %[%) ¢t]
Then
1
(70) F((I)l) —F(CD()) = bd/ F(ﬂé, (Dt,...,q)t)dl'.
0

To prove the lemma we first find
1
D, = D) + ¢(da — [¢o, 2]) - Etz (2 2].

Therefore we have

1d
53 ( @) = F(da = [$a], ®s,...., @)

On the other hand,
dF (2, @,..., DP;) = F(da, ®y,..., D) — (b =D F(a, [¢s, D], Dpy ..., Dy).
The invariance of F implies, by (66),
F([¢pal, ®p..., D) — (h=1)F(a [¢s, D.], Dpy..., ;) = 0.

It follows that

1d
(71) Z&F(Qt) = dF(“) ®D e Q[),

and the lemma follows by integrating this equation with respect to z.
Corollary 3.2. Let ¢y, ¢; be two connections in the bundle 7 : P — A1 and let

F € I(G). Then F(®g) and F(®;), as closed forms in M, are cohomologous in
M.
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Corollary 3.3. Let ¢ be a connection in the bundle 7 : P — M andlet F €
1(G). Then F(®) is a coboundary in P. More precisely, let

(72) @, = rdp - %t2[¢, ¢ = 1@ + %(t - 3[4 4]
Then
1
(73) F(®) = bd/ F(D,0,...,0,)dz
0
By putting
(74) w(F) ={F(®)}, Fel(G),

where the right-hand side denotes the cohomology class represented by the
closed form F(®), we have defined a mapping

(75) w: 1(G) —» H*(M,R).

It is clearly a ring homomorphism and is called the Weil homomorphism.

In the case that G is a compact connected Lie group, the Weil homomorphism
has a simple geometric interpretation, which we will state without proof (cf. [9],
[41]). There is a universal principal bundle 7y : £ — Bg with group G such
that we have the bundle map

P*>f! Eg

(76) x 7
o

where f is defined up to a homotopy. B is called the classifying space with the
group G. The following diagram is commutative:

1(G) - H*(M,R)

(77) A /

H*(Bg, R)

and wy is an isomorphism. In other words, the invariant polynomials can be
identified with the cohomology classes of the classifying space and the Weil ho-
momorphism gives the representatives of characteristic classes by closed differen-
tial forms constructed from the curvature forms of a connection.

We put

1
(78) TF(¢) = /o/ F(D,D,...,D,)ds
0
so that (73) can be written

(79) 7 F(Oy) = F(®) = d(TF(¢)).

T will be called the transgression operator; it enables F(®) to be written as a
coboundary in a canonical way, by the use of a connection.
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One application of the transgression operator is the following description of
the de Rham ring of P (theorem of Chevalley):

Let G be a compact connected semisimple group of rank » (= dimension of
maximal torus in G). Let 7 : P — M be a principal G-bundle over a compact
manifold A1 and ¢ a connection in P. Then the ring /(G) of invariant polyno-
mials is generated by elements £, ... ., F;. and the de Rham ring of P can be given
as the quotient ring

(80) H*(PR) = 4/d4,
where
(81) A= O(TF(¢),..., TF.(¢))

is the ring of polynomials in 7Fi(¢),..., TF.(¢) with coeflicients which are
forms in M.
For geometrical applications we will describe in detail the Weil homomorph-
ism for some of the classical groups [42]:
(1) G = GL(4;C) = {X : detX # 0}, where X is a (¢ X ¢g)-matrix with
complex elements. The coefficients F;(X), 1 < 7 < ¢, in the polynomial
mnte:

(82) det (th + éX) =+ FEX)A T +.. + Fo(X),

where , is the (g X ¢)-unit matrix, are invariant polynomials.

Suppose 7 : E — M is a complex vector bundle and ¢ is a connection,
with the curvature form ®, so that ® is a matrix of two-forms. Then we
have

(83) Fi(®) = ;(E) € H* (M, Z).

Notice that the coefficients are here so chosen that the corresponding
classes have integer coefficients.

By the above Corollary 3.2 it suffices to establish this result in the clas-
sifying space B = G(g, N; C) (N sufficiently large), with its connection
defined in a similar way as the one in §2 for the real Grassmann manifold.
In other words it is sufficient to consider the universal bundle with its
universal connection. The same remark applies in the identification in
the next two cases.

(2) G=GL(¢;R) = {X : detX # 0}, where X isa (¢ X g)-matrix with real
elements. We put

1
(84) det (t[q - EX) =+ E X)) ++ E (X).

Let 7 : E — M be a real vector bundle and ¢ be a connection, with the
curvature form ®. Then {£5;,1(®P)} = 0and
(85) {Ex(®@)} = pi(E) € H* (M, Z)

is the kth Pontrjagin class of E.

p- 17

p- 118
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(3) G = SO(2r). A representative of the Euler class was given by formula
(26), §1.

As an application of the representation of characteristic classes by curvature
forms we will prove a theorem of Bott on foliations [12].

Let M be a manifold of dimension 7 and 71 its tangent bundle. Sup-
pose that 74 has a k-dimensional subbundle 17, i.e., a smooth family of &-
dimensional subspaces W, C T, x € M, where T is the tangent space of
M atx. To W corresponds the annihilator /7;- of dimension 7 — £ in the co-
tangent space 7 atx. The subbundle 17 is called integrable, if there exist local
coordinates &%, 2%, 1 < a < k, k+1 < 2 < n, such that W ;- is spanned by dit. In
other words, the /77, are tangent to the submanifolds of dimension £ defined by
x* = const. An integrable subbundle is called a foliation. The local coordinates
with the above properties are defined up to a transformation

(86) «x*= x“(x'fg,x'f‘), Xt = xl(x"‘), 1<aB<kk+1<Au<n

where the last z — k£ coordinates transform among themselves. As a consequence
the quotient bundle 744/ W has as transition functions the jacobian matrices p. 119

(#7)
ox'# |

From the existence of the foliation on A1 we have an ideal F in the ring of

exterior differential polynomials, which is generated by dx?. F is stable under d,
ie, 2 € Fimplies dx € F. Moreover, the product of any 7 — k + 1 elements of
F is zero.

From (47) we see by a stepwise extension argument that 744/ W has a con-
nection whose connection forms belong to F. By (49) its curvature forms also
belong to F. It follows that if F'is an invariant polynomial of degree b > n — £,
the form F(®) = 0. Hence every Pontrjagin class, being a polynomial of the
Pontrjagin classes defined in §1, of the bundle 744/ W is zero, if its dimension is
> 2(n — k). We state this theorem of Bott as follows:

Let M be a compact manifold of dimension 7, which has a foliation 17" of
dimension k. Then every Pontrjagin class (with real coefficients) of dimension
> 2(n — k) of the quotient bundle 7M1/ W is zero.

The theorem is remarkable because the integrability of 77 involves differ-
ential conditions, so that it cannot be proved by standard methods in fibre
bundles. The necessary condition asserted in the theorem is not vacuous. For
example, there are real codimension two subbundles in the complex projective
space Ps (C) of complex dimension 5, which do not satisty the above condition.

4. SECONDARY INVARIANTS>

When the characteristic classes are given representatives by differential forms,
the vanishing of the forms leads to further invariants which deserve investiga-
tion. We follow the notations of the last section and consider the formula (79).
If F(®) = 0, the form TF(g) is closed and defines an element of H?"~!(P, R). ‘ p. 120

*The results in this section are taken from joint work with James Simons, cf. [26].
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The latter depends on the connection ¢ and it is desirable to study the effect on
TF(¢) under a change of the connection. This is given by the following:

Lemma 4.1. Let #(7) be a family of connections in P depending on a parameter
9
7. Let ¢ (7) = 3= and

1 ) 1
V() = /0 ¢"'F (;z $(7), dp(7) = Selp(7), 4(0)],

(87) .
< de(r) - Et[gé(r), #(7)] | de
Then
(88) (%TF(gé(r)) =h(h-1)dV(7) + F(¢ (7),..., D(7)).

To avoid long expressions we will use the convention that if ' contains fewer
than b arguments the last one is to be repeated a number of times so as to make
F atunction of b arguments. Thus

(89) F(X)=F(X,....X), F(XY)=FXY,...,Y), et
~——
h-1

With this convention in mind we find

dr (% $(7), dg(7) - %t[¢(7), ¢(¢)]) =
F (459061890 = 5116, 6001 = 1452, 8p(5) = 51190 90

- (b= 21 (9001 |350) - 3162080185 d9(0) = 3119 5] |-

By (66) the last term is equal to

- £ 180,11, 400).49(5) - 1150900 |

+1F (% [$(2), ()], dg(s) - %r[gzs(r),;b(r)]).

‘We have therefore p. 121
dF (120 d9(0) = 3119 60
- (4 = (19001 11,9050 d50) - 312,90

~F (sz 49(2) — H19(0), $(0), dp(2) - e[, ¢<r>]) .
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On the other hand, we have

0
-1
h ETF(¢(7))
1
= '/0 F (1/, dg(7) - %l‘[gé(f); $(7)] | de

1
+(h-1) ./0 Py (¢(7), dy —t[¢(7), ¥], dp(7) — %t[gﬁ(z‘), ¢(7)]) dz
It follows that
L IE () - (b - 1AV (2)

or
1 j—
= 19/0 Py (;k, d¢(7) — 2102]9 lt[gb(r), ¢(7)], dg(7) — %t[¢(7), ¢(r)]) d.

To simplify the last integral we introduce the curvature form

(50) @ () = dp(r) - 5 [$(2), ()]

of the connection ¢(7). Putting

2h—1
a=—

b

h=1"can be expanded:

the integrand above, up to the factor #

p. 122

F (1449061 = Jarlp( 60 8 (2) = 31195195

- £ @)+ 1= a0l B0 + 3= D), 800
= F(y ¢(7))

b)) GOF | § e 42 180, S, S [9() B
1<r<h-1 T/

o (2) = (b ; 2)(1 1) + (b B ‘;‘)(1 — 1)y (1 - ar).

7

where

From elementary calculus we know

1 1]
/ Zm(l—t)”dt:L, m >0, n>0.
0 (m+n+1)!

Using this it is immediately verified that

1
/ Pl ()de=0, 1<r<h-1
0

This proves the lemma.
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From the lemma follows immediately the:

Theorem 4.2. Let 7 : P — M be a principal bundle with the group G, and
let ' € I(G) be an invariant polynomial. Let ¢(7) be a family of commuations,
with the curvature form ®(7), which satisfy the conditions

(o) F 652—(:), D(7),...,P(7)| =0,

F(®(7),...,®(7)) = 0.
Then the cohomology class { 7F(#(7))} is independent of 7.

As b is the degree of F, the conditions (91) are automatically satisfied when
2h > dim M + 1.

Equivalently the conditions (91) can be written in terms of a local chart. By ‘ p.123
(46) and using the fact that F is an invariant polynomial, we can write (91) as

00y (1)
F »

(92) or
F(Oy(7),...,0y(7)) = 0.

Ou(7),...,0u(7)] =0,

We now apply these results to the principal bundle of the tangent bundle of
a manifold M of dimension #, so that the structure group is G = GL(#;R).
The connection will be the Levi-Civita connection of a riemannian metric in
M and it will have special properties. We use a local chart with the coordinates
A1 < 7,k ¢ < n, and we will omit the subscript U in our notations. The
riemannian metric is given by the scalar products

o 0
(93) bij = hﬁ = (@’ @) >

which are the elements of a positive definite symmetric matrix:
t

(94) H="H = (hy) > 0.

Let the connection matrix be

(95) 6=(8), 8 =) Idt
k

It is determined by the conditions

(96) dH -¢H-H'9=0, T, =T,
The curvature form is given by

(97) ©=d9-9A6
Exterior differentiation of (96) gives

(98) ®H + H'® =,

i.e., the matrix ®H is antisymmetric.
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Lemma 4.3. Let F be an invariant polynomial of odd degree 4, and © the
curvature matrix of the Levi-Civita connection of a riemannian metric. Then

(99) F(©) =0.

To prove this, notice that F clearly has the property:
(100) F(®) = F('O).
By (98) this is equal to

F(-H7'®H) = (-1)"F(0).

Hence we have (99) when 4 is odd.
We write

(ro1) 0= (@l),

z

where we set

(102) 0, =- Z R{Md”xk A dat, R{M + R]z:fle = 0.

k,l

N | =

The R]l . define the Riemann curvature tensor and satisfy the symmetry relations

R, +R, =0,
Ri‘/e( + R]/e&‘ + R]&‘Ie = 0.

The last relation can also be written

(104) Z dx’ A @i =0.

(103)

We will consider the case of a conformal family of riemannian metrics, given
by the matrix H(7) = exp(207)H, where ¢ is a scalar function and 7 is the
parameter. Then we have [29, p. 89] the matrix equation p. 125

(105) ;(5(7) —0(0)) =dol +a+ 4,
where 7 is the unit matrix and
do . . oo
=|=dd|, B=—|) budd* ) —H"
(106) “ (axl ) Z (Z/e: k Zg: Ol )
H'= (h7).

Lemma 4.4. Let F be an invariant polynomial of even degree 2s. For the Levi-
Civita connections of a conformal family of riemannian metrics we have

98(7)
F( or ’

(107) @(1)) =0.
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In fact, the left-hand side of this equation is equal to
doF (L, ©(7)) + F(a, O(7)) + F(4 0O(7)).

By Lemma 4.3 the first term is zero. By the fundamental theorem on vector in-
variants every term in F(, ©(7)) contains a factor 3 dw/ A G)]l‘(r), which is zero

by (104). Similarly, every term in F (3, ©(7)) containsa factor hpdak A é’J’ (7),

which is also seen to be zero. Thus the lemma is proved.
This lemma, together with the formula (88) gives the:

Theorem 4.5. Let7 : P — M be the principal bundle of the tangent bundle of
amanifold A1 of dimension 7. Let F € I(GL(7;R)) be an invariant polynomial
of degree 2s5. Let ¢ and ¢ be the connection forms of the Levi-Civita connections
of two riemannian metrics on M, which are conformal to each other. Then there
exists a form 7 of degree 45 — 2 in P, such that

(108) TF($") — TF(¢) = dW.

Corollary 4.6. The form F(¢) remains invariant under a conformal transform-
ation of the riemannian metric.

More precisely, A. Avez [4] expressed F(¢) in terms of the Weyl conformal
tensor of the riemannian metric.

Corollary 4.7. If F(¢) = 0, then TF(¢) defines an element {7F(¢)} €
H*7!(P,R), which depends only on the underlying conformal structure of the
riemannian manifold A1.

In exactly the same way one can establish results concerning a projective
transformation of the riemannian metric, i.e., a change of the riemannian met-
ric which leaves the geodesics invariant. Such a change is described by a form
A = Y, a;(x)dx’ and the connection forms are related by [29, p. 132]

(109) 0 — 0= +a,
where
(110) o= (ozl-d.xf) .

The connections ¢ and " can be joined by the family §(7), 0 < 7 < 1, given by
1
() ;(5(7) — )= +a

The above arguments apply and we conclude that F(¢) is a projective invariant
and that, if F(¢) = 0, the cohomology class {7F(¢)} in P is also a projective
invariant.

In order to utilise our secondary invariants we look for cases where F(¢) =
0. One is the situation which occurs in Bott’s theorem on foliations discussed
above. Recently this has given rise to an active development in the works of Bott,
Haefliger, etc. [14].

‘ p. 126



SECONDARY INVARIANTS 82

Another case concerns with immersed submanifolds A/ in the euclidean space
EN of dimension N = 7 + b, which we will discuss in some detail. The basic
fact is the commutative diagram p. 127

g

P O(n + b)JO(h)

(112) l l

M —2- 0@+ h)/{O(n) x O(h)}

Here P is the bundle of orthonormal frames over M and ¢ and ¢ are the Gauss
mappings defined by parallelisms in the ambient euclidean space. The bundle at
the right-hand side of the diagram has a canonical connection described at the
end of §2. We denote its connection and curvature forms by ¢ and ® respect-
ively; they are therefore antisymmetric matrices of forms. Then the Levi-Civita
connection is given by ¢ = E*E and its curvature form is ® = E*E) In fact,
this was the original definition of Levi-Civita of his connection, generalising a
classical construction for surfaces in E>.
We put

(113) Pp(®) = Ex (D),

where the latter are defined in (84); these will be called the Pontrjagin forms. The
dual Pontrjagin forms are introduced by the equation

(114) D P(®) Y PH®) =1, Py=Py =1,

£>0 720
and are uniquely determined. By the duality theorem on Pontrjagin classes, the
cohomology classes {PJL(CI))} € HY(M,R) are the Pontrjagin classes of the

normal bundle of M in EVN. Since the normal bundle has fibre dimension 5, we
have

(115) {Pf(cb)} =0,

+1<;
We will show that the forms Pf (@) themselves are zero. In fact, we have

{pr@)} =0

+1<;.

But the Grassmann manifold is a symmetric riemannian manifold and the form | p 1.8
le (®) is invariant under the action of the group O(# + b). Hence, in the range

of j described above, we have PJ.J' (®) and therefore
P (®) =T P,(®) = 0.

It is thus possible to apply the construction of secondary invariants to the in-
variant polynomials P].J'. We will state our general theorem as follows:
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Theorem 4.8. Let M be a compact manifold of dimension 7, with a riemannian
metric ds. Necessary conditions for its conformal immersion in E" are:

=[+15)

(u6) PjJ'(dJZ) =0,

(117) {%T@*(dﬂ)} € HY (P 2),

+1<;<

n—1
2 bl
where we use the argument ds? to replace its Levi-Civita connection in the nota-

tion.

Conditions (116) follows from the above discussions. The proof of (117) is
lengthy and can be found in [27].

We will carry out our construction for P; = —P;-. By (113) and (84) we have
1 C
(118) P(®) = — Z(fbifﬂj — /D).
L]
In the notation of (72) we introduce the form
(119) D, =t(dp—tp ANp) =t{D+ (1 -1)¢ A ¢},
so that we find the polarised form ‘ p. 129
t ; ; ; ; ; P ;
(120)  Pi(p @) = P Z;‘ {% A d>; — g A @)~ (1~ LA 8 A %} .
%f,

It follows that

1
() =2 [ P @

(121) | oy .
=5 {¢;A<I>j-—<é-A<I>;—5#A¢fA¢;}-

5,k
When restricted to orthonormal frames the matrices

are antisymmetric and (121) simplifies to

1 1
(IZZ) TP1(¢) = ﬁ Z ¢1] A (I)l] - g Z ¢z] A ¢]/e A ¢/ez'
iy

i,k

When M is of dimension 3, P;(®) vanishes for dimension reasons and we
get a closed form 7P (¢) in the bundle P of orthonormal frames. In view of
Theorem 4.8 we write

1 1 1
(123) ETP1(¢) =32 Z ¢y N Dy — Q%z A $23 A B3,

1<i<j<3
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and we find
1
(124) / Z1p(p) =1,
i) 2

when the fibres 77 (x), x € M, are propetly oriented.
Suppose M be compact and orientable. Our form 1 7P (¢) gives rise to an
invariant J (¢) = J(ds*) € R/Z as follows: It is known that M is parallelisable,

so that a section s : M — P exists. The integral ‘ p. 130
1
(1) 19= [ 3P9)
sM

is areal number. For another section s’ : M — P the difference 7(s) —7(s") isan
integer, since P is homologically equivalent to the product M x 7! (x) modulo
torsion and %TPl(ng) satisfies (124). The invariant /(ds?) is defined to be 7(s)
mod 1. By Corollary 4.7 it depends only on the conformal structure on A4 and
by Theorem 4.8 it is zero if M can be conformally immersed in E*,

To show that our invariants are not vacuous we wish to calculate /(ds?) for
M = SO(3) with its biinvariant riemannian metric. M is therefore the elliptic
space in noneuclidean geometry. Let w; = —wj;, 1 < 4,7 < 3, be the Maurer—
Cartan forms in SO(3), so that the structure equations are

(126) dw;, = Z wi Ny, 1< k<3
>

Its biinvariant metric is given by
(127) ds? = a)fz + a)f3 + w%:,,.

In writing these equations we have chosen a basis in the Lie algebra of SO(3)
and hence, by right translations, a frame field in the manifold SO(3). It will be
convenient to choose our notation so that the equations remain invariant under
a cyclic permutation of 1, 2, 3. We set

(128) a; = W, 1], k = cyclic permutation of 1, 2, 3.
Then (127) becomes
(129) ds® = af +a5 + oz%.

The connection and curvature forms

8, = —6

i O = =G

are determined by the equations p. 131

da; = Z i N Oy,
-

dby = " b5 A G = O

J

(130)
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Comparing these with the structure equations (126), we fin

1 1
(131) b = % 0, = —3% A a.

It follows that

1

TP, = -
(132') 2 1 (¢) 1672'2

Since the total volume of SO(3) is 877, we get J = % for M = SO(3) with the
biinvariant metric. Itis to be observed that/ remains unchanged when the metric
is modified by a constant positive factor because it is a conformal invariant. As
a consequence we have the theorem: The noneuclidean elliptic space cannot be
conformally immersed in £*.

This is a global theorem, because the space is isometrically covered by the three-
dimensional sphere of constant curvature and can certainly be locally isometric-
ally embedded in E*. On the other hand, by a theorem of M. Hirsch it can be
globally differentially immersed in £*.

a1 Nay A\ as.

Remark. The cohomology classes {7F (¢)} with real coeflicients, when they
are defined, are in the principal bundle P. It is possible, using the connection,
to define cohomology classes with coefficients R/Z in the base manifold. These
invariants are called Simons characters (unpublished).

5- VECTOR FIELDS AND CHARACTERISTIC NUMBERS

We will give an account of results of Bott, Baum, and Cheeger on relations
between the characteristic numbers of a manifold and the behaviour at the zeroes
of a vector field which satisfies certain conditions. As noted by these authors, the
Weil homomorphism plays a fundamental role in these results.

We will deal with the tangent bundle of a real or complex manifold, so that
the structure group G is the real or complex linear group and is, in the case of a
riemannian manifold, the orthogonal group. As in previous sections we consider
these groups as matrix groups and their Lie algebras as spaces of matrices. Adjoint
action is given by

ad(A)X =4XA™, Ae€G Xeq.
An b-linear function F is invariant if
(33) FAXA™Y.., A4 =F(Xy,...,X,), Xiegq aldeG

Consider first the case of a complex hermitian manifold A1 of complex di-
mension 7. This means that in the complex tangent spaces Ty, x € M, of M
there is given a C* family of positive definite hermitian scalar products H (& 7),
&7 € Ty, which is linear in £ and antilinear in 5. In local coordinates 2/,
1 < 4,7,k ¢ < m, the hermitian structure is defined by the scalar products of
the basis vectors:

(134) b =H (—Z —

p- 132
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and the matrix
H="'H-= (bz/e)

is positive definite. A complex vector field is given by

(135) £= Z £ aazl"

It is called holomorphic, if the components & are holomorphic functions in .
A connection

0 p 0
(136) D (az") = Zwla—zk

k

is uniquely determined by the conditions:

(1) For two holomorphic vector fields & 7, defined locally,
(137) dH (£ y) = H(D& ) + H( Dy);

(2) The connection forms a)f are of bidegree (1, 0).

In fact, the first condition can be written as

(138) db = Y b+ Y by,
J J
and the second condition gives
(139) Oby = Z I i
J

which completely determines the connection.
The equations can be shortened by the introduction of the matrix

(140) ©= ()
Then (139) can be written

(1392) w=0H -H.
On exterior differentiation we get

(141) w—wAw=0.

On the other hand, the curvature matrix is defined by

(142) Q=dow-wAw
Using (141) we get
(143) Q= 0o,

so that it is of bidegree (1, 1).

o

p. 134
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It is important to study the effect on these matrices under a change of chart.
If the new coordinates are z** and if the new quantities are denoted by the same
notations with asterisks, we have the easily verified equations

H* =JH']
(144) W =+
Q =J7,
where
Er
(145) j - (az*z‘)

is the jacobian matrix. In particular, Q is an endomorphism-valued two-form or,
what is the same, a two-form with values in 7TM ® T* M.

Let
(146) o = Y T dd.
k
Then
(147) lek = Fj:k - Fjél.

are the components of a section of the bundle 744 ® T*M ® T*M. It defines
the so-called torsion tensor.

Let £ be a holomorphic vector field. Then

(148) DE = ZJ: £dd @ a%

is an element of I'(7*M ® TM) and is a field of endomorphisms. If we put

(149) == (&)

we have ‘ p- 135
(150) B =8

Observe thatat £ = 0, 2 is the matrix of the partial derivatives of £”. A zero of £
is called nondegenerate it det E # 0.

Another field of endomorphisms is given by the components 3, sz.}efk . Com-
bining the two, we have the field of endomorphisms =, with the components
f)’;y + A2 T{kfk, having 1 as a parameter. Clearly under a change of chart we
have

(151) g =JE, /L
Using the local chart we immediately verify that
(152) 05, = —i(£)dw,

where 7(£) denotes the interior product by the vector £. It follows that

i(5)Q = i(£)dw = —0E,.
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By putting £ = —E;, we have

(153) OF = i(§)Q.

Perhaps the simplest result after the Hopf formula (2) on relations between
characteristic numbers and vector fields is the following theorem of Bott.

Theorem s.1. Let M be a compact complex hermitian manifold of complex di-
mension 7, whose curvature matrix is . Let /' be an invariant polynomial of
degree m relative to the group GL(2; C). Suppose £ be a holomorphic vector
field on M with nondegenerate isolated zeroes. Then

(154) (i) /M F@)= Y F@/dat

zero of £

We will sketch a proof of this theorem, whose idea is quite simple. Itis to write
F(Q) as a derived form in M — (zero of £) and to apply Stokes’ Theorem. We
polarise 7 and insert as arguments both Q and £, which are both endomorphism-
valued, i.e., we put

(155) FO(Q) = (m)F(EE Q....Q), 0<r<m,
7 —— —— ——

so that F)(Q) is a form of bidegree (m — r, m — r) in M. Using (153) we imme-
diately get

(156) iEFQ) = F"(Q), 0<r<m-1

The vector field £ gives rise to the one-form
—k —k
(157) w= ) haddE A Y bafE, E#0,
ik Lk

satistying 7(£)7 = 1. It s easily verified that
(158) i(£)dr = 0.

Since both 7(£) and 8 are antiderivations, we find
i(£)0 (77 A (@)L A FW(Q)) -
() i(E)F(Q) - (9n) ' H(HF(Q), 1<r<m,

which gives

i(%) { Z (7 A (07) " A FO(Q)) + F(Q)} = 0.

1<r<m

The form in the braces is of bidegree (2, 7). Since we have assumed & # 0, it
follows that

5( Z 7 A (07) LA FOQ) | + F(Q) = o.

1<r<m

p- 136
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By consideration of the bidegree the operator d at the left can be replaced by d.

This gives p. 137
(159) F(Q) =dIl, inAM — (zeroof £),
where
(160) M=- Y 7A@ AFY(Q),
1<r<m

The formula (159) localises the problem of integrating F(£2).

To evaluate the integral of F(£2) over M it suffices to integrate IT over the
spheres S, of radius ¢ about the zeroes of £ and take the limit of the integral as
¢ — 0. Since the integral is a characteristic number, its value is independent of
the choice of an hermitian metric on M. We choose the latter so that it has a
simple behaviour at the zeroes of £. In fact, let 2’ be a local coordinate system
centred at an isolated zero of £. Let A, be the eigenvalues of the matrix = at the
origin. The nondegeneracy of the zero is equivalent to the condition 4; - - - 1,, #
0. We can choose the coordinates 2 so that in a sufficiently small neighbourhood
we have

;0
(161) £= Zliz E
Suppose the metric is
1 ..
2 _ 7 1=t
(162) 4 = Z | Mzdz dz'.
Then we have
Zz’ )u._l?dz"
163 T=
(63) AT
and

(Z |zl‘|2) dr=— 3\ AdE A,

(Z |zz'|2)m A (571,)771—1
:iw ZdzlAd§1A~~/\§"dzl'/\-~-/\dz’”/\d§’”
e |4

The expression between the braces is a multiple of the volume element (relative ‘ p. 138
to the metric )}, dzl'd?) of S, = {z Y2 = 52}, when restricted to S,. For
the metric (162) we have clearly Q = 0, so that

(164) I=-7A(0n)" 'F(E...,E).
As e — 0, we obtain

/MF(ig):C Z F(E)/detE,

zeroof £
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where C is a universal constant independent of F. By putting /' = det, we find
C = 1. This proves the theorem.

We can formulate Theorem 5.1 in terms of the Chern classes of /4. In fact,
let /3, 1 < k < m, be the functions introduced in (82). There exists to F a
polynomial F such that

(165) F (2’—”9) = F(E(Q)..., Fr(Q).
Then
(166) /M F(ZTQ): /M Fla(M),..., e (M),

On the other hand, each summand at the right-hand side of (154) can be written

E‘(a,l’ e Jm)/O'MJ

where g;,1 < 7 < m, is the 7/th elementary symmetric function of the eigenvalues
of Z. Theorem 5.1 can be stated as follows:

Theorem s5.2. Let M be a compact complex manifold of complex dimension 7.
Let

(167) M) = (M) (M), ay+ 2z + -+ + may, = m.

Suppose £ is a holomorphic vector field with nondegenerate isolated zeroes.

Then
(168) [ ean=3, g ) o

zero of £
where ¢;,1 < 7 < m, is the 7/th elementary symmetric function of the eigenvalues
R o0&
of the matrix & = (a_fk) atE = 0.

Baum and Bott extended Theorem s.1 to meromorphic vector fields with isol-
ated zeroes [6]. They used an algebraic geometrical method (cf. also new difter-
ential geometrical proof by Chern [25]).

The theorem has a real analogue treated by Bott and further pursued by Baum
and Cheeger [7], [26]. It concerns with the Killing vector fields of a compact
oriented riemannian manifold of even dimension 2. The Killing equations are
classically written [29]

(169) &it+&i=0,
so that the matrix E = () is antisymmetric. Its eigenvalues are of the form
+id;, 1 < j < m, where 4; is real. We denote by o; the jth elementary symmetric

1
function of /112, e lfn andletz = ;---1,,. Thenz = o} depends on the
orientation of M and changes its sign under a reversal of the orientation. A zero
of £ is called nondegenerate it = # 0. We consider an invariant polynomial F of
degree m with respect to the group SO(2), so that its arguments are (272 X
2m) antisymmetric matrices. Into F we substitute the curvature forms of the
riemannian metric. The study of its integral leads to the:
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Theorem s.3. Let M be a compact oriented riemannian manifold of dimension
2m. Letp;(M),1 < 7 < [%], be the Pontrjagin classes of M and ¢(A1) be
its Euler class. Let £ be a Killing vector field with nondegenerate isolated zeroes.

Then

(170) APTI"'PZ}’f(M)ﬁZ Z o g h:[ﬁ])

zero of &

where

2(e1 + 200 + - - + bay) + Bm = m.

If the vector field generates a compact group, such results have an alternative
treatment by the Atiyah-Singer G-index theory. Cf. [3].

6. HOLOMORPHIC CURVES

We have given in the above several applications of the Weil homomorphism,
i.e., the representation of characteristic classes by curvature forms. Perhaps the
most important ones remain to come from the study of noncompact manifolds,
which is a far more difficult subject than the case of compact manifolds. For
noncompact manifolds standard approaches to characteristic classes (such as an
axiomatic treatment) do not apply and the curvature representation plays a more
vital role.

To get deep results it is probably necessary to impose on the problems con-
ditions in the form of differential equations or differential inequalities. An ex-
ample of such conditions is the Cauchy—Riemann equations in complex func-
tion theory; perhaps no other differential system has been as thoroughly stud-
ied. In this section we will consider noncompact holomorphic curves in the
complex projective space and show that the curvature forms of hermitian line
bundles over a curve play a fundamental role in the theory of value distributions
of Nevanlinna—Weyl-Ahlfors. It is to be pointed out that a noncompact holo-
morphic curve in the complex projective line is exactly what is called a mero-
morphic function, which is generally nonalgebraic. Thus the results do have
wider scope than the compact holomorphic curves.

Let M be a complex manifold of complex dimension m andlet 7z : £ — M be
a holomorphic line bundle. This means that A1 has an open covering {U, V.. .}
such that to each U there is a chart ¢y : 77/(U) — U x C, with yy(z) =
(7(2) = % yu(2)), 2z € 771 (U); the local charts are related by the equation

(171) yugur =yv, InUNV #0,

where gpy : U N V' — C — {0} is holomorphic.

The holomorphy of the transition functions g¢7p- has important implications.
Let an hermitian norm be given in £, i.e., a C* function by > 0 in each U, such
that

(172) bI* = 2ol = Bty inU v,

‘ p. 140
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Equation (r72) is equivalent to

(172a) bulguv|?* = by

It follows that
i =
Q=—00logh
(173) 5-90loghy

is independent of U. Q defines a closed form of bidegree (1,1) in A, the
curvature form of the hermitian line bundle £, whose cohomology class ¢;(E)
is the first Chern class of E.

It is desirable to allow the hermitian structure to have singularity on a divisor.
If ¢y = 0 is the local representation of a divisor, we suppose

(174) by = lpul®hy, by >0,

where s is an integer. This generalised structure will be called semi-hermitian.
If M is one-dimensional, the singularities of by are isolated and, relative to a
suitable local coordinate £, by will be of the form

(175) by = L1%H,, by, > 0.

The integer s is called the order of the singularity.
An application of Stokes’ Theorem to (173) gives the theorem [24]:

Theorem 6.1 (Gauss—-Bonnet). Let 7 : £ — M be a semi-hermitian holo-
morphic line bundle over a one-dimensional complex manifold A4. Let D be a
compact domain of A with smooth boundary D and s : D — E be a holo-
morphic section such that

(1) 0D contains no singularity of the hermitian structure;
(2) s(0D) does not meet the zero section of the bundle.

Then
1 c C_ A
(176) n(s)—n(h)z—/Q+—/ d” logllsl, d~=14(0-9),
D 27 Jop

where 7(s) is the number of zeroes of the section in D, n(5) is the number of
singularities of the semi-hermitian structure in D, and ||s|| is the hermitian norm
of the section on the boundary.

We consider the complex projective space P, (C) of dimension 7. To define it
we take the complex vector space C,,41 of dimension z+1 and identity its nonzero
vectors which differ from each other by a factor. The identification

(177) 7 : Cyp1 — {0} = P, (C)
defines a holomorphic line bundle over P,(C). Tox € P,(C), 77 '(x) is a

nonzero vector Z = (2o, ...,2,) of C,41, determined up to a factor; Z will be
called a homogeneous coordinate vector of x.
The geometry in P, (C) arises from the hermitian scalar product

(178) (Z, W) =z0wo + -+ +2,w,, W = (wy,...,w,)
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inC,41. We set
(179) lZz W=z W), |ZI"=(Z2).

Then | Z| defines an hermitian norm in the bundle (177). By (173) the Chern class
of its dual bundle, the hyperplane section bundle, is represented by the curvature
form

(180) Q= éaglog 1Z].

This form has the further property that it is positive definite, in the follow-
ing sense: The complex structure on P, (C) sets up a one-one correspondence
between real forms of bidegree (1,1) and the hermitian differential forms; the
hermitian form corresponding to Q is positive definite. We can therefore use it to
define an hermitian structure on P, (C), which gives the classical Fubini-Study
metric (cf. [23]).

It can be verified that

(181) /P o=

so that {Q}, the cohomology class represented by Q, is a generator of
H?*(P,(C),Z). It follows that Q" is a volume element of P,(C), with total
volume equal to 1.

Consider an algebraic curve

(182) f M — Pn(c))

where M is a compact one-dimensional complex manifold without boundary
and £ is holomorphic. The above discussion identifies the area of the curve with
its order and we have the formula of Wirtinger:

(183) A(M) :/f(M)an(f(M)ﬂa):v(M).

Here A(MM) is the area, v(M) is the order of the curve, and #(f (M) N «) is the
number of common points of £ (A1) with any hyperplane z; the equalities at the
two ends of (183) are definitions.

The Gauss—Bonnet theorem 6.1 extends this relationship to a compact do-
main D with boundary and we have the:

Theorem 6.2 (Unintegrated first main theorem). Let A1 be a one-dimensional
complex manifold and /' : M — P,(C) be a holomorphic mapping. Let D be
a compact domain of M with smooth boundary 9D, such that /(9D) does not
meet a hyperplane . Then

1 |Z, |
184 n(D,a) — A(D) = — / dlog ———
(:84) 27 Jromy & B 12T Tt

where 7(D, «) is the number of points in /(D) N« and a* is the “pole” of #, i.c.,
the point orthogonal to all points of «.
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Thus, while the formula (183) is not valid for a domain D with boundary, The-
orem 6.2 gives a useful expression for the difference #(D, 2) — A(D). When M
is noncompact and D exhausts M, each of #(D, «) and 4 (D) could become in-
finite and our main concern is to estimate their relative growth and the growth
of other geometrical quantities which eventually enter into play. The quantity
against which the growths are measured is the exbaustion function. It is by defin-
ition a smooth function 7 : M — R* satisfying the conditions:

(1) The mapping 7 is proper, i.c., the inverse of a compact set is compact;
(2) The critical points are isolated.

An example of a function satisfying (2) is a real harmonic function.
Suppose 7 is a harmonic exhaustion function of M. Let

(18s) D,={leM:7()<u}

For simplicity we write

(186) n(D, a) =n(u,a), A(D,)=vo(an).
Then (184) can be written
1 oo 1Z@),
(187) n(u, ) —vo(n) = > /f(aDu) d™ log ZO el € dD,.

By a standard argument the integration and the differential operator d® can be
interchanged and we can integrate the above formula with respect to #. We put

(188) N(u,az)z/o n(t, a)dt, To(u):/O vo(2)dr
and

_ 1 1Z(), 2" ¢
(189) m(u, o) = > LDulog—lz(z)l : |ﬂle >0, [€dD,.

Then the integration of (187) gives
(190) N(u, ) + m(u, ) = To(n) + m(0, 2).

This is the integrated form of the first main theorem. As a corollary we have the
fundamental inequality

(191) N (#, ) < To(u) + const.

The function Ty (%) is called the order function. Equation (191) shows that it
dominates N (#, «) for all «.

The space of the hyperplanes of P, (C) has a measure defined to be the measure
of their poles. That s, if 7 is a hyperplane, we define

(192) dy=dy*,  »* =poleofn

It is easy to prove:
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Theorem 6.3 (Crofton-type formula). Let f : M — P,(C) be a compact
holomorphic curve with or without boundary. Then

(1) [ #tran oy = acan,
where A(M) is the area of the curve.
When it is applied to the inequality (191), we have:

Theorem 6.4 (Equidistribution in measure of holomorphic curves). Let f :
M — P,(C) be a holomorphic curve, which has an exhaustion function » —
oco. Then the set of hyperplanes 7 such that 7 N (A1) = @ is of measure zero.

The strengthening of this theorem includes some of the most beautiful results
in complex function theory. Following R. Nevanlinna we define the defecr of

hyperplane « by

o om(u ) i N(n, )
d(a) = liminf =1-lims
(194) ( ) U—00 0 u) u—>oop TO(M)
Then we have by (190)
(195) 0<5a) <1

and 8(a) = 1if f(M) Nz = @.

The fundamental theorem on value distributions can be stated as follows:

Theorem 6.5. Letf : C — P,(C) be a holomorphic curve which is nondegen-
erate (i.e., it does not lie in a linear space of lower dimension). Let a,1 <j<q,

be ¢ hyperplanes in general position. Then
(196) Z I(aj) <n+1.

1<i<q

The theorem was proved by R. Nevanlinna for the classical case z = 1 and
by Ahlfors for general 7. The proof in the general case is very long and we refer
the reader to [62], [28] and, for the case » = 2, to [24]. Although the problem
originates in analysis, it is most natural to regard it as a chapter in the complex
differential geometry of curves.

There are many technical details in the proof. But two main ideas stand out
as guideposts. The first idea is the consideration of the osculating spaces of all
dimensions of the curve. By taking the osculating spaces of dimension &, we get
a holomorphic curve f}, in the Grassmann manifold of all £-dimensional linear
projective spaces in P, (C); £ (C) is called the kth associated curve. Asin the case
k = 0, this introduces the kth order function 7} ().

The second idea can be described as finding a lower bound for N (x, ),
whereas the inequality (191) gives an upper bound. Following F. Nevanlinna and
Abhlfors this is achieved by applying integral geometry with a singular density.

The inequality in question can be written

u / 1 2
(197) (1-2) /0 dt /D ZhZZra '2( 2| ) dZdZ] < BTy(u)+ B,

\ZIMZ N a2 \1Z et
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0<i<l, [(eC

where B, B are positive constants. This inequality, and its analogues for the as-
sociated curves, play a fundamental role in the proof of (196).

The broad outlines given above could well be the beginning of a long chapter
on the global theory of holomorphic mappings of noncompact complex man-
ifolds. We restrict ourselves in referring to the account of W. Stoll [ss] and to
recent studies by P. Griffiths and his coworkers [15], [28]. It is conceivable that
characteristic classes, in the spirit of this paper, will furnish the key to a satisfact-

ory theory.
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