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1. Introduction and examples ��� p. 1A complex manifold is a paracompact Hausdorff space which has a covering
by neighbourhoods each homeomorphic to an open set in the m-dimensional
complexnumber space such thatwhere twoneighbourhoods overlap the local co-
ordinates transform by a complex analytic transformation. That is, if z1, . . . , zm
are local coordinates in one such neighbourhood and if w1, . . . , wm are local co-
ordinates in another neighbourhood, then where they are both defined, we have
wi = wi

(
z1, . . . , zm

)
, where each wi is a holomorphic (or analytic) function of

the z’s and the functional determinant 𝜕(w1,...,wm)
𝜕(z1,...,zm) ≠ 0.

We will give some examples of complex manifolds:

1.1. Example. The complex number spaceCm whose points are the orderedm-
tuples of complex numbers

(
z1, . . . , zm

)
. C1 is called the gaussian plane.

1.2. Example. The complex projective space Pm. To define it, take Cm+1 − 0,
where 0 is the point (0, . . . , 0), and identify those points

(
z0, z1, . . . , zm

)
which

differ from each other by a factor. The resulting quotient space is Pm. It can be
covered by m + 1 open sets Ui defined respectively by zi ≠ 0, 0 ≤ i ≤ m. In
Ui we have the local coordinates iζ k = zk

zi , 0 ≤ k ≤ m, k ≠ i. The transition of
local coordinates in Ui ∩ Uj is given by jζ h = iζ h

iζ j
, 0 ≤ h ≤ m, h ≠ j, which are

holomorphic functions. In particular, P1 is the Riemann sphere.
By assigning to a point of Cm+1 − 0 the point it defines in the quotient space,

we get a natural projection ψ : Cm+1 − 0 → Pm,
��� p. 2for which the inverse image of

each point isC∗ = C1−0. This relationship is the first example of the important
notion of a holomorphic line bundle and it is justified to enter into some detail.
In fact, inψ−1(Ui)wecanuse insteadof the coordinates

(
z0, . . . , zm

)
the coordin-

ates iζ h = zh
zi , 0 ≤ h ≤ m, h ≠ i, and zi. This has the advantage of expressing

clearly the fact that ψ−1(Ui) is a product Ui × C∗, zi being the fibre coordinate
(relative to Ui). In ψ−1(Ui ∩ Uj), the fibre coordinates zi and zj , relative to Ui
andUj respectively, are related by

zi = zj jζ i =
zj

iζ j
.
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Thus the change of fibre coordinates is expressed by the multiplication of a
nonzero holomorphic function. The general notion of a holomorphic line
bundle, which generalises this example, plays a central role in complexmanifolds.
To a point p ∈ Pm the coordinates of a point of ψ−1(p) are called its homo-

geneous coordinates. They can be normalised so that

(1.1)
∑

zkzk = 1.

Equation (1.1) defines a sphere S2m+1 of real dimension 2m+ 1.The restriction of
ψ gives the mapping ψ : S2m+1 → Pm, under which the inverse image of each
point is a circle. This is called theHopf fibring of S2m+1.
Further examples are obtained from submanifolds of Pm and quotient mani-

folds ofCm.

1.3. Example. Nonsingular submanifolds of Pm, in particular, the nonsingular
hyperquadric

(1.2) (z0)2 + · · · + (zm)2 = 0.

By a theorem of Chow, every compact submanifold embedded in Pm is an al-
gebraic variety, i.e. it is the locus defined by a finite number of homogeneous
polynomial equations [5, p. 170]. ��� p. 3It will not be significant to consider compact submanifolds ofCm, because of
the:

Theorem 1(A). A connected compact submanifold ofCm is a point.

The proof makes use of the lemma: Let f be a holomorphic function on a
complex manifoldM. Suppose p0 ∈ M is a point such that |f (p) | ≤

��f (p0)�� for
all p in a neighbourhood of p0. Then f (p) = f (p0) in a neighbourhood of p0.
For one variable this follows from themaximummodulus principle. The case

of m variables follows from the consideration of the lines through p0 and the
application of the one variable case to these lines.
Now letM be a connected compact submanifold of Cm. Each coordinate of

Cm is a holomorphic function onM. By the lemma, itmust be constant on every
connected component ofM. SinceM is connected,M is a point.
However, various significant examples arise from the quotient manifolds of

Cm.

1.4. Example. Let Γ be the discontinuous group generated by 2m translations
of Cm, which are linearly independent over the reals. Then Cm/Γ is called the
complex torus. If a complex torus can be embedded as a nonsingular submanifold
of a projective space of sufficiently high dimension, it is called an abelian variety.
Let Δ be the discontinuous group generated by zk → 2zk, 1 ≤ k ≤ m. The

quotientmanifold (Cm−0)/Δ is called theHopfmanifold. It is homeomorphic
to S1 × S2m−1.
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ConsiderC3 to be the group of all matrices

(1.3) ©­«
1 z1 z2
0 1 z3
0 0 1

ª®¬ ��� p. 4Let D be the discrete subgroup consisting of those matrices for which z1, z2, z3
are gaussian integers (i.e. zk = mk + ink, 1 ≤ k ≤ 3 where mk, nk are rational
integers). Then C3/D is called an Iwasawa manifold. Its fundamental group is
isomorphic toD, and hence is not abelian.

1.5. Example. An orientable surface is a complex manifold (of dimension one).
We suppose the surface to be C∞ and define on it a positive definite riemannian
metric. By the theorem of Korn–Lichtenstein there exist local isothermal para-
meters x, y so that locally the metric can be written

(1.4) ds2 = λ2
(
dx2 + dy2

)
, λ > 0

or ds2 = λ2dzdz, where z = x+ iy, the orientation of themanifold being defined
by ddx ∧ dy = i

2dz ∧ dz. If w is another local coordinate we will have

ds2 = λ2dz dz = μ2dw dw
because ds2 is globally defined. It follows that dw is a multiple of dz or dz. If we
assume that the complex coordinates z and w define the same orientation, then
dwmust be a multiple of dz. This means that w is a holomorphic function of z,
and the surface becomes a complex manifold.
A one-dimensional complex manifold is called aRiemann surface.

1.6. Example (Calabi–Eckmann). Let S and S′ be spheres of dimensions 2p+ 1
and2q+1 respectively, p, q > 0. By theHopf fibring in Ex. 1.2we have a fibration

π : S × S′ → Pp × Pq

with fibre a two (real) dimensional torus. Since both the base space and the fibre
are complex manifolds, we would expect that the total

��� p. 5space could be given a
complex structure. This we will prove to be the case as follows:
Let S be the set of all points z =

(
z0, . . . , zp

)
such that

∑
0≤k≤p zkzk = 1, and S′

be the set of all points z′ =
(
z′0, . . . , z′q

)
such that

∑
0≤j≤q z′jz′j = 1. We define

Vkj =
{
(z, z′) ∈ S × S′ : zkz′j ≠ 0, 0 ≤ k ≤ p, 0 ≤ j ≤ q

}
.

Then the sets Vkj form an open covering of S × S′. Let τ be a complex number
such that Im(τ) ≠ 0. InVkj we introduce the following complex coordinates

(1.5)
kwh =

zh

zk
, jw′ℓ =

z′ℓ

z′j
, h ≠ k, ℓ ≠ j, 0 ≤ h ≤ p, 0 ≤ ℓ ≤ q,

tkj =
1
2πi

(
log zk + τ log z′j

)
,

where tkj is definedmod 1 and τ. Thus tkj defines apoint on the torusT(1,τ) which
is the quotient of C by the translations 1 and τ. In this way we have p + q + 1
coordinates inVkj and these define amapVkj → Cp+q×T(1,τ) . We show that this
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map is a homeomorphism. It suffices to show that kwh, jw′ℓ and tkj determine the
z’s and z′’s uniquely. Now∑

h≠k
kwhkwh =

∑
h

zhzh

zkzk
− 1 =

1��zk��2 − 1,

so
��zk�� is determined. Similarly, ��z′j �� is determined. By the second equation of

(1.5) we have

tkj =
1
2πi

(
log

���zk��� + τ log
��z′j �� + i arg zk + τi arg z′j

)
, mod(1, τ). ��� p. 6Hence arg zk, arg z′j are determined mod 2π. The other z’s and z′’s are then

determined by the first equations of (1.5). This proves that our map is a homeo-
morphism.
InVkj ∩ Vrs we have

rwh =
kwh

kwr
, sw′ℓ =

jw′ℓ

jw′s

and
trs = tkj +

1
2πi

(
log kwr + τ log jw′s) , mod(1, τ)

where we set kwk = 1 and jw′j = 1. Hence we have defined a complex structure
on S × S′ with the kwh, jw′ℓ , tkj as local coordinates inVkj .

2. Complex and hermitian structures on a vector space

LetV be a real vector space of dimension n. V is said to have a complex struc-
ture if there exists a linear endomorphism J : V → V , such that J 2 = −1, where
1 denotes the identity endomorphism. An eigenvalue of J is a complex number
λ such that the equation Jx = λx has a nonzero solution x ∈ V . Applying J to
this equation, we get

−x = J 2x = λJx = λ2x.
It follows that λ2 = −1 or λ = ±i. Since the complex eigenvalues occur in
conjugate pairs, it follows that V must be of even dimension n = 2m. The
following relations are immediately verified:

(2.1) (J − i) (J + i) = (J + i) (J − i) = 0.

Let V ∗ be the dual space of V , i.e., the space of all
��� p. 7real-valued linear functions

over V . We denote the pairing of V and V ∗ by
〈
x, y∗

〉
, x ∈ V , y∗ ∈ V ∗, so that

this function is R-linear in each of the arguments. Alternatively, we also write
y∗(x) =

〈
x, y∗

〉
. In addition to V ∗ we consider V ∗ ⊗ C, i.e., the space of all

complex-valued R-linear functions over V . Then V ∗ ⊗ C is a complex vector
space of complex dimension n. An element f ∈ V ∗ ⊗ C is said to be of type
(1, 0) (respectively (0, 1)) if
(2.2) f (Jx) = if (x) (resp. f (Jx) = −if (x)), x ∈ V.
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Let e∗α, 1 ≤ α ≤ n, be a basis ofV ∗. Consider the functions
(2.3) λα(x) = ⟨(J + i)x, e∗α⟩ = ⟨Jx, e∗α⟩ + i ⟨x, e∗α⟩ .
Since −i is an eigenvalue of J of multiplicitym, exactlym of these functions are
linearly independent with respect toC. It can be immediately verified that λα(x)
are of type (1, 0), and their complex conjugates

(2.3a) λ
α(x) = ⟨(J − i)x, e∗α⟩

are of type (0, 1).
Suppose our basis e∗α is so chosen that λk(x), 1 ≤ k ≤ m, are linearly inde-

pendent with respect toC. We split them into the real and imaginary parts:

(2.4) λk(x) = λ′k(x) + iλ′′k(x).
We wish to show that λ′k(x), λ′′k(x), 1 ≤ k ≤ m, are linearly independent with
respect toR. In fact, suppose that∑

k
rkλ′k(x) +

∑
k
skλ′′k(x) = 0, x ∈ V, ��� p. 8where rk, sk ∈ R. This relation can be written as∑

k
(rk − isk) λk(x) +

∑
k

(rk + isk) λ
k(x) = 0.

Replacing x by Jx and using the fact that λk(x) and λk(x) are of types (1, 0) and
(0, 1) respectively, we get∑

k
(rk − isk) λk(x) −

∑
k

(rk + isk) λ
k(x) = 0.

Adding these two equations, we find∑
(rk − isk) λk(x) = 0,

which gives rk − isk = 0, and hence rk = sk = 0, since λk(x) are linearly inde-
pendent overC.
Using the exterior algebra

∧ (V ∗ ⊗ C), we can express the fact proved above
by

(2.5)
(
i
2

)m
∧k λkλ

k
=

∧
k
λ′kλ′′k ≠ 0.

It follows from (2.5) that λk, λ
k
are linearly independent overC and thatV ∗ ⊗ C

is a direct sum of VC ⊕ VC, where VC (reps. VC) is the space of all elements
of V ∗ ⊗ C of type (1, 0) (resp. (0, 1)). Conversely, a direct sum decomposition
of V ∗ ⊗ C over C into two subspaces, complex conjugate to each other, defines
a complex structure on V , if the subspaces are defined to be consisting of the
elements of types (1, 0) and (0, 1) respectively. This follows from the fact that
when x is given the equations in (2.2) determine the values of the elements of
V ∗ ⊗ C at Jx, whereby Jx is determined.
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As an example, let ek, em+k be a dual basis of λ′k, λ′′k, so that

(2.6) λk(eh) = λ′k(em+h) = δkh, 1 ≤ h, k ≤ m,

all other pairings being zero. This can be written

(2.6a) λk(eh) =
1
i
λk(em+h) = δkh. ��� p. 9On the other hand, we have

λk(Jx) = iλk(x) = −λ′′k(x) + iλ′k(x),
from which it follows that

(2.7) λk(Jeh) =
1
i
λk(Jem+h) = iδkh.

Comparing (2.6a) and (2.7), we get

(2.8) Jeh = em+h, Jem+h = −eh.
The elements λk form a basis of VC over C. Under a change of basis the real-
valued 2m-form in (2.5) will be multiplied by a positive factor. Hence the com-
plex structure J inV defines an orientation ofV .
If J defines a complex structure inV ,−J does too. The twocomplex structures

are said to be conjugate to each other. A form of type (1, 0) (resp. type (0, 1)) in
the structure J is a form of type (0, 1) (resp. (1, 0)) in the structure −J and vice
versa.
SupposeV is provided with a complex structure J . An hermitian structure in

V is a complex-valued functionH (x, y), x, y ∈ V , which satisfies the following
conditions:

(1) H
(
λ1x1 + λ2x2, y

)
= λ1H (x1, y) + λ2H (x2, y), x1, x2, y ∈ V , λ1, λ2 ∈ R;

(2) H (x, y) = H (y, x);
(3) H (Jx, y) = iH (x, y).

In view of (2), (3) is equivalent to the following:
(3’) H (x, Jy) = −iH (x, y).

We splitH (x, y) into its real and imaginary parts:
��� p. 10

(2.9) H (x, y) = F (x, y) + iG(x, y).
Then 2 is equivalent to

(2.10) F (x, y) = F (y, x), G(x, y) = −G(y, x),
and 3 is equivalent to

(2.11) F (x, y) = G(Jx, y), orG(x, y) = −F (Jx, y).
ThusH (x, y) defines a pair of real-valued bilinear functions, of which one is sym-
metric and the other antisymmetric, which are related to each other by (2.11).
Either one of these functions, together with J , determinesH (x, y).
The hermitian scalar product H (x, y) is called positive definite if the corres-

ponding real-valued symmetric bilinear function F (x, y) is positive definite.
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It is known that the space
∧2(V ∗) of exterior forms of degree two is iso-

morphic to the space of all antisymmetric bilinear functions over V . The iso-
morphism is established by the fact that it is a vector space isomorphism and that
for ξ, η ∈ V ∗ the bilinear function corresponding to ξ ∧ η is

(2.12) (ξ ∧ η)(x, y) = 1
2

{
ξ (x)η(y) − ξ (y)η(x)

}
, x, y ∈ V.

By means of this isomorphism there is an exterior form Ĥ of degree two corres-
ponding to the function− 1

2G(x, y). Ĥ is called theKähler form of the hermitian
structure.
We wish to express H (x, y) in terms of the basis λK of VC. For this purpose

let

(2.13) x =
∑
α
xαeα, y =

∑
β
yβeβ, 1 ≤ α, β ≤ 2m, 1 ≤ k, j ≤ m.

Then we have
��� p. 11

H (x, y) = H

(∑
k

(
xkek + xm+kem+k

)
, y

)
= H

(∑
k

(
xkek + xm+kJek

)
, y

)
=

∑
k

(
xk + ixm+k

)
H (ek, y)

=
∑
k,j

(
xk + ixm+k

) (
yj − iym+j ) H (ek, ej)

=
∑
k,j

λk(x)λj (y)H (ek, ej).

It follows that we can write

(2.14) H =
∑
k,j

hkjλk ⊗ λ
j

where

(2.15) hkj = H (ek, ej) = hjk.

To find the expression for the Kähler form Ĥ , we derive from (2.9)

− 1
2
(G(x, y)) = i

4

{
H (x, y) −H (x, y)

}
=
i
4

∑
k,j

hkj
{
λk(x)λj (y) − λ

j (x)λk(y)
}
.

By (2.12) it follows that

(2.16) Ĥ =
i
2

∑
k,j

hkjλk ∧ λ
j
.



ALMOSTCOMPLEXMANIFOLDS; INTEGRABILITY CONDITIONS 9

If a real vector space has a complex structure and in addition to it an hermitian
structure, the exterior algebra has rich properties. In particular, a complex-
valued exterior form, i.e., an element of the exterior algebra

∧(V ∗ ⊗ C), is said
to be of type (p, q), if it is a sum of terms each of which contains p factors λk and
q factors λ

h
. A form of degree r can be written uniquely as a sum

(2.17) α =
∑
p+q=r

αpq, (p, q) mutually distinct,

��� p. 12where αpq is of type (p, q). The latter will also be denoted by

(2.18) αpq = Πpqα,

whereby the operatorsΠpq are defined.
Another operator, which we will denote by L, is defined by

(2.19) Lα = Ĥ ∧ α.

L is a real operator in the sense that it maps a real-valued form into a real-valued
form. This operator L plays an important role in Hodge’s work on transcend-
ental methods in algebraic geometry.

3. Almost complex manifolds; integrability conditions

LetM be a C∞ manifold of dimension n. To a point x ∈ M we will denote
by Tx and T ∗

x the tangent and cotangent spaces respectively. An almost complex
structure onM is a C∞ field of endomorphisms Jx : Tx → Tx, such that J 2x =
−1x, where 1x denotes the identity endomorphism in Tx.
A manifold which is given an almost complex structure is called almost com-

plex. Not all manifolds have this property. In fact, from the discussions in §2
follows the:

Theorem 3(A). An almost complex manifold is even-dimensional and orient-
able.

Remark. This condition is not sufficient for a manifold to have an almost com-
plex structure. For instance, it was proved by Ehresmann and Hopf that the
4-sphere S4 cannot be given an almost complex structure [11, p. 217].

Alternatively, an almost complex structure can be defined by the space A of
its complex-valued C∞ forms of type (1, 0). If A denotes the space consisting of
forms which are conjugate complex to those of A, then at every x ∈ M we have
the direct sum

��� p. 13decomposition

(3.1) T ∗
x ⊗ C = Ax ⊕ Ax,

where Ax (resp. Ax) is the space of the forms of A (resp. A) at x.
To establish the relation between the definitions let xα, 1 ≤ α, β ≤ n, be a local

coordinate system. Then a basis in the tangent space Tx is given by 𝜕
𝜕xα and its
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dual basis T ∗
x consists of the differential forms dxβ. The endomorphism Jx will

be defined by

(3.2) Jx

(∑
α
ξ α

𝜕

𝜕xα

)
=

∑
α,β

aαβξ
β 𝜕

𝜕xα
.

The condition that J 2x = −1x is expressed by

(3.3)
∑
β
aαβa

β
γ = −δαγ , 1 ≤ α, β, γ ≤ n.

At each point x ∈ M the discussions of §2 and we see that the forms

(3.4)
∑
β

(
aαβ + iδαβ

)
dxβ

are of type (1, 0). They are n in number and exactlym = n
2 of them are linearly

independent over the ring of complex-valuedC∞ functions (cf. (2.3)). (The situ-
ation being local, we restrict ourselves to a sufficiently small neighbourhood. As
all our functions are C∞ unless otherwise specified, we will later on frequently
omit the adjective “C∞”.)

Proposition 3(B). A complex manifold has an almost complex structure. ��� p. 14In fact, the complex-valued 1-forms which, in terms of the local coordinates
zk, 1 ≤ k ≤ m, are linear combinations of dzk, are well-defined in a complex
manifoldM. These we define to be the forms of type (1, 0). Since(

i
2

)m
∧k dzk ∧ dzk ≠ 0,

we have defined an almost complex structure onM.
To describe J in terms of the local coordinates zk let

(3.5) zk = xk + iyk.

Then we have, using the fact that dzk is of type (1, 0),

(dzk)
(
𝜕

𝜕xj

)
= δkj , (dzk)

(
𝜕

𝜕yj

)
= iδkj ,

(dzk)
(
J
𝜕

𝜕xj

)
= iδkj , (dzk)

(
J
𝜕

𝜕yj

)
= −δkj , 1 ≤ j, k ≤ m.

It follows that

(3.6) J
(
𝜕

𝜕xj

)
=

𝜕

𝜕yj
, J

(
𝜕

𝜕yj

)
= − 𝜕

𝜕xj
.

Thequestion ariseswhether this is the onlyway to get an almost complexman-
ifold, i.e., whether every almost complex manifold is complex. This is the case
for n = 2, but not in general. The question is whether local coordinates xk, yk,
1 ≤ k ≤ m = n

2 , can be introduced such that, if z
k are defined by (3.5), the forms
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of type (1, 0) are linear combinations of dzk. Suppose the almost complex struc-
ture is locally defined by the forms θk of type (1, 0) which are linearly independ-
ent (over the ring of complex-valued C∞ functions). Their exterior derivatives
can be written

��� p. 15
(3.7) dθk =

1
2

∑
j,ℓ

Ak
jℓθ

j ∧ θℓ +
∑
j,ℓ

Bkjℓθ
j ∧ θ

ℓ + 1
2

∑
j,ℓ

Ck
jℓθ

j ∧ θ
ℓ

where Ak
jℓ , B

k
jℓ , C

k
jℓ are complex-valued functions satisfying

(3.8) Ak
jℓ + Ak

ℓj = Ck
jℓ + Ck

ℓj = 0, 1 ≤ j, k, ℓ ≤ m.

The condition

(3.9) dθk ≡ 0, mod θj

remains invariant under a linear transformation of the θk. It is satisfied if θk =
dzk. Thus it is a necessary condition for an almost complex structure to arise
from a complex structure. We will call (3.9) the integrability condition. By (3.7)
it can also be written

(3.9a) Ck
jℓ = 0.

Before proceeding, we will express the integrability condition in terms of the
tensor field aαβ which defines the endomorphism Jx. Suppose that our Greek in-
dices range from 1 to n:

(3.10) 1 ≤ α, β, γ, λ, μ, ρ, σ ≤ n.

Then we have:

Proposition 3(C) (Eckmann–Frölicher). Let

(3.11)
aαβγ = −aαγβ =

𝜕aαβ
𝜕xγ

−
𝜕aαγ
𝜕xβ

,

tαβγ =
∑
ρ

(
aαβρa

ρ
γ − aαγρa

ρ
β

)
.

The integrability conditionof the almost complex structure definedby the tensor
field aαβ is t

α
βγ = 0.

Since the forms of type (1, 0) are linear combinations of
��� p. 16those in (3.4), the

integrability condition can be expressed by∑
β
daαβ ∧ dxβ ≡ 0, mod

∑
λ

(
aγλ + iδγλ

)
dxλ,

or ∑
β,γ

aαβγdx
β ∧ dxγ ≡ 0, mod

∑
λ

(
aγλ + iδγλ

)
dxλ.
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If we equate to zero the forms in (3.4), a fundamental system of solutions of the
resulting linear equations in dxβ can be selected from aγλ − iδλγ (cf. (2.1)). The
condition above can therefore be written∑

β,γ
aαβγ

(
aβλ − iδβλ

) (
aγμ − iδγμ

)
= 0.

Equating to zero either the real or the imaginary part of this equation, we get
tαβγ = 0.

Remark. It can be verified that tαβγ are the components of a tensor field.

The integrability condition is identically satisfied when n = 2, as can be seen
from (3.9a). For n ≥ 4 the condition is clearly nontrivial. An almost complex
structure satisfying the integrability condition is called integrable, otherwisenon-
integrable. An almost complex manifold of dimension ≥ 4 always has a nonin-
tegrable almost complex structure, for even if the given one is integrable, it can
be perturbed slightly to give a nonintegrable one.
A significant example of an almost complexmanifold is the 6-sphere S6. From

the theory of Lie groups it is known that S6 can be considered as a coset space
G2/SU(3), where G2 is the exceptional simple Lie group of 14 dimensions and
SU(3) is the special unitary group in three variables. From the definition of
G2 and its structure equations one sees immediately that S6 has a nonintegrable ��� p. 17almost complex structure.
Suppose that we have an integrable almost complex structure. The condition

(3.9) suggests us to apply the theorem of Frobenius on completely integrable dif-
ferential systems. Since the forms are complex-valued, it will be necessary to sup-
pose that the almost complex structure is real analytic, i.e., that the functions aαβ
are real analytic. Under this hypothesis it follows from Frobenius’s theorem that
there exist complex local coordinates zk such that the forms of type (1, 0) are lin-
ear combinations of dzk. In a neighbourhood where two such local coordinate
systems zk and wj are both valid dwj are linear combinations of dzk, which im-
plies that wj are holomorphic functions of zk. Thus the manifold has a complex
structure.
This theorem that a complex structure can be introduced in a manifold with

an integrable almost complex structure is also true if the latter is C∞ or satis-
fies even weaker smoothness conditions. This was first proved by A. Newlander
and L. Nirenberg [10]. Subsequent proofs were given by A. Nijenhuis andW. B.
Woolf, J. Kohn and L. Hörmander. These proofs are rather difficult. The case
n = 2 is a classical theorem of Korn and Lichtenstein which asserts that a two-
dimensional riemannianmetric of classC1,α (0 < α < 1) is locally conformal to a
flat metric. Even the proof of the Korn–Lichtenstein theorem is not simple [1].
Thuswe see that integrable almost complex structures and complex structures

are essentially identical. In some of the problems it is not necessary to make use
of the local complex coordinates zk, and theNewlander–Nirenberg theoremwill
not be needed. But we will not insist on this point.
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The integrability condition (3.9) or tαβγ = 0 (by 3(C)) is a criterion for deciding
whether a given almost complex structure is integrable. It gives no information
on the problem whether an

��� p. 18almost complex manifold can be given a complex
structure, whose underlying almost complex structure may be different from
the given one. Recently van de Ven gave examples of compact four-dimensional
almost complex manifolds which do not have any complex structure; his proof
makes use of theAtiyah–Singer index theorem [12]. It is an outstanding problem
whether S6 can have a complex structure.
LetM be an almost complex manifold of dimension n = 2m. All complex-

valuedC∞ forms of type (p, q) constitute amoduleApq over the ring of complex-
valued C∞ functions. The following properties are easily verified:

(1) If α ∈ Apq, then α ∈ Aqp.
(2) If α ∈ Apq, β ∈ Ars, then α ∧ β ∈ Ap+r,q+s.
(3) dApq ⊂ Ap+2,q−1 + Ap+1,q + Ap,q+1 + Ap−1,q+2.
(4) Apq = 0 if p or q > m.

From (3) we define, for α ∈ Apq, the operators

(3.12) 𝜕α = Πp+1,qdα, 𝜕α = Πp,q+1dα.

If the almost complex structure is integrable, (3) becomes

(3I) dApq ⊂ Ap+1,q + Ap,q+1,

as follows immediately from (3.7). We can then write

(3.13) d = 𝜕 + 𝜕.

Since d2 = 0, we get

𝜕2 + 𝜕𝜕 + 𝜕𝜕 + 𝜕
2
= 0.

Equating to zero the terms of different types, we find

(3.14) 𝜕2 = 𝜕𝜕 + 𝜕𝜕 = 𝜕
2
= 0. ��� p. 19The last condition gives rise to the following form of the integrability condition:

Proposition 3(D). An almost complex structure is integrable if and only if

𝜕
2
= 0.

It remains to prove that the integrability condition is satisfied if 𝜕
2
= 0. In

fact, let F be a complex-valued C∞ function. We write

dF =
∑
k
Fkθk +

∑
k
Gkθ

k
.

Then we have
𝜕F =

∑
k
Fkθk, 𝜕F =

∑
k
Gkθ

k
,
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and
𝜕
2
F = Π0,2d𝜕F = Π0,2d(𝜕 − d)F = −Π0,2d𝜕F

= −
∑
j,k,ℓ

FkCk
jℓθ

j ∧ θ
ℓ
.

Since this expression is zero for any F , we get Ck
jℓ = 0, which is the integrability

condition (3.9a).
From now on supposeM is a complex manifold. A form α ∈ Apq is called

𝜕-closed if 𝜕α = 0. Let Cpq be the space of 𝜕-closed forms of type (p, q). The
quotient groups

(3.15) Dpq(M) = Cpq/𝜕Ap,q−1

are called theDolbeault groups ofM.
The Dolbeault groups are analogous to the de Rham groups of a real mani-

fold, whose definitions we recall as follows: Let Ar be the space of real-valued
C∞ forms of degree r, andCr be the subspace of the forms ofAr which are anni-
hilated by d. Then the de Rham groups are

��� p. 20
(3.16) Rr (M) = Cr/dAr−1.
Both the de Rham groups and the Dolbeault groups are isomorphic to co-

homology groups with coefficient sheaves, which will be treated in §4. Before
concluding this section, we will prove an important lemma:

Lemma 3(E) (Dolbeault–Grothendieck). In the number space Cm with the co-
ordinates zk, 1 ≤ k ≤ m, letD be the polydisc

��zk�� < rk, and letD′ be the smaller
polydisc

��zk�� < r′k, r′k < rk. Let α be a form of type (p, q), q ≥ 1, inD such that
𝜕α = 0. There exists a form β of type (p, q − 1) inD such that 𝜕β = α inD′.

We consider first a special case of this lemma, i.e.,m = 1, (p, q) = (0, 1). We
write z for z1. Then

α = f (z)dz,
where f (z) is a complex-valued C∞ function. The form β sought is a function
which satisfies the partial differential equation

(3.17)
𝜕β
𝜕z

= f (z),

where

(3.18)
𝜕

𝜕z
=

1
2

(
𝜕

𝜕x
+ i

𝜕

𝜕y

)
, z = x + iy.

We note that if the equation (3.17) is split into its real and imaginary parts we get
an elliptic system of two equations of the first order in two independent and two
dependent variables.
Let z, ζ ∈ D and regard z to be fixed. We have the relation

d
(
βdζ
ζ − z

)
= βζ

dζ ∧ dζ
ζ − z

.
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Suppose z ∈ D′ and letΔε be a disc of radius ε about z, ε being sufficiently small.
Applying Stokes’ theorem to the domain

��� p. 21D′ − Δε, we get∫
𝜕D′

β(ζ )dζ
ζ − z

−
∫
𝜕Δε

β(ζ )dζ
ζ − z

=
∫
D′−Δε

βζdζ ∧ dζ

ζ − z
.

The second integral at the left-hand side tends to 2πiβ(z) as ε → 0. We have
therefore the generalised Cauchy integral formula

(3.19) 2πiβ(z) =
∫
𝜕D′

βdζ
ζ − z

+
∫
D′

βζdζ ∧ dζ

ζ − z
.

Taking the conjugate complex of this equation and replacing β by β, we have also

(3.19a) −2πiβ(z) =
∫
𝜕D′

βdζ

ζ − z
−

∫
D′

βζdζ ∧ dζ

ζ − z
.

Equation (3.19) shows that if (3.17) has a solution β(z), it is given by

(3.20) 2πiβ(z) =
∫
D′

f (ζ )dζ ∧ dζ
ζ − z

+ g(z)

where g(z) is a holomorphic function. It remains to verify that the function in
(3.20) satisfies the equation (3.17).
For this purpose we consider the relation

d
{
f (ζ ) log |ζ − z|2dζ

}
= fζ log |ζ − z|2dζ ∧ dζ +

f
ζ − z

dζ ∧ dζ ,

and apply Stokes’ theorem to the domainD′ − Δε. As ε → 0, the integral∫
𝜕Δε

f (ζ ) log |ζ − z|2dζ

tends to zero, because, if |f (ζ ) | ≤ B, we have
��� p. 22����∫

𝜕Δε
f (ζ ) log |ζ − z|2dζ

���� ≤ 4πBε log ε.

We have therefore∫
𝜕D′

f (ζ ) log |ζ − z|2dζ −
∫
D′
fζ log |ζ − z|2dζ ∧ dζ

=
∫
D′

f (ζ )
ζ − z

dζ ∧ dζ = 2πiβ(z) − g(z),

by (3.20). Differentiating under the integral sign with respect to z, we get

−
∫
𝜕D′

f (ζ )
ζ − z

dζ +
∫
D′
fζ
dζ ∧ dζ
ζ − z

= 2πi
𝜕β
𝜕z
.

This differentiation can be justified, essentially because the resulting integrals ex-
ist. By (3.19a) (with β replacedby f )we see that the function β(z) in (3.20) satisfies
the equation (3.17).
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It is important to remark that the proof shows that if the function f (z) is
holomorphic in some complex parameters, the same is true for the solution β.
To prove the general case we introduce the hypothesis (Hj) : α does not con-

tain dzj+1, . . . , dzm. We shall prove that if the lemma is true with the additional
hypothesis (Hj−1), it is true with the additional hypothesis (Hj). Under the hy-
pothesis (H0), we have α = 0, and the lemma is true. On the other hand, the
hypothesis (Hm) is empty. Thus the above induction statement will imply the
lemma.
Suppose therefore that the lemma is true with the additional hypothesis

(Hj−1). If α does not involve dzj+1, . . . , dzm, we write

α =
(
dzj ∧ λ

)
+ μ, ��� p. 23where λ and μ are forms of types (p, q − 1) and (p, q) respectively and do not

contain dzj , . . . , dzm. Since 𝜕α = 0, their coefficients are holomorphic in
zj+1, . . . , zm. By the special case proved above, we can find a form λ′ of type
(p, q − 1) which satisfies the equation

𝜕

𝜕zj
λ′ = λ

in D′ and whose coefficients are holomorphic in zj+1, . . . , zm; here the operator
𝜕
𝜕zj means the operator applied to each of the coefficients. Then 𝜕λ

′−dzj∧λ = ν
(say) does not contain dzj , . . . , dzm, and

α = 𝜕λ′ + μ − ν.

Since 𝜕α = 0, we have 𝜕 (μ − ν) = 0. But μ − ν does not contain dzj , . . . , dzm,
so that, by our induction hypothesis we can find a form ρ of type (p, q − 1) inD
satisfying

μ − ν = 𝜕ρ inD′.

Thus α = 𝜕 (λ′ + ρ) and the induction is complete.

4. Sheaves and cohomology

Sheaf theory is a basic tool in the study of complex manifolds. We will review
its main ideas and the cohomology theory built on it. For details cf. [5] or [3].
LetM be a topological space. A sheaf of abelian groups is a topological space

S together with mapping π : S → M, such that the following conditions are
satisfied:

(1) π is a local homeomorphism;
(2) for each point x ∈ M the set π−1(x) (called the stalk over x) has the struc-

ture of an abelian group;
(3) the group operations are continuous in the topology of S . ��� p. 24Let U be an open set ofM. A section of the sheaf S over U is a continuous

mapping f : U → S , such that π ◦ f = identity. The set Γ(U,S) of all the
sections overU forms an abelian group, for if f, g ∈ Γ(U,S), we can define f − g
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by (f − g) (x) = f (x) − g(x), x ∈ U . The zero of the group Γ(U,S) is the zero
section which assigns the zero of the stalk π−1(x) to every x ∈ U .
If V is an open subset of U , there is a homomorphism ρVU : Γ(U,S) →

Γ(V,S) defined by restriction. These conditions motivate the following defini-
tion:
A presheaf of abelian groups overM consists of:
(1) a basis for the open sets ofM;
(2) an abelian group SU assigned to each open setU of the basis; and
(3) a homomorphism ρVU : SU → SV associated to each inclusionV ⊂ U ,

such that ρWV ρVU = ρWU wheneverW ⊂ V ⊂ U .
From the presheaf one can construct the sheaf by a limit process.
Suppose now thatM is a complex manifold. The following sheaves will play

an important role in future discussions:
(1) the sheaf Apq of germs of complex-valued C∞ forms of type (p, q). In

particular, we will writeA = A00, the sheaf of germs of complex-valued
C∞ functions.

(2) the sheaf Cpq of germs of complex valued C∞ forms of type (p, q), which
are closed under 𝜕. WewriteO = C00, the sheaf of germs of holomorphic
functions. For complex manifolds this is the most important sheaf.

(3) the sheafO∗ of germs of holomorphic functions which vanish nowhere.
Here the group operation is the multiplication

��� p. 25of germs of holomorphic
functions.

A section of the sheafApq is a form of type (p, q), etc. Thus, in the notation of
§3,

(4.1) Apq = Γ(M,Apq), Cpq = Γ(M, Cpq), etc.

Let
π : S → M, τ : T → M

be two sheaves of abelian groups over the same spaceM. A sheaf mapping ϕ :
S → T is a continuous mapping such that π = τ ◦ ϕ, i.e., a mapping which
preserves the stalks: ϕ(π−1(x)) ⊂ τ−1(x). ϕ is called a sheaf homomorphism if its
restriction to every stalk is a homomorphism of the groups.
IfQ → M is a third sheaf overM, the sequence of sheaves

(4.2) 0 → S i−→ T
ϕ
−→ Q → 0

connected by homomorphisms is called an exact sequence if at each stage the
kernel of one homomorphism is identical to the image of the preceding homo-
morphism. We describe this by saying that S is a subsheaf of T and Q is the
quotient sheaf of T by S .
It follows from the Dolbeault–Grothendieck lemma proved in §3 that the se-

quence

(4.3) 0 → Cpq
i−→ Apq

𝜕−→ Cp,q+1 → 0
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is exact. Here i is the inclusion homomorphism and 𝜕 is the homomorphism on
sheaves induced by the 𝜕-operator. The Dolbeault–Grothendieck lemma says
that 𝜕 is onto; the exactness of the sequence at the other stages is obvious.
To develop the cohomology theory with a coefficient sheaf we suppose that

M is a paracompact Hausdorff space. Let U = {Ui} be a locally finite open
covering ofM. The nerveN (U ) of the

��� p. 26coveringU is a simplicial complex whose
vertices are the members Ui of the covering such that Ui0 , Ui1 , . . . , Uiq span a q-
dimensional simplex if and only if the intersection Ui0 ∩ Ui1 ∩ · · · ∩ Uiq ≠ ∅.
Let π : S → M be a sheaf of abelian groups overM. A q-cochain of N (U )
with coefficients in the sheafS is a function f which associates to each q-simplex
σ = Ui0Ui1 · · ·Uiq ∈ N (U ) a section f (σ) ∈ Γ(Ui0 ∩ · · · ∩ Uiq ,S). Since the
set of sections is an abelian group, the set of all q-cochains form an abelian group
Cq(N (U ),S).
A coboundary operator

δq : Cq(N (U ),S) → Cq+1(N (U ),S)
is defined as follows: if f ∈ Cq(N (U ),S) and σ = U0 · · ·Uq+1, then δqf ∈
Cq+1(N (U ),S) has for σ the value

(4.4) (δqf )(σ) =
q+1∑
j=0

(−1)jρ0f (U0 · · ·Uj−1Uj+1 · · ·Uq+1),

where ρ0 denotes the restriction of the sections to the open setU0 ∩ · · · ∩ Uq+1.
It is immediately verified that

(4.5) δq+1δq = 0, q ≥ 0.

The kernel of δq is called the group of all q-cocycles and will be denoted by
Zq(N (U ),S). The image of δq−1 is called the group of all q-coboundaries and
will be denoted by Bq(N (U ),S). As a consequence of (4.5), a q-coboundary is
a q-cocycle, and the quotient group

(4.6) Hq(N (U ),S) = Zq(N (U ),S)/Bq(N (U ),S), B0 = 0,

is called the q-th cohomology group of the nerveN (U ) with the coefficient sheaf S . ��� p. 27The zeroth cohomology group has the simple interpretation:

(4.7) H0(N (U ),S) = Γ(M,S).
By a standard process initiated by Čech, one can pass from the cohomology

groupsHq(N (U ),S) relative to all the locally finite open coverings U ofM, to
the cohomology groupsHq(M,S), q ≥ 0, of the spaceM itself.
Let π : S → M be a sheaf of abelian groups overM and let U = {Ui} be a

locally finite open covering ofM. A partition of unity of the sheafS subordinate
to the covering U is a collection of sheaf homomorphisms ηi : S → S with the
properties:

(1) ηi is the zero map in an open neighbourhood ofM − Ui;
(2)

∑
i ηi = 1, the latter being the identity mapping of the sheaf S .
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A sheafS of abelian groups is fine if it admits a partition of unity subordinate
to any locally finite open covering.
Examples of fine sheaves areApq. Examples of sheaves which are generally not

fine include:
(1) the constant sheaf;
(2) the sheaf Cpq.

Fine sheaves play a catalytic role in the cohomology theory of sheaves, because of
the theorem:
If S is fine, thenHq(M,S) = 0, q ≥ 1.
A sheaf homomorphism i : S → T induces a homomorphism Γ(U,S) →

Γ(U, T ) for every open setU ofM, and hence a homomorphism
iq : Cq(N (U ),S) → Cq(N (U ), T ).

This leads to an induced homomorphism
iq : Hq(M,S) → Hq(M, T ), q ≥ 0. ��� p. 28As a result of the exact sequence (4.2) we wish to describe a homomorphism

δq : Hq(M,Q) → Hq+1(M,S)
and to connect the homomorphisms into a long exact sequence. The exact se-
quence (4.2) induces the exact sequence

0 → Cq(N (U ),S) iq−→ Cq(N (U ), T )
ϕq
−→ Cq(N (U ),Q).

We put

(4.8a) C
q(N (U ),Q) = ϕqCq(N (U ), T ) ⊂ Cq(N (U ),Q),

so that the sequence

0 → Cq(N (U ),S) iq−→ Cq(N (U ), T )
ϕq
−→ C

q(N (U ),Q) → 0
is exact. Let

(4.8b)
Z
q(N (U ),Q) =

{
f ∈ C

q(N (U ),Q) : δqf = 0
}
,

H
q(N (U ),Q) = Z

q(N (U ),Q)/δq−1C
q−1(N (U ),Q).

Consider the diagram

�� �� ��

0 // Cq(N (U ),S) iq //

δq
��

Cq(N (U ), T )
ϕq

//

δq
��

C
q(N (U ),Q) //

δq ��

0

0 // Cq+1(N (U ),S) iq+1 //

δq+1
��

Cq+1(N (U ), T )
ϕq+1

//

δq+1
��

C
q+1(N (U ),Q) //

δq+1 ��

0

0 // Cq+2(N (U ),S) iq+2 //

��

Cq+2(N (U ), T )
ϕq+2

//

��

C
q+2(N (U ),Q) //

��

0
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This diagram is commutative, in the sense that the image of a cochain depends
only on its final position and is independent of the paths taken. Moreover, the
horizontal sequences are exact. To an element ofH

q(M,Q) we take a represent-
ative q-cocycle, i.e., an

��� p. 29element u ∈ C
q(N (U ),Q), such that δqu = 0. There ex-

ists v ∈ Cq(N (U ), T ), such that ϕqv = u. Then ϕq+1◦δqv = δq◦ϕqv = δqu = 0,
and there exists w ∈ Cq+1(N (U ),S), satisfying iq+1w = δqv. w is a cocycle, for

iq+2 ◦ δq+1w = δq+1 ◦ iq+1w = δq+1 ◦ δqv = 0,
so that δq+1w = 0. By further “chasing” of the diagram, it can be shown that the
element of Hq+1(N (U ),S) defined by w is independent of the various choices
made. This defines a homomorphism

δq : H
q(N (U ),Q) → Hq+1(N (U ),S).

This definition is valid for a general topological spaceM. It can be proved that if
M is Hausdorff and paracompact, then

H
q(M,Q) � Hq(M,Q).

A fundamental fact in cohomology theory is the result: If the sequence of
sheaves (4.2) is exact, the sequence of cohomology groups
(4.9)

0 // H0(M,S) i0 // H0(M, T )
ϕ0

// H0(M,Q) δ0 // H 1(M,S)
i1 // H 1(M, T )

ϕ1
// H 1(M,Q) δ1 // H2(M,S) // · · ·

is exact.
We apply this result to the exact sequence (4.3). A section of the induced se-

quence of cohomology groups will be
(4.10)
· · · // H r−1(M,Apq) // H r−1(M, Cp,q+1) // H r (M, Cpq)

// H r (M,Apq) // · · ·

Since the sheafApq is fine, we have
H r (M,Apq) = 0, r ≥ 1, ��� p. 30and it follows from the exactness of (4.10) that we have the isomorphisms

(4.11)
H r (M, Cpq) � H r−1(M, Cp,q+1) � · · · � H 1(M, Cp,q+r−1)

� H0(M, Cp,q+r)
/
𝜕H0(M,Ap,q+r−1) .

Comparingwith (4.1), we see that the latter is theDolbeault groupDp,q+r (M).
By changing notation, we get
(4.12) Dpq(M) � Hq(M, Cp0).
This gives a sheaf-theoretic interpretation of the Dolbeault groups. Notice that
Cp0 is the sheaf of germs of forms of type (p, 0) with holomorphic coefficients,
and, in particular, C0,0 = O.
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The sequences (4.3) can be combined into one sequence

(4.13) 0 → Cp0
i−→ Ap0

𝜕−→ Ap1
𝜕−→ · · · 𝜕−→ Apq → · · · ,

where i is inclusion and 𝜕 is defined by the 𝜕-operator. The Dolbeault–
Grothendieck lemma says that the sequence (4.13) is exact; the subsheaf of Apq
which is the image of the preceding homomorphism and the kernel of the next
one is precisely Cpq. SinceApq is fine, (4.13) is called a fine resolution of the sheaf
Cp0.
A similar, but simpler, situationprevails in the case of a real differentiableman-

ifoldM. Let Ar be the sheaf of germs of C∞ real-valued differential forms of
degree r, and let Cr be the subsheaf ofAr consisting of germs of closed r-forms.
Then the sequence

(4.14) 0 → R
i−→ A0 d−→ A1 → · · · d−→ Ar → · · · ,

where R is the constant sheaf of real numbers and i is inclusion, is exact. (4.14)
is a fine resolution of the sheaf R. From the exactness of (4.14) follows the de
Rham isomorphism

��� p. 31
(4.15) Rr (M) � H r (M;R),

where the left-hand side is the r-dimensional de Rham group ofM (cf. (3.16)).
The sheaf theorydiscussed above canbe extended toother algebraic structures,

such as sheaf of rings, sheaf ofmodules, etc. Moreover, the group operation on a
stalkmay not be abelian, in which case, however, there will not be a cohomology
theory.

5. Complex vector bundles; connections

Throughout this section we will denote byM a C∞ differentiable manifold,
and we will develop the properties of complex vector bundles overM. For eco-
nomy the adjective “complex” is sometimes omitted.
Let

F = Cq = C × · · · × C︸        ︷︷        ︸
q

be the complex vector space of complex dimension q. Suppose F is acted on to
the right by GL(q;C), the general linear group in q complex variables, so that
ξ · g ∈ F and

(5.1) (ξg)h = ξ (gh), ξ ∈ F, g, h ∈ GL(q;C).

A complex vector bundle E overM consists of a space E and a projection

(5.2) ψ : E → M,

such that the following conditions are fulfilled:
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(1) Every point x ∈ M has a neighbourhood U for which there exists a
homeomorphism (a “chart”)

��� p. 32
(5.3) ϕU : U × F → ψ−1(U ),

with

(5.4) ψ ◦ ϕU (y, ξ ) = y, y ∈ U, ξ ∈ F.

(2) In the intersectionU ∩V of two such neighbourhoodsU,V there exists
a C∞ map gUV : U ∩ V → GL(q;C), such that

(5.5) ϕU (x, ξ ) = ϕV (x, ξ ′), x ∈ U ∩ V ; ξ, ξ ′ ∈ F,

if and only if

(5.6) ξgUV (x) = ξ ′.

These functions gUV , the so-called transition functions, satisfy the compatibil-
ity relations

(5.7)
{g−1UV = gVU ,
gUV gVW gWU = 1 inU ∩ V ∩W .

If q = 1, the vector bundle is called a line bundle. The set ψ−1(x), x ∈ M, is
a complex vector space of dimension q, and is called the fibre at x. Our assump-
tions are such that the complex linear structures on the fibres have a meaning.
As a consequence of this remark, operations on complex vector spaces which

commute with the actions of the general linear groups can be extended to oper-
ations on bundles. Among the most important operations are:

(1) The dual bundle E∗ of E. Its transition functions are tg−1UV (i.e., the trans-
pose inverse of gUV , when the latter is interpreted as a nonsingular (q×q)-
matrix).

(2) If E′ and E′′ are two complex vector bundles overM with the transition
functions g′UV , g

′′
UV respectively,

��� p. 33their direct sum orWhitney sumE′⊕E′′

is defined by the transition functions(
g′UV 0
0 g′′UV

)
.

Similarly, their tensor product E′ ⊗ E′′ is defined by the transition func-
tions g′UV ⊗ g′′UV . If the dimensions of the fibres of E

′, E′′ are q′, q′′ re-
spectively, the fibre dimension of E′ ⊕ E′′ is q′ + q′′ and that of E′ ⊗ E′′

is q′q′′.
(3) The bundleHom(E′, E′′) � E′∗ ⊗ E′′.
In order that the notion of a vector bundle be meaningful, it is desirable to

introduce an equivalence relation which amounts to a change of the charts. Let
E and E′ be two vector bundles overM with the same fibre dimension qwhich,
relative to an open covering {U,V, . . .} ofM, are given by the charts ϕU , ϕ′U and
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the transition functions gUV , g′UV respectively. They are called equivalent if to
eachU there is a C∞ map gU : U → GL(q;C), such that

(5.8) ϕU (x, ξgU ) = ϕ′U (x, ξ ), x ∈ U, ξ ∈ F.

In terms of the transition functions condition (5.8) implies:

(5.9) g′UV = gU gUV g−1V .

An immediate question is the scope of the equivalence classes of complex vec-
tor bundles overM, or, more specifically, whether there exist bundles which are
(globally) not products ofM with F . For q = 1 the answer is given by the:

Theorem 5(A). All the C∞ complex line bundles over a differentiable manifold
M form a group which is isomorphic to H2(M,Z), the second cohomology
group ofM with integer coefficients. ��� p. 34Toprove this theorem letA be the sheaf of germs of complex-valuedC∞ func-
tions and letA∗ be the sheaf of germs of nowhere zero complex-valuedC∞ func-
tions, the latter withmultiplication as the group operation. By the compatibility
relations (5.7) and by (5.9) it follows that the equivalence classes of C∞ complex
line bundles are in one-one correspondence with the elements of the cohomo-
logy group H 1(M,A∗). Thus all the line bundles ofM form a group, and the
multiplication of two line bundles is given by the tensor product. From now
on we will not distinguish between a line bundle and an equivalence class of line
bundles.
Consider the sequence of sheaves

(5.10) 0 → Z
i−→ A e−→ A∗ → 0,

where i is inclusion and e is defined by

(5.11) e(f (x)) = exp
(
2πif (x)

)
, f (x) ∈ A.

The sequence (5.10) is obviously an exact sequence. From its exactness follows
the exactness of the following sequence of cohomology groups:

H 1(M,A) e1−→ H 1(M,A∗) δ−→ H2(M,Z) i2−→ H2(M,A).

SinceA is a fine sheaf, the groups at both ends of this sequence are zero, and we
get the isomorphism stated in the theorem.
If E ∈ H 1(M,A∗) is a complex line bundle, δE ∈ H2(M,Z) is called its

Chern class.
The simple conclusion in 5(A) is possible, because the group GL(1;C) is

abelian. For general q there are Chern classes

ci (E) ∈ H2i (M,Z), 1 ≤ i ≤ q,

which are the simplest invariants of a complex vector bundle, but we will post-
pone their discussion to a later section.

��� p. 35
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LetE be a complex vector bundle overM, and letT ∗ be the cotangent bundle
ofM. Denote by Γ(E) and Γ(T ∗ ⊗ E) respectively the spaces of sections of E
and of the tensor product T ∗ ⊗ E (overC). A connection on E is an operator
(5.12) D : Γ(E) → Γ(T ∗ ⊗ E)
which satisfies the conditions:

(5.13)
D(γ1 + γ2) = Dγ1 +Dγ2, γ1, γ2 ∈ Γ(E),

D(fγ) = df · γ + fDγ, γ ∈ Γ(E),
where f ∈ A (= the space of complex-valuedC∞ functions overM) and df · γ =
df ⊗ γ, the tensor product here being over A.
We will first study the local properties of a connection. Let U be an open set

ofM, and let s1, . . . , sq be a frame field over U , i.e., q sections of the bundle E
over U , such that s1(x), . . . , sq(x), x ∈ U , are linearly independent. Then we
can write

(5.14) Dsi =
∑
j
ωjisj , 1 ≤ i, j ≤ q,

where ωji are complex-valued 1-forms in U . For economy of writing we will ex-
press (5.14) in matrix form. In fact, let

(5.15) ts = (s1, . . . , sq), ω = (ωji),
so that s itself is a one-columnedmatrix of q sections. Then (5.14) can be written

(5.16) Ds = ωs.

The matrix ω completely determines the connection. In fact, any section ξ of E
overU can be written

(5.17) ξ =
∑
i
ξ isi, ��� p. 36where ξ i are complex-valued C∞ functions inU . By (5.13), we have

(5.18) Dξ =
∑
i

©­«dξ i +
∑
j
ξ jωij

ª®¬ si.
We call ω the connection matrix.
The section ξ is called horizontal if

(5.19) Dξ = 0

or

(5.19a) dξ i +
∑
j
ξ jωij = 0.

Equations (5.19a) are a system of total differential equations and generally do
not have a solution. However, when restricted to a parametrised curve C with
parameter t, they become a system of ordinary differential equations, and a solu-
tion ξ i (t) is determined by its initial values ξ i (t0) at a given point t = t0. The
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mapping C → ψ−1(C) defined by assigning to the point t ∈ C the vector
γ =

∑
i ξ i (t)si is called a lifting of the curve C to the bundle E, and it is called

a horizontal lifting if γ satisfies (5.19) or (5.19a). In classical language a lifting is
called a vector field along C and a horizontal lifting is called a parallel vector field
along C .
Let

(5.20) s′ = gs

be a new frame field, where g is a nonsingular (q × q)-matrix of complex-valued
C∞ functions inU . By (5.13), we have

(5.21) Ds′ = ω′s′,

where

(5.22) ω′g = dg + gω. ��� p. 37This is an important formula, giving the effect on the connection matrix under
a change of the frame field.
By taking the exterior derivative of (5.22) and using (5.22), we get

(5.23) Ω′g = gΩ,

where

(5.24) Ω = dω − ω ∧ ω,

andΩ′ is defined similarly in terms of the connection matrix ω′. Ω is a (q × q)-
matrix of exterior2-forms, and is called the curvaturematrix relative to the frame
field s.
The simple transformation law (5.23) implies the following: The vanishing of

Ω is a condition independent of the choice of s. A connection satisfyingΩ = 0
is called flat.
Exterior differentiation of (5.24) gives

(5.25) dΩ +Ω ∧ ω − ω ∧Ω = 0,

which is called the Bianchi identity.
The example of the curvature matrix motivates the definition: Suppose there

is associated to every frame field s a (q × q)-matrix ϕs of forms of degree k, such
that under a change of the frame field (5.20) we have

(5.26) ϕs′ = gϕsg−1.

Such a collection of matrices {ϕs} is called a tensorial matrix of the adjoint type.
(The name arises from the adjoint representation of the group GL(q;C).) By
taking the exterior derivative of (5.26) and using (5.22), we get

(5.27) Dϕs′ = gDϕsg−1,

where
��� p. 38

(5.28) Dϕs = dϕs − ω ∧ ϕs + (−1)kϕs ∧ ω
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andDϕs′ is defined similarly with the connection matrix ω′ relative to the frame
field s′. ThusDϕs is a tensorial matrix of (k + 1)-forms of the adjoint type. It is
called the covariant differential of ϕs.
The covariant differential of the curvature matrix will not lead to anything

significant because the Bianchi identity (5.25) can be written
(5.29) DΩ = 0.

Here and later we will frequently omit the subscript s, when the frame field is
fixed through the discussion.
By (5.28) it can be immediately verified that

(5.30) D2ϕ = DDϕ = [ϕ,Ω],
where the “commutator” is defined by
(5.31) [ϕ,Ω] = ϕ ∧Ω −Ω ∧ ϕ.

Wenowconsider a complex-valued functionP (A1, . . . , Ar), whose arguments
are the (q × q)-matrices Ai, 1 ≤ i ≤ r, and which is C-linear in each of the
arguments. In fact, if
(5.32) Ai = (ai,αβ), 1 ≤ i ≤ r, 1 ≤ α, β ≤ q,

then
(5.33) P (A1, . . . , Ar) =

∑
λα1...αrβ1...βra1α1β1 . . . arαrβr ,

where the λ’s are complex numbers and the summation is over the α’s and the β’s
from 1 to q. Such a function (or polynomial) is called invariant, if

(5.34) P (gA1g−1, . . . , gArg−1) = P (A1, . . . , Ar) ��� p. 39for every nonsingular matrix g. It will be called symmetric, if its value remains
unchanged on a permutation of its arguments.
Examples of symmetric invariant polynomials can be obtained as follows: Let

A be a (q × q)-matrix, I be the (q × q)-unit matrix, and let

(5.35) det
(
I + i

2π
A
)
=

∑
0≤j≤q

(
q
j

)
Pj (A),

where Pj (A) is a polynomial of degree j in the elements ofA. Let Pj (A1, . . . , Aj)
be the completely polarised polynomial of Pj (A), so normalised that
(5.36) Pj (A, . . . , A) = Pj (A).
From the definition (5.35), we have

(5.37) Pj (gAg−1) = Pj (A).
Since Pj (A1, . . . , Aj) can be expressed in terms of Pj (A) for different arguments
A, for instance,

P2(A1, A2) =
1
2
{P2(A1 + A2) − P2(A1) − P2(A2)} ,

it follows that Pj (A1, . . . , Aj) are invariant.
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Suppose P (A1, . . . , Ar) is an invariant polynomial, so that the equation (5.34)
is fulfilled. Let

g = I + g′.
Then

g−1 = I − g′ + · · · ,
where the dots involve terms containing higher powers of the elements of g′. Sub-
stituting into (5.34) and retaining only the terms which are linear in the elements
of g′, we get

(5.38)
∑
1≤i≤r

P (A1, . . . , g′Ai − Aig′, . . . , Ar) = 0,

��� p. 40for anymatrix g′. This identity remains true, whenA1, . . . , Ar arematriceswhose
elements are differential forms (in which case P is a complex-valued form).
Suppose the elements of Ai are forms of degree di. It follows from (5.38) that

(5.39)

∑
1≤i≤r

(−1)d1+···+di−1P (A1, . . . , θ ∧ Ai, . . . , Ar)

+
∑
1≤i≤r

(−1)d1+···+di+1P (A1, . . . , Ai ∧ θ, . . . , Ar) = 0,

where θ is a (q × q)-matrix of 1-forms. In fact, θ is a sum of matrices of the form
g′α, where g′ is a matrix of functions and α is a one-form. Since (5.39) is linear
in θ, it suffices to prove it for the case θ = g′α. By moving α to the front of
the expressions, we see that (5.39) for the case θ = g′α follows immediately from
(5.38).
The invariant polynomials constitute a link between the local properties of

a connection and its global properties. In fact, we say that a family of matrices
{ϕs} is a tensorial matrix of k-forms of the adjoint type inM, if such a matrix ϕs
is associated to every local frame field s such that the relation (5.26) holds under
a change of the frame field (5.20). If P (A1, . . . , Ar) is an invariant polynomial
and Ai is a tensorial matrix of the adjoint type inM, whose elements are forms
of degree di, 1 ≤ i ≤ r, then P (A1, . . . , Ar) is a form of degree d1 + · · · + dr
which is globally defined inM. Moreover, it follows from (5.27) and (5.39) that
its exterior derivative is

(5.40) dP (A1, . . . , Ar) =
∑
1≤i≤r

(−1)d1+···+di−1P (A1, . . . , DAi, . . . , Ar). ��� p. 41For the polynomials Pj (A) defined in (5.35) we have therefore
(5.41) dPj (Ω) = 0,

because of the Bianchi identity (5.29). Thus Pj (Ω) is a closed form of degree 2j
inM and defines an element of the de Rham group R2j � H2j (M,C) with
complex coefficients.

Theorem 5(B). Let ψ : E → M be a complex vector bundle with fibre dimen-
sion q. Let Ω be the curvature matrix of a connection in the bundle. Then a
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change of the connection modifies Pj (Ω), 1 ≤ j ≤ q, by an additive term of the
form dQ, whereQ is a form of degree 2j − 1 inM.

The following proof of 5(B) is due to Weil. Let ω,Ω and ω̃, Ω̃ be respectively
the connection and curvature matrices of two connections relative to the same
frame field s. If s and s′ are related by (5.20), we have (5.22) and the corresponding
relation

ω̃′g = dg + gω̃,
for the second connection. Putting

(5.42) η = ω̃ − ω, η′ = ω̃′ − ω′,

we get

(5.43) η′g = gη.

Thus, η, the difference of two connection matrices, is a tensorial matrix of 1-
forms of the adjoint type. We put

(5.44) ωt = ω + tη, 0 ≤ t ≤ 1.

Then ωt is a connection matrix depending on the parameter t, which reduces to
ω and ω̃ for t = 0 and t = 1 respectively.
The curvature matrix of the connection ωt is by definition

��� p. 42
(5.45) Ωt = dωt − ωt ∧ ωt = Ω + tDη − t2η ∧ η,

where the covariant differential is taken with respect to the connection ω.
Let P (A1, . . . , Ar) be a symmetric invariant polynomial. Let

(5.46)
P (A) = P (A, . . . , A),

Q(B, A) = rP (B, A, . . . , A︸   ︷︷   ︸
r−1

).

Then we have
d
dt
P (Ωt) = Q(Dη,Ωt) − 2tQ(η ∧ η,Ωt).

On the other hand, we have, from (5.45) and (5.30),

DΩt = tD2η + t2 [η, Dη] = t[η,Ω] + t2 [η, Dη]
= t[η,Ωt],

so that
dQ(η,Ωt) = Q(Dη,Ωt) − r(r − 1)P (η, DΩt ,Ωt , . . . ,Ωt)

= Q(Dη,Ωt) − r(r − 1)tP (η, [η,Ωt],Ωt , . . . ,Ωt).
Equation (5.39) gives, with θ = A1 = η, A2 = · · · = Ar = Ωt,

2Q(η ∧ η,Ωt) − r(r − 1)P (η, [η,Ωt],Ωt , . . . ,Ωt) = 0.

Combining the last two equations, we get

dQ(η,Ωt) = Q(Dη,Ωt) − 2tQ(η ∧ η,Ωt).
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Therefore

(5.47)
d
dt
P (Ωt) = dQ(η,Ωt).

Integrating with respect to t, we get

(5.48) P (Ω̃) − P (Ω) = d
∫ 1

0
Q(η,Ωt)dt. ��� p. 43This proves 5(B).

Special cases of Pj (Ω) are:

(5.49)

P1(Ω) =
i

2πq

∑
j
Ω
j
j ,

P2(Ω) =
−2

(2π)2q(q − 1)
∑
j<k

(
Ω
j
jΩ

k
k −Ωk

jΩ
j
k

)
,

whereΩk
j , 1 ≤ j, k ≤ q, are the elements of the curvature matrixΩ.

We will now define an hermitian structure on the bundle (5.2). We recall that
an hermitian structure on a complex vector spaceV is a complex-valued function
H (ξ, η), ξ, η ∈ V , such that

(5.50)

(1) H (λ1ξ1 + λ2ξ2, η) = λ1H (ξ1, η) + λ2H (ξ2, η),
λ1, λ2 ∈ C, ξ1, ξ2, η ∈ V,

(2) H (ξ, η) = H (η, ξ ).
It is called positive definite if
(5.51) H (ξ, ξ ) > 0, ξ ≠ 0.
An hermitian structure on the complex vector bundle (5.2) is a C∞ field of posit-
ive definite hermitian structures in the fibres of E. That is, if ξ, η are twoC∞ sec-
tions of the bundle,H (ξ, η) is a complex-valued C∞ function having properties
corresponding to (5.50). A complex vector bundle with an hermitian structure
is called an hermitian vector bundle. By a partition of unity argument, it can be
shown that every complex vector bundle can be given an hermitian structure.
To every frame field s the hermitian structure defines an hermitian matrix

��� p. 44
(5.52) Hs =

tH s =
(
H (si, sj)

)
, 1 ≤ i, j ≤ q,

and is in turn completely determined by this matrix. Under a change of frame
field (5.20) this matrix is transformed according to
(5.53) Hs′ = gHs

tg,
where

Hs′ =
(
H (s′i, s′j)

)
, 1 ≤ i, j ≤ q.

A connection in an hermitian vector bundle is called admissible, if H (ξ, η)
remains constant when ξ, η are horizontal sections along arbitrary curves. Let
(5.54) hik = H (si, sk), 1 ≤ i, j, k ≤ q
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and let
ξ =

∑
i
ξ isi, η =

∑
j
ηjsj .

Then
H (ξ, η) =

∑
i,k

hikξ iηk.

The sections ξ, η being horizontal, we have (5.19a) and a similar equation for ηk.
It follows that

dH (ξ, η) =
∑
i,k

(
dhik −

∑
hjkω

j
i −

∑
hijω

j
k

)
ξ iηk.

Since horizontal sections along curves exist with arbitrary initial values of ξ i, ηk,
the condition for an admissible connection becomes

(5.55) dhik −
∑
j
hjkω

j
i −

∑
j
hijω

j
k = 0,

or, in matrix notation

(5.55a) dH = ωH +H tω, ��� p. 45where the subscript s is dropped. By an elementary extension argument, it fol-
lows from (5.55a) that an admissible connection always exists in an hermitian vec-
tor bundle. By taking the exterior derivative of (5.55a), we get

(5.56) ΩH +H tΩ = 0,

i.e.,ΩH is skew-hermitian.
A frame field s of an hermitian vector bundle is called unitary, if Hs = I (=

the unitmatrix). Relative to a unitary frame field, the equations (5.55a) and (5.56)
become respectively

ω + tω = 0,(5.57)

Ω + tΩ = 0,(5.58)

i.e., the connection and curvature matrices ω andΩ are both skew-hermitian.
It follows from (5.56) that for an hermitian vector bundle with an admissible

connection, we have

(5.59) det
(
I + i

2π
Ω

)
= det

(
I − i

2π
Ω

)
= det

(
I + i

2π
Ω

)
.

For the coefficients Pj (A) defined in (5.35) and their polarised polynomials
Pj (A1, . . . , Aj) we write
(5.60) Pj (A1, . . . , Aj) = (RePj) (A1, . . . , Aj) + i(ImPj)(A1, . . . , Aj),
so that RePj and ImPj are real-valued and R-linear in each of their arguments.
Let

(RePj) (Ω) = (RePj) (Ω, . . . ,Ω),
(ImPj) (Ω) = (ImPj) (Ω, . . . ,Ω).
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Then it follows from (5.59) that
(ImPj) (Ω) = 0 ��� p. 46for the curvature matrix Ω of an admissible connection of an hermitian struc-

ture. It follows from Theorem 5(B) that for any connection the element of the
de Rham group R2j determined by (ImPj)(Ω) is zero. On the other hand, we
will show later that the element determined by (RePj)(Ω) is what is called the
jth Chern class of the bundle E with real or integer coefficients.

6. Holomorphic vector bundles and line bundles

Let M be a complex manifold of dimension m and let ψ : E → M be a
complex vector bundle overM with fibre dimension q. Relative to a covering
{U,V, . . .} ofM let gUV be the transition functions of E. The bundle is called
holomorphic if all these functions gUV are holomorphic (i.e., gUV , considered as a
nonsingular (q × q)-matrix, is a matrix of holomorphic functions inU ∩V ). If
q = 1, E is called a holomorphic line bundle.
An example of a holomorphic vector bundle overM is the tangent bundle of

M. Let z1U , . . . , z
m
U (respectively z1V , . . . , z

m
V ) be the local coordinates in U (resp.

inV ). Then the tangent bundle has as transition functions the jacobianmatrices

(6.1) jUV =
𝜕

(
z1U , . . . , z

m
U

)
𝜕

(
z1V , . . . , z

m
V

) .
Let E be a holomorphic bundle. A section γ of E over a neighbourhood

U ⊂ M isholomorphic if the components of γ relative to a chart are holomorphic
functions. A frame field s = t (s1, . . . , sq) is holomorphic if each si is a holo-
morphic section. When s and s′ are holomorphic frame fields, the matrix g in
the equation (5.20) is a matrix of holomorphic functions. A connection such
that the connection matrix is a matrix of 1-forms of type (1, 0) relative to a holo-
morphic frame field will be called a connection of type (1, 0). ��� p. 47Suppose an hermitian structure is defined in E. From (5.55a) it follows that it
has a uniquely defined admissible connection of type (1, 0). In fact, its connec-
tion matrix is
(6.2) ω = 𝜕H · H−1.
From (6.2) we find that its curvature matrix is

(6.3) Ω = −𝜕𝜕H · H−1 + 𝜕H · H−1 ∧ 𝜕H · H−1,
so that Ω is of type (1, 1). (A matrix of differential forms is said to be of type
(p, q) if each element is a form of type (p, q).)
In case q = 1, the matrices in question are (1 × 1)-matrices:

(6.4) H = (h), Ω = (Ω), h > 0,
and (6.3) can be written

(6.5) Ω = −𝜕𝜕 log h.
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Notice that for q = 1 a tensorial matrix of the adjoint type is a form inM, so that
Ω is globally defined inM. We call i

2πΩ the curvature form of the connection.
OnM letO be the sheaf of germs of holomorphic functions andO∗ be the

sheaf of germs of nowhere zero holomorphic functions, the latter withmultiplic-
ation as the group operation. Ameromorphic function is locally the ratio of two
holomorphic functions. Let μ be the sheaf of germs of meromorphic functions.
ThenO∗ is a subsheaf of μ and the quotient sheaf D is by definition a sheaf of
germs of divisors. The latter is locally represented by a meromorphic function
defined up to the multiplication by a nowhere zero holomorphic function. We
have the exact sequence

(6.6) 0 → O∗ i−→ μ
k−→ D → 0.

Its induced exact cohomology sequence has the part
��� p. 48

(6.7)

0 → H0(M,O∗) i0−→ H0(M, μ) k0−→ H0(M,D) δ0−→ H 1(M,O∗) → · · · .

From the exactness it follows that the quotient group

(6.8) H0(M,D)/k0H0(M, μ)

is isomorphic to a subgroup ofH 1(M,O∗). An element ofH0(M,D) is called a
divisor. Two divisors are called linearly equivalent if they differ from each other
(multiplicatively) by a meromorphic function inM. Thus the group (6.8) is the
group of divisor-classes with respect to linear equivalence. On the other hand,
H 1(M,O∗) is the group of all holomorphic line bundles overM, the group op-
eration being defined by tensor product. Kodaira and Spencer proved that ifM
is a nonsingular projective variety the group (6.8) is isomorphic toH 1(M,O∗),
[9].
We wish to study the group H 1(M,O∗). For this purpose we consider the

exact sequence of sheaves:

(6.9) 0 → Z
i−→ O e−→ O∗ → 0,

where e is defined by

(6.10) e(f (x)) = 2πi exp
(
f (x)

)
, f (x) ∈ O.

The sequence (6.9) leads to the homomorphism

(6.11) δ1 : H 1(M,O∗) → H2(M,Z),

and we wish to describe the image of δ1.
LetAr

R be the sheaf of germs of real-valued C
∞ r-forms inM and CrR be the

subsheaf ofAr
R consisting of those germs which are closed under d, so that C

0
R is

the constant sheafR. Then we have the exact sequence

(6.12) 0 → CrR
ℓ r−→ Ar

R
d−→ Cr+1R → 0,
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(6.13)
· · · // Hp(M, CrR)

ℓp,r // Hp(M,Ar
R)

d // Hp(M, Cr+1R )
𝜕p,r // Hp+1

R (M, CrR) · · · .

We note thatAr
R is a fine sheaf.

We now write the following diagram of cohomology groups ofM connected
by homomorphisms:

(6.14)

H 1(A0
R) = 0

d
��

H0(A1
R)

d // H0(C2
R)

𝜕0,1 // H 1(C1
R)

ℓ 1,1 //

𝜕1,0
��

H 1(A1
R) = 0

H 1(O∗) δ1 // H2(Z)
j

// H2(R)
ℓ2,0
��

H2(A0
R) = 0

In this diagram the manifoldM is omitted in the notation of the cohomology
groups for the sake of simplicity. The vertical sequence and the top horizontal
sequence are exact, being parts of the sequence (6.13). The homomorphism j
in the second horizontal sequence is induced by the coefficient homomorphism
j : Z → R. For an hermitian line bundle E ∈ H 1(M,O∗) wewish to determine

(6.15)
(
𝜕0,1

)−1 ◦ (
𝜕1,0

)−1 ◦ j ◦ δ1E,
which is a real-valued closed 2-form in M. In fact, we wish to show that the
negative of the form (6.15) is the curvature form i

2πΩ, up to an additive term dα,
where α is a real-valued 1-form inM.
This “diagram chasing” is not difficult, themain point being to remember the

definitions of the homomorphisms in question. Before proceeding we will give
some more discussion of the hermitian structure

��� p. 50of a holomorphic line bundle
E and its curvature form. In fact, let U = {U,V,W, . . .} be an open covering of
M which is sufficiently fine. Let sU be a holomorphic frame field over U . The
fibre dimension being one, sU is given by a nowhere zero holomorphic function
inU . Let

(6.16) hU = H (sU , sU ) > 0.

The change of frame field inU ∩ V is given by

(6.17) sU gUV = sV ,

where gUV is a nowhere zero holomorphic function inU ∩ V . From (6.16) and
(6.17) we derive

(6.18) hU
��gUV ��2 = hV inU ∩ V.
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It follows that
(6.19) 𝜕𝜕 log hU = 𝜕𝜕 log hV inU ∩ V,
which gives a verification of the remark following formula (6.5).
SupposeM is equipped with a riemannian metric and that the members of

the covering U are convex. Then the intersection of any number of the mem-
bers of the covering, if nonempty, is convex. In U ∩ V (≠ ∅) we construct the
holomorphic function fUV satisfying
(6.20) gUV = exp

(
2πifUV

)
.

InU ∩ V ∩W ≠ ∅ let
(6.21) cUVW = fUV + fVW + fWU .
Then

exp(2πicUVW ) = gUV gVW gWU = 1,
so that cUVW is an integer. The two-cochain of the nerveN (U ) of the covering
U defined by assigning to the simplex UVW the integer

��� p. 51cUVW is a two-cocycle
and defines a representative of δ1E and hence of j ◦ δ1E.
Next we wish to find a representative of the element of H 1(C1

R) which is
mapped by 𝜕1,0 to j ◦ δ1E. This will be given by a real-valued closed 1-form in
every U ∩ V ≠ ∅, and we see that the form 1

2d
(
fUV + f UV

)
has the desired

property. In fact, by (6.20) and (6.18) we have
1
2
d
(
fUV + f UV

)
=

1
4πi

{
𝜕 log gUV − 𝜕 log gUV

}
=

1
4πi

(𝜕 − 𝜕) log
��gUV ��2

=
1
4πi

(𝜕 − 𝜕) (− log hU + log hV ).

By the definition of 𝜕0,1 we get a representative of (6.15) as
1
4πi

d(𝜕 − 𝜕) log hU =
i
2π

𝜕𝜕 log hU = − i
2π

Ω.

Thus we have the:

Theorem 6(A). Let E ∈ H 1(M,O∗) be a holomorphic line bundle over a com-
plex manifoldM. Let c(E) = −δ1E ∈ H2(M,Z) be its Chern class. Suppose
that E has an hermitian structure with the curvature form i

2πΩ. Then the ele-
ment of the de Rham groupR2(M) defined by i

2πΩ corresponds to the element
jc(E) ∈ H2(M,R) via the de Rham isomorphism (4.15), j being induced by the
coefficient homomorphism j : Z → R.

Consider the de Rham isomorphism

(4.15) R2(M)
ρ
−→ H2(M,R).

There is a subgroupR11(M) ofR2(M), whose elements have as representatives
forms of type (1, 1). (Recall that an element γ ofR2(M) is a class of forms α+dβ,
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where α is a given real-valued closed 2-form inM and β runs over all real-valued
1-forms

��� p. 52inM. Any such form α + dβ is called a representative of γ.) Let

(6.22)
ρR11(M) = H2

(1,1) (M,R),
H2

(1,1) (M,Z) = j−1H2
(1,1) (M,R).

Then we have the:

Theorem 6(B). The image of the homomorphism δ1 in (6.11) isH2
(1,1) (M,Z).

Since the curvature form i
2πΩ is of type (1, 1), we have proved

δ1H 1(M,O∗) ⊂ H2
(1,1) (M,Z).

To prove inclusion in the other direction, consider the following exact sequence
induced by (6.9):

(6.23) · · · // H 1(M,Z) i1 // H 1(M,O) e1 // H 1(M,O∗)
δ1 // H2(M,Z) i2 // H2(M,O) // · · ·

It suffices to prove that i2H2
(1,1) (M,Z) = 0.

As previously letAr be the sheaf of germs of complex-valuedC∞ r-forms and
Cr be the subsheaf of the germs ofAr closed under d. Also letApq be the sheaf of
germs ofC∞ forms of type (p, q) and Cpq be the subsheaf of germs ofApq closed
under 𝜕. Thus by definition C0 = C and C00 = O. We have the diagram

��� p. 53
(6.24)

0 // Cr k //

Π0r
��

Ar d //

Π0r
��

Cr+1 //

Π0,r+1
��

0

0 // C0r k′ // A0r 𝜕 // C0,r+1 // 0
where k and k′ are inclusions. This diagram is clearly commutative. Moreover
both horizontal sequences are exact. The above diagram implies the following
commutative diagram of cohomology groups, where the manifoldM is omitted
in the notation:

(6.25)
H0(C2)/dH0(A1)

Π02
��

Δ0
// H 1(C1) Δ1

//

Π01
��

H2(C)
Π00
��

H0(C02)/𝜕H0(A01) Δ̃0
// H 1(C01) Δ̃1

// H2(O)

Moreover, Δ0, Δ1, Δ̃0, Δ̃1 are isomorphisms (cf. §4, in particular (4.11)). We de-
compose the inclusion i in (6.9) by

(6.26) Z
h−→ C

Π00−−→ O,
so that i = Π00 ◦ h. For any β ∈ H2(Z) we have then

i2β = Π00hβ = Δ̃1Δ̃0Π02(Δ0)−1(Δ1)−1hβ,
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by the commutativity of the diagram (6.25). If β ∈ H2
(1,1) (M,Z) we have

Π02(Δ0)−1(Δ1)−1hβ = 0,

so that i2β = 0. This completes the proof of 6(B).
To study H 1(M,O∗) the next step is to consider the subgroup of all E ∈

H 1(M,O∗) such that c(E) = 0. By the exactness of the sequence (6.23) this
is isomorphic to

��� p. 54
(6.27) H 1(M,O)/i1H 1(M,Z).

For a nonsingular projective varietyM the group (6.27) is compact and is called
the Picard variety ofM, [9].
The following are some important examples of holomorphic line bundles.

6.1. Example. The determinant bundle
∧q(E) of a holomorphic vector

bundle E of fibre dimension q. If gUV are the transition functions of E, so that
gUV are nonsingular (q×q)-matriceswith elementswhich are holomorphic func-
tions inU ∩V , the bundle∧q(E) is defined by the transition functions det gUV .
IfT ∗ is the cotangent bundle ofM and dimM = m, then

∧m(T ∗) is called the
canonical bundle ofM; it will be denoted asK (M). If z1U , . . . , zmU and z1V , . . . , zmV
are the local coordinates in U and V respectively, the transition functions of
K (M) are the jacobian determinants

(6.28) kUV =
𝜕

(
z1U , . . . , z

m
U

)
𝜕

(
z1V , . . . , z

m
V

)
6.2. Example. Consider the line bundle in Example 1.2. We will call it the uni-
versal line bundle over Pm. Here the base space Pm has the covering {Ui}, and
the bundle has the transition functions gij = jξ i = zi

zj , 0 ≤ i, j ≤ m, i ≠ j.
The linear form

∑
aizi in Cm+1 − 0, where the a’s are constants, has in the local

coordinates in ψ−1(Ui) the expression∑
j
ajzj = zi

(
a0iξ0 + · · · + 1

ith
+ · · · + amiξm

)
.

The expression inparentheses, which is essentially the linear format the left-hand
side in “nonhomogeneous” coordinates inUi, defines a section in the line bundle
whose transition functions are

��� p. 55g′ij =
zj
zi =

(
jζ i

)−1. Because of this origin the latter
bundle, to be denoted byH , is called the hyperplane section bundle ofPm; it is the
negative or dual of the universal line bundle.
Moreover, a holomorphically immersed submanifold f : M → Pm has an

induced bundle f ∗H , called the hyperplane section bundle ofM.
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7. Hermitian geometry and kählerian geometry

LetM be a complex manifold of dimension m. M is called hermitian if an
hermitian structure H is given in its tangent bundle T (M). With the local co-
ordinates z1, . . . , zm a natural frame field is given by

(7.1) si =
𝜕

𝜕zi
, 1 ≤ i, j, k, ℓ ≤ m,

and this frame is holomorphic. Let

(7.2) hik = H
(
𝜕

𝜕zi
,
𝜕

𝜕zk

)
= hki.

Then the matrix

(7.3) H = tH = (hik)
is positive definite hermitian.
There are special features arising from the fact that the bundle in question is

the tangent bundle. First there is the Kähler form (cf. (2.16))

(7.4) Ĥ =
i
2

∑
j,k

hjkdzj ∧ dzk,

which is a real-valued form of type (1, 1). An hermitian manifold is called käh-
lerian if its Kähler form is closed:

(7.5) dĤ = 0. ��� p. 56Secondly, let sbe a local framefield, holomorphic or not. To s there is uniquely
determined a coframe field σ = (σ1, . . . , σm) such that at every point x ∈ M
the sections s1(x), . . . , sm(x) of s and the sections σ 1(x), . . . , σm(x) of σ in the
cotangent bundle are dual bases. The sections σ i, being in the cotangent bundle,
are complex-valued 1-forms, and they are everywhere linearly independent. Let
s′ be a new frame field, related to s by (5.20), and let σ′ be its dual coframe field.
Write

(7.6)
ts = (s1, . . . , sm), s′ = (s′1, . . . , s′m),
σ = (σ′1, . . . , σ′m).

If Tx and T ∗
x are respectively the tangent and cotangent spaces at x, we denote

their pairing by

(7.7) ⟨ξ, ω⟩ , ξ ∈ Tx, ω ∈ T ∗
x .

Then we have

(7.8)
〈
si, σk

〉
=

〈
s′i, σ

′k〉 = δki .

Equation (5.20) can be written

(7.9) s′i =
∑
j
gjisj , g = (gji).
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In view of (7.8) we have

(7.10) σ i =
∑
j
gijσ

′j

or, in matrix notation,

(7.10a) σ = σ′g.

By taking the exterior derivative of (7.10a) and using (5.22), we get
��� p. 57

(7.11) (dσ′ − σ′ ∧ ω′)g = dσ − σ ∧ ω.

Wewill call the (1 × q)-matrix
(7.12) τ = dσ − σ ∧ ω

the torsion matrix. It is a matrix of complex-valued two-forms and follows the
transformation law (7.11) under a change of the frame field, holomorphic or not.

Proposition 7(A). LetM be an hermitian manifold. A connection in its tan-
gent bundle is of type (1, 0) if and only if its torsion matrix is of type (2, 0).

To prove this let σ be the dual coframe field of a holomorphic frame field s.
The connection matrix ω relative to s can be written in a unique way as

ω = ω1 + ω2,

where ω1 and ω2 are matrices of 1-forms of types (1, 0) and (0, 1) respectively. σ
is a matrix of forms of type (1, 0) with holomorphic coefficients. The torsion
matrix τ in (7.12) is of type (2, 0) if and only if

σ ∧ ω2 = 0.

Let
σ = (σ1, . . . , σm), ω2 = (θki ), 1 ≤ i, j, k ≤ m.

Then the above relation can be written explicitly as∑
i
σ i ∧ θki = 0.

Since σ i are linearly independent, we have

θki =
∑
j
akijσ

j ,

��� p. 58where akij are functions. But σ
j is of type (1, 0), while θki is of type (0, 1) by our

hypothesis. It follows that the above relation is equivalent to

θki = 0 or ω2 = 0.

This proves 7(A).
The criterion expressed by 7(A) has the advantage that, unlike the notion of a

connection of type (1, 0) which is defined in terms of holomorphic frame fields,
it has a meaning for C∞ frame fields. In the study of hermitian manifolds it is
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desirable to use C∞ frame fields, for example, the unitary frame fields. It fol-
lows from §6 and 7(A) that an hermitianmanifold has a uniquely determined ad-
missible connection in its tangent bundle whose torsion matrix is of type (2, 0).
When we speak of the connection in an hermitian manifold, this will be the con-
nectionmeant. It is to be noticed that the curvature matrix of this connection is
of type (1, 1) (relative to C∞ frame fields).

Proposition 7(B). An hermitianmanifold is kählerian if and only if the torsion
matrix of its connection is zero.

Since both properties are independent of the choice of a frame field, it suffices
to verify this theoremby using the natural frame field (7.1). Its dual coframe field
is

σ = (dz1, . . . , dzm),
so that dσ = 0. By (6.2) the vanishing of the torsion matrix can be written

σ ∧ 𝜕H = 0,

or, in expanded form,∑
i,j

𝜕hik
𝜕zj

dzj ∧ dzi = 0, 1 ≤ i, j, k ≤ m.

The latter is equivalent to the conditions
��� p. 59

(7.13)
𝜕hik
𝜕zj

−
𝜕hjk
𝜕zi

= 0.

One sees directly that (7.5) and (7.13) are equivalent.

Proposition 7(C). Anhermitianmanifold is kählerian if and only if there exists
locally a real-valued C∞ function u, such that its Kähler form can be written

(7.14) Ĥ = i𝜕𝜕u.

It suffices to prove that a kählerian manifold has the property stated in the
theorem, for the form (7.14) is clearly closed. Suppose therefore that Ĥ is closed.
There exists locally a real-valued 1-form ω such that

Ĥ = dω.

We can write
ω = α + α,

where
alpha = Π1,0ω, α = Π0,1ω.

Then
dω = 𝜕α + (𝜕α + 𝜕α) + 𝜕α,

where the terms are of types (2, 0), (1, 1), (0, 2) respectively. Since dω is of type
(1, 1), we have

𝜕α = 0.
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It follows from the Dolbeault–Grothendieck lemma that there exists a complex-
valued C∞-function F such that

α = 𝜕F. ��� p. 60Then
Ĥ = dω = 𝜕𝜕 (F − F ).

The theorem follows by setting u = −i(F − F ).
The most important local properties of an hermitian manifold arise from its

curvature matrix. The latter is defined in terms of a frame field. To have the situ-
ation under control we list together the formulas giving the effect from a change
of the frame field on the various matrices we have introduced (formulas (5.20),
(5.23), (5.53), (7.10a)):

(7.15)

s′ = gs,
Ω′g = gΩ,
H ′ = gH tg,
σ = σ′g.

From the second and third formulas of (7.15) we get

(7.16) Ω′H ′ = gΩH tg.

We note thatΩH is skew-hermitian (cf. (5.56)).
SinceΩH is of type (1, 1), we set

(7.17)
ΩH = (Ωik),
Ωik =

∑
j,ℓ

Rikjℓσ j ∧ σ ℓ .

The skew-hermitian property ofΩH is then expressed by

(7.18) Rikjℓ = Rkiℓj .

Throughout this part of our discussion we suppose as usual that our small Latin
indices have the range from 1 tom:

(7.19) 1 ≤ i, j, k, ℓ, p, q, u, v ≤ m.

The fourth equation of (7.15) and the equation (7.16) can be written out in detail
as follows:

��� p. 61
σ i =

∑
j
gijσ

′j ,∑
j,ℓ

R′
ikjℓσ

′j ∧ σ′ℓ =
∑
p,q,u,v

gpi g
q
kRpquvσu ∧ σv,

where the left-hand sides of the second equation are the entries in the matrix
Ω′H ′. It follows that

(7.20) R′
ikjℓ =

∑
p,q,u,v

gpi g
q
kg

u
j g

v
ℓRpquv.
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Let

(7.21) ξ =
∑
i
ξ isi =

∑
j
ξ ′js′j

be a vector at x ∈ M. The ξ i and ξ ′j in (7.21) are the components of the vector
relative to the frames s and s′ respectively. Between them we have the relation

(7.22) ξ i =
∑
j
gij ξ

′j .

From (7.20) and (7.22) we get∑
i,...,ℓ

R′
ikjℓξ

′iξ
′k
ξ ′jξ

′ℓ
=

∑
i,...,ℓ

Rikjℓξ iξ
k
ξ jξ

ℓ
,

so that the common expression is independent of the choice of the frame field.
If ξ ≠ 0, we define

(7.23) R(x, ξ ) = 2
∑
i,...,ℓ Rikjℓξ iξ

k
ξ jξ

ℓ(∑
i,k hikξ iξ

k)2
to be the holomorphic sectional curvature at (x, ξ ).
From the second equation of (7.15) we get

(7.24) TrΩ′ = TrΩ = ϕ (say). ��� p. 62ϕ is a form of type (1, 1) and is called theRicci form of the hermitianmetric. The
metric is called hermitian-einsteinian if theRicci form is amultiple of theKähler
form.
Let hik be the elements of the matrix H−1. By the symmetry relations (7.18)

we see that

(7.25) R =
∑
i,...,ℓ

Rikjℓhikhjℓ

is real; it is also independent of the choice of the frame field. This quantity R is
called the scalar curvature.
Compact kählerian manifolds have strong topological restrictions. Perhaps

the simplest among them is the following:

Proposition 7(D). The second Betti number of a compact kählerian manifold
is positive.

Corollary. The Hopf and Calabi–Eckmann manifolds S2p+1 × S2q+1, p ≥ 0,
q ≥ 1, cannot be given a kählerian structure. (Cf. §1.)

Since Ĥ is closed, it determines by de Rham’s theorem an element u ∈
H2(M,R). To prove 7(D) we make use of the fact that the 2m-form

Ĥm = Ĥ ∧ · · · ∧ Ĥ , m times



HERMITIANGEOMETRYANDKÄHLERIANGEOMETRY 42

determines the element um = u∪ · · · ∪u (cup productm times) ofH2m(M,R).
Using the local expression (7.4), we find

(7.26) Ĥm =

(
i
2

)m
m!(detH)

∧
j
dzj ∧ dzj .

Since the matrixH is positive definite, detH > 0. It follows that∫
M
Ĥm > 0, ��� p. 63and um ≠ 0. Therefore u ≠ 0.

LetM,N be complex manifolds, of dimensionsm, n respectively. A continu-
ous mapping f : M → N is called holomorphic, if locally it is defined by express-
ing the coordinates of the image point as holomorphic functions of those of the
original point. f is called an immersion, ifm ≤ n and if the jacobian matrix is of
rankm everywhere. An immersion f is called an embedding, if it is one-one, i.e.,
if f (x) = f (y), x, y ∈ M, implies x = y. The following is immediate:

Theorem 7(E). LetN be a kählerian manifold and let f : M → N be a holo-
morphic immersion. ThenM has a kählerian structure.

Consider the complex projection space Pn of dimension n. It is known that
(cf. §8)

(7.27)
H2i (Pn,Z) � Z, 0 ≤ i ≤ n,

Hk(Pn,Z) = 0, k odd.
Moreover we will show in §8 that Pn is kählerian. In this case, however, there is
an additional important fact: The cohomology groupH2(Pn,R) is a real vector
space of real dimension 1 and is isomorphic to jH2(Pn,Z)⊗R, where j is induced
by the coefficient homomorphism j : Z → R. In other words, if ζ denotes a
generator ofH2(Pn,Z), jζ generatesH2(Pn,R) overR. By themultiplication of
a constant factorwhennecessary,we candefineonPn a kählerianmetric such that
the cohomology class u ∈ H2(Pn,R) determined by the Kähler form belongs to
jH2(Pn,Z). A kählerian manifold with this property is said to be of restricted
type.
Under the conditions of Theorem 7(E) we have the commutative diagram

��� p. 64
H2(N,Z)

j
//

f ∗
��

H2(N,R)
f ∗
��

H2(M,Z)
j

// H2(M,R)
where f ∗ is induced by the mapping f and j is induced by the coefficient homo-
morphism. Theorem 7(E) has the following complement:

Theorem 7(E’). Let N be a kählerian manifold of restricted type and let f :
M → N be a holomorphic immersion. Then M is a kählerian manifold of
restricted type.
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A theorem of Chow says that a compact complex manifold holomorphically
embedded in Pn is an algebraic variety, i.e., its locus is defined by a finite number
of polynomial equations. The embedding theorem of Kodaira says that a com-
pact kählerian manifold of restricted type can be holomorphically embedded in
a projective space, [8].
As an examplewewill study the conditions that the complex torusΘ = Cm/Γ

(Ex. 1.4) can be given a kählerian structure of restricted type. Suppose that such a
kählerian structure exists onΘ. The latter being a compact connected Lie group,
we can integrate the kählerian metric over Θ. The resulting metric will define a
kählerian structure of restricted type which is invariant under the action ofΘ.
Let z1, . . . , zm be the coordinates inCm, and let Γ be generated by the vectors

(7.28) πλ =
(
π1λ, . . . , π

m
λ
)
, 1 ≤ λ, μ ≤ 2m,

which are linearly independent over R. Let the kählerian structure of restricted
type be given by

(7.29) ds2 =
∑
i,k

hikdzidzk, 1 ≤ i, j, k ≤ m,

��� p. 65where hik areC∞ functions inΘ. If the structure is invariant, aswe are allowed to
assume, hik are constants. A homology basis for the two-dimensional cycles ofΘ
is formed by the two-dimensional tori τλμ, λ < μ; τλμ is the quotient of the space
spanned by πλ, πμ divided by the discrete group generated by πλ, πμ. It follows
that the metric (7.29) is of restricted type, if and only if

(7.30) gλμ = −gμλ = i
∑
j,k

hjk
(
πjλπ

k
μ − πjμπkλ

)
are integers. We introduce the matrices

(7.31) G =
(
gλμ

)
, H = (hik) , Π =

(
πkλ

)
,

so that their orders are (2m × 2m), (m ×m), and (2m ×m) respectively. Then
(7.30) can be written

(7.30a)
G =

√
−1

(
ΠH tΠ − ΠH tΠ

)
= (Π,Π)

(√
−1H 0
0 −

√
−1H

) (
tΠ
tΠ

)
.

Taking the inverse matrix of this equation, we get(
tΠ
tΠ

)
G−1(Π,Π) =

(
−
√
−1H−1 0
0

√
−1H−1

)
.

Therefore we have the:

Theorem 7(F). A necessary and sufficient condition for the torus Θ = Cm/Γ
to have a kählerian metric of restricted type is that there exists a skew-symmetric
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matrixG with integral elements such that
��� p. 66

(7.32)
itΠG−1Π > 0,
tΠG−1Π = 0.

The first condition in (7.32) means that the hermitian matrix at the left-hand
side is positive definite.
The conditions (7.32) were first given by Riemann.
We wish to simplify the Riemann conditions (7.32) by proper choices of the

basis vectors ofCm and of Γ. Let

(z1, . . . , zm) → (̃z1, . . . , z̃m) = (z1, . . . , zm)T
be a change of coordinates in Cm, where T is a nonsingular (m × m)-matrix
with complex elements. Meanwhile, under a change of basis of Γ the matrix Π
is transformed according to

Π → Π̃ = UΠ,

whereU is a unimodular integral matrix. The combined effect of these changes
on the matrices is given by

(7.33)

Π → Π̃ = UΠT,

H → H̃ = T−1H tT
−1
,

G → G̃ = UGtU.

It is known in the theory of matrices thatU can be so chosen that

(7.34) G̃ =

(
0 D
−D 0

)
where

��� p. 67
(7.35) D =

©­­«
d1 0

. . .
0 dm

ª®®¬ , di ∈ Z.

We can then choose T , so that

(7.36) Π̃ =

(
I
Σ

)
.

With G̃, Π̃ in place ofG,Π, the conditions (7.32) become

(7.37) tZ = Z, i(Z − Z) > 0,

where

(7.38) Z = ΣD.

The domain defined by (7.37) is of dimension m(m+1)
2 ; it is called the Siegel up-

per half plane and is known to be biholomorphically equivalent to one of the
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bounded symmetric domains of Élie Cartan. Form = 1 it is the Poincaré half-
plane.
An example of a torus not satisfying the Riemann conditions is given in the

casem = 2 by

(7.39) Σ =

(√
−2

√
−5√

−3
√
−7

)
.

Then

ΣD =

(√
−2d1

√
−5d2√

−3d1
√
−7d2

)
, di ∈ Z.

For this matrix to be symmetric we must have d1 = d2 = 0. Then the second
condition in (7.37) will not be fulfilled. Thus the corresponding torus will not
have a kählerian structure of restricted type. ��� p. 68In the general case a meromorphic function on the complex torus Θ is
identical to a 2m-ply periodic meromorphic function in Cm with the period
vectors (7.28). All the meromorphic functions on Θ form a field. It follows
from Kodaira’s embedding theorem that a complex torus satisfying the condi-
tions (7.32) can be holomorphically embedded in a projective space and is thus
by definition an abelian variety. At every point x of an abelian variety Θ of di-
mension m there are m meromorphic functions on Θ, which are functionally
independent at x. On the other hand, there exist complex tori on which every
meromorphic function is a constant.

8. The Grassmann manifold

Let

(8.1) CN+1 = C × · · · × C, N + 1 factors

be the complex number space of N + 1 dimensions. Let GL(N + 1,C) be the
general linear group inN+1 complex variables, whichwe identifywith the group
of all (N + 1) × (N + 1) nonsingular matrices with complex elements. Suppose
GL(N + 1,C) acts on CN+1 to the right, as described by

(8.2) (z0, . . . , zN ) → (z0, . . . , zN )g, g ∈ GL(N + 1,C).
Among the subgroups ofGL(N + 1,C) are:

(1) the unitary groupU(N + 1), which consists of all matrices g satisfying
(8.3) tgg = I,

where I is the identity matrix;
(2) the groupGL(k + 1, N − k,C), consisting of all nonsingular matrices of

the form
��� p. 69

(8.4)
(
∗ 0
∗ ∗

)
k+1
N−k

k+1 N−k
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where the elements at the upper-right corner are zero. The groupGL(k+
1, N −k,C) is the subgroup of all elements ofGL(N + 1,C) leaving fixed
the (k + 1)-dimensional subspace of CN+1 spanned by the first k + 1 co-
ordinate vectors.

The space of all (k+ 1)-dimensional linear subspaces ofCN+1, k ≥ 0, is called
aGrassmann manifold, to be denoted byGr(N, k). Using the projection

(8.5) ψ : CN+1 − 0 → PN

in Example 1.2, the notation suggests that it is also the space of all k-dimensional
linear (projective) subspaces in PN .
From the above discussionGr(N, k) can be represented as a right coset space

in two different ways:

(8.6) Gr(N, k) = GL(N + 1,C)
GL(k + 1, N − k,C) =

U(N + 1)
U(k + 1) × U(N − k) .

The first representation shows that it is a complex manifold of dimension (k +
1)(N − k). The second representation shows that it is compact.
An element of Gr(N, k) can be given by a nonzero decomposable (k + 1)-

vector

(8.7) Λ = X0 ∧ X1 ∧ · · · ∧ Xk ≠ 0

defined up to a constant factor. If e00, . . . , e
0
N denote a fixed frame in CN+1, we

can write

(8.8) Λ =
∑
α
Pα0,...,αke

0
α0 ∧ · · · ∧ e0αk , 0 ≤ α0, . . . , αk ≤ N,

��� p. 70where the P’s are skew-symmetric in their indices. The Pα0···αk are called the
Cayley–Plücker–Grassmann coordinates in Gr(N, k). By considering Pα0···αk as
the homogeneous coordinates of a projective space of dimension

(N+1
k+1

)
− 1, we

get an embedding ofGr(N, k) in the latter.
We propose to study the topological properties of Gr(N, k). Our main step

is to obtain a cell decomposition ofGr(N, k) by means of the Schubert varieties.
This was first accomplished by C. Ehresmann in 1934. Let

(8.9) 0 ≤ a0 ≤ a1 ≤ · · · ≤ ak ≤ N − k

be a sequence of integers, and let

(8.10) La0 ⊂ La1+1 ⊂ · · · ⊂ Lak+k ⊂ PN

be a nested sequence of linear spaces whose dimensions are given by the sub-
scripts. (We will deal with linear spaces of PN ; their images under ψ−1 will
have one dimension higher.) A Schubert variety (a0a1 · · · ak) is the set of all k-
dimensional linear spaces X ∈ Gr(N, k) such that

(8.11) dim
(
X ∩ Laj+j

)
≥ j, 0 ≤ j ≤ k.
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By definition, (a0a1 · · · ak) is a closed subset of Gr(N, k) and is determined by
the a’s up to a projective collineation. Its (complex) dimension is
(8.12) dim(a0a1 · · · ak) = a0 + a1 + · · · + ak.

Examples. (1)
��� p. 71(N − k · · ·N − k) = Gr(N, k);

(2) (0 · · · 0) = Lk;
(3) (0 . . . 01 . . . 1) (r ones) is the set of all X satisfying the condition

(8.13) Lk−r ⊂ X ⊂ Lk+1,
where Lk−r and Lk+1 are fixed linear spaces of dimensions k − r and k + 1
respectively.

We take a fixed sequence of linear spaces in PN :
(8.14) L0 ⊂ L1 ⊂ · · · ⊂ LN−1 ⊂ PN

and suppose the Schubert varieties are constructed from the linear spaces of this
sequence. Put

(8.15) (a0 · · · ak)∗ = (a0 · · · ak) −
∑

aj−1<aj

(a0 · · · aj−1aj−1 · · · ak), (a−1 = 0).

Then any X ∈ Gr(N, k) belongs to a unique (a0 · · · ak)∗. That is, the sets
(a0 · · · ak)∗ are mutually disjoint and their union isGr(N, k).
Proposition 8(A). (a0 · · · ak)∗ is an open cell of real dimension 2(a0+· · ·+ak).
Example. For k = 0we have

(8.16)
PN = (N )∗ + (N − 1)∗ + · · · + (1)∗ + (0)∗

= (PN − LN−1) + (LN−1 − LN−2) + · · · + (L1 − L0) + L0.

That is, PN is a union of cells of dimensions 0, 2, 4, . . . , 2N respectively, which
are mutually disjoint. ��� p. 72We prove 8(A) by induction on k. The example shows that it is true for k = 0.
For definiteness we suppose a0 > 0; the treatment of the case a0 = 0 requires
only slight modifications. We take a hyperplane π in PN such that

π ∩ La0 = La0−1,
π ∩ Lq = L′q−1, a0 < q,

where L′q−1 is of dimension q − 1. Consider the set

Σ = (a0a1 · · · ak) − (a0 − 1a1 · · · ak).
If X ∈ Σ, it meets La0 , but not La0−1. Hence it meets La0 − La0−1 in exactly
one point y (say). Moreover the intersection ξ = X ∩ π is of dimension k − 1,
satisfying ξ ∩ La0−1 = ∅. We therefore have the continuous mapping
(8.17) ϕ : Σ →

(
La0 − La0−1

)
× A

defined by
ϕ(X ) = (y, ξ ),
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whereA is the subset of the GrassmannmanifoldGr(N − 1, k− 1) of all (k− 1)-
dimensional linear spaces in π such that ξ ∩ La0−1 = ∅.
To describe the image ϕ(Σ) we consider in π the sequence of linear spaces

(8.18) La0−1 ⊂ L′a0 ⊂ · · · ⊂ L′N−2 ⊂ π.
The Schubert varieties ofGr(N−1, k−1) to be consideredwill be defined relative
to the sequence (8.18) and will be denoted by the same symbols with dashes. We
have, for j ≥ 1,

��� p. 73
dim

(
ξ ∩ L′aj+j−1

)
= dim

(
X ∩ π ∩ Laj+j

)
≥ j − 1,

so that ξ ∈ (a1 · · · ak)′. Conversely, if
(y, ξ ) ∈

(
La0 − La0−1

)
× (a1 · · · ak)′,

they span a k-dimensional space X whose intersection
X ∩ Laj+j (j ≥ 1)

contains y and ξ ∩ L′aj+j−1 and is hence of dimension ≥ j. If moreover, ξ ∈ A,
then X ∈ Σ. Thus ϕ is a homeomorphism of Σ onto the set(

La0 − La0−1
)
× {((a1 · · · ak)′ ∩ A} .

Analogous to (8.15) we set

(a1 · · · ak)′∗ = (a1 · · · ak)′ −
∑

aj−1<aj

(a1 · · · aj−1aj − 1 · · · ak)′.

Then ξ ∈ (a1 · · · ak)′∗ implies that ξ ∩ L′a1−1 = ∅ so that ξ ∈ A. Our induction
hypothesis says that (a1 · · · ak)′∗ is an open cell.
The homeomorphism ϕ depends only on a0 and on the choice of π; it is inde-

pendentof the integersa1, · · · , ak, provided that the conditions (8.9) are fulfilled.
It follows that, for j ≥ 1, aj−1 < aj , ϕ restricts to a homeomorphism

ϕ : (a0a1 · · · aj−1aj − 1 · · · ak) − (a0 − 1a1 · · · aj−1aj − 1 · · · ak)

��(
La0 − La0−1

)
×

{
(a1 · · · aj−1aj − 1 · · · ak)′ ∩ A

}
.

From thiswe see easily thatϕ establishes a homeomorphismbetween (a0 · · · ak)∗
and

(
La0 − La0−1

)
× (a1 · · · ak)′∗. This proves 8(A). ��� p. 74The Schubert varieties relative to the sequence (8.14) give a cell decomposition

of Gr(N, k) whose cells are all of even dimensions. From known theorems in
algebraic topology (cf. [7]) we are thus able to draw the following conclusions
on the topological properties ofGr(N, k):
Proposition 8(B). The Schubert varieties are cycles. Gr(N, k) is simply connec-
ted. It has no torsion coefficients and its homology groups of odddimensions are
zero. A homology basis ofGr(N, k) of dimension 2r is formed by the Schubert
varieties (a0a1 · · · ak), where a0, a1, . . . , ak run over all sets of integers satisfying
0 ≤ a0 ≤ a1 ≤ · · · ≤ ak ≤ N − k and a0 + a1 + · · · + ak = r.



THEGRASSMANNMANIFOLD 49

Example. Gr(3, 1) is the space of all lines in P3. Its (complex) dimension is 4.
Its Schubert cycles of different dimensions are respectively

(00), (01), (11), (02), (12), (22).
Hence its Betti numbers are

b0 = b8 = 1, b2 = b6 = 1, b4 = 2,
where the superscripts indicate the (real) dimensions.

Of geometrical significance is the structure of the homology or cohomology
rings ofGr(N, k), i.e., the intersectionproperties of the Schubert varieties. These
are at the basis of enumerative geometry and have been completely determined
(cf. [6], [4]). We will, however, not enter into this question.
The Grassmann manifold has been playing an important role in recent devel-

opments of mathematics, because it is a so-called classifying space for complex
vector bundles. In fact, when Gr(N, k) is considered to be the manifold of all
(k + 1)-dimensional linear subspaces through the origin of CN+1, it is the base
space of a complex vector bundle whose fibres are these linear subspaces them-
selves.

��� p. 75More precisely, letΛ ∈ Gr(N, k) as defined by (8.7) and let v ∈ CN+1 be
such that v ∧ Λ = 0, i.e., v ∈ Λ. Also let
(8.19) E0 = {(v,Λ) : v ∧ Λ = 0}.
Then
(8.20) ψ0 : E0 → Gr(N, k),
with the projection ψ0 defined by
(8.21) ψ0(v,Λ) = Λ,
is a complex vector bundle with the fibre dimension k + 1.
Thebundle (8.20) has an important property. Todescribe itwedefine a (k+1)-

frame to be an ordered set of k+ 1 vectors e0, . . . , ek ∈ CN+1 such that e0 ∧ · · · ∧
ek ≠ 0. The space of all (k + 1)-frames inCN+1 is called a Stiefel manifold, to be
denoted by St(N + 1, k + 1). It is the total space of a fibre bundle
(8.22) λ : St(N + 1, k + 1) → E0
over E0, with the projection λ defined by
(8.23) λ(e0, . . . , ek) = (e0, e0 ∧ · · · ∧ ek) ∈ E0.
The total space St(N + 1, k + 1) has a string of vanishing homotopy groups ex-
pressed by
(8.24) πi (St(N + 1, k + 1)) = 0, i ≤ 2N − 2k
(cf. [11, p. 134]). Following Steenrod’s terminology the bundle (8.20) is (2N −
2k + 1)-universal in the following sense: LetM be a compact manifold of real
dimension ≤ 2N − 2k. The equivalence classes of complex vector bundles of
fibre dimension k+ 1 overM are in one-one correspondence with the homotopy
classes of continuous mappings f : M → Gr(N, k), the correspondence being
established by assigning to each mapping f the bundle f ∗E0 induced from E0.
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its base space a classifying space.
The universal rth Chern class c̃r , 0 ≤ r ≤ k + 1, is the element of

H2r (Gr(N, k),Z) such that its value is 1over the Schubert cycle (0 · · · 01 · · · 1) (r
ones) and is0over all other Schubert cycles. By the above theorem ifψ : E → M
is a complex vector bundle with fibre dimension k + 1, it is induced from E0 by
a mapping f : M → Gr(N, k) (real dimM ≤ 2N − 2k), and f is defined up to
a homotopy. It follows that f ∗̃cr ∈ H2r (M,Z) is completely determined by the
bundle E. We define

(8.25) cr (E) = f ∗̃cr ∈ H2r (M,Z), 0 ≤ r ≤ k + 1;

cr (E) is called the rth Chern class of E. Clearly c0(E) = 1.
In applications it will be essential to identify cr (E) with geometric or analytic

invariants defined in other ways. We will sketch one such application without
insisting on details. Let M be a compact almost complex manifold of real di-
mension 2n. Its tangent bundle T (M) is then a complex vector bundle overM
with fibre dimension n. Then we have

(8.26) cn(T (M)) ·M = χ (M),

where the left-hand side stands for the value of cn(T (M)) on the fundamental
cycle ofM and the right-hand side χ (M) is the Euler–Poincaré characteristic of
M.
To see this we consider the universal Chern class c̃n ∈ H2n(Gr(N, n − 1),Z),

with N sufficiently large. By definition this is the class which has the value
one over the Schubert cycle (1 · · · 1) (n ones) and the value zero over all other
Schubert cycles. By Poincaré duality this can be realised by taking a fixed
Schubert cycle (N−n, · · · , N−n) of complementary real dimension 2n(N−n)
and taking its intersection with the Schubert cycles of real

��� p. 77dimension 2n. By
definition (N − n · · ·N − n) consists of all the n-dimensional linear spaces
through 0 in CN+1 which lie in a fixed hyperplane L of dimension N . Let v0
be a vector through 0 inCN+1 orthogonal to L. By using themapping f : M →
Gr(N, n − 1) and by taking the orthogonal projection of v0 to f (x), x ∈ M, we
define a vector field overM, which will have singularities exactly at the points
x ∈ M such that f (x) ∈ L. One verifies that cn(T (M)) · M is equal to the
sum of the indices at the singularities of a vector field with a finite number of
singularities. This proves (8.26).
By studying the homotopy groups of the unitary group, Bott proved the the-

orem: Let E be a complex vector bundle of fibre dimension n over the 2n-sphere
S2n. Then cn(E) · S2n is divisible by (n − 1)!.
If S2n has an almost complex structure and E is the tangent bundle, then by

(8.26) cn(T (S2n)) · S2n is equal to 2, the Euler–Poincaré characteristic of S2n.
It follows from Bott’s theorem that S2n has an almost complex structure only
when n ≤ 3. On the other hand, it can be proved by a different method that S4
does not have an almost complex structure. Thus S2 and S6 are the only even-
dimensional spheres which have almost complex structures.
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Wenow study the geometry inGr(N, k). For this purpose it is necessary to in-
troduce an hermitian structure in the bundle (8.20). This is most easily achieved
by introducing inCN+1 the hermitian scalar product

(8.27) (Z,W ) = (W,Z) = z0w0 + · · · + zNwN ,

where

(8.28) Z = (z0, . . . , zN ) ∈ CN+1, W = (w0, . . . , wN ) ∈ CN+1.

This induces an hermitian structure in E0 in an obvious way. ��� p. 78The definition (8.27) can be extended to decomposable (k + 1)-vectors. In
fact, let

(8.29) Λ = X0 ∧ · · · ∧ Xk, M = Y0 ∧ · · · ∧ Yk.

We define the hermitian scalar product

(8.30) (Λ,M) = det
(
Xα, Yβ

)
, 0 ≤ α, β ≤ k.

The product (Λ,M) in (8.30) depends only on the (k + 1)-vectors and is inde-
pendent of the ways that they are decomposed in (8.29). By the hermitian prop-
erty of (Λ,M) and the fact that any (k + 1)-vector is a linear combination of
decomposable (k + 1)-vectors, the definition of (Λ,M) is extended to arbitrary
(k + 1)-vectorsΛ,M. For simplicity of writing we will introduce the notations

(8.31) |Λ,M | = | (Λ,M) |, |Λ| = +(Λ,Λ) 1
2 .

|Λ| is called the norm ofΛ. Clearly the normdetermines the scalar product. The
quotient |Λ,M |

|Λ| |M | depends only on the elements of Gr(N, k) determined by the
(k + 1)-vectorsΛ,M, and we have the Schwarz inequality

(8.32) |Λ,M | ≤ |Λ| |M |.
Utilising the scalar product (8.27) we will restrict ourselves to unitary frames.

A unitary (h+1)-frame is an ordered set of h+1 vectorsZ0, Z1, . . . , Zh satisfying

(8.33) (Zi, Zj) = δij , 0 ≤ i, j ≤ h.

If h = N , we will call it simply a unitary frame. We will identifyU(N + 1) with
the space of all unitary frames. Then we have the fibrings

(8.34) U(N + 1) λ−→ St(N + 1, k + 1)
μ
−→ Gr(N, k), ��� p. 79where St(N +1, k+1) is the Stiefelmanifold of all unitary (k+1)-frames inCN+1

and the projections λ, μ are defined by

(8.35)
λ(Z0, Z1, . . . , ZN ) = (Z0, Z1, . . . , Zk),
μ(Z0, Z1, . . . , Zk) = Z0 ∧ Z1 ∧ · · · ∧ Zk,

the last (k + 1)-vector defining an element ofGr(N, k).
InU(N + 1) we put

(8.36) θAB = (dZA, ZB), 0 ≤ A, B, C ≤ N.



THEGRASSMANNMANIFOLD 52

From the orthogonality relations (8.33) we get by differentiation

(8.37) θAB + θBA = 0.

Equation (8.36) can also be written

(8.38) dZA =
∑
B
θABZB.

Taking its exterior derivative, we get

(8.39) dθAB =
∑
C
θAC ∧ θCB.

These are called theMaurer–Cartan equations of the unitary groupU(N + 1).
Under the projection μ ◦ λ in (8.34) the differential forms of Gr(N, k) are

mapped into forms of U(N + 1), and this mapping is an isomorphism, i.e., a
form ω on Gr(N, k) is completely determined by its image (μ ◦ λ)∗ω. We will
utilise this fact by studying the forms on U(N + 1) and consider a relation to
be on Gr(N, k) when all the forms involved belong to the image of (μ ◦ λ)∗.
Moreover for simplicity the mapping (μ ◦ λ)∗ will be omitted in the formulas.
With these conventions, letΛ be a decomposable (k + 1)-vector and let

(8.40) Λ0 =
Λ
|Λ| , ��� p. 80so thatΛ0 is a unit (k + 1)-vector. We write

(8.41) Λ0 = Z0 ∧ · · · ∧ Zk,

Z0, . . . , Zk being a unitary (k + 1)-frame. Then we get, by means of (8.38),

(8.42)

(dΛ0,Λ0) =
∑
α
θαα = −

∑
α
θαα,

(dΛ0, dΛ0) = +
(∑

α
θαα

) (∑
α
θαα

)
+

∑
α,r

θαrθαr ,

0 ≤ α ≤ k, k + 1 ≤ r ≤ N,

where themultiplication of differential forms is in the sense of ordinary commut-
ative multiplication. It follows that

(dΛ0, dΛ0) − (dΛ0,Λ0)(Λ0, dΛ0) =
∑
α,r

θαrθαr .

By substituting the expression in (8.40), we get

(8.43)
1

|Λ|4 {(Λ,Λ) (dΛ, dΛ) − (dΛ,Λ)(Λ, dΛ)} =
∑
α,r

θαrθαr .

This defines an hermitian structure in Gr(N, k). In fact, the left-hand side of
(8.43) shows that it is hermitian and the right-hand side shows that the metric is
positive definite.
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The Kähler form of (8.43) is

(8.44) Ĥk =
i
2

∑
α,r

θαr ∧ θαr =
1
2i

∑
α,r

θαr ∧ θrα =
1
2i
d

(∑
α
θαα

)
.

It is therefore closed, and the metric (8.43) is kählerian. By (8.40) and (8.42) we
can further write
(8.45)

∑
α
θαα = (𝜕 − 𝜕) log |Λ|,

so that
(8.46) Ĥk = i𝜕𝜕 log |Λ|. ��� p. 81We summarise the results in the:

Theorem 8(C). The Grassmann manifold Gr(N, k) has a kählerian structure
invariant under the action ofU(N + 1). Its Kähler form is equal to π times the
curvature form of the hyperplane section bundle over Gr(N, k) defined by the
embedding by the Cayley–Plücker–Grassmann coordinates and the hermitian
norm |Λ|.
The first statement has been proved. The second statement may need some

explanation. All the (k + 1)-vectors Λ of CN+1, decomposable or not, form a
complex vector space Cν of dimension ν =

(N+1
k+1

)
. As in Example 1.2 and Ex-

ample 6.2, Cν − {0} → Pν−1 defines the universal line bundle over Pν−1 and an
hermitian structure is introduced in this bundle by the norm |Λ|. The restric-
tion of this bundle toGr(N, k) ⊂ Pν−1 is the negative of the hyperplane section
bundle meant in the theorem, and |Λ|−1 defines an hermitian structure on it.
By (6.5) the curvature form of this bundle is 1

2πi𝜕𝜕 log h, where h = |Λ|−2 is
the square of the norm of a local holomorphic section. It is therefore equal to
i
π 𝜕𝜕 log |Λ| = + 1

π Ĥk, by (8.46).
This proves the second statement in 8(C).

Remark. Consider the universal bundle (8.20). Let V be a neighbourhood in
Gr(N, k) and let ZA, 0 ≤ A ≤ N , be a frame field over V into U(N + 1).
Then Z0, . . . , Zk define a frame field of the bundle E0 overV . The matrix (θαβ),
0 ≤ α, β ≤ k, depends only on the (k + 1)-frame field Zα and follows the trans-
formation law (5.22) under a change of the frame field. It therefore defines a con-
nection in the bundle E0. The curvature matrix of this connection is θ = (θαβ),
where, by (8.39),
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(8.47)

θαβ = dθαβ −
∑
γ
θαγ ∧ θγβ =

∑
θαr ∧ θrβ = −

∑
θαr ∧ θβr ,

0 ≤ α, β, γ ≤ k, k + 1 ≤ r ≤ N
It follows that

θ + tθ = 0
and hence, as in (5.59), that the determinant det

(
I + i

2π θ
)
is real. Using the nota-

tion of §5, we have therefore (ImPr) (θ) = 0, 0 ≤ r ≤ k + 1.
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By actual integration one can show that

(8.48)
(
k + 1
r

) ∫
(0···01···1)

(RePr)(θ) = 1,

where (0 · · · 01 · · · 1) is the Schubert cycle with r ones and that the same in-
tegral over any other Schubert cycle is zero. This means that the element of
H2r (Gr(N, k),R) defined by

(k+1
r
)
(RePr) (θ) via the de Rham isomorphism is

j̃cr , where c̃r is the rth universal Chern class and

j : H2r (Gr(N, k),Z) → H2r (Gr(N, k),R)
is induced by the coefficient homomorphism.

LetM be a compact manifold and ψ : E → M be a complex vector bundle
of fibre dimension k + 1 induced from E0 by the mapping f : M → Gr(N, k).
Then the above relationship remains true for the induced connection. By The-
orem 5(B), we conclude that(

k + 1
r

)
Pr (Ω), 0 ≤ r ≤ k + 1,

where Ω is the curvature matrix of any connection in E, corresponds to the
Chern class jcr (E) by the de Rham isomorphism. This is a relationship between
the curvature of a connection of a complex vector bundle and its characteristic
classes and contains as

��� p. 83a special case the Gauss–Bonnet formula in high dimen-
sions.

9. Curves in a Grassmann manifold

As in §8 we will denote by Gr(N, k) the Grassmann manifold of all k-
dimensional linear subspaces of the projective space PN of dimension N . Let
M be a one-dimensional complex manifold or Riemann surface. A holomorphic
curve inGr(N, k) is a holomorphic mapping f : M → Gr(N, k). In particular,
a holomorphic curve f : M → Gr(1, 0) = P1 is a meromorphic function onM,
given by the ratio of the homogeneous coordinates in P1.
Let Λ be a nonzero decomposable (k + 1)-vector which defines an element

of Gr(N, k), so that Λ is determined up to a factor. Let ΣB be the subset of all
Λ ∈ Gr(N, k) such that
(9.1) (Λ, B) = 0
where B is a fixed (k+ 1)-vector, decomposable or not. ΣB is then a submanifold
of codimension one inGr(N, k).
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