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SEMINAIRE DE GEOMETRIE ALGEBRIQUE DU BOIS-MARIE
1967-1969

GROUPES DE MONODROMIE EN GEOMETRIE ALGEBRIQUE

(sGga 7 1I)

Dirigé par A. GROTHENDIECK

avec la collaboration de
M. RAYNAUD et D.S. RIM



INTRODUCTION

Soient S wun schéma et f : X —> S un morphisme de schémas. Si f est
propre et lisse, et que le nombre premier £ est inversible sur § , les groupes de
cohomologie %-adique Hi(Xg ,ZZQ) des fibres géométriques de f forment un systéme
local f-adique sur S . Pour f seulement supposé propre, ces groupes sont les fi-

bres d'un faisceau f#-adique leéz% sur § . La théorie des cycles évanescents met

en relation la ramification de ce faisceau sur S et les singularités de f .

Nous ne considérerons que le cas ol S est un trait hensélien (= spectre d'un
anneau de valuation discréte hensélien). C'est en pratique le cas essentiel. Je ren-—
voie & (I 2.1) pour une description heuristique de la théorie. Soient S=Spec(V), k(W
une cldture algébrique du corps des fractions k{(n) de V et k(s) 1a clBture algé-
brique correspondante du corps résiduel k(s) ( k(g) est le corps résiduel du norma-—
1isé V de V dans k(ﬁ) }. Dans le cas particulier ol X est propre et plat sur
S , de dimension relative n , et okt f ne présente qu'un point de non lissité
x € Xs , on définit des Gal(;/n)—modulés ¢i , de nature purement locale au voisi-
nage de x , nuls pour 1 é [O,n] (I 4.2), et on constrult une suite exacte longue

de Gal(;/n)—modules
. . . ‘Y
e — Hl(Xg,Zz) —SP s Hl(Xﬁ,ZZ) >yt — g I(XS’ZSL) —
(le Gal(g,s)-module Hl(Xg,ZZ) est regardé comme un Gal(ﬁ/n)-mOdule avec action
triviale de l'inertie ; sp est la flédche de spécialisation).
On donne aussi des critdres, valables pour 1l'instant seulement en caractéristique

0 , pour que les ¢1 pour 1 petits soients nuls (par exemple, si X est de plus

localement d'intersection compléte, ¢l = 0 pour 1 #n (I. 4.5)).



VI

Le théordme de monodromie affirme que 1'action du sous—groupe d'inertie I

de Gal(n/n) est quasi-unipotente : pour T & I , il existe des entiers N > 0 ,

M > 0 tels que 1'endomorphisme (TM - I)N

de Hi(X_JZQ) soit nul. On donne de ce
théoréme deux démonstrations. La premidre (I.1.2), de nature arithmétique, s'applique
dés que les groupes de cohomologie considérés ont des propriétés de finitude raison-—
nables. Le point clef est que, lorsque k(s) est de type fini sur son sous-corps
premier, l'action de I est guasi-unipotente pour toute représentation 2-adique de
Gal(a/n) . La seconde démonstration, plus géométrique, requiert la pureté et la réso-
lution des singularités : elle n'est pour 1'instant valable qu'en caractéristique 0
ou pour un H1 . Elle apporte de précieuses informations sur 1'exposant de nilpotence

. i L L. N .
N ( N < i+l pour un H ). Ainsi qu'on le verra ultérieurement, elle se préte bien,

sur € , 3 la comparaison avec la théorie transcendante.

Ces résultats, appliqués au Hl des variétés abéliennes, i.e. 4 leur module
de Tate, permettent d'étudier la réduction mod p de celles-ci. On donne ainsi deux
démonstrations du théoréme de réduction stable des variétés abéliennes selon lequel,
aprés ramification, la fibre spdciale connexe du mod&le de Néron est extension d'une
variété abélienne par un tore. La premidre (I. 6) reprend la méthode de la démonstra-
tion arithmétique du théordme de monodromie. La seconde (IX 3.6) s'appuie sur une

analyse beaucoup plus fine du modéle de Néron, et de ses propriétés de polarisation.

Les exposés I & V de Grothendieck n'ont pas &té rédigés. Ils ont &té résumés
dans un exposé I . Les résultats &noncés y sont démontrés de facon succinte, mais

essentiellement compléte.

L'exposé II applique la méthode des pinceaux de Lefschetz et (I 5.3) a

1'étude du groupe fondamental. Pour S une surface sur un corps algébriquement clos

P

| (S,s) , com~

k , d'exposant caractéristique p , on montre que le groupe profini

plété en dehors de p du groupe fondamental, est de pro-(p)-présentation finie.

Comme expliqué plus haut, les exposés III & V n'existent pas.



VII

L'exposé VI contient, avec quelques compléments, la théorie des déformations
de Schlessinger. On y prend soin de tenir compte des automorphismes infinitésimaux
des objets qu'on classifie,et de ne pas passer trop brutalement au foncteur des clas-
ses d'isomorphie d'objets. On y donne aussi une nouvelle construction des
§§£?(LX/S, - | LX/S complexe cotangent relatif de X/§ ). Cet exposé sert dans le

reste du séminaire surtout via 1'@tude qui y est faite des déformations des singula-

rités quadratiques ordinaires.

Les exposés VII et VIII sont consacrés & la thBorie des biextensions. Cette
théorie joue un rdle essentiel dans l'exposé IX, pour exprimer ce qu'il advient d'une
polarisation quand on passe d'une variété abélienne 3 un modéle de Néron de celle-ci.
Cet exposé IX contient la démonstration du théoréme de réduction stable des variétés

abéliennes, et diverses applications.

La suite de ce séminaire : SGA 7 II, par P. Deligne et N. Katz, paraitra

ultérieuyrement,

Bures sur Yvette, mai 1972,

P. DELIGNE
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SGA 7

Exposé T
Résumé des premiers exposés de A. Grothendieck
rédigé par P. Deligne
Sommaire

0. Préliminaires

1. Démonstration arithmétique du théoréme de monodromie

2. Cycles évanescents

3. Démonstration géométrique du théoréme de monodromie

4. Critéres de nullité pour les faisceaux de cycles évanescents
5. Action de la monodromie sur les m

1

6. Appendice par P. Deligne : démonstration arithmétique du
théoréme de réduction stable

0. Préliminaires
0.0. Terminologie. Rappelons les définitions suivantes

(0.0.1) trait : spectre d'un anneau de valuation discréte. On note souvent n et s

les points génériques et fermés d'un trait.

(0.0.2) strictement local : pour un anneau : local hensélien & corps résiduel sépa-

rablement clos. Pour un schéma : spectre d'un tel anneau.

(0.0.3) point géométrique de S (dans cet exposé) : morphisme X Spec(E) —> S

d'image x €S , k(;) = dfn kK &tant une clBture séparable de k(x) . Pour un trait

hensélien S = Spec(V) , on note souvent n un point géométrique générique (i.e.
d'image n ) de S . Le corps résiduel de 1'anneau de valuation V cl8ture intégrale
de V dans k(n) est une extension algébrique séparablement close de k(s) et défi-

nit un point géométrique s de S localisé en s .



(0.0.4) localisé strict de X en le point géomdtrique %X @ SGA 4 VIII 4.4.

(0.0.5) essentiellement de type fini sur S : pour un S-schéma local (resp. local
hensélien, resp. strictement local) : spectre d'un anneau local (resp. de 1l'hensélisé

d'un anneau local, resp. localisé strict) d'un schéma de type fini sur S .
(0.0.6) Fl—— F{(n) : twist 3 la Tate.

(0.0.7) Un endomorphisme T d'un espace vectoriel de dimemnsion finie est quasi-
unipotent si ses valeurs propres sont des racines de l'unité, i.e. s'il existe N 3 1| ,

M > 1 tels que (TN - I)M =0 .

0.1. Rappels sur la cohomologie z—adique

Soit X wun schéma de type fini sur un corps algébriquement clos k d'expo-
sant caractéristique p et £ un nombre premier premier i p
Les groupes de cohomologie %-adique de X ont &té définis dans SGA 4 et
SGA 5.,
i n .8me . . i
a) H (X,Z/27) est le i groupe de cohomologie du site &tale Xet de X

i valeurs dans /2" ;

e i . i n
b) par définition, H (X,Zz) = gim H (X,Z/2)
n
¢) par définition, H (X,Q,) = H (X,Z,) 8, Q
2 2 I,Q,

|

4

Les groupes de cohomologie f-adique 3 supports propres de X sont définis
de méme & partir des Hi(X,Z/En) de SGA 4 XVII.

Dans chacun des cas suivants, on sait prouver que ces groupes HL(X) ont

des propriétés de finitude raisonnables :

(0.1.1) en cohomologie 3 support propre ;

(0.1.2) pour X propre sur k ;

(0.1.3) pour X 1lisse sur k (grdce & a) et i la dualité de Poincard SGA 4 XVIII) ;
(0.1.4) lorsqu'on dispose de la résolution des singularités & la Hironoka pour les

schémas de type fini sur k , de dimension g dim(X) ;

(0.1.5) pour i = 0, 1



Dans tous ces cas, les HL(X,Z/ZH) sont finis, les Hl(X,ZZ) de type fini,
i . . . ~ . .
les H (X,QQ) de dimension finie et (sauf peut—étre pour (0.1.5)) on dispose de suites

exactes courtes scindées
. . .+
0 ——éHl(X,Zz) 8 /1" —— w'(x,2/2") —— Torl(H1 ](x,zz),z/z“) — 0.

De plus, la démonstration du théor2me de finitude fournit chaque fois une démonstra-
tion d'un théor@me de constructibilité générique : si k est le corps des fractions
d'un schéma noéthérien intégre § et que X est la fibre générique de f1 : X1 — 5
(de type fini), il existe un ouvert non vide U< S tel que, sur U , les

i n . . .
R fx Z/% soient localement constants de formation compatible & tout changement de

base.

0.2. Ne supposons plus k algébriquement clos, et soit k une cldture algébrique

(ou séparable, cela reviendrait au méme) de k . Nous considérerons les groupes de coho-
mologie "g&ométriques" Hl(Xi) (XE est le schéma déduit de X par extension des
scalaires de k 2 k ). Par transport de structure, le groupe de Galois Gal(k/k)

agit sur ces groupes. En Qi—cohomologie, lorsqu'on est dans 1'un des cas (0.1.1) &
(0.1.5), on obtient ainsi des représentations continues de Gal(glk) dans un groupe

linéaire GL(n,QQ)

0.3. Rappels sur les traits (0.0.1)

Pour les démonstrations, on renvoie 3 [4]. Soient S wun trait hensélien,
n,s, VvV, v s ; , s comme en (0.0.1) (0.0.3). On note p 1'exposant caractéristique
de k(s) et Gal(n/n) (resp. Gal(s/s) ) le groupe de Galois Gal(k(n)/k(n)) (resp.

...). Par transport de structure, Gal{(n/n) agit sur k(s) , d'ol une application de

Gal(n/n) dans (en fait sur) Gal(s/s) , de noyau le groupe d'inertie T . Le sous-

corps de k(n) défini par I est une extension non ramifige maximale de k{(n)
Le groupe profini I admet un plus grand sous-groupe P qui soit un pro-

p-groupe. Le quotient I/P est le groupe d'inertie modéré. On a canoniquement

1/p Lin B = 2(1) (k(5))



Si ¢ est l'application canonique de I/P dans un(i} , et que u est un &lément
n

de V de valuation 1/n , on a pour o €1
g(u) = ¢n(u).u (mod. éléments de valuation > !/a).

En résumé, on a :
(0.3.1) Gal(n/n) > I D P,
Gal(n/n)/1 Xcal(s/s) ,
/P o 2(1)<k<5)> ;
P : pro-p-groupe {( {e} si p=1) |,
et l'action (par automorphismes intérieurs dans Gal(;/n)) de Gal(;/n)/z sur 1I/P

s'identifie & 1'action naturelle de Gal(;/s) sur Z(])(k(;)) .

0.4. Soit plus généralement S strictement local régulier, D un diviseur régulier

1

dans § et p' 1l'exposant caractéristique du point générique de D . Soient n un

point géométrique générique de § et s le point géométrique localisé au point fermé

§ , qui s'en déduit. D'aprés le lemme d'Abhyankar, le groupe fondamental m](S—D,;)

admet un dévissage analogue i (0.3.1)

(0.4.1)  ®(SD,n) D I o P
ﬂl(S'D,;)/I = Gal(s/s)
/e = I (k(s))

P : sans quotient d'ordre premier & p' .

L'action par automorphismes intérieurs de xl(S-D,;)/I sur I/P s'identifie 3

1l'action naturelle de Gal(g/s) sur Z(])(k(;))

0.5. La désingularisation de Nérom

La méthode de désingularisation de Néron fournit le résultat suivant :

Lemme 0.5.1. §g££_ S ————9-80 un morphisme de traits henséliens, avec S = Spec(V) ,

SO = Spec(VO) et 1 une uniformisante de VO . On suppose que g est une uniformi-

sante de V , et que les extensions k(s)/k(so) et k(n)/k(no) sont séparables.

Alors, V est limite inductive de V -algébres henséliennes lisses et essentiellement
—_— o

de type fini B, sur V
—_d— . i = 0



Pour construire les Vo*algébres voulues, on prend VOC: BcV avec B de
type fini, et on désingularise Spec(B) & la Néron ([l] § 4).
Seit 8 = Spec(V) wun trait hens&lien.
(0.5.2) 8i S est d'égale caractéristique, d'uniformisante @ , on peut appliquer
0.5.1) pour § =F ¢ . L'extension s/s est séparable car X est parfait,
(0.5.1) p o p[](“) o P ,
1'extension n/no l'est car m , &tant une uniformisante, n'est pas une puissance
iame . . . . .
P (si p # 1) donc fait partie d'une p-base. On trouve que S est limite de

spectres de Ip[nﬂ<“)~a1gébre henséliennes lisses essentiellement de type fini.

(0.5.3) 8i S est complet, d'inégale caractéristique, & corps résiduel parfait k ,
V est une extension d'Eisenstein de 1'anneau des vecteurs de Witt ( = anneau de
Cohen) W(k)

Ve u [/ /6@ ] oa )
0

Si on perturbe un peu les a; , on trouve unme extension isomorphe. On peut donc suppo-
ser les aj . dans W(k') , avec k' de type fini sur FP . Soit ko la clOture par—

faite de k' dans k et

n-1 .
1

Vo= k) [/ (a7 - g a, @)

Le lemme 0.5.1 s'applique 2 V/Vo , et le corps résiduel de VO est une extension

radicielle d'un corps de type fini sur Ep

1. Démonstration arithmétique du théoréme de monodromie

Le lecteur trouvera dans [5}, Appendice, une démonstration du résultat suivant

de A, Grothendieck.

Proposition 1.1. Soient S wun trait hensélien, £ un nombre premier premier 3 1'expo-

sant caractéristique p de k(s) et o une repré@sentation continue de Gal(n/n)

dans GL(n,Ql) . On suppose remplie la condition suivante

(xz) Aucune extension finie de k(s) ne contient toutes les racines de 1'unité

d'ordre une puissance de § .




Alors, il existe un sous—groupe ouvert I1 du groupe d'inertie I tel que

p(c) soit unipotent pour o € I1 .

La condition (x2> est automatiquement vérifide pour k(s) de type fini sur
le corps premier (ou radiciel sur un tel corps).

Le théordme suivant résulte aussitdt de 1.1.

Théoréme de monodromie 1.2. Avec les notations précédentes, soit X un schéma de

type fini sur n et H un _espace de cohomologie de X; , & coefficients dans QQ ,

de 1'un des types (1.1.1) & (1.1.5). Si la condition (xz) est vérifiée, 1l'action

d'un quelconque élément de I sur H est quasi-unipotente.

Les résultats de passage 4 la limite 0.5 permettent de se débarasser de

1'hypothése (xz).

Variante 1.3. La condition (xg) dans 1.2 est superflue.

Soit Hé un espace de Zz—cohomologie de X; qui donne naissance 4 H ,

et H = Hé/torsion. On a par hypothése H = H ®Z 0, , et 1'action de Gal(n/n) se

© g
déduit de
o : Gal(n/n) ——> GL(H)) .
Soit Ig' le plus grand sous-groupe premier 34 &£ de 1 . Son image dans GL(HO) est

un groupe de Lie %~adique premier & £ , donc est finie.

Procédons & une extension de trait §' —> § ., Ceci ne change pas HO
(SGA 4 XVI 6.6) et p(I') est d'indice fini dans p{(I) , car I'/P' est d'indice
fini dans I/P et ce qui préc&de. Il suffit donc de prouver le théoréme sur §'
on peut supposer que

a) Gal(a/n) agit trivialement sur HO/Q,HO ;

b) si S est d'inégale caractéristique, S est complet 3 corps résiduel

parfait (EGA OII 10.3.1).

1
Posons S = Spec(V) , définissons Vo comme en (0.5.2) et (0.5.3) et appli-

quons (0.5.1). On a

v = 1i§ Bi



avec Si = Spec(Bi) essentiellement lisse de type fini sur V0 . Soit Dicz Si
d'équation ®m= 0 . Pour 1 assez grand, Ho provient d'un Zg—faisceau constant
tordu 9@» sur Si - Di (d'aprés la "constructibilité gémérique” (0.1)) et 951/22;
est constant.

Les dévissages (0.3.1) et (0.4.1) donnent lieu 3 des diagrammes commutatifs

Gal(n/n) = I — P 1/p —2 (1)
(1.3.1) l l l et l I
”1(Si_Di’n) o) Ii ™ Pi Ii/Pi —_— I(D

et la représentation Ho de Gal(;/n) se déduit d'une action de xl(Si-Di,;) sur
HO , triviale sur HO/JLH0 . Le groupe Ker(GL(H) — GL(H/#H)) est un pro~2-groupe ;

Pi agit donc trivialement, et on applique la variante suivante de 1.1.

Variante 1.4. Reprenons les notations de 0.4 et soit p une représentation continue

gg‘Ga1(7Vn) dans Gal(n,Qz) . On suppose que k(s) vérifie (*2) et que p(P)

est fini. Alors, l'action de I est guasi-unipotente.

2. Cycles évanescents

2.1. Soit S wun trait strictement local, et reprenons les notations de 0.3. Par
hypoth&se, on a ici s = s . Soit f : X ——= S un schéma de type fini sur § . Le
formalisme des cycles évanescents est un outil pour &tudier la relation entre les
cohomologies de XS et de X; , et l'action du groupe d'inertie sur celle de Xﬁ ,
3 partir d'informations locales {sur X ) sur le morphisme £ .

Un résultat clef de ce type est le théoréme de spécialisation SGA 4 XVI 2.2,
selon lequel pour £ propre et lisse XS et X; ont méme cchomologie.

Dans la théorie transcendante, si £ : X — D est un morphisme propre
d'un espace analytique X dans le disque D , les cycles évanescents apparaissent

comme suit

a) Quitte 3 rapetisser D , on peut supposer que X est un fibré topologi-

que au-dessus du disque épointé Dx (théoréme d'isotopie de Thom). Les fibres



b . . .
Xt ( t€ D" ) sont en particulier toutes isomorphes.

b) Il n'est pas déraisonnable de se représenter la fibre spéciale Xs comme
déduite de "la" fibre générale Xt par contraction de poly&dres dans Xt : on aurait
T Xt _— XS . La méthode des cycles évanescents consiste alors 4 étudier la diffé-

rence entre les cohomologies de Xs et Xt i 1'aide de la suite spectrale de Leray

de g .

La théorie géométrique expliquée ci-dessous est trés proche de cette théorie

transcendante ; il faut remplacer le point général t€D par n , le point géométrique

générique de S . Inversement, on peut calquer la théorie transcendance sur la théorie

. s - ~ . vl ¥
géométrique, en remplagant t ou n par le revétement universel D de DT , et
Bx . - .
Xt ou X- par X 5 . Ce faisant, on se débarasse de nombreux ¢ et n , mals
n

on perd parfois de l'information.

2.2. Fixons un anneau de torsion A dans lequel p soit inversible (par exemple

n . . .
A=12/2"2 , 2 premier 3 p ). Soient les morphismes

Les faisceaux de cycles évanescents Y. sur XS sont les

(z.2.1D po=iT R G A
Si f est propre, on a (SGA 4 XII 5.5)
. - X .
(2.2.2) i* s WerT I 0 S e g

et la suite spectrale de Leray pour J se récrit

(2.2.3) (XY ——— Hp+q(X;,A)

Lorsque rien ne se passe & 1'infini, on peut parfois obtenir cette suite
spectrale sans hypothése de propreté. Qu'il faille quelque hypothé&se & l'infini se

voit déja sur le cas trivial X, = ?



On tire aussitot des définitions

Proposition 2.3. Soient X un point géométrique de Xs (par exemple un point fermé)

l'henselisé strict de X en X et la fibre géométrique générique de

*® et X

la projection de X,_, sur S . On a
) —_—

i
y = H (X(ﬁ)ﬁ,ﬁ)

Corollaire 2.4, L3 oi f est lisse, wl = 0 pour i > 0 et ¢° = A,

Clest SGA 4 XV 2.1.

Le groupe Gal(n/m {8gal par hypoth&se au groupe d'inmertie) agit par trans-—

i
port de structure sur les P, et

Scholie 2.5. La suite spectrale 2.2.3 est Gal(%/n)*équivariante.

Variante 2.6. Soient § = Spec(ﬁ) et X =X XS s . XB est le complément de
X = X~ dans X . Posons
s s
i i+l ¢
¢ o= X,

(faisceaux de cohomologie A support). Onm a une suite exacte de faisceaux

~1 o o

0 ¢ A ¥ ) 0

. . . i n i . i
et, pour 1 > 0 , des isomorphismes Y > 4", Pour f lisse, les ¢ sont

nuls.
Posons ¢;1 = H; (i , M) (analogue global des ot ). On dispose d'une
s
suite spectrale
(2.6.1) W (x, H——> 11

et d'une suite exacte longue de cohomologie qui, pour £ propre, se réerit

(2.6.2) ...~—>—H1(Xs JA) —y B (X ,A)_.,..“,\¢;1_>,..

Variante 2.7. Soit Kt 1'extension modérément ramifiée maximale de K dans K .

On pose Xt =X x Spec(Kt) . Soit Et la projection de Xt dans X . On définit

s

. P i
des variantes modérées (''tame'") des ¥ en posant



Utilisant que P est un pro-p-groupe, avec p inversible dans A , on

trouve que

2.7.1) L = a,nt
(2.7.2) \at .

Pour f ©propre, la suite spectrale de Leray de Et se déduit de 2Z.2.3 par passage

aux P-invariants

(2.7.3) Hp(XS,LPE e Hp+q(Xt,A) = H‘”q(xﬁ,/\)P.

3. Démonstration géométrique du théoréme de monodromie

Soit A comme en 2.2.

Conjecture 3.1 (pureté). Soient A un anneau excellent strictement local (0.2)

régulier et D un diviseur régulier de Spec(A) dé&fini par un paramétre x . Soit

U = Spec(A) - D = Spec(A[l/Xﬂ Y. On a

A pour g = 0
(3.1.1) o,y = A(-1) pour q = 1 (notation (0.0.6))
4] pour q » |

Voici des cas oll cette conjecture est connue (SGA 4 XIX)

pour q =0 ou 1, pour A de caractéristique O , pour A d'égale carac-
téristique p lorsqu'on dispose de la résclution des singularités en dimension
< dim(A) et en caractéristique p , ou pour {(Spec{(A),D) un couple lisse (théoréme

de pureté relatif SGA 4 XVI 3.7).

Lorsqu'on dispose de la pureté, et que D = Z Di est un diviseur & croi-
i€ B
sements normaux dans Spec A , défini par une partie d'un syst@me régulier de para-

métre, la cohomologie de U = Spec(A) - D est donnée par

10
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H(U,0) = A
1 B
(3.1.2) H (U, = A(-D
q .
Hq(U,A) = A H](U,A} (donné par le cup-produit)

Ces formules sont identiques & celles qui, sur € , donmnent la cohomologie de

3.2. Soit § wun trait strictement local. On garde les notations (0.0.1) (0.0.3).
Soit f t: X == S un morphisme de type fini. On suppose que X est régulier,

que Xn est lisse et que XS est un diviseur 3 croisements normaux dans X . Om

supposera que ce diviseur est (globalement, et non seulement localement pour la topo-

logie étale) somme de diviseurs réguliers : (X ) = % D, (le cas général peut
s red ;ep L
se récupérer par localisation). Notons m, leurs multiplicités : Xs = ¥ m. Di .
i€B

Soient x un point de X ', X un point géométrique de X localisé en
x (par exemple x fermé, x = x Y, C= {i]x € Di} et K le complexe concentré

en degrés 0 et -1

C d

K: 2 — 2 :d((n.)) = 5§ m, n.
J PO B |
3
Théoréme 3.3. (utilise la pureté). Les groupes de cycles &vanescents modérés wi_
tx

sont les suivants

(i) On a un isomorphisme canonique de A-algdbres graduées

x

* - o
Ve g O /\(HI(K)® AC 1))®A wt}_(

(ii) ¢° _ est une A-algdbre AE our E un ensemble sur lequel le
¢z P

groupe d'inertie modéré It = 1/P = 2(1)(k(s)) agit transitivement, de nombre d'&1é-

ments le plus grand diviseur premier &3 p de HO(K)

Voici la méthode de démonstration.

a) Soient le localisé strict de X en x , U= ¥ ., - X, - (le
(x) (x)s

X, -
(%)
complément d'un diviseur 3 croisements normaux), tj une équation locale de Dj ,
- I/n Z oyt . ~ . ‘s L.
X X(x)f(tj )] (pour (n,p) = 1 ; c'est un schéma regul;er) et U 1'image réci
proque de U dans X . D'aprés 3.1.2, on a Hq(Un,ﬁ) =/\(A(~1)C) ; pour m=xd ,

1'application "image réciproque' de Hq(Un,A) dans Hq(Um,A) est la multiplication

11
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par dq . Posant U = im U , on a donc
é—— n
(@,p)=1

W, = A

(3.3.1)
q. _ : q =
H'(U,0) = lﬁg H (Un,A) 0 pour q # 0 .

A N h C P
b) U est un prorevétement de U de groupe 2(1)(k{(s)) . Par définition,

N -
on a th; = Hx(Un ,A ) 3 U est un prorevétement de groupe H](K) ® Z(1)(k(s)) de
t

chacune des composantes connexes de Un , et celles-ci sont permutées transitivement
par le groupe d'inertie modéré. De (3.3?}) et de la suite spectrale d'Hochschild-Serre,
on tire alors les formules 3.3.

En termes imagés, on peut dire que UE est la fibre d'un morphisme & d'un

K(Z(I)(k(s))c,l) cohomologique U dans le K(Z{1)(k{(s)),1) cohomologique n , ce

morphisme & induisant d = I mj nj : Z(I)(k(s))c — Z(1) (k(s)) .

Corollaire 3.4. (utilise la pureté&). Supposons f propre. Scit N le plus petit

commun multiple des multiplicités mj (j€B) Soit q > O , et q' 1a borne inférieure

de q et du nombre maximum de diviseurs D. passant par un méme point. Pour T dans
- J

le groupe d'inertie modéré It =I/P , on a

N ' P
(r - D% =0 sur Hq(Xﬁ LA
Résulte aussitdt de 3.3 et de la variante 2.7 de 2.5.

. i . . . 1 p
Les résultats de pureté requis sont disponibles pour les H | en caracté-

ristique 0 , ou pour S essentiellement de type fini sur un corps.

Théoréme 3.5. Soit € une courbe projective et lisse sur le corps des fractions

k{n) d'un anneau de valuation discrdte V . Le groupe d'inertie I agit sur

1 . . . ~ . .
H (Cﬁ,Ql) par automorphismes quasi-unipotents d'échelon 2 : il existe N tel que,
pour T & I, on ait

{TN - 1)2 =0 sur HI(CH,QQ) .

On se raméne & supposer V strictement local. L'assertion est qu'il existe

un sous~groupe ouvert I1 de I tel que (T - 1)2 = 0 sur H1 pour TE Il .

12



Il nous est loisible d'étendre les scalaires de k(n) a une extension finie (rempla-
cer V par son normalisé dans cette extension). Puisque 1'image du pro-p—groupe P
dans un groupe de Lie £-adique GL(n,QZ) est finie, on peut en particulier supposer
que P agit trivialement.

Soit Co un modé&le minimal de C sur V (pour l'existence de Co , basée
sur le théordme d'Abhyankar, cf. la discussion dans Eﬂ § 2, p. 87 ; on pourrait ici

se ramener au cas V excellent en passant au complé&té de V : invoquer SGA 4 XVI 1.6).

Soit C1 un modé&le régulier de C , déduit de C0 par éclatements, de fibre spéciale

o

un diviseur a croisements normaux. Les arguments 3.3, 3.4 s'appliquent 2a C] , wt ,

Wi et Hl(Cﬁ,Z/ln)P = HI(CH,Z/RH) avec N indépendant de n , et 3.5 en résulte.

Remarque 3.6. Soit A wune variété abélienne sur k(n) . Puisque A est quotient
. . 1
d'une jacobienne, on trouve encore que l'action de I sur H (An’Ql) ou TQ(A) est

quasi-unipotente d'échelon 2.

Remarque 3.7. L'action de I sur HI(X;,Q) est en fait quasi-unipotente d'échelon

2 pour tout schéma X de type fini sur n

Le théoréme 3.5 (ou 3.6) est & la base de la démonstration du théoréme de

réduction stable pour les variétés abélienmes qui sera donnéedans l'exposé IX § 3

3.8. 1I1 est clair que lorsqu'on dispose de la pureté et de la résolution des singu-
larités (par exemple en caractdristique 0 ) la méthode précédente démontre le théoréme
de monodromie, et fournit des bormes pour 1'exposant de nilpotence. Ainsi, en &gale
caractéristique O , on trouve que pour X propre et lisse sur n et T dans un

sous—groupe ouvert de I , on a

(- " -0 sur Hq(Xﬁ,Zz) (1e1, € 1)

4. Critéres de nullité pour les faisceaux de cycles Evanescents

4.1. Soient S wun trait strictement local et f : X ——> S un schéma de type fini
sur S . Posons n = dim(Xn)

S1i X' est 1l'adhérence schématique de Xn dans X , on & :

-1 1
a) Sur Xs - X; - = A et les autres ¢l sont nuls ;

13



i i . v . 1
b) sur X; , les @1 et wl relatifs a %/S oua X'/S colncident, et ¢ =0 .

Puisque X' est plat sur S , cecl permet souvent de Se remener au cas oil

X est plat sur S .

Théoréme 4.2.
(i) On a wl =0 pour i > n .

(ii) Plus précisément, pour x un point de XS dont 1'adhérence soit de

dimension k ( k = deg tr(k(x)/k(s)) ) et pour X un point géométrique localisé en

X , on a

wi =0 pour i > n-k , i.e.
X

a(wl) £ n-i (notation de SGA 4 XIV 2.1).

i
On a w; o X(;)n

affines de dimension & n sur k(n) . L'assertion (i) résulte donc du théoréme de

i .. . . <
= H (X A)y , et est limite projective de schémas

Lefschetz affine (SGA 4 XIV 3.2) par passage 3 la limite.

Pour prouver (ii), on peut supposer que X est plat sur S (4.1) et qu'il

existe un S-morphisme quasi-fini et plat g : X -——é—Ag tel que g(x) soit le point

générique de AE . Soit S8' 1le trait localisé strict de Ag en x , On a

a) S' est le spectre d'un corps, et Gal(;T/s‘a) est un p-groupe Q .
n

b) D'aprés (i) pour g , on a Hl(X(X)ET3A) =0 pour 1 > n-k .

¢) On a Hl(x(x)a,A) = Hi(x(x)ﬁT,A)Q , d'od le théoréme.

Corollaire 4.3. 8i f est propre et plat et que la dimension du lieu de non lissité

de f dans XS est < d , le morphisme de spécialisation Hl(Xs) ——— HI(XR) est

un isomorphisme pour 1 > n+d+l et un épimorphisme pour 1 = n+d+l

4.4, Pour prouver, dans certains cas, que les ¢i pour 1 petit sont nuls, on

s'appuyera sur la théorie de la dualité locale (directement ou via des théorémes de
Lefschetz locaux de SGA 2 XIV). Cet outil n'est disponible qu'en caractéristique 0
(ou en égale caractéristique p lorsqu’on dispose de la résolution des singularités

3 la Hiromaka dans les dimensions considérées).

14



Théoréme 4.5. Supposons S de caractéristique 0 . Soient f : X ———> S un mor-

phisme de type fini et x un point fermé de Xs . On suppose que

(a) x est un point de non lissité isclé dans sa fibre

(b) X est de profondeur géométrique relative > n en x : au voisinage de

X , X s'identifie 3 un sous-schéma défini par k é&quations dans un schéma lisse de

dimension relative N en x , avec n g N-k .

Alors ¢; =0 pour i<n.

Soit XX le localisé strict de X en x et V=X - {x} . Pour tout

i

trait S' fini sur § , soient de méme X; =X x, 8" et V' v *g S' . Pour S 1le

normalisé de § dans n , soient Xx = XX g S , V=Vx_,8.0na

(1) si ¢l = (0 sur (XX)S (i.e. en toute générisation de x dans XS )

pour i ¢ m , alors

i=-1 = N
H (XX) = H

;) = ¢ pour i€ m.
{x}

i . ;
Les ¢ sont en effet des faisceaux de cohomologie a4 support dans VS de

V ; sous les hypothéses de 4.5, (a) est d'application pour m = o (SGA 4 XV 2.1).

(2) L'hypothése (b) de 4.5 est stable par changement de base. D'aprés SGA 2
XIV 5.6, elle implique que

i i-1 .
Ay = =® (X;) =0 pour i < ;

{x}

i,= . . . . i
on conclut en notant que ﬁl(v) est limite inductive des ﬁ (/AN N

D'aprés 4.2. et 4.5, on a

Corollaire 4.6. Pour S wun trait hensélien de caractéristique 0 , X/S une inter-

section compléte relative de dimension relative n et x €& Xs un point de non lissité

isolé dans sa fibre, on a ¢i =0 pour i #n .

Corollaire 4.7. Sous les hypothéses de 4.6, ¢Z est un A-module plat.

Pour 7' une p~algébre finie, un general non sense (SGA 4 XVII 5.2.11)

fournit en effet, pour les ¢z , relatifs a A' ,

15
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i A
$y = Tor; (A5 97
et on applique 4.6 3 A' .

Variante 4.8. Dans 4.5, supprimons la condition (a) et soit Z le lieu de non
de £f . On peut encore conclure

i . .
¢x = 0 pour 1 <n - dim ZS

On procaéde par récurrence descendante sur dim {x} . L'hypoth&se de récurrence permet
d'appliquer 4.5 (1) avec m =n - dim Zs , et on achéve la démonstration comme précé-

demment.

4.9, Il est possible d'obtenir un critdre de nullité utilisant seulement des infor-
mations sur les fibres géométriques de f ., Dans le cas des intersections complétes,

le résultat est toutefois d'une unité moins bon que 4.5.

Proposition 4.10. Sous les hypothdses générales de 4.5, supposons que

(a) x est un point de nonlissité isolé dans sa fibre.

(b) Pour tout point y de XR , d'adhérence dans Xﬂ de dimension

d(y) , qui soit une générisation de x , on a prof ety(X;) zn - d(g) , i.e.

H?y}(xﬁ) =0 pour 1 £ n - d(g)
{¢) prof etx(XS) 2 on

Alors, ¢; = (0 pour 1 < n-1 .

Gardons les notations de 4.5 ; on peut appliquer 4.5 (1) avec m = = .
D'aprés le théoréme de Lefschetz local (SGA 2 XIV), 1l'hypothése (b) fournit
H (V) ——— # (V) (i<n-1)
Hl(vv) e Hl(VS) (i=n-1)
i

et on conclut par {(¢) que Hl(ﬁ) = 1im H (V') = 0 pour i ¢ n-1, d'ol 4.10.

4,11, Comme en 4.8, on peut donner de 4.10 une variante ne supposant pas (a).
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5. Action de la monodromie sur les

1

Dans cet § ( = exposé de Grothendieck du 19/11/1968), nous feromns usage du
théoréme de réduction semi-stable pour les courbes. Artin et Winters [{] ont donné
une démonstration directe de ce théoréme, qu'on peut aussi déduire [3] du théoréme
analogue pour les variétés abéliennes (IX § 3, utilisant 3.6). Nous utiliserons aussi

la théorie de Schlessinger (exposé VI de Rim).

5.1. Soient k un corps algébriquement clos, C une courbe projective sur k et
X eeex oun ensemble fini de points fermés de C . On dit que X = (C ; Xisees xn)
est stable si

(a) C est réduite et ses seules singularités sont des points doubles & tan-
gentes distinctes ;

(b) les xg sont distincts, et des points lisses de C ;
(e) si C, est une composante irréductible de C , et que E est l'ensemble
Y au~dessus d'un point singulier de Cl ou

d'un des X alors, si C; est de genre O (resp. 1) , E a au moins 3 {resp 1)

des points de la normalisée C; de ¢

éléments.

La condition (c¢) &quivaut a chacune des suivantes :

(¢') X n'a pas d'automorphismes infinitésimaux non triviaux.

(c") S8i w est le faisceau inversible dualisant, le faisceau inversible
w' = (I xi) est ample.

Un S-schéma C , muni de sections x s X est une courbe stable sur

1’
S si ses fibres géométriques sont des courbes stables. Dans [3] §§ 1,2, seul le cas
n =0 est considéré. L'extension des résultats de loc. cit. au cas général est tri-
viale :

8n ,8n

(1) Pour X/k stable, H](C,w' ) =0 pour n 2 2 et w est trés
ample pour n 2 3 (cf. Eﬂ 1.2).
(2) Le schéma formel M des modules de X est lisse, et C reste sin=-

gulier au-dessus d'un diviseur 3 croisements normaux de M .
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(3) Pour X et Y stables sur §, Isom (X,Y) est fini et non ramifié
sur S (isomorphismes compatibles aux points marqués).
Pic®(g) est injectif.

(4) Pour X/k stable, Autk(X) B Autk

On a enfin

Proposition 5.1.1. Soit Xn = (Cn 3Ky s xn) stable sur le point générique n

d'un trait S , avec Cn lisse. Il existe une extension finie séparable n' de n

et une courbe stable X' sur le normalisé S' de S dans n telle que

X' 8, n' = X 8 n' .

Cela résulte du théoréme de réduction semi-stable habituel qui pefmet de
prendre n' tel que la fibre spéciale géométrique du modzle minimal C" de Cn,
sur S§' vérifie (a). On &clate ensuite, de fagon itérée s'il le faut, des points
lisses de C" pour que (b) soit vérifiée. On contracte alors les chaines de compo-

santes rationelles lisses de self intersection deux ne contenant aucun L3 de la fi-

bre spéciale et on obtient C' (cf. [3], preuve de 2.3 p. 88).

On peut vérifier comme dans loc. cit. que C' existe d&s que la jacobienne

de Cn a réduction stable. L'hypothdse de lissitéd sur Cn est par ailleurs superflue,

5.2. Soit Xn un schéma géométriquement connexe de type fini sur le corps des frac—

tions d'un trait strictement local § . Pour £ un point géométrique de XE on a une

sulte exacte

(5.2.1) 0 (X2, 8) ——> m (X,8) ——> Gal(n/n) —> 0 ,

d'ol un homomorphisme de Gal(;/n) dans le groupe des automorphismes extérieurs de

ml(X;) . Passant au plus grand quotient premier 3 p mfp) (Xa) de m](X;) , on

trouve
(5.2.2) Gal(;/n) ~——> Aut ext (ﬁip) (Xg)) .

Supposons que Xn ait un point rationnel x , et soit x le point géomé-
. - x - . . .
trique 1 ———> n —> Xn . Pour § = x , la sulte exacte (5.2.2) splitte canonique-

ment, d'oil
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(5.2.3) [x] : Gal(n/n) —— Aut <n1(xr-1,£2)) —— Aut (ﬂfp)(X;,;{)) .

Théoréme 5.3. L'image de P par 5.2.2 (ou 5.2.3, cela revient au méme) est finie.

5.3.1. Réduction au cas ol %} est géométriquement normal et intdgre.

Soient Xé le normalisé de Xn s (X]{n )i la famille des composantes con—

nexes de X' X" = X' x X' et X" . les composantes connexes de X" . Quitte
n*n nxnn (Jn)J P n Q

d passer 3 une extension finie de k{(n), on peut supposer que les X{n sont géomd-

triquement normaux et intégres, avec un point rationnel x, , et que les X, sont
i n

géométriquement connexes, avec un point rationnel yj . Pour k =1 ou 2 et
] P . - - - . 1
P k(yj) € Xin , choisissons une classe de chemins Zkij de prk(yj) a x; i clest
un &lément d'un torseur sous ml(xi-,éi) . Soit Ekij le chemin "premier & p "
£
correspondant (le méme modulo Ker(m —— Kﬂp)) . On peut prendre 2 invariant

kij
par P : l'ensemble des chemins premiers & p est lim d'ensembles finis d'ordre pre-
mier 3 p sur lesquels le pro-p-groupe P agit.

Dés lors, si un sous-groupe d'indice fini P' de P agit trivialement sur

les KEP)(Xig,;i) , il résulte des formules de Van Kampen (i.e. de ce que
Xi; E—— Xiﬁ est de descente effective pour les revétements &tales) que P' agit

trivialement sur xgp)(Xa,;) .

5.3.2. Pour XE normal et U un ouvert, ml(U) s'envoie sur m](Xa) 3 on peut donc
supposer X; lisse et affine. Coupant par les sections hyperplanes génériques (ceci
remplace S par le localisé& strict de S au point générique de la fibre spéciale
d'un Ag) et appliquant Bertini, on se raméne & supposer que Xn est lisse,

géométriquement connexe et de dimension un. Quitte I passer i une extension finie de

k{(n) , on peut supposer que Xn est le complément dans une courbe projective et
lisse in d'un ensemble fini de points rationnels xi,(dont il nous est 1ld sible
d'augmenter le nombre. Appliquant le théorsme de réduction semi-stable (5.1.1}),
on se raméne & supposer qu’'il existe une courbe stable X = (C ; X, ..., Xn) sur

S telle que Xn = Cn - {xi saans xn} . On applique alors le résultat suivant
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Théoréme 5.4. Soient S un schéma strictement local, f : X — S un morphisme

propre et plat, de fibre spéciale une courbe dont les seuls points de non lissité sont

des points doubles ordinaires et Y un sous—schéma de X , réunion d'un nombre fini de

sections disjointes contenues dans 1'ouvert de lissité. Soit x un point rationnel de

X=X-Y. Soit U 1'ouvert de S au-dessus duquel X est lisse, et & un point

P
]

géométrique de U . Alors 1'image de ml(U,g) dans Aut(m (XE’ x£)) est abélienne

et premidére & p .

On prendra garde qu'on ne peut faire agir nl(U,g) sur Wip)(XE,XE) que

parce que les vérifient le théoréme de spécialisation.

T':(p)
1
On se raméne au cas S complet, puis au cas universel oi S est un schéma
formel de modules pour la fibre spéciale, munie de ses sections. S est alors un
anneau de séries formelles sur un anneau de Cohen : S = Spec(w[[t] AN tn]] ) et U
est le complément d'un diviseur & croisements normaux d'équation £y e t, = 0 . Dans

ce cas universel, d'aprés le lemme d'Abhyankar, ml(U,g) est abélien et premier &

p , d'ol le théoréme.

Remarque 5.5. On peut démontrer un résultat analogue 3 5.4 en dimension relative

quelconque en considérant une section plane générique de dimension un et en appliquant

Bertini.

6. Appendice : démonstration arithmétique du théordme de réduction stable

(par P. Deligne)

Soient S wun trait et An une variété abélienne sur k(n) , de dimension
d# 0. Pour S' —> S un morphisme local de traits, on note An' la variété abé-
lienne sur k(n') dé&duite de An par extension des scalaires. Soient AS' le modéle
de Néron de An, sur S' "As's' sa fibre spéciale et ‘AE,S, la composante neutre

de \As's' . Le théoréme de ré&duction stable est le suivant.
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est exten-—

Théoréme 6.1. Pour S' convenable, A , & réduction stable, i.e. uA;.S,
n

sion d'une variété abélienne par umn tore.

Il résulte assez facilement de 6.1. qu'on peut prendre S’ tel que k(N")
soit une extension séparable finie de k(n) . Suppcsons tout d'abord que le corps ré-
siduel de S est de type fini sur le corps premier (le méme argument marcherait pour

k{s) radiciel sur un tel corps).

Soient £ un nombre premier premier & 1'exposant caractéristique résiduel p ,
T,(A) le module de Tate, V,(A) = T,(4) 8Q, et P : Gal(n/n) —> GL(T,(A)) 1la
représentation naturelle. Une extension des scalaires préliminaire nous raméne au cas
oli le groupe d'inertie I agit de fagon unipotente (1.2) donc 2 travers son plus
grand pro—f£-groupe quotient Zz(l) (0.3). Soient T 1'image dans GL(Tg(A}) d'un

générateur de ZZ(I} et r le plus grand entier > 0 tel que (T-i)r #0.0n a:

Lemme 6.2. L'application
C €L, vVEV,(A)I—> (p()=1DF (%)

induit des morphisme et isomorphisme

M I
VZ(A)I Q Qﬂ(r) e VE(A)
(6.2.1)

VE(A)/Ker(T—l)r 6 0, (x) —s (-1

VK(A)I et VZ(A)I sont des Gal(s/s)-modules et M est galoisien.

6.3. On dit qu'une repré@sentation f-adique t : Gal(s/s) — GL(V) est de poids

n (n €% ) si la condition suivante est vérifiée :

(%) Pour un mod@le convenable X de k(s) (X = une variété irréductible de type fini
sur le corps premier, avec k(s) = k(X)), ¢ se factorise par n](X,g) et pour x

un point fermé de X , les valeurs propres de T(FX) sont des nombres algébriques

. ~ 2 P
dont les conjugués complexes sont tous de valeur absolue |k(x)|n/ (F_ désigne le

Frobenius géométrique ¢ ! ).
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Si V (resp. W) est de poids n (resp. m ) et que n# m , on a

HomGal(V,W) =0 .

-]
6.4. Tl résulte de la propriété universelle du modéle de Néron que VK(A)I = VZ@AS s) .
s
Si a est la dimension du plus grand quotient abé&lien de .A; s et m la dimension
b

de la partie multiplicative de .A; s’ d'aprés Weil, \{e(A)I est donc extension d'une

1)

représentation de dimension 2a et poids -1 par une représentation de dimension

m et poids -2

6.5. Soit Ax la variété abélienne duale de A . Rappelons que VK(Ax) et VK(A)
I . .
(done Ye(Ax) et VK(A)I sont en dualité a valeurs dans QE(])' Si ax et mx
P * . P
sont définis pour A" comme a et m pour A , 1l résulte de 6.4 que VK(A)I est

- - - . . x . = .
extension d'une représentation de dimension m et de poids O par une représentation

de dimension 2a* et de poids ~I

6.6. Le module galoisien Qz(r) est de poids -2r . Puisque Im(T—])r # 0, on

déduit de 6.4, 6.5 et de 1l'isomorphisme 6.2 que r 1 .Si r=0, ona

donc m=0, a=4d et An a bonne réduction. Supposons que r = 1 . On tire alors
de 6.2 que Im(T-1) est de poids -2 et que VZ(A)/Vz(A)I est de poids O ; ces
espaces ont méme dimension mogm .

On a alors

dim VE(A)I =2d - mo= 2a + m ,

2 dim.»AS’S 22 (a+m) 32a+m+ m o= 2d=2 dim<AS’S ,

de sorte que An a réduction stable (dim‘AS s =2 + m) . On a obtenu en méme temps
3

que m, =m , i.e. que Im(T-1)c V (A)Igg V,(A° ) est le V, de la partie multi-
1 £ £Y's,s £
. . o
plicative de As,s
6.7. Pour traiter le cas général, nous utiliserons (0.5) (cf. 1.3). On se raméne i

supposer que
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(a) les conditions de (0.5.2) ou (0.5.3) sont vérifiées ;
(b) Gal(ﬁ/n) agit trivialement sur AZ ;

(¢) l'action de I sur T£<A> est unipotente.

Sous ces hypothé&ses, nous prouverons que An a réduction stable. L'hypo-
thése (a) permet d'appliquer (0.5.1) pour avoir § = éig Si comme en 1.3, dont nous
reprenons les notations. Soit s; le point fermé de Si .

Pour 1 assez grand, la composante neutre A° du mod&le de Néron AS
provient d'un schéma en groupe lisse 3 fibres connexes ‘Ai sur Si , et CAi)K est

constant sur Si - D . Le groupe 7c1(Si - Di , ﬁ) agit sur TE(A) , et agit trivia-

lement sur TE(A)/K Tﬁ(A) o Ag

. Comme en 1.3, on voit que Pi agit trivialement.
On a alors par (1.3.1)
T, () = T,(&) T,A, ) =T,A%) = T, = 1,
231 £ 9 ’ £ L,s; 27 s L £
et (6.2.1) est un diagramme de Gal(;i/si)-modules auquel on peut appliquer les argu-

ments 6.4 3 6.6.
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SGA 7

Exposé II

Propriétés de finitude du groupe fondamental

par Michéle RAYNAUD

Soient k un corps séparablement clos de caractéristique p 2 0 , X un
schéma connexe de type fini sur k et ng)(x) le plus grand quotient "premier 2
p " de HI(X)' On montre, dans cet exposé, que, si X est une surface, ng)(x) est
topologiquement de présentation finie et qu'il en est de méme pour X quelconque si
1'on admet la résolution des singularités.

Dans le cas d'une surface, la méthode de démonstration, due & J.P. Murre,
consiste & se ramener au cas ol l'on a une fibration au-dessus de Pi ayant les

propriétés (i), (ii) et (iii) de la proposition ci-dessous.

Proposition 2.1. Soient k un corps algébriquement clos, S une surface projecti-

ve, irréductible, lisse sur k . Alors on peut trouver un éclatement

g : 8" — 3§

ofi 8' est une surface régulidre, munie d'une fibration

1

f: 8 ——Pp

tels que f ait une section ¢ , et que les conditions suivantes soient satisfaites

(i) f est lisse aux points de o(P])

(ii) les fibres de f sont des courbes géométriquement intégres u'ayant

que des singularités ordinaires.

(iii) il existe un ouvert non vide U de P1 tel que les fibres de f aux

points de U soient lisses.

o o . . . r
La proposition résulte de 1l'existence d'un plongement projectif § ——— P

tel qu'on puisse trouver un pinceau de Lefschetz par rapport a4 ce plongement (XVII

2.5). Soit en effet D = {Ht} cepl‘ un tel pinceau d'hyperplans ; rappelons que l'on
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a les propriétés suivantes {(loc. cit. 2.2)
a) l'axe A de D coupe transversalement S ; le sous—schéma fermé A MNs

est donc réduit et formé d'un ensemble fini de points fermés de S., x SRTE S

177
b) il existe un ouvert non vide U de Pl tel que, pour tout point t € U,
Ht coupe transversalement S .
¢) pour tout point t€ PI-U . Ht coupe transversalement S sauf en un

point qui est un point singulier quadratique ordinaire.

Par chaque point x de § n'appartenant pas & A passe un unique hyper-
plan Ht , et l'application qui, &3 x , associe t€ P1 , est une application ration-
nelle a de § dans p! de domaine de définition S-(& N S)

On considdre 1'éclatement g : §' —> S du sous-schéma fermé SN\ A de
S . Le schéma 8' est régulier et la fibre S;‘ au-dessus d'un point x; s'iden~
tifie au fibré projectif défini par 1l'espace ta;gent a S en X donc est isomor—
phe 2 Pl (EGA IV 19.4.2, 19.4.4). De plus 1l'application rationnelle £ = ag est
partout définie (XVIII 3.1). Enfin, on peut associer 3 chaque point Xy la section
de f qui, & un point t € Pl , fait correspondre le vecteur tangent en % a
Ht(\ S

Vérifions les conditions (i), (ii) et (iii). On note que, pour chaque
t € Pl , les courbes S; et St = Ht/\ S sont isomorphes ; le morphisme
Sé —_— St est en effet un isomorphisme sauf peut-étre en les points Xg s points
ol St est réguliédre ; comme de plus Sé est intersection compldte dans S' , Sé
est intégre, donc isomorphe i St .

Les conditions (i) et (ii) ne sont autres que les conditions a) et b). Enfin

f est lisse aux points de ¢ car f est plat et car les fibres Sé sont géométri-

quement régulidres aux points o(t)
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Corollaire 2.2. Les notations &tant celles de 2.1, soit Y un diviseur 3 croisements

?l

normaux dans § , Y' = Y XSS' . Alors on peut choisir f , g , U tels que Y'x .U

soit un diviseur 3 croisements normaux relativement 3 U

On sait que, s'il existe un pinceau de Lefschetz pour un plongement
S i Pr , les pinceaux de Lefschetz forment un ouvert de la variété des droites de
13 (XVII 3.2.1). 11 en est de méme de l'ensemble des pinceaux de Lefschetz dont 1'axe
ne rencontre pas Y et tels qu'il existe un ouvert non vide U1 de P1 tel que

l'intersection de Y et Ht soit lisse si t €& U1 . Il suffit alors de comstruire

f et g & partir d'un pinceau satisfaisant i ces deux conditions et de remplacer

par UN U1 .

2.3.0, Soit G un groupe profini. Rappelons que G est dit topologiquement de
génération finie s'il existe un entier =n tel que G soit isomorphe & un quotient

du pro-groupe libre 4 n générateurs F(n) ; soit K = Ker(F(n) —— G) ; on dit
que G est topologiquement de présentation finie si, de plus, on peut trouver un nom-
bre fini d'éléments ki""’kr de K tels que le plus petit sous-groupe invariant

fermé de K , contenant kl""’kr , soit &gal 3 K .

Théordme 2.3.1. Solent k un corps séparablement clos de caractéristique p » 0 ,

X un sch8ma connexe de type fini sur k . On suppose que les schémas de type fini et

de dimension « dim(X) sur une cldture algébrique de k sont fortement désingulari-

sables (SGA 5 I 3.1.5) (condition réalisée si dim X = 2 d'aprés [lj ou si k=0

d'aprés [2]). Alors le groupe fondamental ng)(x) est topologiquement de présen-—

tation finie.

On peut supposer k algébriquement clos d'aprés SGA 1 IX 4.10.

1) R8duction au cas oi X est une surface régulidre.

§8i f : X' ~—> X est un morphisme de type fini, on pose X" = X’XXS' et
on note (X;) aca ©t (XE) be B 1l'ensemble des composantes connexes de X' et X"
respectivement. Lorsque f est un morphisme de descente effective pour la catégorie

des revétements &tales, le groupe fondamental HI(X) peut se calculer explicitement
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en terme des groupes fondamentaux H](X;) et HI(XE) ; 11 en résulte (SGA 1 IX 5.2,
5.3) que, si les HI(X;) sont topologiquement de génération finie, il en est de méme
de HI(X) ; si les HI(X;) sont topologiquement de présentation finie et les H](X;)
topologiquement de génération finie, HI(X) est topologiquement de présentation
finie.

Comme X est désingularisable, on peut trouver un schéma régulier X' et
un morphisme propre birationnel f : X' —— X ; comme f est un morphisme de
descente effective pour la catégorie des revétements étales, il suffit de prouver le
théoréme lorsqu’on fait 1'hypoth&se supplémentaire que X est régulier. On en déduit
en effet que HI(X) est topologiquement de génération finie ; sachant que HI(XD
est topologiquement de présentation finie et les Hl(Xg) topologiquement de généra-

tion finie, on en dé&duit que HI(X) est topologiquement de présentation finie.

Soit maintenant (Ui) jer Un recouvrement fini de X par des ouverts affi-
nes et soit f : Ui ——> X le morphisme canonique. Comme f est un morphisme de
descente effective pour la catégorie des revétements &tales, on voit qu'il suffit de

prouver le théoréme pour les U, ; on est donc ramené au cas ol X est affine et
i

lisse.

On suppose désormais X affine, lisse sur k , et dim X > 2 . On peut alors
appliquer le théoréme de Lefschetz pour les schémas guasi-projectifs ([3] V 7.4) 3

sl Y est une section hyperplane "assez générale' de X , on a un isomorphisme
HI(Y) [~ H](X} R

I1 'suffit donc de prouver le th&oréme pour Y , ce qui nous raméne au cas ol

dim X = 2

2) Cas ol X est une surface lisse sur k

D'aprads le théordme de désingularisation forte des surfaces, on peut trouver
une surface 8 1lisse, intégre, projective et une immersion ouverte 1 : X -—>§
telle que le diviseur Y = g - X soit A4 croisements normaux. On applique le corol-

laire 2.2 dont on reprend les notations.
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Montrons qu'il suffit de prouver que le groupe fondamental de X' = XxSS'
est topologiquement de présentation finie. Comme X et X' sont réguliers et comme
on a

codim(X~ kuj {Xi],X) 2z 2 >

lgign

tout revétement étale de X' induit sur X- L ){xi} un revétement &tale qui se pro-

Igign
longe de fagon unique en un revétement étale de X (SGA 2 1.11) ; ceci montre que l'on
a un isomorphisme
m X 1 (X
On considére le diagramme cartésien
] s 1
T XU
h
i
P & U ,
oi h = f|X' . Onnote L 1l'ensemble des nombres premiers distincts de p et ;
un point gBométrique au-dessus du point générique n de PX . Vérifions que les

hypothé&ses de SGA 1 XIII 4.8 sont satisfaites. Le morphisme h a une section ¢

car il en est ainsi de f . Prouvons la condition a) de SGA 1 XIII 4.7 ; les fibres

de h é&tant géométriquement int&gres, le morphisme h est O-acyclique et locale-
ment O~acyclique (SGA &4 XV 4.1, 1.16) ; il reste 3 montrer que, pour tout faisceau
d'ensembles localement constant F sur X' , (F,h) est cohomologiquement propre en
dimension < 0 . Si ¢ est un point fermé de p! et si Z désigne la fermeture inté-

grale de Spec § ) dans B le schéma Xé = X'x 1Z vérifie la condition (82)
P, P

aux points fermés de X' et est régulier en tout autre point, donc est normal ;

par suite un revétement étale de Xé dont la restriction & X' est connexe est né-
cessairement connexe. Ceci démontre notre assertion, d'ol a). gomme XG est le com-
plémentaire dans S& d'un diviseur 3 croisements normaux relativement 3 U , hU est
localement 1l-asphérique pour L (SGA 4 XV 2.1) et, pour tout faisceau de L~groupes

constant fini F sur Xﬁ . (F,hU) est cohomologiquement propre en dimension g 1!

(SGA | X111 2.4), d'ol la condition b). Comme P] est normal et T = Pl - U de
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codimension 1 , on a

prof étT(S) > 2,
d'ol la condition c). La condition

prof hopX(X') » 3

est valable en tout point fermé de X' d'aprés le théoréme de pureté, d'od la condi-

1

tion e). Enfin, pour tout point t € P° |, h est lisse en o(t) , donc est localement

l-asphérique pour L en o{t) , d'cl la condition d).

D'aprés SGA 1 XIII 4.7, si a est un point géométrique de X' , on a une

n
suite exacte

(p)
1

'

| —> 1177 (X',a) —-—9~H1(XU s

n

,a) -—-%H](U,a) —_— ]

et le choix de la section ¢ définit un scindage de cette suite exacte. Notons K

14
1
(P) g1 .
Hl (X_,a)K , €8t le quotient de

n -
engendré par les &léments du type x ]qx , oi x€& H?P)(Xl,a) , Q&€ K . D'aprads loc.

1'image de HK(U,a) dans Aut (N (¥!,a)) ; le groupe des coinvariants sous K ,
n

ng)(xl,a) par le sous—groupe invariant fermé
cit, (4.7.4), on a un isomorphisme
Hip)

(X',a) o~ n}"’)(x;,a)
n

. 1 . . - . .
- = t, t, h T, le 1l lisé strict
Soit P U ]<i<n{ l} e pour chaque 1 , soit i e localisé c

1 . PP - . PP
de P en un point géométrique ti au—dessus de ti et e le point générique de

Ti . Un revE@tement &tale de U , dont la restriction i chaque si est triviale, se
prolonge en un revétement &tale de P1 , done est trivial. Pour chaque 1 , soit
E(si) la cldture algdbrique de k(si) ; 1'assertion ci-dessus revient i dire que
H](U,a) est &gal au sous-groupe invariant fermé engendré par les images des groupes
de Galois, Gal(i(si),k(si)} , dans HI(U,a) . D'apréds I 5.3, 1l'image Ki de
Gal(i(si),k(si)) dans Aut(ngp)(xl,a)) est finie. Comme K est le plus petit sous-
groupe invariant fermé contenant tgus les Ki , 8L comme ng)(x%,a) est topologique-—

ment de présentation finie (SGA 1 XIII 3.2), ceci prouve que ng)(x?",a)K , donc

aussi ng)(X) qui lui est isomorphe, est topologiquement de présentation finie.
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Remarque 2.3.2. La résolution des singularités n'est pas nécessaire pour démontrer
le théordme 2.3.]1 dans le cas o X est l'ouvert complémentaire d'un diviseur 3 croi-

sements normaux d'un schéma projectif, lisse sur k
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SGA 7

Exposé VI

FORMAL DEFORMATION THEORY

by D. S, RIM

1. Formal existence theorem

We recall the notion of cofibered category (S8.G.4.1.IV).
Let C be a fixed category. A cofibered category A over C is, by definition,

a category A ‘together with a functor P : A »( such that

Ax,l, For any map f in € and any object a in A with P(a) = the
source of f , there exists an f-morphism & : a - b which is cocartesian (i.e,
for any femorphism %' : a > b' there exists a unique T-morphism T : b = b’

in A such that o' = T+0 where T = the target of f J.
Ax.2., A composit of cocartesian morphism in A is again cocartesian,

The following properties of a cofibered category P : A > C follow
immediately from the definitions:

o
(cancellation) Let a 3 a' be any two cocartesian maps such that

Y
P{a) = P(B) . If there exists a cocartesian map b *a such that @Y =8y ,

then 0 =8 .,
a P
(factorization) Given cocartesian maps a =2 a' , a=a'' , there
Y
exists a cocartesian map a' » a'' such that Yt = 8 if and only if there exists

f:Pla') > Pla'’) in ¢ such that £+P(X) = P(B) . Furthermere Y is unique.

Let A Dbe a cofibered category over C . For each object S in (

we denote by g(S) the subcategory of A whose objects are the objects a in

A such that P{a) =S , and Hom {a,a') = {OtéHomA(a,a’)iP(Ot) = ids} .

A(8)

A cofibered groupold over C 1is a cofibered category A over C such that ﬂ(s)
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is a groupoid for every object 8 in C . We recall that a groupoid is a cate-
gory in which every morphism is an isomorphism, Thus, a cofibered groupoid over
C is a cofibered category P : A ?C such that every map in A 1is cocartesian.
Furthermore, for every map & € FA(A) , @ is an isomorphism in A if and only

if P{Q) is an iscmorphism,

Throughout the rest of this section, we fix a complete noetherian local
ring A with the residue field k , and we set QA to be the category of
artinian loecal A-algebras with the same residue field k , where the maps are
local homomorphisms over A . From 1.2 on, a cofibered groupoid A over 9/\
is always assumed to have the property that _A_(k) = {e} s+ where {e} denotes the
category in which Hom{e}(a, b) consists of one and only one element for any two

objects a, b in {e} . Amap a' —£ 5 4 in A will be called simply a

[+

G, -map if pl(a') = pla) and pla) =1 . Amap a' ——» a on A will be

pla)
called surjective, by abuse of language, if pla) : p(a') —» pla) is surjective

ingi\.

Ex,1.1.(a) Let F : C—=%(categories) be a functor. Define the category
F as follows: an object in F is a pair (8,a) where S €ob(C) and
a € obF(8) , and a map (S,a) > (8',a') 1is a pair (f,u') where f : S ~=8' is
amap in € and u' : F(f)a ?a’' is a mep in F(S') . Composition of two maps
(s,a) ‘M {8',a") *M (8",a") is given by
(gf, uw"-{F(g)u')) : (8,a) » (s",a") . With respect to the functor P : F -~ C
given by (S,a) ® S , F becomes a cofibered category over C . If F(8) is a
groupoid for every S € ob{C) , then F is a cofibered groupoid over C . In
particular, a functor F : C = {groups) yields a cofibered group, and a functor
F : C = (Ens) yields a cofibered discrete groupoid. We also note that a natural
transformation ¢ : F > G , where F,G : C > (categories) are functors, induces

a cocartesian functor @: F - G over (C .,

Ex.,1.1.(b) Let X , Y be schemes over A together with a fixed
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T
isomorphism X ‘{3\)1{6——-—0 ¥ ?k . Then the functor Isom : ¢, = (groupoids)

LY ~ A

given by Tsom, _(S) = the set of isomorphisms X %s«—"—v Y ® S such that
A

XY

0®x =.7T i i :
A k yields a cofibered groupoid P : Isom}{’Y 2C,

Ex,1.1.(c) Let Xo be a fixed scheme over k , and let EXQ be the
category consisting of deformations of XO over C, (see §4). Thus an object in
MXO is a pair (R,X) where R is in C, and X is a deformation of XO to
R . Then the functor P : E/_LXO = C, sgiven by (R,X) w~> R defines a cofibered

groupoeid over QA .

Ex,1.1.(d) For any groupoid X we denote by [X] the discrete groupoid
consisting of the isomorphism classes of objects in X . If P : E-)_C_A is a
cofibered groupoid, we obtain a functor [E] : _QA = (Ens) given by
[E](S) = [F(8)] . and in turn a cofibered discrete groupoid, which is, by abuse

of notation, denoted by [Ej .

Definition 1.2. _A cofibered groupoid A over Q/\ is called semi-homogeneous if

the following properties hold:

(1) every diagram a" —--eoo » i
v
a

of solid arrows in A where a' = a is surjective can be completed

into a commutative diagram including dotted arrows.
™

. _ak : .
(2) Let R X kEe]\)k[e] e the proiection maps. where k[e] is the
k TT2 a
¥
ring of dual numbers over k , and let :‘\“"‘? a be Trl-mags
B

in A . Then there exists a C, -map Y : a' —Pp b' with o = B.vy

if and only if (m,),(a') = (m ), (') .

Remark 1.3.(a) A reformulation of the notion in terms of 2-categories will be
given later in 2.6(b), We note that if A is semi-homogeneous. Then so is [A] .

and in particular 1.2(2) entails the canonical map
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AR prleD]— [AR)] x [Ak[e])]

to be bijective.

Remark 1.3.(b) Congider a commutative diagram

in a cofibered category A over C, . Set R = P(a) , R' = P(a') and

R, = P(ai) for i =1, 2 ., If we set a" +to be the "direct image" under the

. LY . N N
map (P(Vl)’P(VZ)) : R Rl % R2 , we obtain a commutative diagram

\/

Thus 1.2(1) can be replaced by

(1)': every diagram

al\a/aE in A above Rl\ /RE in C
R

R, »R is surjective can be completed to a commutative diagram

,» where

2
1
‘(//a\\\‘ H// fﬁ“i\s
a.l /a2 above /
N, \R
where ﬂi (1 = 1,2) are projections.,

Remark 1.3,(c) If A is a semi-homogeneous cofibered groupoid over A ¢+ then
A(k [e])]is canonically provided with a vector space structure over %k , where

k [e] is the ring of dual numbers over k , Indeed, let V be the category of
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finite-dimensional vector spaces over k , Then any functor H : V= (Ens)
preserving the product is canonically factored through

H
v——— (Ens)

N

<

where V- (Ens) is the forgetful functor, On the other hand, the functor
G: V—>C, given by W —>k[W]l =k ®W , with W2 = 0 , transforms
products in V into fibre products over k in 9/\ . If A is a semi-homo-

geneous cofibered groupoid over _(_]7,\ , then [AG[V] xk[W])] —» [AK[V])Ix[AK[W])]
k
is bijective by 1.3{a), and the functor V—>[A([V])] commutes with products,

hence the result,

Definition 1.4, (1) Let R € ob(C,) . Asmall extension of R in C, isa

ZA
surjective map R' S Ain C, such that (Ker f)g =0 and Ker £ =k .
In other words, R' —f--ar R in C, isa small extension of B if

06— k—>» R' —L R > 0

is exact for some t €R' with 2 = 0 .

(2) Let A be a cofibered groupoid over C , and let a be an object

=A
in A , A small prolongation of a is an arrow al —% > & in A guch that
P(&) is a small extension in &\ .+ An arrow al =25 & in A will be called
"versal for small prolongations of a " if, for every small prolongation
a]'. —=» a in A , there exists a commutative diagram
8! ——— a:'L
a

Proposition 1.5, Let jl; be a semi-homogeneous cofibered groupcid over EA .

T
(1) Let R X [e]”’lR fecti i v &

Sk . k ﬁ\’k[:E] be projection maps in C , and let a -——r a
2
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be a ﬂl—mag. Then there exists a map a —8—-—0 a' such that & B =1

a

if and only if there exists a map & ———> (ﬂz)*a’ .

(2) Let R' ——-g-—“r R be a small extension in g/\ , and consider a commutative

diagram
R'xR’

N

e N
N N\

N ~ ot
Define the canonical map f : R'XR' —— k[Ker £f] by f(ri, ré) = ri(0)+(rl-—r .

If there exists a map a' ——» (F) Wa") , then there exists a map Y: a' —» a

such that ¢ = Ctlv"( .

Proof (1) The part "only if" is clear, Now assume that there exists a map

@: a—> (ﬁz)*a' ., If we set h: R—»R xk{e] by h=1 xP(¢) , then the

. k
composite map R Ay R x k[e]——l—v R is the identity, and therefore we get
y h
— ey = = =
maps a(._q;._ f,a suh that &Y= 1, where P(y) = h and P(c.l} ﬁl .
On the other hand, Trz-h = P(¢) and hence there exists a ﬂz -map

hga ——— (Trz)*a' . This means that (ﬂz)*(h*a) = (T'rz)*a' , and therefore
by 1.2(2) we have a Cp-map u : ha—> a' such that @u = o - Define
B:a—» a' by B=nu-y¥ ., Then G.°B=cvu-Y=0.1~Y=la . '
(2) Themap 1 X? : R' Xxh' — R' %{Ker f] is an isomorphism
R k
compatible with the projections on the first factor, and ﬂz-ilx?} = ? where

1T2.: R' Xk[Ker f] — k[Ker f] is the projection map, We note that
k

k[Ker £]1% k[e] since R' -—«—ﬁ-—v R is a small extension, Therefore, if there

~ ~
exists a map a' —> (f)a" = (TTQ)* [(1 f)_“_a"] , then by (1) above there
exists 2 map y': a' —> a" such that aL.y' = 1,1 . Define Y : a' —— g
by ¥ =0.i—Y’ . We then have c.l-yza,
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Corollary 1.6. Let A be a semi-homogeneous cofibered groupoid over c A

and consider a diagram

Ny e

in A where o is a small prolongation. Assume that a is versal for small

prolongations of e , Then there exists a map a' L. a such that o = G‘lp

1
in A if and only if there exists a map f : P(a') = P(al) such that

Pla) = Ploy)* £ in Sy -

Proof: Assume that Pla) = P(c(l)-f where f : Pla') = P(al) . Replacing a’

by its direct image under f , we may and shall assume that P(a) = P(c,l) .

Set R' = P(al) , R = Pla) , Since A is semi-homogeneous, we get a commutative
diagram

R'R'
R

a"B/an\Bla above R/ \R’
A N,

R

Since a is versal for small prolongations of e , so is a' and therefore

our statement follows from 1.5(2),

Definition 1.7. For each object R in 9/\ we put ER =M/(mAR+M2) where m,

M are the maximal ideals of A , R respectively. It is a finite-dimensional

vector space over kX , and R *—>§R defines a functor Q : g/\ - V vhere

v is the category of finite-dimensional vector spaces over k , If A is a

cofibered category over g/\ » then the composite functor A f, g/\ -V is, by

abuse of notation denoted by 5 again,

Proposition 1.8, Let A be a semi-homogeneous cofibered groupoid over C A

Then, given an object a in A versal for small prolongations of e , there

exists a' = a such that
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(i) a' is versal for small prolongations of a

(ii) pla') —> pla) is surjective; and the kernel is annihilated

by the maximal ideal of pla) .

(1ii) ﬁ;, —_— 5; is an isomorphism,

Proof: Set R = Pla) and consider an exact sequence O - J -+ S - R - 0 where
S is a formal power-seriesg ring over A in a finite number of variables, and

J e M2 where M is the maximal ideal of 8 , Let % be the set of ideals Jl

in S such that (i) J o Jl D MJ and (ii) there exists ni-morphism al »a in

A where ™ot S/Jl -+ R is the canonical map, The property 1,2{(1) of A together
with the fact that J/MJ is a finite dimensional vector space over k entails
that there exists a smallest ideal in the family % ., Let it be J' and choose

a ' -morphism a' $a where ' : S/J' » R is the canonical map. Note that

Qa' - ﬁ; is an isomorphism since J' < J C:M2 . We claim that a' $a is versal

for small prolongations of a ., Indeed, let al» a be a small prolongation, If

we put Rl = P(al) , we obtain an exact commutative diagram

O = J/MJ »3/MJ »R >0

it
lh lhl f
O = k -y Rl < R=0
If h=0 , then ™ : Rl - R admits a cross-secticn so that hl induces

£f i1 8/7 - Rl .If h£0 , then hy 8/MJ » R, is surjective and hence by

1
induces f : S/J' = Rl by the definiton of the ideal J' ., Therefore in either

cases we obtain a commutative diagram

s/J" £
1
ki ﬂl
R

Since a is versal for small prolongations of e , it follows from

1.6 that we obtain a commutative diagram
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Let P: Ao 9./\ be a cofibered category {(in groupoids), It is then clear
that we obtain a cofibered category pro(P) : pr‘o(ﬁ) - pro(g/\) (in groupoids)

(pour la définition de la catégorie de pro-objets pro(4) , voir A, Grothendieck,
Sém. Bourbaki 195),

A~ prof(4)
P pro(P)

C ———————>
o pm(g/\>

A
Now let 'C-/\ be the full subcategory of pro—gf\ in which
~
ob(_c_/\) = {(Ri)i@I R Ri € ob(g/\)| ¢ ¢ Ri "Ri-l is surjective for all i and

. . 2 2 . . .
induces isomorphisms g_n_i/Ln_A—:-Qi > @-i-l/ﬁ/\tnli-l for all sufficiently large 1 }

where N stands for the ordered category of natural numbers, and m, is the

maximal ideal of Ri . We set g to be the full subcategory of pro-A in which

o Fal
ob(A) = {a € oblprolh))| pro(P) (a) € ob(C,)}

A P
We then obtain a cofibered category /l; : A QA {in groupoids) with a commutative

diagram

s
R e —
QY & |5
b

G e >
—
A N
We note that the category QI\ is canonically equivalent to the category of complete

local A-algebras of formally finite type over A with the fixed residue field k .

Henceforth we shall make such identification.

Definition 1.9, Let A be a cofibered groupoid over g/\ . An object & in

~
A is called a quasi-initial object of /é. if for every object a in g there

exists a wap g »a in 3 . A quasi-initial object € of :11_ is called minimal
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if the morphism g : hp - [/13_] induces a bijection

N
g(k[el): HomA_alg(R,k[g]) - [A(x[e])] ., where R = P(g) . An object & in A is
called a versal formal object of A if every surjective map q : a' »a in A

induces a surjective map Homﬁ(g,a') - Homﬁ(g,a) .

N
A versal formal object & of A is called minimel if the morphism § : hp - [A]

induces a bijection &(k[e]) : (R,x[e]) » [A(k[e])] where R = p(e) .

A= alg

Proposition 1.10. ILet A be a cofibered groupoid over g/\ .

(1) every (minimally) versal formal object of A is a guasi-initial (minimal)

gbject of g .

(ii) If & is an object in A such that E(k[e]): HomA_alg(R,k[Q])» [A(x[e1)]

N
is injective, where P(g) = R , then every endomorphism of £ in A 1is an auto-

Fad
morphism, In particular a quasi-initial minimal object of A , if it exists, is

unique up to (non-canonical) isomorphism.

Proof: (i) 1let E be a versal formal object of A . We must show that, for any

object a in ﬁ » we have a map £ -»a , By the definition of E , Tthere
(Ln o
exists a sequence of surjective maps in A : --- > a, e an-l > ——— al —_— ao

such that a = 1lim a, - Assume that there exists maps ¢ ¢ g - ay such that

oy

Q¢ = @51 for all i <n , Since €& 1is a versal formal object of A and

oy : an - an—l is surjective in A , we obtain a map § —(pl—) an such that
0B, = Gy . If we set =¥§n<pn , we have ¢ : § »a .
(ii) TLet &g —&s g be a map in A . Then for every ) € Hom (R,k[e]) we

N-alg
have A,E = A0 = ()\-P(a))*g and hence by the hypothesis on & we have that

A = AP(g) for all ) € Hom (R,k[e]) . and therefore P(g) : R =+ R 1is sur-

A-alg
Jective, However it is trivial to see that every surjective endomorphism of a
noetherian ring is always an automorphism and hence P(q) is an automorphism

of R and therefore o is an automorphism of & .,

Thzorem 1.11, (Schlessinger) Let A be a cofibered groupoid over g/\ . Then A
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admits a minimally-versal formal object if and only if

(1) A is semi-homogeneous

(11) [A(x[e))] is a finite-dimensional vector space over k (cf. 1.3(c)).

AS
Proof; (Necessity) Let £ in A be a minimally-versal formal object of A ,

and consider a diagram

1 Eo
\ ﬁ
a’

in A where ¢ is surjective, Since g 1is a quasi-initial object of E , there

exisls a map & = al . Since g is surjective, the compcsit map & - a, = a

1

can be 1ifted to a i,e,, we obtain a commutative diagram

a{/ g\ae
N\ /A

which proves the condition 1,2(1). We now prove the condition 1,2{(2), Let

be the projections,

and let
a' b'
ONa/B
be ﬁl-maps in A , By the definition of g , we obtain a commutative diagram
g
v \"
a' b'
N |/3
a
and in particular we have nl-P(u) = ﬂl~P(v) . Assume now that

(ﬂ2 *a’ A (ﬂ2>%b' . We then have ne-P(u) = ﬂE'P(V) because of the minimality of
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g , and hence P{u) = an(u)x nzP(u) = ﬂ1P<V>X ﬁ2P<V> = P(v) .
Since A 1is a cofibered groupoid, we obtain a unique isomorphism a' b in
A(Sxk[¢]) such that ogu=v ., Then Bou = gqu entails that Bo= o since A
is a cofibered category,

(Sufficiency) Let C13Chsaansly be objects in A(k[¢]) which form a
k-basis of the vector space [A(k[e¢])] ., and choose a; in é(k[g]ﬁ...ék[e])

such that (ﬂj>*al ~c; . Then B(klel) - Hom (Ry,¥[e]) » [A(K[])] is bi-

-alg

Jective, where R1 = P(al) . In particular a1 =+ & is versal for small prolonga-

tions of e ., Choose ag =2y which is versal for small prolongations of a

such that § =0 is bijective, We then choose a, = a

ay ey 3 2

prolongations of a, such that 6; - 5; , is bijective ete,, and set
3 2

£ = %ig a . We claim that & is a minimally-versal formal object of A& ., Indeed,
n

1

s versal for small

since 5; - ﬁé is bijective for all n , ﬁg - 5; is bijective so that
“n n=-1 1

g(k[e]): HomA_alg(R,k[e] -» [A(k[e])] 1is bijective, Now consider a diagram

1

e
=

g

1

where ¢ 1is surjective in A ., We must show that h can be lifted to a . For

this, one may assume, by induction, that a' is a small prolongation of a .,
Since P(a) 1is an artinian ring, h : € » a 1is factored as a composit map

g > aq —> a for some ¢ . Since A is semi-homogeneous, we get a diagranm

a" a ki

l !
a
q
1

where is also a small prolongation., We then obtain a commutative diagram

a/////////a

g+l 7

a

p&—p

I’

g —

¥

a

e 0

g —>

5]

ft
q
and therefore we are done,

Remark 1,12, Let
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4 ay

— R a a a_ =¢€
Ya, ] T e TV 8y,
be an infinite sequences of arrows in A sucn that

ay is versal for small prolongations of a,

i-1
P(ai) —3 P(ai—l) is surjective
58 —a is bijective for 1 >> 0
&y %41

Then the above proof shows that Lim ai is a versal formal object of A

.

Remark 1.13. Let A be a cofibered groupoid over QA . If A has the property
1.11(i) and (ii), then so does [A] , and € ¢ ob@) is a minimally-versal formal

object of A if and only if it is so for [A] by 1.10(ii).

Remark 1.14, Let A be a cofibered groupoid over _Q/\ , admitting a minimally-
versal formal object £ ., Then an invariant of R = P(g} , which is a complete
local Aa-algebra of formally finite type over A , is automatically an invariant

e

of A over (

g - Therefore, for example, we shall say that A is (formally)

smooth over g/\ if R is (formally) smooth over A i.e., a formal power-series
algebra over A , or we say that A 1is irreducible over g/\ if Spec(R) is
irreducible etc. In the next section we introduce the notion of "smoothness" of

a functor A =+ B over 9—!\ s where A, B are cofibered categories in groupoids

over g/\ . It turns out (cf, 2.4) that "A is (formally) smooth over g/\” is

equivalent to " P : A = Q_A is a smooth functor" , and therefore no confusion

arises, We also define the dimension of A over g/\ by dimC A=dimkgR .,
A A

For this we note the following fact: Let C be the category of artinian local

._k
k-algebras with the same residue field %k , Then Qk - Q/\ is a fully-faithful

imbedding, whose (left) adjoint functor g/\ - 9}: is given by R kX ®R
A

- £ . s . . O
59}{ be the pull-back of P : A - N under Qx > —C-A . Then it is trivial to see

. Let

that if g 1is a minimally-versal formal object for A over 9/\ , then k ® g

A
is a minimally-versal formal object for ﬁ g—k over Qk s where E = kf 2 is a

cocartesian arrow above R -k ® R , It follows that dim, A = dim (AlC ) .
A - Gy —i=x
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1.15., In the remaining of this paragraph, we biefly explain how to modify the

preceeding theory in order to allow for residue field extensions,

Let A and K be complete nostherian local rings, with X a aA-algebra,
We assume that
(a) the natural map from A to K is a local homomorphism;
(b} the residue fleld XK' of K is an extension of finite type of the residue

field k of A .

The most interesting case is when K = XK' and ¥ is a finite inseparable
extension of k .

X the category whose objects are the complete nosthe-

rian local rings R , provided with a structure of a-algebra and with a A-epi-~

We denote by C°
As

morphism s : R—3 K ,

We denote by CA the subecategory of CX consisting of the (R, s) such that
4 2

K

Ker(s) is a R-module of finite length, The category CX K can be identified with
]

K

a full subecategory of Pro(CA K} .

If K is artinian, so is any object in C

AsK

For any finite dimensional vector space V over K' we denote by
DV(K) the algebra of dual numbers over K defined by V ; its elements are of
the form k + v e {with k¢ K , v¢ V and 62 =0
k+ve) (kK +v ¢)=(kk')+ (kv +k'"v)e ). The map s : D,(K) » K

sk + ve) =k , turns DV(K) into an object of C . The role played before

MK
by k[e] will be played here by DKg(K) .
As explained in 1,8, any cofibered groupoid A over CA K extends in
2
a natural way to a cofibered category A" over CR - Amap in A or & will
3 3

be called surjective 1if the corresponding homomorphism of algebras in CA x

or in CA,K is,
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We assume that A(X) = {e} .

Definition 1,16, A cofibered groupoid A over CA X is called semi-homogeneous
2

if the following properties hold:

(1) every diagram

"ocem !

L

of solid arrows in A , where a'! —> a is surjective, can be completed into

VIS,

[

a commutative diagram including dotted arrows;

(II) For any R , the natural map
[A(Rx, Dyt (K))] » [AR) x A (0 (K))] = [AR)] x [A(D, (X))

is bijective.

If A 1is semi-homogeneous, so is [A] .

1.17. Let us first consider the restriction of A to the full subcategory of
C/\,K whose objects are the DV(K) . Iet O be the vector space QlK/Agk ',
and d : K= the derivative, A map f : DV(K) - DW(K) can be written:

f(k +ve) =%+ (ulv) + D4 k)

with u ¢ HomK,(v, W) and D ¢ HomK,(Q, W) . If we identify £ with (u, D) ,
the composition law is

{(u, D) e (W', D) = (', D+ud) .

The condition (II) entails
{IT') +the functor from X'-vector spaces to sets

V> [A(D,(K))]

commutes with products.

Lemma 1,18, Assume condition (IT') is satisfied by A , Then

46



- 16 - Vi

(1) [ﬁ(DK:(K))] carries a unigque vector space structuyre, such that

[_{\_(DV(K))] -y ®K,[§_(DK,(K))] as a functor in V .

(2) There is a linear map Y : Hom({},K') = [A(DKI(K})] such that, for any

D € Hom(Q, K') ,

[A(G, D)) = [A@(®))] » [AD ()] is x > x+ v(D) .

(3) For any (u, D) : DV(K) —_— DW(K) , ‘the map
(u, D) : [ADL(K))] » [A(D,(K))] 1.,
(u, D) = V& LA, (k)] > w® [AD,, (k)] is

x —> ulx) + v(D) .

Let us introduce the notations
(A, (x))]

P(K")

F(V)

I

A

]

F(u,D) : F(V) = F{(W) = the map induced by (u,D} : DV(K) - DW(K)

(D) : F(V) »F(V) : F(D) =F(Q, D) .

By (IT') and the fact that XK' 1is a K'-vector space object in the category of
K'~vector spaces, F(X') is a K'-vector space in (Ens), hence a K'-vector space,

and {1) is clear. Let us now identify F(V) and V& A |,

We deduce from the identity
(us D) = (1, D) o (u, 0) that

F(u, D) = F(D) » (u®1,) .
The functoriality of F amounts to

F(0) = 1d
F(D) o F(D') = F(D + D")

(u®1) o F(D)

il

FluD) o (u® 1A)

For any D :Q=2V andany n €N , if i and p are the maps

i; V&> var'h p: Ve KT —sx
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then p i D=0 and the following diagramm is commutative

VA ——————> (VoK) A —— > x'"® 3
F(D) F(i,D) ”
V®A —————> (VoK) ® A — >k

et x: K 2V bea map, X, = x(ei) , and let ai be a family of elements

of A ., We have (lv+x)oioD=D . Hence, if

F(1 D) (& e, ai)

]

Zeiai+a {(a € V®H) , then

#

F(D) (T x4 ai) by X, 8, +a

and a does not depend on the X Hence,

F(D) (v)

G(D +D") = a(®) +ad")

i

vy + G(D) , with

u G(D)

i

F{u D) (for any u : V=2W) |,

One easily checks that any such G is defined, for some vy €0 ® A , by the
formula
a(D) =D®1A vy

as promised in (2) (3).

Definition 1.19, (1) An object § in A is called versal formal object if

every surjective map @ : a' —> a in A induces a surjective map

Homa (§, 2') —> Hom. (§, a) .
A A

~

(2) A formal versal object & in A , with image (R, s) in C/A\K s is
£

-3
called minimal if for any two maps ¢, , ¢, : R~ DK,(K) , if g:l(g) is iso-

morphic to <p2(E:) » then there exists a derivation D of K into K' such that

(11 D) (‘F’l) = ‘92 E] ioe. QDE"'({)E =D g -

Theorem 1,20, If A is semi-homogeneous and if

atmg, ([ADL ())<=

then A admits & minimally versal formal object, and any two of them are
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isomorphic,

With the notations of 1,18, let H* be a subspace of [A(D., (X))]
supplementary to the image of Yy , and let H be the dual of H¥ |, We define
R, =Dy(K) . Let E_ De an object in A(R ) , whose image in
[A(Ro)] Zue [A(DK,(K))] ad Hom(H*,[_/:\_(DK,(K))]) i the inclusion of H¥* in

[A(DL (K))] . Then

(1) The maps Hom,, (DH(K), DV(K>)

> [A(D. (K))] are surjective .
— "V
N K

(2) The minimality condition 1.19(2) is valid for (RO, §O) .

Choose now some S € C’/‘\ K 7 formally smooth over A , and an epimorphism
E

1S e RO such that
t ~~ 1
ORO//\®K ——-————->OS/A®K .

If M is the maximal ideal of 8 , we inductively define, for n 21 ,
R =8/I and § € Ob(A(R)) by the properties that
(a) In+l is the intersection of the ideals I : InM crcr . such that §

extends to an object & in A(S/I)

(b) €

.
is an extension of & .,
n+l n

If R =1im R and & = lim § , then one checks that (R, &) is
. n . n

a minimally-versal formal object, and the only one up to isomorphism,

2. Prorepresentable cofibered groupoids.

Let A be a cofibered groupoid over —Q/\ , admitting a minimally-versal

formal object & ., In general we can not recover A (up to E\—equivalenoe) out

of & alone,.One has to know when two maps R —~f—-) 3 yield a C,-isomorphism
= e

E(f) —> 8(g) , where R = P(E) , As an application of 1,11 and 1,12 we now

consider the guestion of 'recovering A " up to ¢

_A—equivalence. Indeed, we
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shall have a quite satisfactory answer applicable to a wide class of cofibered

groupoids,

A number of cofibered groupcoids which usually occur in practice enjoy
a slightly stronger property than those of semi-homogeneous ones, as it will be
defined explicitly in 2.5. To investigate them it is convenient to rephrase what
we have done so far in terms of "smooth functors" . All the notations and termi-

nologies in the previous section remain in force throughout in this section.

Definition 2.,1. Let ¢ : A—>3B a t £ ibered upgids over _QA
We say that ¢ is smooth if every surjective map B : b' —> ¢(a) in B can

be_completed to a commutative diagram

oa’) > b
(%) B
#(a)
EY

for some « : a' >a in A . We say that ¢ is minimally smooth if it is
smooth and ¢(k[c]) : [Ak[e )] ——= [BkleD] is bijective.
Remark 2,2(a) Let @ : A——>3B be a functor of cofibered groupoids over Cp -
We note that " ¢ is smooth" ® "every surjective map B : b' —> @(a) in B

can be completed into a commutative diagram (x) such that ¢f(a') > b' is a

g/\-isomorphism" ® "every small prolongation B : b' —> ¢(a) in B can be

completed into a commutative diagram (x) ".

Remark 2.2(b) For any cofibered groupoid A over Cn 5 the matural functor

A —> Eﬁ] is minimally smooth.

~

Remark 2,2(c) For each object R in Cp - we set hR 1 Gy —> {Ens) to be the

funetor defined by hR(S) = Hom/\-alg(R’ S) for all 8 in QA . It associates

a cofibered discrete groupoid Eq over Q;\ , and amap R—> 8 in g/\
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induces a functor ES —> ER of cofibered groupoids. The functor gs —_— %

induced by a map R ——> 8 in E/\ is smooth if and only if S is a formal

power-series ring over R .,

Remark 2,2(d) Given an object R in C5 » let us denote by (R, g',\) the cate-

gory of arrows in 9/\ with the source R and a target in Q\ . Let A bea

cofibered groupoid over Cp - Given Ecob A with P(§) =R , let

A' > (R, _QA) be the pull-back of A —> C, under the canonical functor

(R, ¢,) —> ¢, and choose a section 5# such that 5#(1 ) = & . (This simply
A N R
means that we choose, for each map R L o , a f-map & ——> E(f) ), We then

> A over C, by sitting (R L 8) —> E(f) .

obtain a functor 5# : QR

Of course this functor does not depend on the choice of g# up to natural equi-

valence of functors, Now " g# : by —> A is (minimally) smooth" means that
every surjective map a' & > B(f) in A can be completed into a commutative
diagram
g(c") > a'
a
g()

E(f)

(and Eﬁ{k[éﬂ) — g(k{e]) is bijective), which means precisely that § is

a (minimally) versal formal object of A over c, . Thus we conclude that the
existence of a {(minimally) versal formal object of A is equivalent to the
existence of a (minimally) smooth functor -2‘% > A over QA for some

R € ob@/\) .

The following general properties on smoothness are trivial to verify,

Proposition 2.3, Let A £ - B 2 > C  be functors of cofibered

groupoids over g/\ .

(a) If ¢, ¥ are both smooth, then so is V.0 .

{v) If Y.¢ is smooth and ¢ is surjective on isomorphism classes of objects,
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then § is smooth.

Remark 2.4, Tet A Dbe a cofibered groupoids over , admitting a versal formal

~
=\
object & , This means, by 2.2(d), that ¥ : l_qR = A is smooth, where R = P(§) .

Therefore we have, " A is (formally) smooth over _(ZA (c.f, 1.13) i,e., R is a

formal power-series algebra over A " ® "the composite functor

by E!}_ EQA (= E/\) is smooth” ® " 4 5 g, isa smooth functor" by 2.3(b).

We now consider a stronger property than being semi-homogeneous.,

Definition 2.5. Let A Dbe a cofibered groupcid over C, . It is called homo-

geneous if every diagram

aV
a
where a' -+ a is surjective admits a fibre-product a' X b' in A such that

a

Pla' xp') = Pla") xp(v') .
P(a)

b' >

Remark 2,6(a) Let A be a cofibered groupoid over ¢,  and consider a diagram

R, KR
o lR 2
) / N in A above the di 1:/ \ﬂ%R
al\ '/a2 in A above the diagram 1 5
& /
R
in 91/\ where ﬂi are the projections, If a fibre-product ay X a, exists in A
a
we obtain a unique map ¢ : a' = al X a2 compatible with the projections. If
a
Pla, X a,) =R, XR, , then P{¢) is the identity map on R, X B, and therefore
1 a 2 1 R 2 1 R 2
¢ is a QA-isomorphism ie,, a' = a1 X a2 . In other words, if A is a homo~
a
geneous cofibered groupoid over E}-/\ , every diagram (¥*) defines a fibre-product

a; X N provided Rl 2 R is surjective in Cn - This fact entails immediately
a
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that a homogeneous cofibered groupoid is, a fortiori, semi-homogenheous,

Remark 2.6(b) Consider a diagram

N

Z

of categories and functors, The ordinary fibre-product X X Y is a category in
which an object is a pair (x,y) such that ¢(x) = {(y) % and a map
(x,7) » (x', ¥') consists of a pair o : x2x' , 8 : vy 2y' such that

¢(a) = U(B) . The fibre-product X 2 Y in the sense of 2-categories is a cate-
gory in which an object is a triple (x,y; Y) , where «(x) X ¥(y) is an isomor-

phism, and a map (x,y; v) # (x',¥y'; v') consists of a pair x 'y 8 y'

with a commutative diagram

aP (@) > ¢(x")
Y l v!
Y (y) E) > Y (y')

One can rephrase the notions of (semi)homogeneous cofibered groupoid or
smooth functor in terms of fibre-product of categories (in the sense of 2-cate-

gory), Now let P : é.* be a cofibered category, and consider an object

Ca

. . . . N
Ry § R, in C, . If we choose a direct image functor (ﬂi)*. AﬁRl é R2) é(Ri) s

where ﬂi : Rl X R2 - Ri is the projection for 1 = 1,2, we obtain a funector
R

*ﬂ%>%$R
AR

that this funector, up to canonical natural equivalence, does not depend on the

AR, XR

1 2) . It is clear from the definition of cofibered category
R

2)

choice of direct image functors. It is now clear from the definition that a cofibe-

red groupoid é. over QA is homogeneous over QA if and only if

2
A(R. X R.) = A(R.) X A(R.) is an equivalence of categories whenever R. = R is
-1l 5°2 -1 2 1
R A(R)
surjective in QA s and A is semi-homogeneous if and only if
2
[AR X R.)] —————> [A(R,) x AR,)])
- R 2 - 1A(R>— 2
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is surjective whenever Rl ——> R is surjective in g/\ , and is bijective when-
ever R =k and Rl = k[e] . Now let ¢ : A =B be a functor of cofibered
groupoids over gf\ . For each map R' ® R in g , & induces a functor

A(R") = A(R) ?( B(R') uniquely determined up to a {canonical) natural equivalence,
It is again %I(’Ii{vial to see that ¢ is smooth if and only if the functor

2
A(R') » A(R) X B(R') 1is surjective on isomorphism classes of objects, whenever
B(R

R' » R is surjective,

Remark 2,6(c), If A is a homogeneous cofibered groupoid over -C-;\ , the functor
a(x[v x wl) = AIVI)x A(x(w]) is an equivalence of categories for any
finite-dimensional vector spaces V, W over k (We recall our convention

A(k) = {e} ). In particular, we have

Aty ) Gar) ¥ A0t (o v)) ) X8 ) ()

where Zl_V is the direct image of e under the unique map k = k[V] in _QA .
It follows that if A is homogeneous over g/\ . Aut(le) as well as [A(x[el)]
are canonically provided with vector space structures over k .

A

Remark 2,6(d)., For any object R in _QA , the cofibered (discrete) groupoid

gﬁ over C A is homogeneous,

If A 1is semi~homogeneous, then so is [1_3._] . However, the homogeneity

of A does not imply in general the homogeneity of [Aj . Indeed we have

Proposition 2,7. Iet A Dbe a homogeneous cofibered groupoid over 9/\ . The

following statements are equivalent,

(1) [_ﬁ:] is homogeneous i,e. [_A_(R' X 8)] — [é{R’)] X [_A_(S)] is bijective
R (am)]

for every small extension R' = R .

(ii) For every small prolongation a' »a in A , the map

AutA(R,)(a‘) — AutA(R)(a)
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ig surjective, where R' = P(a') , R = Pla) .

Proof, (i) = (ii) Let R' £ >R bea small extension in g\ and let a' = a
be a f~map in A , Given T € Aut (a) , we consider a'Xa' and a X al
- E(IU a T
where a:r —> a denotes the composite map a' —>a T a ., Since
[AR' x R")] ——=[AR")] x [AR")) is bijective, we conclude the existence
R fa(®)]
of an isomorphism a'Xa'—= a'x a,'r , and u induces, via the projection on
a a

1
the second factor, an isomorphism a' L5 4! which is a lifting of T .

(i1) = (1) Iet af (i=1,2) be objects in f}_(R'I){( 8) which have the

same imege under [A(R'X 8)]1 = [A(R')] x [A(S)) . We then obtain a diagram
R - Taml ™

of solid arrows

a
2
P
1
]
i
a" R'XS
/ ' v ™
al \b 1 ;lb above R' S
2 / 2 \/
\ .
"'r'
&

where T ; al - a2 is the induced isomorphism from T so that the square box on
the lower right corner is commutative. If the condition (ii) is verified, one can

always replace the given isomorphism a. Y. so that the square box on the left

1 2
corner is also commutative. Since ag = ai X bi for i=1, 2 by 2.6{a), we
8y
obtain the isomorphism az 4 ag . This proves that

[AR'x 8)] —> fa@®")] x ][3(8)] is injective, and hence is bijective since A
R A(R)

is homogeneous by hypothesis,

Now let A be a homogeneous cofibered groupoid over 9—/\ , and let
£

R' —> R be a small extension in _C_/\ . We have a canonical map
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T R‘ﬁ R' ——> k[Ker £] given by (ri R ré) — ri(o) + (r:‘L - ré) , and
1>g:R'§<R'-—-> R'gk[l(er £] is an isomorphism, Given any itwo f-maps a; »a (i=1,2)
in 4 , al X a2 is an object over R'X R' and in turn we may consider

a R

T(ass a,) = (F)ula, X a,) which is an object in A(k[Ker £]) . Since
1’ %2 13 % =

1 XF R'g R' ——> R'é k[Ker £] is an isomorphism, we have the isomorphism

a:L X a2 = alX T(al, ae) compatible with the projections on the first factor,
a

The statement 1,5(2) takes a more definite form for a homogeneous groupoid,

Lemma 2,8, Let A be a homogeneous cofibered groupoid over ¢

A , and

a, ——>a (1=1,2) f-mapsin A . Then

(1) There exists p : a;, ?a, in A with a,-p =0 if and only if

there exists an arrow ay 2 T(al, ae) in A .

(2) There exists p : a, =*a, with ayvp =0

1 N such that P(p) = idp,

1
if and only if T(a;, a,) = 0 in [A(k[ker £1)] .

Proof: We prove both at the same time., There exists p : a *a, in A with

1 2
o= _ g " . . .
Gye P o= 0y (such that P(p) 1dR,) there exists h : a;= aléf a, in A
with pr, o h = ida (such that P(h) = diagonal map) ®© there exlsts
1

g :a 2a X 'r(al, ag) in A with pr

1 o g = ld‘a (such that

1

Plg) : R' » R'X k[KRer £ is given by r' = {r', r'(0)) @ there exists an arrow
k

1

Yia” T(al, ag} in A (such that P(y) : R' = k[Xer £ is given by

r' = r'(0)) . However, there exists an arrow Y : a., = T(al, a2} in A such

1
that P(y) : R" » k[Ker f] is factored through R' = k = k[Ker f] if and only

if T(al, ag) =0 .

Proposition 2,9, (a) Let g_—*(‘g—> B —ﬂ—> C Dbe functors of cofibered groupoids

over -Q/\ . Assume that
(i) B is semi-homogeneous and C is homogeneous

(11) 4(xe)) : [BGLeD)] —— [c(lel)] is injective.

Then the composite functor ¢ o ¢ is smooth if and only if ¢ and § are both
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smooth.
(b) Let ¢ : A—>B be a smooth functor of cofibered groupoids over
g/\ . If A is semi-homogeneous and B 1is homogeneous, then ¢ : A= B is

~

smooth (i.e., for any surjective map b' —E pla) in B , there exists

~ ~

o:a' 2a in A anda C,-isomorphism p : @la') =—>b' such that B-p = ¢(a)).

Proof: (a) Assume that the composite functor 1V o ¢ is smooth, If ¢ is smooth,
then so is ¥ by 2.3(b), and therefore it suffices to show that ¢ is smooth. Let
a small prolongation b' £ ¢(a) in B be given., Since the composite functor
© o ¥ 1is smooth, there exists an arrow a' L a in A and a QA-isomorphism

p: ¥ (') —> ¥ (a') with a commutative diagram

¥(p") e > 4 ¢(a')
AN

™,

Y(B) ¥ ela)
¥ ola)

Since B is semi-homogeneous, we can choose a commutative diagram

b R'X R'
/ \ / R \
b’ wla") above R' R'
B /V—(OL) \ /
¢(a) R

where R =P(a) , R' = P(b') = P(a') . Since ( is homogeneous,

Y(p") = (") x Ygla') by 2.6{(a), and it follows from 2,8(2) that
b e(a)

0 =14 a'), 1)) = (F) (") , and hence (F),(b") = O be the hypothesis (ii).
It follows from 1,5(2) that there exists a map Y : b' —> @(a') such that
B = la)y .

(b) Let a surjective map B : b' = ¢(a) in é be given, This means that

we are given a sequence of commutative diagrams
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' BE' t Bl ' '
______ > b3 > bE > bl
Bj 52 Bl
...... S, 4 SN, §) PUS————) 4
7 lay) ¥ elay) '

. ' P . s
in B , where av 5 Bv y Bv are surjective for all v , such that B = li,m BV

To show that ¢ dis smooth, it suffices to prove that a commutative diagram below

of solid arrows in which CLn s Bn s Bn+l s Bl"l are surjective can be completed into a

commutative diagram including dotted arrows,

R 90(_) ______________________ fal
Plagyg) oo B > g(a)
N [ /

STy B -
\\ n+l n
e( ) N ola))
\\ Bn+l 81’1
A
26 ¥ ) @)
la > ©la
n+i (p(an) n

Now A 1is, by hypotheses, semi-homogeneous and OLn : ar'1 x4 an is surjective, and

therefore there exists a commutative diagram

a' R .XR!

. . n-+1. T
/ \I /P‘n \
a a'

in A over R R;x in

n+l\ / n
3 !
“n *n n \'R

w3
+
pd
) I\\
y'b
-

The hypothesis that B 1is homogeneous entails that

ela')
oY) w‘)
ola ) wlal)
o N / o
" (a) "
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is a diagram of a fibre-product in B , and therefore we obtain a unigque map

6 . t - 1 . B -t . . . . , 1
bn+l o(a') in B with an appropriate commutativity. Since Bm-l Bn
are both surjective, so is & and therefore, since ¢ is smooth, there exists
a' -—a—‘> a' in A and a C,-isomorphism ¢{(a' ) 5 B! such that
- A n+l’ ~ n+l

8+ p=¢(a') , We then obtain the commutative diagram

(P(ar,wl) ely'-a’) > ‘P(ar‘l)

NS P

1 1
o(y-a') Pri1 > by ola')

n

> ¢(a )

Corollary 2,10, f{(a) let ¢ : A= B be a smooth functor of cofibered groupoids

over C. . Let £ be a versal formal object of A , and 7 a minimally-versal

formal object of B . If B is homogeneous, then for any map B :m=@(8) in

é ., P(E) ds a formal power-series ring over P(n} through
P(B) : P(m) =+ P{e(8)) = P(B) .

(v) Let A be a homogeneous cofibered groupoid over C, - and let

g€ , n be versal formal objects of A . If M is minimal, Then for any map

a:m=28& in A , P(§) is a formel power-series ring over P(n) through

Pla)y : P{m) » P(8) .

Proof: (a) A map B : N= ¢(§) induces a commutative diagram

B

” Bp(n)

Bpg)
(| a
A

o

Since & , ¢ are smooth, T+B = ¢& is smooth., On the other hand,
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ﬁ(ki 6]) : hP(’ﬂ

by 2,9(a), which means that P(§) is a formal power-series ring over P(1) .

)(kfej) -» [g(kﬂd)] is an isomorphism and therefore ¥ is smooth

(b) follows from (a) by setting A =3B .

Pinally we consider the question of "representability” of a cofibered
groupcid, Let C Dbe a fixed category. Each object R in C defines a functor
hR : C =+ (Ens) given by hR(S) = HomC(R,S) , and in turn we obtain a functor
h: EO - Hom(C, (Ens)) which is fullyjfaithful. A Vcocartegory in ¢ " is a

diagram

By

with sive = identity for 1 = 1,2

052 1

{where th ﬁRO th = (th)Sl ﬁR (hR })) such that

(i) ¢ is associative and is compatible with s, for i= 1,2

e S et Y
are both

identities.

N

If (RO, Rl’ Sl’ s €, ¢) 1is a cocategory in C , then for an object

2)

8 in C , we can define a category h(R R >(S) by setting
O’ 1 - oo

>(S) = Homg(Ro, 5) ,and Flh

ob h( )(s) = Hom (R 3) in

R, R (R

OJ l’ LR ] OJ l! L Y
which the composition rule of arrows is given by ¢ : hR éR hR - hR . Then

h : C = (categories) is a functor and in turn defines a cofibered
(RO: Rl,..o) b
category E(R R ) over C , For instance, any object R in C defines
OJ 1}.-‘

a discrete cocategory %3 = by setting Sl’ 52, €, ¢ 1o

Tsd)

—'(R: R, Sl, 52: €, C)

be all equal to the identity map. A homomorphism (R., R ,...) = (R.', R

o 71 1
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of cocategories in C 1is a pair of maps hR - hH' » hR g hR' in € such that
0 ¢ 1 1

the induced map

" (®,, Rp,...)® *ER, R y(8)

is a functor for every object S in £ . For instance, each cocategory

(RO, Rl""') is provided with a homomorphism € : hy
O 1, LN}

categories, A cogroupoid in C is by definition a cocategory (RO, Rl"“) in

»E(Ro’ R ) of co-

C such that h (8) is a groupoid for every object 8§ in C , In
- {RO: Rlﬁnoc) -

other words, a cogroupoid in C 1is a cocategory {BO, Rl"“) in C such that

E(R R ) is a cofibered category in groupoids over C .,
o) l).'!

In practice, a cocategory or cogroupoid occur in a following fashion:
Let P : F =C be a cofibered category, and let € be a fixed object in F .
Set Ry = P{(§) and let (RO, C} Dbe the category of arrows in C with the source
Ry . Let P: F' 2 (R,, C) be the pull-back of F under the canonical functor
(RO, C)} » ¢ , and choose a cocartesian section §# of E' over (RO, C) such

&
that E”(idﬂ ) = & ., (This simply means that we choose, for each arrow RO 55
0

in C , a cocartesian f-map § - ET(£) ). Define the functor

Homg# : (RO.LLRO, C) - (Ens) given by

# #
X (fl, f2) Horriw)(g (fl), g (fg)) where
3 = the target of £, ( = the target of f2 ). We note that this functor does not

depend on the choice of §# up to (canonical) natural eguivalence. Henceforth,

by abuse of notation, we shall simply write & for ?,# . If this functor is re-
s

presentable by an object XO = (RO L Rl) in (RO Ry £) i.e. if there
3
2

exists RO~map © - §(sl) - %(sg) in F such that the induced map

g - Hom(Rou R, c) (X, X) = Homg(X) is bijective for all X in (ROJ_L R () I

then the object X_. defines a cocategory (R

o Rl,...) in C in a natural way.

o:

Indeed, a triple of arrows
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u
____—)
v
__.ﬁ
RO S
w
in C defines a composition

Horrﬁ(s)(g(v), g(w)) x HomE(S)(g(u), E(v)) —aHomE(S)(@(u): g(w))

and in turn yields the composition rule
(s} (s} » (8)
th éﬁo(s) th th

depending functorially on S . Consequently the functor Homg defines the
cocategory (Ro, Rl,...) in C and in turn defines a cofibered category

h

—-(R ) in 9_ . By definition, ob p_(

= 11l Hom (R., 8)
o Rpsees) s &0
1

(disjoint union for 8 € ob(C) ), and an arrow (RO 5 3 = (RO L s') is a

o Rpoees R

I U
pair S = 8" and R1->S' in C such that u-s; =h.f and u-32=f’ , and

the structural functor P ) 2 C is given by (RO 5 3) >3

FRR R
Now the pair (&, ¢) defines the functor

(8, ¢} + h

by )"E over C by

s R

0 11-..

®, 58 — ()

h
[(RO 5 8) M}—> (RO = 5')] #=——> the composit map E{(f) —%—%> E(hf) E—&)—> g(h)

We note that, for each object 8 in C , the functor

(8,¢)(8) R R )(s) - F(8) is fully-faithful by virtue of the definition
O) 11...

of (RO Il Rl) coming from the representability of the functor Homg . Consequent-

ly the functor ) + h
v (g (}J) ’“(RO:RI: ox e
is a quasi-initial object of F over C i.e,, for every object a in F there

) 2> F is an _C_-equivalence if and only if g
exists a cocartesian arrow § =2 a |, Instead of this functor Homg one may also

consider the functor

Isomg : (ROJ_L RO, ¢) - (Ens)
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. R S A
given by X (fl,fa)i— Isoniis)(g(fl),g(fe)} where S is the target of f

1
( = the target of f2 }. If this functor is representable by an object (RO 3 Rl)
in (ROLL RO, C) , then it defines a cogroupoid (RO’RI"“) in C ‘together
with the functor (§,¢) : h - F , which is, when F is a cofibered
—'(RO,Rl,...) - -

groupoid, a C-equivalence if and only if & is a quasi-initial object of F over

c .

Definition and proposition 2.11. A cogroupoid (R ,Rl,...) in g/\ ig called

smooth if any one of the following equivalent conditions holds:

(i) Rl iz a formal power-geries ring over RO via s

i, : > . ‘
(i1) € b'RQ E(Ro’Rl"") is smooth over C, .

A minimally smooth cogroupoid or a normalized smooth cogroupoid in 2,\ is a smooth

(and s, )

1

cogroupoid <RO’Rl’ cea) in C, such that E(Ro’Rl’ .

>(k[€]) is totally discon~

nected i.e., Sl<k[€]) = 52(k£€1) .

Proof: ¢ gq -’E(R R ) is smooth over _g,\ & given any surjective map

O o 1’-0‘

___.@ﬂ_> (8, ) in E(R R )
O’ l!o..

to 8' together with an isomorphism (S',f")

(s',£") , there exists a lifting f" of f

1
—Q-M-> (s',f') ® given u € by (s)

1

and a lifting f' or sl(u) to 8' , there exists a lifting u' of u to &'

such that sl(u’) =f' , where 8' % S 1is an arbitrary surjective map in

© . -> 3
g_/\ Sl @Rl QRO is smooth over 9-/\ .

Proposition 2,12. Let (RO,Rl,...) be a cogroupoid in 9/\ R

{a) If (R..R,,...) 4is smooth, then h is homogeneous.
0’71 _(RO’R].’ e >

(p) If sl(kfel) = sg(k[e:]) , then the following statements are equivalent

(1) (RO’RZL"") is smooth

(i1) h is homogeneous
(RysRyseee)

(1i1)

Q(R R ) is_semi-homogeneous
O) 13 LR R
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(e) If E(R R ) is semi-homogeneous, then it is equivalent
-_ 0 l; s e —
o -11(8 g ) for some minimally smooth coeroupoid Sy .
O) 1}0..
Proof: (a) Consider a diagram
[l
(8),£,) (8,.1,)
(n,u) (1y0u,)
(s,f)
in E(R R ) where h2 : 82 —> 3 is surjective in g/\ . Sinee
O} l)-‘.
Sl : }_)_R —>QR is smooth by hypothesis, uil u, can be lifted to some
1 0 i

. Since hy, - sg(v) =h « f ,

1 71

v € h.R (82) such that sl(v) = f2
1

£ X s (v) € hR (8. X 8,) 1is defined and we obtain the commutative diagram
1% % o 1§72

(8) X 5,0 Ty X 5,(v))

-1
er/,jgw”’/’//’/ (v )
(8,,£,)

(hl’ul) (hz,uz)

We elaim that the above diagram defines a fibre-product (Sl’fl) x {3 ’f2> in
(8,f)

)y - Indeed, for any object (T, g) in Q( we have

h
(RO’Rl"" RO’Rl"")

Hom((T,g),(Slésg,lese(V)))={(hixhé,lew2)EhT(Slgsg)th (8,%8,) | sy (wy xw)=(n; X)) & »
1 s
5p (W Xip) =t Xep (V) = LlnjXhg,wy owy) € hy(S)X8,) X (8))xhg (Sp)[bywy = B,
1 1

o t — — . —
sp(w) =h) g, 500,) = h) g, sy(w) = £, s,(0y) = 5,(v)} =

t ' -1 -1 1
L(n)xn L ,my,) € hT(slgsg)Xth(sl}xle(sg)§ ul” w, By (v wy)=hy wy s s (n) = by &,
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sg(wl) fl’ s (v Ly )_ gg, s (v L ) f }—>{(h th,w EhT ésg)Xth(Sl)Xth(Sg)}

o _ 1 _ 1 . 1 1 _ —
Up Bp Wy = vy by s sy (wy) = hugs sy )= £y s () = hoes s, (ny) = f2} =

Hom((T, gJ), (8., £,) X Hom({T, g}, (8

Hom((T,g), (8,£))

17 1 e’ f2)) .

(b) It suffices to show (iii) = (i) . Since h is semi-homogeneous

=(R, Rl,...)
= di [ < i ini-
and dlm[h(R R “”>(k[€])] dim hp (el <=, -IE(R Reaiil) admits a mini
1 8] 0’1
mally versal formal object. On the other hand, (RO, 1R ) is a quasi-initial
0

NG
minimal object of since (x[e]) » [p, (x[eD] s
BR R 5en) =N GIE T

bijective, and therefore (Ro, IR } is a minimally versal formal object of

0
E(R Resll) by 1,10(ii), which means that ¢ : hy —> h(R ) is mini-
oL 0 By
mally smooth,
(e) TLet (8., §.) be a minimally versal formal object for h (1.11).
0 0 _(ROJRlJ cen )

For any object & : R. =T in E(

o )(T) , the functor Isom(§,£) from

RO’ 15.-.

C/\/T ®/\T to (sets) which to any R associates the sebs of iscmorvhisms beiwsen

g —

" v 4 . & . C I r —_ R i resent b3
the two images of £ on R : RO > 7 ; T ®/\T R, is represented by
R, ®‘R 5 R (T ﬁAT) . By a passage to 1limit, one get that Isom(E_, EO) is pro-
- 0 /‘\ O

represented by some Sl s and h(R ,R . is eguivalent to E(S ’81“”) .

By (b), S, is minimally smooth,

Definition 2.13, A cofibered groupoid A over QA is called (minimally) pro-

representable if it is C,-equivalent tc h ) for some (normalized)

(R ’Rlln--

cogroupoid (Ry,Ry....) in G, .

~

Proposition 2.4, If (R,, R;,...) 1is a normalized cogroupoid in C, . then

every homomorphism (ao,o‘,l) : (RO,Rl,...) - (Ro,Rl,...) which induces C,-equi-

valence — _}Q( ) is an isomorvhism, In

L 4yt R y
{557y ) (RysRysees) Rys Ryseo.
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particular, for any cofibered groupoid A over gf , & normalized prorepresenta~
hand \

tion, if it exists, is unique up to an isomornhism.

Proof: Consider the commutative diagram

h
-(ono,al)

h >
(ROJRl"‘.) (RO!R]'".‘)
~

by ” oy

] h 0
I
K - x - 1" " . S
where E(*o’a1) is a QA equivalence, Since B(RO’Rl’...>(k_€,) is totally dis
connected, [h J(xlely anma [e(klel)] are both bijections, and hence so is
“(ao:al }

n {klely .
b, tkiel)
G

Consequently, ao : RO - R is a surjective endomorphism and hence is

O

an automorphism, It then follows that « is also an automorphism of R .

1 1

Lemma 2,15, ILet A, B be discrete groupoids over Qﬁ and ¢ : A= DB a mini-

mally smooth functor, If A, B are homogeneous, then ¢ is a QA—equivalence.

Proof: We must show that (S) : A(S) —> B(S) is bijective for all

S g ob(g\) . We note that (8) 1is surjective for all S € ob(Q_A} and bijective
for S = kle] . We argue by induction on the length of & , Let 8! Lo

be a small extension in QA . Since A, B are homogeneous discrete groupoids,
the canonical isomorphism 1 X F : 8' é S! —— S'ﬁ k[Xer £] induces the commu-
tative diagranm
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A(S') ¥ A(S') =T > A(87) % A(KLKer £1)
A(S)

B(8') X B(8") —wrmme o> B(8') X B(k[Ker £}
B{S)

Therefore A(S') , B(S') are principal homogeneous sets over A{S) , B(8) with
the structural group A(K[Ker £1) %> B(k[Ker f]) . Consequently if «(8) is
bijective, then (8') is injective and hence is bijective,

Corollary 2,16, Let A be a homogeneous groupoid over

C, such that_

Auté (K e])(le) is of finite-dimensional, Then for any &% ob{A) , the functor

Isomg : gﬂ%ﬂ -—>(Ens) 1is prorepresentable, where R = P(§) .

Proof: Assume that Isomg is homogeneous, We then have, by 1.11, a minimally

smooth functor : -+ , which i N 1 by 2. i,e,
[ele} unctor @ _k}Rl EP."’{ wnich is a 9-8&% equivalence by 15 i »

(A

Iscmg is prorepresentable, Therefore it suffices to show that Isomg is homo-

geneous, Consider a diagram

in -QB%R where TQ ——>T is surjective. Since A 1is homogeneous,
A

§1(T1) X §i('I‘2) exists in A , and we have a canonical isomorphism
g
£, (1)

a‘gi('rl é 'rg) = §i(Tl) >(<T)§i(tr2) for i = 1,2 ({ef., 2.6(a)). It follows that

Isomg(T. X T,) —> Isom.(T,) X Isomy{(T.) 1is an isomorphisn.
§1qg 72 E 1Isc>ma(‘i‘) sre

Theorem 2,17. Let A be a cofibered groupoid over _(Z/\ . Then it is prorepresen-

table by a (normalized) smooth cogroupoid if and only if
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(1) A is herogeneous

(2) [A(x[<1)7 and TAut(1 )] are both finite-dimensional vector

spaces over k

Proof: Assume that A 1is prorepresentable by a smooth cogroupoid i.e,, A is

) Tor some smooth cogroupoid (RO,Rl,...) in

QA—equlvalent to h = Q(Ro’Ry'"
E/\ . Since h 1is homogeneous by 2.:2(a), and
s
. e o
[h(kle])] = Coker (Hom/\-alg(ﬁl’k[e] —— Hom/\—alg(Ro’k[“")) as well as
2
51
= 1 r s . e {r 1“
Autg(le) Ker(HomA_alg (Rl,k,_e]) > Hom/\—alg (Ro,l Cel))
= Ker (Hom R, ,k<T) -»s—g---> Hom (R.,x[€])) &are both finite-dimen-
Ae-alg 1T Th-alg O )

sional vector spaces over k , we must have the same properties on A . Conver-
sely assume (1) and (2) on A& . Ve claim that A is prorepresentable by a norma-

lized smooth cogroupoid, Since A is homogeneous and [A(x[e])] is a finite-

dimensional vector space over k , A admits a minimally versal formal object g .

Set P(E) = R. and consider the functor 'L‘scrrzg : ER R - {Fns) given by

© oA 0

T > Isomﬁ(T} (%1(T>,§2(T))

where %i('l‘) = %(fi) and fi : RO - T denotes the composit maps

S

1
——— e & —
RO —_ - RO A RO T,
2

PN
This functor is pro-representable by 2,16, i.e, there exists R, £ ob(C, 2. )
! R

and an isomorphism §I(R 2 @‘}2(}{1} such that & : hR - Isomg is an isomorpaism
1 A

1)
over ER &R . Then (RO’Rl“") defines a cogroupoid in g_A and the functor
OA ©
(E,¢) : h
(RO’RI""
formal object of A , the composit functor E(R

) <A isa QA~equivalence. Since & is a minimally versal

3 h \ .g_g‘?g:"}.> A
O;RO;..-> _(Ro’Rl’-..) -

is, by definition, minimally smooth and therefore so is ¢ since (8,¢) is a

g\-equivalence i.e., (RO’Rl"") is a normalized smooth cogroupoid in _Q/\ .
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Corollary 2,18, A functor F : —94\ ——> (Bns) 1s pro-representable if and only

if it is homogeneous and dim F(k{ec]) <o ,

Corollary 2,19. Every smooth cogroupoid in _QA can be normalized up to isomor-

phism,

~

Given a cogroupoid (RO,Rl,...) in C, , we set R1

. , R 7 -
is the ideal in Rl generated by le(r) - se(r)lr € Ro} . Then (Ro,ﬁl,...) de

= Rl/J where J

fines a formal group scheme over RO with respect to the induced composition rule,

Now let A be a cofibered groupoid over C, prorepresented by a normalized smooth

A
g Cm > [S——, o -
cogroupoid (RO’RI"") via (§,¢) . Let gk gR > Cr &R be the em
0 Ca O
beddings corresponding to the surjective maps Ro% RO — RO —>k , and let
Aut, y Aut® be the restriction functors of Isom on C , C, respectively.
5 g R, Tk
In other words, Autg(s) = the automorphism group of &(8) for every S € ob(gR ),
O
and Aut®(8) = the automorphism group of 1y for every S £ ob(gk) , where
ls = the direct image of 1 € A(k) under the map k —» $ . Since Rl prorepresents

the functor Isom on C, o , 1t follows that R prorepresents the functor
g —RO% Ry 1 .
w5 e} s -
Autg on QRO , and k ﬁoRl prorepresents Aut™ on 9_}{ . Though A 1is prore
presented by a smooth cogroupoid (Ro’Rl"") , neither (Ro,ﬁl,...) nor

(k, k goﬁl,...) are in general smooth. Indeed we have

Corollary 2,20. Let A Dbe a homogeneous cogroupoid over g/\ prorepresented by

a _normalized smooth cogroupolid (RO,Rl,...) via (8,0) .

(a} (B.,R ,...) and (%, x ®R ,...} prorepresent the functors Aut, and Aut®
0* 1 Ry 1 g —
respectively.

(b) The following statements are equivalent

(i) the formal group scheme h = is formally smooth over R H
"'(ROQRls s e ) (0]

(i1) for every surjective arrow a' »a in A ,

1Y e .
Au'tp(a,)(a ) > AutP(a)(a) is surjective,

(144) R, prorepresents the functor [A] gver Ch -
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Proof: We have already noted (a), As for (b), (i) ® (ii) is clear whereas

{(i1) # (4ii) follows from 2,7 and 2,15, since g . hR _— [ﬁ] is minimally
(¢]
smooth.

Remark 2,21, ILet A be a cofibered groupoid over 94\ .+ and let -‘9"19}; be the

- . — Co . <
pull-back of p : ﬁ_ > QA under gk > EA . Then it is trivial to see that
if A is prorepresented by (RO,RI,...) via (&,0) , then Mgk is prorepresen-
ted by (k % RO s k % Rl"") via (k ? €, k 4% ¢) where k f g = its direct

image of & under the map R, —> k % RO , k ? ¢ = the image of ¢ under

0
Isomé(Ro)(g(sl}, g(se)) — Isomﬁ(k Q/% Rl)(k ‘% g(sl), k % 5(52)) . If

(R.,R.5...) 1is normalized, then so is (k ® R, ¥k ®R,,...) . and the relative
0771 A D A 1

dimension of R1 over RO is equal to the relative dimension of k ? Rl over
&

k /\RO since Rl is smooth over RO .
Remark 2,22, Let A be prorepresented by smooth cogroupoid (RO’Rl"") and
{Ré, R]’_,...) where we assume that <R0’Rl”“} is normalized., We then obtain a
) + = . t | 1 3
homomorphism (io,ll) : (RO’RTL"") — (BO, Rl"'") . Now RO is a formal
power-series ring over R, by 2,10(b), and the homomorphism (io,il) induces

. 2 H — t T
an isomorphism R} gO(BO,Rl,...) > (RO, Rl,...) .

3, The coherent sheaves 2}1(

One of the nice functors which is usually not pro-representable but
nevertheless admits a Tormal versal object is the deformation functor. To this end
we recall a few basic facts on commutative ring extensions and its obstruction
theory. This section contains nothing new (possibly except in its systematic
approach via Grothendieck cohomology on site), A purpose of this section is to
make this expose as much self-contained, (Indeed we prove here more than we need
later)., The basic facts are stated in theorem 3,12. Throughout rings are meant to

be commutative rings with unit,
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Given a ring R we denote by ER the category of R-algebras. For each

object A in ER we set

Cov(A) = the set of all surjective arrows ¢ : A' = A in ER with target A .
It clearly defines a pretopology and in turn we obtain a site -Q-R . For each object

A 4 5 . .
in 9«1‘1 » we shall denote by Q'MR the category of arrows in QR with target

A . We may and shall provide the category QMR with the topologzy induced from
the forgetful functor : C -» . We note that the catego C has a
Wi hRr*%R gry Sulr

final object (lA : A= A) and an initial object (i, : R=2A) , and admits a

A
fibre-product as well as coproduct., Henceforth we shall denote the object (B = A)
in QA]R s by abuse of notation, simply by B in case when there 1s no possible
confusion, Given an abelian category C , a C-valued sheaf on QQ R
nition, a functor F : E&R = C such that, for any surjective arrow B' 2B in

is, by defi-

Salr »
0 - F(B) » F(B') , F(B' X B')

is exact, The additive presheaves are those which preserve coproduct i.e,,

F‘(Bl ﬁBa) = F(Bl) & F(BQ) . Por example, an A-module M defines the functor
O
DerR(-,M). gﬂ‘ﬁ 2 (A-mod)

given by B 9 DerR(B,M) = R-linear derivations of B with values in M regarded
as B-module via the structural map B - A , and it is clearly an additive sheaf
on Qg |R s where (A-mod) denotes the category of A-modules, A presheaf F on
QA‘R with values in {A-mod) is called "finite type" if F(B) 1is an A-module
of finite type whenever B is an R-algebra of finite type, For example, if A is
noetherian and M 1is an A-module of finite type, then DerR(-,M} is an additive

sheaf of finite type on the site P—AIR .

A few more words on notations and basic facts in homological algebra:

v
%.1{(a) Throughout the rest of this section, we shall denote by Qlﬁ (or QAER )

the category of sheaves (or presheaves) with values in (A-mod), We have the (left
R . ) v ! _
exact) injection funetor iA}R' _CZ IR »C, , and the associated-sheaf {exact)
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v .
: - i
functor GA';R C, IR —CAVIR which is adjoint to the functor iA]R . An object
€ i - -
B € ob(CE lR) induces a continuous functor J : CiE lR Cu lR and in turn a commu

tative diagram

J
iR > Slr
*) j"A!Rl ‘l
v
EZ}R 3V > Sir

where the restriction functor 3 (as well as 3V ) is an exact functor, since

the site —QB iR

with the induced topology. A ring homomorphism S 2 R induces a continuous functor

is nothing but the category of arrows in gAiR having target B ,

B s 9—AIR - -(-:-AIS » and in turn a commutative diagram

~ B ~
Sals > Sl
$43%
() iAlsJ j
v v
Sis > Calr

BV

Note that E is not necessarily an exact funector.

~ v
. -
3.1(b) The right derived functor of the injection funector :{MR. c, IR C, IR

will be denoted by H®

"MR . For each sheaf F on §_A‘R , we set

B (A[R,F) = [H°) 5 (F)](A)

For any B' » B in Cov{(B) , let us define the functor

HO((B' = B),-) : _q;’!R

The right derived functors of H°((B' - B),-) will be denoted by H°((B'-> B),-) .

~ (&-mod) by H°((B'»B),F) = Ker(F(B') , F(B'x, B')) .

v
One knows that the H°{(B' = B),F) are the cohomology groups of the (Cech)
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semi~simplicial module

F(B') =3 F(B'x, B') =3 F(B' x, B' x, )} ...

v
will be denoted by HY »

The right derived functor of HO{R —M 2 Hair

=alr
where

vo 0
(5 )-®1B) = 11 H'({B' » B},F) .
AR {B'B} € Cov(B)

For each presheaf F on QA s We set

iR

i (AIR,F) = [B !R(F)](A) - lim H({a' = ALF)
{a'=41 € cov(a)

for any sheaf F on gAiR » we have the usual spectral sequence
v
HPRH () = 5 9(ARF)

where we note that H (ASR HQ(F)) 0 forall q>0.

In particular
1 (AR,F) = H(AlR,F)

0 » F@r,F) » FRIRF) » T (ARE (7)) > PMARF)  is exact.

3,1(c) If B is an object in , the commutative diagram (¥) in 2.1{a)

Sr
together with the fact that :f as well as jv are exact functors yields the
canonical isomorphism

"' (BIR,7F) = [H !R(F)](B/

On the other hand, a ring homomorphism S = R induces the commutative diagram (¥%)
in 2.1(a), Now B is not necessarily an exact functor. However, B preserves a

fibre-product, and thus we obtain a spectral sequence

EA‘R(RQ'B'F) = 3§Ais(F) i.e., HY(A|R,R¥F) = uP*%(als,F)

TS

~ e v
Since we have the canonical isomorphism 8 = GMRO oiAiS and 8= C‘A_{ROB is an
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exact functor, we have R'BF = B#H°

—A}S(F) . Thus the spectral sequence above can

now be writien as

@R8] () = FlsE)

Lemma 3,2, Given B € Ob(p—AER) , choose a surjective arrow P =B in gBlR ,

where P 1is a polynomial algebra over R ., Then for any F € Ob@;iR) , the

v
natural mep H ({P » BLF) » H'(F) (B) is an isomorphism.

Proof: It suffice to see that the natural map

#({p » B),F) » IF) B) = 1im (8" - BLF)
('8} T Cov(B)

is an isomorphism, which is clear since, for any (B' = B} € Cov(B) , there exists

an arrow {P = B} = {B' » B} ,

Corollary 3.3.
(a) Assume that A is noetherian, If F € ob(gZ!R) is of finite type,

then H'(F) is of finite type for all n .

(b) For any polynomial algebra P over R , we have H (P|R,F) = 0

for all n >0 and for all F € ob(_C;m} .

(¢) Adiagram 0= F' »F = F'» 0 in QX{R is exact if and only if
i

O~»F'(P) 2F(P) » " (P) » 0 is exact for every P € ob(QA;R) which is & poly=-
; —

nomial algebra over R .

Proof:
(a) In view of the spectral sequence
v
#(BIR,5Y®)) = #¥"YB|R,F)

together with the fact that ﬁo(gq(F)) =0 for all q >0 , it suffices to

show that H'(G) is of finite type for all n and for all presheaf G of finite
v [

type. However H'(BIR,G) = H ({P » B},G) , where P is a polynomial algebra over

R and (P B} € Cov(B) , and furthermore H ({P = B1,8) is simply the
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cohomology gotten from the complex

crrerreennn 6P x Py PV E (P PE a(p) .

If B 1is an R-algebra of finite iype, then we may take P %o be of finite type
over R so that Pﬁ cens §P are all R-algebras of finite type., If & is of
finite type, then G(Pﬁ cons éP) are all A-modules of finite type, so that

B'({P » B1,6) is an A-module of finite type since A is noetherian,

(b) Iet P be a polynomial algebra over R , If B - P is any sur-
jective R-algebra map, then it amits a section and hence Hi({B -P},G) = 0 for
all 1 >0 , so that I\!Ii(P!R, G) =0 for all 1 >0 and for all presheaves G
on 9P§R . It follows that the spectral sequence f{p(PiR, _g%ia(s'}) = HM(PIR, F)
degenerates and hence ﬁo(Piﬁ, _H;n(F)) = (PiR, F) for all n ., However

Vi
HO{P§R, HYF)) = 0 for all n >0 whenever F is a sheaf, and hence

H'(PIR, F) = 0 for all n >0 and for all F € ob(¢hz)
(¢) If O=F' =2F->F" >0 is an exact sequence in C, then

“alR ’

0> F'(B) »F(B) »F" (@B »H(B|R, F') » #H' (BIR, F) » ....

is exact, If P € Ob(—C-AlR) is a polynomial algebra over R , then
H (PR, F') = 0 by 3.3(b) and hence
O—=2F' +F2F" 29

is exact. As for the other direction, let P

“’MR be the full subcategory of C

<AlR
in which
Ob(g-AER) = {p¢ ob(gAllR)], P is a polynomial algebra over R} ,

provided with the induced topology, and let p be the inclusion

: ->
“ g TSGR
functor, Since every object in EA1R can be covered by an object in —P—A‘R s 1t

! i
follows from a comparison lemma ( ) that '5 : QXIR d —EZ}R is an equivalence
of categories, Consequently, if O = F'(P) =» P(P) » F"(P) = 0 1is exact for every

P £ Ob(-P%fR) s then 0 —2>PR' 2 $F - PF" » 0 is exact in —P-;{R and hence

O+F' 2 F>F' 20 is exact in Q’ZiR .
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Remark 3.4, Every surjective arrow in P

—AiR admits a section, It follows

immediately that every presheaf on is actually a sheaf i,e.,

Ealr Bir =4 -

Consequently we find that the restriction functor QZ§R 4 EE!R is an equlvalence

H

of categories.

Lemma 3.5, Consider a diagram of R-algebras

|

B' >
surjective

and let S be an R-algebra,

(1) If Tor?(B,S) = 0 , then the canonical map

(B'3C)§s~ (B'Q )%é gs)
¢

is an isomorphism.

(11) Assume that B' is R-flat, If Torf.{(c S) =0 forall 0<i<n

and Tor?(B,S) =0 forall 0<i<n , then Tor, (B ﬁc, §) =0 for all

0<i<n ,

Proof: Iet 02 J-2B' »B =0 be exact,

(i) 1r Tor?(B, S) =0 , then
0~ J%S b B‘gs - Egs =0
is exact so that
0~ Jgs - {B’ﬁs)(ggs)(cgs) > Bs 20
is exact. We thus obtain an exact commutative diagram
7§ s > (B0 ————>C§ s -

| |

o] >J§s >(B'§SEB§S> (cgs) >c§s e ¢

> 0
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and therefore (B'%C)ﬁs - (B'ﬁs)(gés)(c ﬁ 8) is an isomorphism,

(ii1) Since B' is R-flat and ’I‘orlz(B, S) =0 forall 0<1i%n by
hypothesis, we have Tor?{J, 8) =0 for all 0<1i<n . Then the exact sequence
0-=>J~ B‘éc = C =0 together with the hypothesis that Torl:(C, 8) = 0 for all

0<1i<n entails that Tor?(B'éC, S) =0 forall 0<i<n .

Corollary 3.6.
(a) Let A, S be R-algebras, If Tor};(A, S) = 0 , then the canonical

v
map H'(AgS|S, G) = H'(A|R, SG) 1is an isomorphism for any G € ob(c"...sis} vhere

the functor S : -A1R —A%S‘S is given by X |~—->x§s . In particular if S
is R-flat, then the canonical map 38 @) = H(SG) is ap isomorphism for every

G ¢ Ob(‘gAﬁsss) .

(b) Let P=B be a surjective R-algebra map, where P 1is a polynomial

algebra over R . If Tori(B, 8) =0 forall 0<iSn , then

Tor{ (PgPX...5P, §) = 0 forall 0<i<n .

l

Proof:
{a) Given B € ob(?_AiR) , choose {P - B} € Cov(B) where P isa

polynomial algebra over R , If ’I‘or]:(B, 8) = 0 , the natural map

(P, gﬁ\;}:} ’Piﬁﬁ - (PgS) . P%'S/ is an isomorphism for all n oy 3.5(1), and
(Bﬁ“) (Eﬁs)

hence 1 (elr, S6) = u°({p ~ B}, S6) = H°([P§S —»Bgs}, g) = ;1'(1%313, G) .

If § 4is R-flat, then Tor (X, 8) = 0 for every X € ob(_A|R) and hence

ﬁ“(@s 38, G) > H‘(X{R, SG) is an isomorphism for every X € Ob(EAIR) i.e.

vy v, .V
SH'(G) » H'(SG) is an isomorphism,
(m) w...BH'\l_,_\
(b) Set P = Pﬁ vee éP . If m=0 there is nothing to prove

since P is R-flat, Assume that Tor?(P(m"l), 8) =0 forall 0<i<n .

Since P~ B is surjective and P(m} = PéP(m'U

Tor?(P(m), S) =0 forall 0<i<n .,

, it follows from 3,5(ii) that
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Proposition 3.7.

(a) let A, S be R-algebras. If Tor?(A, 8S) =0 forall O0<isn ,

then for any sheaf F on QAgsis ., the canonical map Hl(Aﬁsis, F) = H(A|R, SF)

. . < :
is an isomorphism for all i n , where S EA‘R d Q-AQS[S is given by

X)——-—>}%S .

(b) Let P be a polynomial algebra over R . Then for any additive

sheaf F on gPﬁAiR » the canonical map Hn(P?A}R, ) > Hn(AZR, F) is an iso-

morphism for all n >0 .,

{c) Iet S R=A Dbe ring homomorphisms, Then for any additive sheaf

F on EAI g ke have an exact sequence
0~ R, ) » als, F) » BOmls, B) » B (4[R, B) > H(als, F) > K (R]s, F) -
veeerens 2 HUAR, B) 2 HAlS, F) » H'(R]S, F) 1 (alR, Fi) @ e

where FR is a sheaf on defined by

Salr

FR(X) = Ker (F(X) = F(R))

for all X € Ob('{-:-ﬁiﬁ) via the forgetful functor %gR -+ EA s -

Proof:

(a) Consider the continuous functor

S:¢C

-3
Galr ” Sgsls
where S(X) = )@S . 8ince the functor S sends a polynomial algebras over R to

polynomial algebras over S , S . 9:%15 - 9;‘3 is an exact functor by 3.3(c)

and in turn we obtain the canonical map Su- iS(F) - E;]R@F) , and in turn we

obtain the commutative diagram of spectral sequences:

D" %(s(x)) = HO(gs]s, Eg.gis(m) > BT (xgsls, F)

HP (xR, Eg*;% S(F)

EP2A(X) = HP (xR, ﬁ%iR@F)) 3 HPH(X|R, SF)
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v
We note that Epéq(s(x)) - ¥P(x|r, S0 13(1‘-‘)) is an isomorphism whenever

AP

TorR(X, 8) = 0 by 3.6(a). Assume now that

(5 s » [H

e

X € ob(Cy 1) such that Tor?{}c, S) =0 forall 0 1 n . Tt follows immediate-

]R(SF)](X) is an isomorphism for all gq <n and for all

1y from 3.6(b) that Epéq(s(x)) » Ef{’q(x) is an isomorphism for all q <n
and for all p , provided Tor?(x, S) =0 forall 0<1i sSn , Since

Eg’n(S(X)) -» Eg’n(X) is an isomorphism (since both sides are zero), we get that

Hn(XRS§S, F) = Hn(XlR, EF) is an isomorphism whenever TorI?(X, S} = 0 for all
0<isn i,e., —A@IS(F)](X) - [H IR(NF)](X is an isomorphism for all

i S n whenever ‘I‘or (X, 8) =0 forall 0<1isSn

-

(b) Let P be a polynomial algebra over R and let

. - 1
o EA}R - gAﬁP!R be the continuous functor given by f£(X) = XQP . Let P2 X
be a surjective arrow in Q_A R where P' is a polynomlal algebra over R . Then

P! - is a surjective arrow in C , and P'®P is again a polynomial
—Aﬁpjn

algebra over R , Since P is flat over R , it follows from 3.5(i) that

fi‘(le, 26) = u ({p' » X}, ta) = H ({p'gp » xzP1, G) = ﬁ'(XﬁPiR, G)

v ~ ~
for every G £ ob(C ) . It follows that f : C,_ iy 2 C sends acyclic
el |

~AgP[R = =A|R

ones to acyelic ones., On the other hand, f sends polynomial algebras over R to

PER -’QA;R is an exact functor

by 3.2(c). It follows that H’ (A%Plﬁ, F) - H (AR, ?F) is an isomorphism for every

polynomial algebras over R , and hence T

F € ob{C P{R) . Now for each X € ob(gMR) , we have canonical maps

(FF) (%) = F(RP) » F(X)eF(P)
and hence a canonical map tF - FoP(P) where F(P) denotes a constant sheaf
(and F on the right hand side denotes, strictly speaking, the restriction of F
on EMR } . If P 1is an additive sheaf, then (fF) (X) = F()@P) -+ F(X)eF(P)
is an isomorphism for every X € Ob(p—A’iR) and hence fF 3 RgP(P) is an isomorphism.

Therefore

79



-49_, VI

HY(A|R, TF) ¥ H(A]R, F&r(P)) = H'(A]R, F)

for all n > 0 since F(P) , being a constant sheaf, is flask, It follows that

Hn(AﬁPﬁR, F) = Hn(A&R, F) is an isomorphism for all n >0 , provided F is an

QAgpiR .

(¢) (communicated from Rinehart) Consider the forgetful functor

additive sheafl on

B : EA‘R -» EAIS . We have a spectral sequence

#

EP*? - 5P(alr, 8 ;_1218(1?}) ey HOTO(AlS, F)

where B# = GA!R°§ R "assoclated-sheaf" funector, Now
i

Goro ¢ Copm » Cyn 4
AlR * R~ zlr '®

let F be an additive sheaf. We claim that 6#

q
EA{S(F) is a constant sheaf for
all q >0 , Indeed, if P 1is a polynomial algebra over R , then P = R@P'

for a polynomial algebra P' over S and hence

[Bfgﬁls(m](m - #l(p]s, F) = B2(8gP'[s, F) » KRS, F)

o . It

is an isomorphism for all q > 0 by 3.7{(b), and surjective for q

constant sheaf

follows from 3,3(c) that the canonical map B#E?\i §(F) = #(r|s, F)
is an isomorphism for all g > 0 , and is surjective for g = 0 , It follows that
EP? _ Hp(AiR, E#Eg‘S(F)) =0 for all p, q >0 , and hence the above spectral

sequence ylelds the exact sequence
(¥) 0 =50 5 gt - 501y 200 5 12 2 592 5 550, 1O

where we note that E*Y o EB#ﬁiIS(F)}(A) S ulmls, F) for all q >0 and
p,0 Drnte 2 ’ v
E = BH”(A|R, BF) . On the other hand, the exact sequence O = Fp BFr > F(R) 2 0O

gives us the exact sequence

(#%) 0 - HO(A]R,FR) » 1a|R,EF) » ©O(A|R,FR)) » Hl(A!R,FR) - H (A[RBF) = 0
]

H(als,F) 1 (R|8,F)

The exact sequences (¥) and (*%) combined gives the desired exact sequence.
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Corollary 3.8,

(a) If A, B are R-algebras such that Tor?(A, B) = 0 for all

0<1i$n , thea for any additive sheaf F € ob(gzﬁam) , the canonical map

H (ABIR, F) > # (AIR, F) @ (B[R, F)

is an isomorphism for all 41 <n

.

(b) Let A be an R-algebra such that Tori(A, A) = O for all 1 >0

-

Ir AgA - A 1is an isomorphism, then for any additive sheaf F € ob(gX!R) s We

nave H (AR, F) =0 for all i .

Proof:

{(a) let F € ob(gng\R) be additive, By 3.7{c), the ring homomorphisms

R=A- A‘§B gives us the exact sequence
(*) >H (A8 A, F,) » H(AG R, F) » - (AlR, 7) »
-"e R ks A A% 3 r LN )

consider now the commutative diagram

H (AgBIA, F,) ~————> H' (4§BIR, F)

# (2R, &F,) —_— > usR, F)

: i >
where the functor A EB‘gR - (—:A%BXA is given by X A%X , and the mep

N ~ | ~
Hi(BiR, AFA) - Hi(B‘,R, F) is induced from the map AF, = F , which is an iso~-
morphism since F 1is additive., Note that the commutativity of the above diagram,

because of its functorial nature, is reduced to the case i =0

Ir Tor-I;‘(A, B) =0 forall 0<1i Sn , then Hi(AﬁBIA, F,) = H (B|R, AF,) is an

isomorphism for all i Sn by 3.7{(a}, and hence the composite map
i | i i -
H (AgBlA, Fy) 2 H (4gB[R, F)-> H (B|R, F)

and {because of the symmetry)
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' (aga[B, 7)) > 1 (B[R, ) > H'(AIR, F)
are isomorphisms for all i $n , This implies that the exact sequence (%)
breaks up to short split-exact sequences
0~ H'(agB|A, F,) - H (AZBIR, F) > H'(A[R, F) 0
for all i £n , and that
H' (AR, F) » B (AR, F) @ H (B[R, F)
is an isomorphism for all {1 €n .,
(b) Since Tor};‘(A,A) -0 forall i >0 , it follows from 3.8(a) that
i (agAlR, F) » H (A[R, F) ® H (A[R, F)

is an isomorphism for all 1 , On the other hand, AﬁA - A is an isomorphism by
hypothesis and hence Hi(AlR, F) » Hi(AgAIR, F) is an isomorphism for all i
This means that the diagonal map H (A|R, F) » H(A|R, F) @ H'(A[R, F) is an iso-

morphism for all 1 1i.e., H (AR, F) = 0 for ali i .

Corocllary 3.9: Let S be a multiplicative subset of an R-algebra A , If

F & cb(g“’_l } ) is additive such that FA is also additive, then the canoniecal
S TAlR

map

H(s'a|R, F) » H(AlR, F)

is an isomorphism for all 1 , where FA € ob _C_M 1 is defined by
ST AlA

F (X) = Ker(F(X) » F{A)) for all X € obfC .

A “slala

Proof: Since F is additive, the ring homomorphisms R = A = gt

A gives us the
exact sequence
ceee +HN(sTIAA, F) » SRR, F) o HALR, B) Ll

On the other hand, since S'lA%S“lA -» s'lA is an isomorphism and FA is additive

by hypothesis, it follows from 3.8(b) that H (57 AlA, F,) =0 forall n , and

hence Hn(S—lA%R, ?) > H'(A{R, F) is an isomorphism for all n .,
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Now let A be an R~-algebra, An A-module M defines an additive sheaf

DerR(u, M) € ob(g:!ﬁ) by X = DerR(X, M) . We now make the following definition:

Definition 3.10: Let A be an R-algebra, For each A-module M we set

D' (A[R, M) = H'(AlR, Der (-, M) .

We want to make an explicit computation of low-dimensional ones i.e.,

Di(A]R, M) for i =1, 2 : Choose a surjective arrow P> A in where P

Slr
is a polynomial algebra over R , and let 0= 1 - P = A 20 be exact, Then

Lemma 3,10:
Dl(AiR, M)} = Coker(DerR(P, M) = HomP(I, M))

DA(A[R, M) = B'(AIR, Hyyp(Derp (-, 1))

Proof: Consider ﬁhe simplicial algebra

" (2) 2 (1) 3 ,(0)
() IR N 2 7
n+1
{n) e
where PA = Pﬁ...ﬁ’? . For each n we have the exact sequence
0 -1 »Pﬁn) +A=0
n+l
where I(n} = E_)E;...XI , and it is easy to see that
(a):

0 = fom, (F™)/u(1), 1) DerR(?én), w) 2erlle M)y per (2, 1) » 0

is exact for a1l n , where I = I/I2 and A stands for the diagonal manp,

We also note the exact sequence
{(b):
0~ HomA(i(”)/A(i), M) - HomA(J_”.(n), wy Hom(d, 10, Hom, (I, M) = 0

The exact sequences (a) and (b) yield the respective exact sequences of simplicial

A-modules. Since {I 20}, {I 2 I} admits sections, we have

({1 > 0}, Hom, (-, M)) = K ({T » I}, Hom (-, 1)) = 0
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for 2all 1 > 0 , and it follows readily that

0 = Dery (A, 1) = Dery (P, M) = Hom, (I, M) = H({p ~ &}, Dery(~, M) =0
is exact

H.i({P -4}, DerR(-, M)) =0 forall 1>1

It follows from 3.1(b) that

D' (A[R, M) = B (A{R, Derg(-, M) = H'({P = A}, Derp(-, )
= Coker(Derp (P, M) = Hom, (I, M))
= Coker(Derp (P, M) = Homy(I, M)) ,

DA(A[R, 1) = H-(A[R, Hyp(Derp(-, 1))

Now choose a free P-module F and a P-linear map F X P such that
v(F) = I ., Associated to P-linear map vy : F » P , there is a Koszul complex,

which is simply denoted, by abuse of notation, by KI .

Lemma 3.11: D2(AlR, M) = Coker(Hl(KI, M) - HomA(Hl(KI), m) .

Proof: We have

D(AIR, M) = H(A[R, Hy p(Dery (=, 1))

i

Ker(Hl(Pg}‘)iR, M) ':»:Hl(Pf\a)IR, M)
‘ 1%y - \ - -
since [EA}QR(DGI’R(_’ M))J(PA) = ["}iiR(DerR( E] M))J(P) =0 -
Let OK=F>I=0 beexact. If we set P[F] to be the symmetric algebra
over P generated by F , then P[F] and P[FJSP{F] are polynomial algebras
over R and we obtain the suwrjective arrows
HFr] ~» Pél) = PXP given by X = (0, v(X))

Prlge(r] » 2P - pmr 381 - (0, Y(X), 0), 18X > (0, 0, V(X))

where X € F , If we set J = Ker(P[F] = P‘(Xl)) and

J' = Ker(P[F]VgPEF] - Pée)) , then
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J={FN (FY) = (K) + (F~FY)
J'= (F81L + 18F) N (FY®1 +188) N (M1 + 1®FY)

(K81 + 18K) + (F-F.81 + 18FF,) + (FOF)

where FY = the ideal generated by (X - y(x)ix € F} . Now m o Péz) - Pﬁl)

i =0,1, 2 can be 1ifted to ﬁi : P{FIGP(F] » H(F] where, for each X €F ,
X% 4 y(X) - X X1 40 X8 » X

1&X » X 18X - X 18X =0

A trivial computation shows that ?‘.‘O - TTl + T,

zero, whereas it sends (FUFY@TL + F8F) onto (F—FY) . Now for any

sends K& + 18K + IXF-FY +0

D€ DerR(P[F]@P[F], M, D(F"Fy‘?sl + F®F) = 0 since I*M =0 , and consequently

D2(A|R, M) = Ker(Dl(Plgl)'lR, M) EDl(péa)iR, M)

¢ 1,.(1) 1
iled e p7(p, " R, M)ieEF ) = o}

COker(DerR(P[FB, M) = HomP[F:,( (F}y 0 (FY)/ (FsFY), M))

Coker(DerP(P[F], M) - HomP[F]((F) n (FY)/(F)'(FY), M)) .

(F)"P[F]-lip—l—P-*o

3

Now 0

(v,) > 2{F] ) psg

o
4

are exact and hence (F) N (FY)/(F)'(FY) = Torf[F](P, Py) = HI(KI) where K, is

the Koszul complex associated to the P-linear map F 3 I(c P) . We thus have

D2(A|R, M) Coker (Hom (F, M) = Hom (H, (K;), M)

Coker (' (K, 1) = Hom, (H'(K), W) .

We can now state all the basic facts needed for our purpose, summarizing

the various results we have already established.
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Theorem 3.12,

(1) If o> M =M~ HM" =0 is an exact sequence of A-modules, then

o » p°(alr, M') » 0°(alR, M) » p°(alr, M") ~ DY(alR, M') =
pl(alr, M~ Dl(alR, W) » ........ » DP(AR, M') >
p?(alr, M) » D*(AlR, M") ~ ...

is exact,

{(2) lLet S "R = A be ring homomorphisms, Then for any A-module M we

have the exact sequence

0-0%a R, ) »0°(a s, M) » %R s, M) »DI(A R, M) -
pr(a s, M) »DIR S, M) > ...ue... 2 DA R, M)

DA S, M) DR S, M) = ....

(3) let A, S be R-algebras such that Tor?(A, 8) =0 forall i> 0 .

Then for any Agﬁ-module M , the canonical map Di(AgsiS, M)} = Di(AzR, M) is an

isomorphism for 211 i , In particular, if A is R-flat we have

pt(ass|s, m) % p*(alr, m)

for all i and for all R-algebras S .

(4) Tet S be a multiplicative subset of A . Then for any S'lA—module

N , the canonical map
pr(s7talR, N) » Di(alR, N)

S al somor sm for 211 1 . Comseguently, for any A-module M we have the

canonical isomorphism

pi(stalr, s7im) 3 s7ipl(alr, m)
for all i .,

(5) If A, B are R-algebras such that Tor?(A, B) = 0 for all

0<41%n , then for any A%B-module M , the canonical map

D' (4g8IR, 1) > D (AR, M) & D' (B[R, M)

is an isomorphism for all i1 =n ., In particular, if Tor?(A, A) = 0 for all
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i>0 and

& : Spec(A) = Spec(A) X Spec(A)
Spec(R)

is an open immersion (for instance A/R etale), then Dl(AkR, M) = 0 for all

i >0 and for all A-modules M .,

(6) Let A De an R-algebra of essentially finite type over R , where

R is noetherian, and let E be a flat A-module, Then we have a canonical iso-

morphism

mgo’ (A|R, M) 3 D'(A[R, HBM)

for all 1 =20 and for all A-modules M ,

(7) If R 1is noetherian and A is an R-algebra of essentially finite

type, then Di(AiR, M) is A-module of finite type for all 1 , provided M is

_an A-moduie of finlte type.

(8) let P be a polynomial algebra over R and let 02 I =+ P=A4-0

be exact, Then D (AlR, M) = Derg (8, M)

pl(alr, W) = Coker (Derp (P, M) - HomA(I/IQ, M)
= the set of isomorphism classes of
R-algebra extensions of A by M,
2
DZ(AlR, M) = Coker(Hl(KI, M) = Hom, (H, (K), M) .

Proof:
(1) If 0=+ M =24~ M 20 is an exact sequence of A-modules, then for
any polynomial algebra P over R , 0O = Der-R(P, M') = DerR(P, M) = DerR(P, M")}» 0

is exact and hence 0 = DerR(-, M') = DerR(-, M) » Der (-, M") 2 0 is an exact

"R
sequence of sheaves by 3.3{c).

(2) Ders(-—, M) 1is an additive sheaf on EMS » and
DerR(B, M) = Ker(Ders(B, M) - Der's(R, M)) for every B € Ob(-quR) . Therefore

our assertion follows from 3,7(c).

(3) Iet S : QAIR;’ QAﬁsls be the functor given by Xt—> XﬁS . Then

gDerS(-, M) = DerR(-, M) and hence our assertion follows from 3,7(a),
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(4) Follows from 3,9, Indeed, F = DerR(-, N} 1is an additive sheaf on

€, ,and F, € ob(g’“_l | ) is also additive since
A

“87Malr A s™a
F‘A(X) = Ker(F(X) =» FP(A)) = Ker(DerR(X, N} = DerR(A, N)) = DerA(X, N) i.e.,

F, = DerA(-, N)

A
{3} 'The first assertion follows from 3.8(a), Now assume that

Torl;(A, A) =0 for all i >0 and that

A s Spec(8) = Spec(&) X Spec(A)
Spec (R)

is an open immersion i,e,, (A%A) 1 - Am is an isomorphism for all maximal
¢ (m) -
ideals m of A , where ¢ : AﬁA = A is the multiplication map, Then the first

assertion combined with 3,12(4) entails that the diagonal map
Lol 1 G NP .
Aﬁ : D (AlR, M)E-’D (alR, M)EG:D (alR, M)E
is an isomorphism for every maximal ideal m of A and hence
A : p(alr, M) » Di(alr, M) ® D (AlR, M)

is an isomorphism, which entails that Di(AiR, M) =0 for all i .,

(6) In view of 3.12(4), we may assume that A 1is an R-algebra of finite

type., Now consider the map

E%)erR(-, M) - DerR(m, E‘i‘M)
Since E 1is A-flat, we have an isomorphism

BfDery (B, M) 4 Dery (B, B§M)

whenever B € Ob(gA}R) is of finite type over R , It follows from 3.3{b) that

~
in EA}R .

i 1,0
D™ (A|R, BfDerp(-, M)) 2 D" (A{R, BRM)
is an isomorphism., On the other hand, the functor EE- : (A-mod) -(A-mod) is exact,

and therefore we have

i .
B (AR, M) = D (AlR, BfDerp (-, M)
and hence our assertion,

{7) follows from 3.3(a),
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(8) In view of 3.10 and 3,11, it suffices to show that
Coker(DerR(P, M) = HomA(I/Ie, M}) = Exalecomm(A|R, M) , where FExalconm(A|R, M)
denotes the set of isomorphism classes of R-algebra extensions of A by M . lLet
0= M-A'+A-0 Dbe an R-algebra extension of A by M , Since P is a poly~-

nomial algebra over R , we obtain a commutative diagram

where I 2 M is uniquely determined by the extensions A' up to DerR(P, M) .
We thus obtain a map

¢ : Exalcorm(A{R, M) = Coker(Der'R(P, M) = HomA(I/Ia, M)) .

Conversely a P-linear map I = M yields an extension by push-out

0 > T > p > A > 0
0 ——> M ———> A —> A ———> O

-5
Two P-linear maps 1 »> M which differ by DerR(P, M) is trivially seen to yield
isomorphic extensions and therefore we obtain a map

¥ g Coker{DerR(P, M) = HomA(I/IQ, M)) = Exaleomm(A|R, M) .

It is straightforward to verify that &, ¥ are inverse process to each other.

Corollary 3.13, (a) R-algebra A is formally smooth over R if and only if

Dl(A!R, M) = 0 for every A-module ¥

(b) Let R be noetherian and A an R-algebra of finite type. Then A

2 N
is a relative compiete-intersection over R if and only if D (AER, M) = 0 for
every A-podule M .

(¢} Iet R be noetherian and A an R-algebra of finite type, Then for

any multiplicative subset 8 in A , we have a canonical isomorphism

pi(s~2alr, s”1m) ¥ sIp' (AR, M) forall 1:=0 .
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(a) Let R be noetherian and A a_local R-a2lgebra of essentially finite

type, We denote by A the m-adic completion of A where m = the maximal ideal of

A , Then for any A-module E of finite type we have a canonical isomorphism

~

D (alR, R%‘ E) 4§ o'(alR, E) .

Proof: {(a) follows immediately from Dl(A1R, M) = Exalcomm(A|R, M) .

{b) Let P be a polynomial algebra over R in a finite number of variab-
les and let 0~ I~ P=2 A0 be exact, Iocalizing if necessary, we may assume
that I is generated by a P-regular sequence which would imply that Hl(KI) = Q
and therefore D-(AR, M) = Coker(Hl(KI, M) » Hom, (H (K), M)) = O . Conversely

assume that DQ{MR, M) = O for every A-module M .

Iet 02 I=P=2A4A+0 be exact where P 1is a polynomial algebra over

R in a finite number of variables, We have

0 = DY(alR, M) = Coker (" (K, 11) = Hom, (8, (K}), 1))

i.e., Hl(KI, My = HomA(H:L(}%}, M) is surjective for all A-module M ., Choose
an exact sequence QO K =2F 1 - (0 where F is a free P-module of finite type.
2 1
= = /\
We note that Hl(KI) K/KO where K, Im{A F » A F) , The fact that

D*(AlR, H (K)) = 0 i.e.,
Hl(K_[, Hl(KI)) -» HomA(Hl(KI), Hl(KI)) is surjective

entails that 0 = K/KO - F/IF - I/I2 - 0 is exact and splits as A-modules and in
particular 1‘,/12 is projective as A-module, Therefore, localizing A Iif necessary,
we may assume that I/IQ is A-free, and that F/IF = ?\I/I2 is an isomorphism,
Then the fact that 0 - K/KO - F/IF - I/:l:"'2 - (0 is exact and splits as A-modules
entails that Hl(KI) = K/Ko =0 , This means that I 1is generated by a P-regular
sequence i.e., A 1s a relative complete intersection over R .

{(¢) follows immediately from 3.12(4) and (6).

(a) PFirstly it follows from 3.12(6) that

D' (4 R, 2@5) 3 ani(AQR, E)

is an isomorphism for all i , and therefore it suffices to show that
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Dl(3§R, E%B) - Dl{AgR, ,A?E) is an isomorphism, Our proof is based on the deserip-
tion of p* in terms of algebra extensions, Let O = K%E 24 =25 2050 e an
R-algebra extension. The fact that KfE is an K-—module of finite type entails
readily that A' is a local R~algebra, complete with respect to r_nf -adic topology
where _ngf = the maximal ideal of A' . Therefore if there is an R-algebra map
¥ : A= A" such that @ o § = id, , then ¥ extends uniquely to ,ﬁ; : X—» At

~

such that ¢ o ¥ = id';\ . This proves that

1 ~ ~ 1 . ~

D™ (AR, A%E) = D7 (A|R, A%E)
is injective, Now let (O = AﬁE - B —-I£—> A = 0 be an R~algebra extension, Firstly
we claim that the topology on E = A@ induced from lms—adic topology on B
coineides with the topology on E as A-module, Indeed, since A is essentially
of finite type over R , one can find a subalgebra B0 of B such that BO
is a local R-algebra of essentially finite type over R and that 90(}30) =A ,
Set EO = EN BO and denote by Bos 0y s I the maximal ideals of B , o s

n+1 N+

A respectively, Then My o= my + E and hence op o= Iy 1 + gn}: for all n .

Since BO is noetherian, there exists an integer r > 0 by Artin-Rees Theorem

such that
jal n+l W n+l A, n+l
mﬂgB _gn‘E-kEﬂ_mo =EnE+noﬂm:
- - + mn+l—r(E nb) mm»l-r;:
T = — 0 -0 —_

for all n 2 r , which proves our assertion about the two topologies on E
In particular E = AfE is complete with respect to the topology induced from

EB-adic topology on B , and hence we obtain the exact commutative diagram

¢ > B > B > A > O
i
{
(I A

0 > B B > A 0

"~
where B stands for %—adic completion of B . This proves that Dl

Dl(AiR, E) - Dl(A%R, E) is surjective and hence we are done,
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Corollary 3.14, Let R be noetherian and A an R-zlgebra of finite type, smooth

everyvhere except at one closed point x € Spec(A) . We then have isomorphisms

p*(alg, a) =p'(a IR, A ) ¥D'(A IR, A) .

Proof: Since A is smooth over R except at x € Spec(4) , Dl(AiR, A) is an

A-module of finite type with its support on the set {x] , and therefore we have

1 1 5
D (A|R, A) = D'(AlR, 4), =D (AJR, A), .

Therefore our assertion follows from 3.13.

Remark 3.15. ILet R be topological ring and A a topological R-algebra. We then
define, for any A-module M ,

1

Dtop

(AlR, E) = 14n D'(A IR, A @ E)
3 s A

where Aa = A/Jd R Ra = R/Ia , and Jd » I, are both open in A, R respectively.
Then A is formally smooth topological R-algebra means that Diop(A‘R’ E) =0 for

every A-module E

Now let X be a scheme over a ring R and E a quasi-coherent X-module,
We then define the sheaves Q;lﬂ(g) = QF(XIR, E) on X via presheaves on X
given by

[D(r(®I(W) = D"(T(U, 0,)[R, T(U, B))

for every affine open set UCX ., If R is noetherian and X is of Tinite
type over R , then the property 3.13(a) shows that QisR(E) can actually be

constructed canonically, as a quasi-coherent X-module.

In case when there is no possible confusion we shall abreviate by setting
Di = DX (0,) . All the statements of 3.13 can now be translated in terms of
=x|r 7 =x|r'=x
these quasi-coherent sheaves Q§1R(§) » which we leave to the readers, We 1ist

below a few properties which is most relevant to our purpose,

Corollary 3.15. Let R be noetherian and X an R-scheme of finite type. Then

92



- 62 - VI

(a) For_ any coherent X-module E, Q;CIR(-E—:) is again a coherent X-module

for a1l i , and furthermore Supp _D_)i(lR(_I;Z_) < XSing for all i > O where

xSing {x € X] X 1is non-smooth over R at the point x € X} .

(b) If X 4is flat over R , then for any R-algebra S , we have the

canonical isomorphism

P—}@s‘,s@-) 3 2§(!R(§)

for all 1 .

(c) If X 1is a relative complete intersection over R , then for every

surjective ring homomorphism S 2 R we have the exaclt sequence

0= -Iﬁqa@ - 2§|S(E> - @qu/xaggx, E) >0

where I = Ker(S - R) , If, furthermore, R 1is local with the residue field %

and X is BR-flat, then we have the exact sequence

1 1 1 .
0~ onm(gxo) - —D-xls(gxo) > D (R]s, k)ﬁp_xo =0

where Xo = xﬁx .

Proof: (a) Follows from 3,12(6) and (8) whereas (b) follows from 3.12(3).
(¢} Sinece X 1is a relative complete-intersection over R , we have

RiIR(E) =0 for all i =2 by 3.12(10) and hence

0~ 2213@3) - qus(_E_) - Pﬁis(@ - QQR(@ - g}lds(g) - géis(g) -0

is exact by 3.12(2), where Q;{S(E) are quasi-coherent sheaves of X defined

by
(o} ®1W) = ' (r]s, E(V))

for every affine open subset U CX , In particular, 912\5@ = 0 since 8 2R

is surjective, and

"D‘;is(g) = HOm—_:X(I/Ie%X, E}

by 3.12(7), and hence the first exact sequence, If X 1s R-flat, we have
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2; ;k(§9'3 D%;R(E) for all 1 and for all quasi-coherent X -module E and in
0! - - -

particular

1
9y ) 3 Dy )

D 1%, %,

from which the second exact sequence follows,

Remark 3,16: The quasi-coherent sheaves Q;IR(E) we have defined should appear
as Eg’i of a spectral sequence relating the local ones and the global ones.,

L. Illusie has obtained such a theory (Lecture Notes in Mathematics 239). His
method is via "homotopical algebra" generalizing the methods of M., Andre and
D, Quillen rather than "cohomological algebra" , It seems that the approach we
have taken here can be globalized via Grothendieck cohomology on the category of

schemes with an appropriate topology generalizing the one on the affine category.

4, PFormal moduli of deformations

One amongst the nice cofibered categories in which the isomorphism classes
of objects are usually not prorepresentable, but nevertheless admit a formal versal
object is the cofibered category of deformations. We now come back to the situations
and notations of paragraph 1. Thus, throughout the section, A is a fixed complete
local noetherian ring with the residue field k , and gﬁ is the category of

artinian local A-algebras with the same residue field k

Let XO be a fixed scheme over the field k . By an {infinitesimal)
deformation of X, , we mean a pair (R, X) where R € ob(gA) and X is a

flat R-scheme together with a commutative dlagram

i
Xo X > X

flat

Spee (k) > Spec(R)
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-
such that the induced morphism XO X xspec ®)

note that, since R is an artinian loecal ring, iX : XO - X is necessarily a

closed immersion which is a homeomorphism on underlying topological spaces, If

Spec(k) is an isomorphism. We

(R, X) , (R', X') are deformations of X. to R, R' respectively, we define an
0
arrow (R', X') = (R, X) to consist of a map R' -2—>R in Cp and a

morphism # : X 2 X' of schemes with a commutative diagram

X L > X!
i b
x .
Io
Spec (k)
W N/
Spec(R) Spec (@) > Spec(R')

We thus obtain the category Lf_xx of (infinitesimal) deformations of X, in which
0
the objects and the arrows are defined as above, The category ILXX is provided
[¢]
with a functor p : ﬁlx -’_QA defined by (R, X) R , Now let (R, X) € ob@_‘lX )
0 0

and a map R -2 S in 9—.{\ be given, We then obtain a commutative diagram

Py
X X Spec(8) > X
Spec(R)
flat flat
Spec(8) > Spec(R)
Spee ()
and @-arrow {@, pl) : (R, X) » (8, X xSpec(R) Spec(S)) is obviously cocartesian

in M . It follows that the category is a cofibered category over C
o X, A

via P : ﬂX -’91\ . We observe the following facts:
0
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4,1{a): Let (J_R, 3) : (R, Xl) - (R, XE) be an arrow in -MX i.e.,
(8}

$ X, * X, is a morphism over R such that X, ®R k- Xl ®R k is an isomorphism,
Since R is artinian and Xi is R-flat, it follows immediately that & 1is an
isomorphism so that (3,R, §) : (R, Xl) -+ (R, XQ) is an isomorphism in E_IX .

[¢]

Consequently, _I_:lx is a cofibered category in groupoids over QA .
0

4,1(p): Suppose that X, 1is affine, say XO = Spec(Ao) . Then for any

object (R, X) € ob(_I_{zX Yy , X is also affine, Consequently, for any R € ob(_(_}A) s
0
the category KLX (R} is canonically equivalent, via the sections, to the category
O

in which an object is a flat algebra A over R together with an R-algebra map

dp ¢ A= AO inducing an isomorphism A ®R k > AO ,and a map & : Al i AE

is an R-algebra map with a commutative diagram

8
‘0{‘1 > Ay
J J
Al j/ A2
By By

4,1(c): Consider the cofibered category y_Lx in groupoids over QA .
o]
By definition, the category My (R) for any R Eob(gA) is canonically equivalent
6]

to the category of formal schemes X ,adic over the formal spectrum Spf(R) , such
that ’Ln =X ®R R/gm'}' is flat over R/r_n.ml for every n 2 0 (or what amounts
to the same, if X, is noetherian, such that L is flat over BSpf(R)) . Con-

”~ ~
sequently, if Xo is noetherian, MX is canonically QA—equivalent to the cate-
O ~
gory of deformations of XO over the objects in gA s in the sense of formal

schemes,

4.1(a): Tet (R, X} € ob(ﬂ.x ) 1.e., we have a commutative diagram
0
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> X

L flat

Speelx) ———m———> épec(RD

such that XO 2> X xSpec (R) Spec(kx) 1is an isomorphism. Now let Uy © X, bea fixed

open subscheme of Xo . Since iX : XO -+ X is a closed immersion which is a

homeomorphism on the underlying topological spaces, we obtain a commutative diagram

iU
X0
Uy e > X[
flat
Spec (k) > Spec(R)

such that Uy - (XIUO) xSpec(R)

(R, inO) is a deformation of U

Spec{k) = X ®R k!Uo is an isomorphism, so that

to R . Furthermore, for any arrow

0
(@, 3) : (R, X) » (R', X') in U (5 @]UO) : (R, x!uo) - (R', x’{UO) is an
0
arrow in }"_10 . Consequently we have the restriction functor " - E’U over
0 0 0

QA . One may also consider a localization as well as a formalization at a point,

Namely let x

be a fixed point in X. ., If (R, X) € <>b(Mx ), then
[¢] 0 =

Spec(gx,xo) is a deformation of Spec(gxo’xo) to R and Spec(p_x’xo) is a de-
formation of Spec(Q, x ) over R , where ” stands for the completion with
O)

respect to the linear topology given by the powers of the maximal ideal, We thus
-> - ~
obtain functors KLX &%pec(p_ ) MSpec(_Q )y -
(¢} Xo,xo XO’XO

Firstly we establish that l\_ix is a homogeneous cofibered category over
[¢]

g -

Lemma 4,2, Consider a diagram

01 e

surjective

in 91\ , and let E, E' be flat modules over R, R' respectively. Then for any

R'-homomorphism E' - E =E ®R R , the fibre-product E Xs E' is flat as

R X R'-module
R
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Proof: Iet O+ IR 2R =0 be exact so that 0> I =R X5 R' = R' >0 is
exact, Since E is R-flat, 021 ®R E->E=E=0 is exact and hence we obtain

the exact sequence

(# o»z@REeExEE"*E’—»o .

5 E' is flat as an S-module if and

only if (E X5 EY) @S R' is flat as an R'-module and ’I‘ori (E X5 E',R) =0 .

Set S =R Xﬁ R ., 8ince I is nilpotent, E X

However, we note that I @R E=1 @S ( X5 E'Y and E' =R’ ®S(E X5 E') and

therefore the exact sequence (¥) can be rewritten as
! 1 t H
o»z@S(ExEE)-’ExEE *R@S(EXEE)*O.

This means that Tor__? (R', E %5 E') =0 and R' ®S (E Xz E') = E' is flat as

R'-module, and therefore E X5 E' is S-flat,

Corollary 4.3. Given a diagram

R, X) [R', X")
(o, &) (o', &)
(R, X
in ﬂx s, the amalgamated sum X“L% X' (in the sense of schemes) is a fiat
]

scheme over R Xﬁ R' , provided ¢ : R= R is surjective, Consequently, Q_ﬁx
0

is a homogeneocus cofibered category in groupoids over 9—1\ .

Proof: For each affine open UO < XO , we have by definition that

1 I =
X5 X 1Jo 2 Spec (T'(U.., X) "I‘(UO,X} T(u., X')) . Consequently, if ¢ : R =R
is surjective, X‘u):{ X' is a flat scheme over R xﬁ R' by 4.2, and the morphism
..U_ i * i - ! -U___ t Y
iX 15'( igr s XO X % X' induces an isomorphism Xo - (X % x") ®S k , where

S=R Xz R' . Therefore (R X R', X'L% X') € ob(_I_@X ) and we obviously have
8]

that (R X5 R', XJ‘% X') = (R, X) ) (R', X') 4in the category -I-\-IX , which
(6}

*R,%
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means that g@x is homogeneous over C TR
0

Lemma 4.4, For any scheme XO over Xk , Wwe have a canonical exact sequence

o - H1<x,g§;0> > [ (deD] - H°(x,g§(o>

where Qi are as defined in paragraph 3.
0

Proof: (Special case) Assume that X, 1is affine and let T(X., QX ) = AO .
(0]

Then as it was noted in 4.1(b), the category My (k[€]) 1is canonically equivalent
(8}

to the category E , where

ob(E) : object in E is a flat algebra A over k[e]

together with a k[e¢] -algebra map 3 s ¢ A7 A, inducing the isomorphism
k ®k[€] 'jA : k ®k[e] A m—— AO . Alternatively, an object in E is a k-algebra

€ AJA

A  together with an exact sequence 0 - AO AO - 0 in which
€(AO)2 =0 as an ideal in A
F(E) : An arrow A, ? A, in E with respect to flrst description of

the object in E is a k[el-algebra map & : A, %A, such that J, =J, ° 2.

2 1 A
Therefore, an arrow Al - A2 in E with respect to the alternative description
of objects in E 1is a k-algebra map % . Al g A2 yielding a commutative diagram
JIa
0 >A —Ssa L > >0
0 1 0
¢
Jp
2
o] > AO > A2 > AO > O .

It follows that [M, (k[e])] is canonically isomorphic, via T(X,, -) , to
¢}
the set of isomorphism classes of k-algebra extensions of AO by AO . In other

words, we have a canonical bijection [y_xx (x[e)] =~ HO(X , Dk via T(X., =),
0

B

which is trivially seen to respect the vector space structures on both sides,
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{General case) For each affine open Uo c Xo , we get a canonical map

[MX (x[e])] - HO(U s pl ) defined as the composite map

=X, 0* B,

[P}X (el » [EU (Le])] =— 2, Q;“( } and hence we obtain a canonical map
0 [o] 0

[—M»)C (x[e])] - HO(XO, g}l( ) . Its kernel is the set of isomorphism classes of
[¢] 0

locally-trivial deformations of X. to k[e}] , i.e., the set of isomorphism

(0]
classes of deformations of Xo to k[e] , locally (on X ) isomorphic to
O
Xy 8 x[e] . Since QXO = Der (gxo, QXO) = Aut(X, & k[e]{xo) = the sheaf of

germs of automorphisms of XO ®k ke inducing the identity on the subscheme
XO » 1t 1s canonically isomorphic to Hl (XO, _D?{ } , so that we obtain the desired
0

exact sequence,

Theorem 4,5, Let X, be a scheme of finite type over k £ elther
. ing
(1) X, 1is proper over k or (11) X, 1is affine but Xg = {x € XO‘XO

is non-smooth over k at the point x } is a finite set. Then

(a) My admits a formal versal object (called a formal versal deformation of XO )
O

over QA . If (R, 1) 1is a formal versal deformation of XO » then for any
(s, y) € ob(;l_/_lx ) , there is a map (¢, ®) : (R,X) = (8,4) in g@x such that the
0 0

diagram below 1s cartesian

y : > 1
8pf(S) > Spf(R) .
Spf ()

Furthermore a formal versal deformation (R,X) of Xo

[__MX ] if and only if, for every surjective map R' ®R jin EA and a deformation
0

prorepresents the functor

(R', X') of XO to R' , the homomorphism

AutR,(X']XO) = Autp (X' g.alxo),

is surjective,

(b) If XO is proper over k , then BX-X is smoothly pseudo-representable
0
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over -QA .

Proof: (a) Since ﬂx is a homogeneous cofibered category in groupoids over
0
Cp by 4,3, it suffices to see that [M(k[e])] 1is a finite-dimensional vector

space over k by 1.11 and 2.9(b).

Now consider the exact sequence

* o -+ B, 9§O> G ORI H(x,, 9}1(0) .

If Xo is proper over k , then Hl(X » 9; ) and HQ(X R 2; } are both finite
0

0
dimensional since Qi are ccherent for all 1 2 0 by 2,13{(a). Now assume that
o}
XO is affine such that Xging is a finite set, Since 2; is a coherent sheaf
0

on X, such that Supp g)l( cxg:Lng by 2.13(a), we find that HO(X., g)lc ) is a
0 0

finite-dimensional vector space over k , whereas Hl(X R 9; } = 0 since XO
[}

is affine. Therefore, in either case, it follows from the exact sequence (¥) that
[&X (k£€3)3 is a finite dimensional vector space over k . The second statement
0

of (a) follows from 2,7,

(b) If X. 1is proper, Aut (X.® k[el]x.) = (X, D0 ) is a finite
0 o % 0 o Bx.

dimensional vector space and hence our statement follows from 2,13,

Remark 4,6(a): Let X0 be affine, Then a formal versal deformation of X,

exists if and only if Q} has its support on a finite number of points, However

%5

this does not imply that non-smooth points of XO are all isoclated, There are

affine schemes XO over k having a non-isolated non-smooth point but supp Qi

is a finite set,

Remark 4,6(b): Henceforth a deformation of X, is meant by an object in M, .
¢}
In case when there is a possible confusion, an object in MX will be referred as
0
an infinitesimal deformation of XO .

Remark 4.6(c): Let XO be a scheme over k . We have fixed a complete local

noetherian ring A with the residue field k , and considered the deformations
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of Xo over the category —C~A . (In practice one usually takes A =X or W(k)

if Xk is a perfect field of positive characteristic). Now _C’k CQ&\ is a fully

faithful imbedding, and that _ILIX lg«k is simply the category of deformations of
0]

Xo over S where S € ob(_(}k) . Therefore if (R, L) is a formal versal deforma-

tion of XO over QA s, then (k ®A R, k ®A X) is a formal versal deformation of
XO over gk . It follows, for example, that dimgA X]'Xo =dim k ®A R does not

depend on the choice of A bubt depends only on XO .

One can generalize the above theorem in many ways. Let us for instance
consider a pair YO - XO where xo is a scheme of finite type over k and YO
a fixed closed subscheme of XO . For each R € ob(QA) , a deformation of

(X, ¥.) to R is meant to be a commutative diagram
[ M ]

YO > Y
N /
% > X flat
flat
Spec (k) S Spec(R)
such that (XO, YO) - (X xSpec(R) Spec(k), Y XSpeo(R) Spec(k)) is an isomorphism.

Defining a morphism (R'; X', Y') =» (R; X, Y) of deformations of (Xo, Yo) to
be the obvious ones, we obtain the cofibered category ’Mxo’yo in groupolds over
QA . (This is a process often used in rigidification of automorphisms in moduli
problems of deformations.) One sees immediately, by the same argument as in 4.3

based on 4.2, that _I‘QX v is a homogeneous cofibered category in groupoids over
0’70

Sy -

Lemma 4.7. 0= HO(YO, Hom, (I/1°, _QYO)) ¢ [MXO"YO(k[e])] - Eg_gto(k[e])]

——_gfo

is exact, where I is the ideal sheaf of —O-X defining Y, i.e.
0
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-y
0 ;_-’_(_)_XO")QYO-’O is exact,

Proof: Iet B be the full subcategory of MX v (x[e]) whose objects are of the
0’70

form (x[e]; X X Spec(k[el), ¥Y) . We then have

Spec (k)

[B] = Ker ([g_lx v (x[eD)] - [ﬂxo(k[e])] ) . The category B 1is the groupoid of
0’"0

to k[e] "inside X, X

deformations of Y 0 " Spec(k)

0 Spec(kfe]) ", i.e., an object

in B is a commutative diagram

Y x > Xy Xspee (k) Spec(xlel)
flat
Spec{xle])
such that Spec(k) X i, = , and an arrow (Y., )= (Y., 1, ) is a
spec (k[ )Y iYo 1 in A

[ e)-morphism & : Y, Y, (necessarily an isomorphism) such that

Spec(k) X & = idY and i‘Y o % = i, . Alternatively, an object in B is a
Spec(x[e]) 0 2 1
pair (Y, ,jY) » where Y is a deformation of Y, to ¥[e] and Iy 1 Y2 X,

3
is a morphism over k such that the composite morphism YO =Y X > XO is

-» Y2 such that

ism & :
iYO » and an arrow (Yl’ le) - (Y2, ,jY2) is a morphism Y.

$ = i and J,, ° & =] « Therefore the association
5fer dYO Y, Y,

1

0 > T > 0 > > 0
T X %,
—_—
(Y’ jY) b j/ jY
€
0 > > > Q. —> 0
% g %,
gives rise to an isomorphism
[B] s 2 0 2, 0, )
B > Homy (I, Oy ) = HomOY (I/1°, oy ) = H (¥, Hom, (I/I7, Oy .
—XO 0 s 0 —-YO [¢]
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Remark 4,8, Por a more general formula implying the above lemma, see SGA3D ITII 4.4,
One may also note the following fact, One can define for any S-scheme X and a
quasi-coherent X-module E a quasi-coherent X-module _D_;‘S(;E“) forall i20 ,
generalizing the case when S is affine., As usual we simply write

i i
QX‘S(QX) = *D-X;S . We then have
o] ! 2 0 1
H (YO’ ___HOmYO(_I_/_]; ’ QYO)) =H (YO) QYOIX)

where 0210, =20, 20 is exact,
= X T

Theorem 4,9, Let Xo be k-scheme of finite iype and Y. a closed subscheme of

0

Xo . Assume that either (i) XO is proper over k or (ii) Xo is affine and

smooth over k outside a finite number of points and Y, 1is proper over k . We

o

then have

(a) Q_IX v admits a formal versal deformation over C, , and it pro-
0’ 70

represents the functor EPLLX v 1 if and only if, for every surjective map
0’ "0

and a deformation (R'; X', ¥') ,

t s
R' 2R in C,

Autpy (X', Y'){Xy) = Autp (X' § R, Y', @ R)|X,)

is surjective,

(b) If furthermore HO(X., DO 0
AL furthermore 0 % |x

i o X EX §k> is finite dimensional,
Rxolx(gyo) °

then I__JX v is smoothly pseudo-representable.
0’ "0

Proof: It is obviocus from 4,4 and 4.6 together with 1,11, 2.7, and 2,13,

We now consider the passage to localization and completion in the deformation
theory of schemes, Firstly on a notation: Let XO be a k~scheme of finite

type, Giverni a fixed point xo € Xo , we have natural functors

M, =M =i -
-—‘XO —Spec(Q_X x ) ——E.%pec(_(_)_X . )
0’ 0 0* 70
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and in turn we obtain the functors

oL 0
—D—]XO -D-%pec(gx < ) 1\—,)Spec(g x y
0’ %o %0* %o
As it was remarked in 4.1(e), r_«;x is canonically equivalent to the category
]
in which an object is a pair (R, X) where R € ob(g/\) and X is a flat R-adic
formal scheme together with a fixed isomorphism 'LOHXO . Henceforth we shall

write, when there is no possible confusion, the images of (R, X} under

ﬁX ” E‘Spec (9-}(

)
O )

) and _Iv@x "E}Spec(g ) by (R, I(x )) and (R, I(x
0° XO (6] XO, xo ] O

- - X v+l
respectively, Therefore if 1 lém Iv where IV Ispf(R)Spec(R/_rE ) then

X

= 1im Spec (0. )

(XO) é I'v’ *o
Loy = 1im Spec(§ ).

(XO> v I'v’ *o

Theorem 4,10, Let XO be an affine scheme of finite type over k

(a) If XO is locally a complete-intersection, then MX is smooth
o}

over _C_A .

{p) Assume that, for a fixed closed point x &y » Xy - {x} 1is smooth

over k , Then

7~

Q-X,x

-P;IXO -H—I"Spec(g_x X) 2 —M-Spec(
’ (0]

0

)

are both minimally smooth functors. In particular, if (R, X) is a formal versal

deformation of XO ., then (R, X(X)) and (R, 1(2)) are formal versal deforma-
tions of Spec(0 ) and Spec(a\ ) respectively.
S =X ., x' == X ., X
[8] 0
Proof: 1In this proof we go back to the notations of the cochomology of commutative

algebras defined in the paragraph 3. We set X, = Spec(A

0 O)
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(a) It suffices to show that P : [yx_x 1= €, is smooth.
0

Let (R, Spec(A)) be a deformation of Spec(AO) to R , where R € ob(_(_ly\) .
Given a small extension R' 2 R in S, {i,e., 0=k =>R' 2R ~»0 is exact),

we must show that (R, Spec(A)) can be lifted to R' . The exact sequence of
nt with coefficient AO applied to the ring homomorphisms R' » R =< A gives us

the exact seguence

cee » DHAIR, 8)) > DM(AIR', A)) = D'RIR', k) PA, > DO(AIR, &) - ...

Since R' 2 R is a small extension, Dl R’ !R, k) 1is l-dimensional vector space
over k generated by the element (denoted by R} represented by the extension
02k->R'"2R=0 , On the other hand, A is R-flat and hence

D' (AR, &) = D(A lk,A)) for all i >0 and in particular p2(alR, Ay) = 0
by 3.12(11) since AO is locally a complete-~intersection. Consequently we get

the exact sequence
-»D'(a lx, 4) »D'(A|R', A) » D'(RIR', k) ®A_-0
o' Yo >0 L % 0

This means that there exists an R'-algebra extension of A by AO » denoted by
A" , such that [A']»[R'J®1 under the map D'(A]R', Ay = prRIR', X) 84,
which means that the deformation (R, Spec(A)) can be lifted to a deformation
(R', spec(a’)) .

(v) By 3.1% we have the isomorphisms

) NS
DM (A lk, Ay = DN((A), Tk, (ag)) =M ({a)) 1k, Tag),

0'x )

pec(é; ) X)(k[:@])] .

i.e., [I;g(o(ktem = [“—“Spec(gx x)(k[e])] = (Mg
0’ 0

It suffices to show, by 2.7{(a), that

o}

[ﬂX 1- ‘-3‘@5};9@(0 )3 = EgSpec((/}\ )
O -—XO, X -Xo,

are both smooth functors, ILet (R, Spec(A)) be a deformation of Xy = Spec(AO) .

X

and let 02k *R' 2R 20 be a small extension in ¢

C\ - As above, the ring

homomorphisms R' » R = A gives us the exact commutative diagram
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1op i 1aln B nlinlnt 2
= D (Ayik,Ay) > DT (AIR',A)) B D (RIR',10BA, + DA lK,80) » ...

! | l I~

» DM (Al (ag)) = DHAR', (a) ) = DMRIR',10B(A ), = D7 (A |k, (&

T

p.
> DN ((Ag), [k, (Rg),) > DM ALIR', (a) ) = DM RIR',10B(A,), = DP((A)) 1k, () ).

o)x .o

where the indicated isomorphism comes from the fact that AO is smooth over k

except at one closed point x so that
i i : i
D (Aglk, (A).) = D' (Ajlk, &) = D (Ajlk, A))
for all 1 > 0 ., Now suppose that we are given an arrow

t s
{(R', Spec(B)) = (R, Spec(Ax)) in [%pec((/-\o) )] . It means that we are given

a class [B] € Dl(Ax}R’, (A,),) such that p ([8)) = [R'] . Then a trivial

diagram chasing shows that there exists [A'] € Dl(A!R', A such that

O)
p{[a']) = [R'] and A' =B 1.,e., {(R', Spec(A')) is a deformation of Spec(4 )
X (0]

t t
to R' such that Spec(A’) = Spec(B) . This proves that MX Mspec (0, X}
: o2
is smooth, The smoothness of the funclor Spec((Ao)X) —Spec((Ao)x)

comes from the similar diagram together with the fact that

DA ) = DHA) fh (A1) = D
o/xi™ Vo/x! T o/xi " x) =P ((AO)X‘R’ )

)
0 (AO’X

for all i >0 since x 1is an only possible non-smooth point,

Theorem 4,11, Let X, bea {separated) k-scheme of finite type, smooth outside

ing s
a finite closed set X(S) = {x,.000x ) of Xy .« Let O,...,Ug be affine

i ing _
open neighbourhoods of XyseeesX, such that Uoﬂ X(S) = {xi} . It

H2(X s DO } = 0 , then the natural functor My o H Xewe X M is smooth.
0’ =X - =1 " _—
(o} U
0 0
Proof': We can complete Ul, oo ,Ug into an affine open covering of XO by

choosing US™,...,Uy such that USN XS =6 for all j >r . Now let
R' R Dbe a small extension in C, , and 1et (R', U‘l),...,(R' U'") be
deformations of Ué,...,Ug to R' such tmat U'l %,R = XiUé ,1%3i sy , for
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some deformation (R, X) of XO to R , We must show that there exists a defor-
mation (R', X'} of XO to R' such that X' %,R = X and X'}Ué = U'i for

1 &1isr , Since Ug for j >r is smooth over k , XiU‘é can be lifted, by
4.9(a), to a deformation (R', U'j) i.e., there exist deformations (R', U"j)

of Ug to R' such that U'Y B8R - X]Ug for all j >r . Since, for any pair

ié3 , U(i) n Ug is affine and smooth over k , we obtain an isomorphlsm

. o1 J g dd J
LR fUéﬂUO-’U iUOﬂUO

such that Tij g, R = iXmU(l) n Ug , and in turn defines a cochomology class in

2 0 i~ -1 . 0
H (XO QXO) given by Uoﬂ Uy N Ug - Tij'rjk'rik . Since HE(X , 2X0> =0 by

hypothesis, the obstruction for glueing these to obtain a global deformation

vanishes, and hence we get a deformation (R', X') of X, to R' such that

x! g.R = X and X'iUg =~y'Y | This completes our proof.

Remark 4.12, The previous proof assumes XO to be separated, which is unnecessary.

In fact, for a fixed deformation (R, X) of XO and deformations (R', U'Y) of

Ué , the deformations (R', V') of open set V of X to R' compatible with

the deformation (R', U'Y) already given, form a "gerbe" (in Giraud's terminology)

whose structure sheaf is 1_)_?{
18]

section of this "gerbe" (di.e., a global deformation (R', X') of X compatible

. Hence the obstruction to the existence of a

with the given datum (R', U"j)) is in HQ(XO, 9.?( } which is zerc by assumption.
8]

Corollary 4,13, Let Xo be a k-scheme of finite type, smooth outside a finite

ing _ 2 0,
subset Xg = {xl,...,xr} of X, such that H (XO, QXO) =0 , Then

(a) 15(0 -”—%pec@ X )X"‘ X MSpec@ % ) is smooth,
i ! >y

%5

r
. 0
In particular, dim My =din H (X, Dy )+ I almMg o~ )
4] (0] c=1 -Xo,xo

{v) If furthermore XO is locally a complete-intersection, then EX
0

is smooth.
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Proof:
(a) The first statement follows from 4,10 and 4,9(b), Now let (R, X)

and (Rl, Il),...,(Rr,, I'r) be formal versal deformations of X, and

Spee(_QX ,...,Spec(gX X ) respectively, We then obtain a commutative diagram
0’ r

)
0%

B ST

!

e Rl ] ~ -
MXO “Spec(0y o ) Xoaew XMoo (o )
0’71 "XO’XI*

Since the composite functor

-y . ”~ A
bp 2 My _’Nﬂpec(_o_ y Xeee X EISpec(_o_ )
0 )(O,x1 Xo,xr

is smooth whereas

2 N > A X eses X M N
ElRJ. R.w R R -}Spec(gx sX ) *-Spee(gx »X )
0*"1 0’ r
is minimally smooth, it follows from 2,7(a) that

hy by “ ~ is smooth i.e,, R 1is a formal power-series ring over
1 R .. % R,

Rl % e % Rr- . Since

—Spec

R C Sl TR L0 22 RPN C L)
0’71 0’

is exact by 4.4 i,e.,

(R, Ke]) = Homy . (R} & ... § R, K[eD)

0
0~ B (X, Dy ) Hom, o

is exact, it follows that R is a formal power-series ring over R, %...8R

T
in d-variables where 4 = dimkHl(X R I_)_g )y .
0
Therefore
dim M, =dimk QR =4d + dim k @ (R e ®R)
/LXO % % 1 % ? T

d+atn(k §R) B ... @ (kG R)

r r
Z i e = 1 M
d+i___ld1m‘%Ri_d+i§1dim£Is

pec (0. )
XO’Xi
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(b) follows from 4,10 and 4,9(a).

4,14, We close this paragraph with an explicit construction of a formal versal

deformation in a simple situvation, In fact, if XO is affine and is a complete-

intersection, it is trivial to write down explicitely. Thus let

Ao = k[xl;-oo:xnj/(fl:ou-,fr) S/J

where S = k[xl,...,xn] , J = (fl,,..,f ) ,and f,...,f, 1is an S-regular

r

sequence, We then obtain the exact seqguence
- Der, (S, A.) = Hom, (3/3°, A) » D (A |k, A) » 0
e k7 0 AO e} 0™ 70

We note that J/J2 is Ao—free module of rank r generated by

fl(mod 32),...,fv{mod JE) , since fl,...,f is an S-regular sequence. We now

r
assume that Dl(AOQK, AO) is a finite-dimensional vector space over k , say A
has isolated non-smooth points only, Iet d = dimle(AO{k, AO) and choose

p, : 3/ 52 > A, (3 =1, 2,...,d) which form a k-basis of D' (A,]k, Ay) . Now
is

r —
choose ij € Ahxl,...,xn] such that pj(fi) = Pji (mod my + J) where m

-

the maximal ideal of A , We then consider

R = A{[tlx cse ’tdlj

w
1t

Rlxp,ee0sx 1/(G)50000G,)

a
where G, =F, - ¥ t,P,. and F, is a polynomial with coefficients in A
J J 4e3 11 J
gotten from fj by 1lifting the coefficients from k to A , Since
R[xl,...,xn] is R-flat and Gy,...,G, modulo m, (which becomes fl""’fr)
is a regular sequence in k % R[xl,...,xn] , it follows that B is R-flat, and

k % B = A, , Furthermore,

o

HomA-alg(R’ k[el) = Dl(Aoik, Ay) = [gspec(Ao)(k[e})l

is bijective by our construction of B . Therefore, if we set

110



- 80 - VI

Spr(B) = 1ym Spec(R/m’* @ B)
v

N
-
then (R, Spf(B)) is an object in MSpec(AO) and the functor ER Ms C(AO)

induced by (R, Spf(B)) 4is smooth by 1.6, since R is a formal power-series

ring over A . In other words, (R, Spf(B)) is a formal versal object of
MSpec(l-\o) y

We note, by 4,10(b), that if we set

B = RI[X,....x 11/ (65000060

then (R, Spf(B)) is a formal versal deformation of Spec(AO) where

ho = MK, X Vet

Remark 4.15, Let XO be a k-scheme of finite type with isolated non-smooth points
only, and let (R, 1) be a formal versal deformation of XO . The above construc-
tion shows that if XO is affine and locally a complete-intersection, then X

is a formalization of an R-scheme of finite type. This fact can easily be genera-

lized to the case when X, 1is not necessarily affine but HQ(XO, g; ) =0 .,
0

Remark 4.16. The global theory of the relative cotangent complex (the latter
theory being reduced to the truncated complex of length 1 , which is sufficient
however for many purposes of deformation theory) allows to generalize and simpli-
fy certain results, such as 4,10. Namely let S be a scheme, SO cs8' 8 two
subschemes of S8 defined by ideals J— I such that JI =0 , X' a scheme

. XS0
flat over S s Lo=1L the relative cotangent complex of XO over So »
which is an element of the derived category D(XO, QX) . We consider the category
P of all flat schemes X over S which extend X'/S' , i.e, together with an
S'~isomorphism X g 8' = X' ., Then

(a) For an object X' of F , the group of automorphisms is canonically

isomorphic to Exto(Xo; L.,IX J  {where IX is the inverse image of I , viewed
0 0

as a module on S, , on XO)
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(b) The set of isomorphism classes of objects of F is empty or a

torsor (= a principal homogeneous space) under the group Extl(xo; L.,I, Yo
(8]

(¢) One can define a canonical element ¢ € Ext2(X0; L.,T

) whose
XO

vanishing is necessary and sufficient for ¥ to be non empty.

In order to study the Exti(XO; L.,I , it is often convenient to

)
X0
write

Ext’ (X ;L.,Ty ) = H(X., RHom(L.,T, )) .

] (6]
and to notice that the complex RHom(L.,IX } has as cohomology sheaves the
(0]
sheaves Qi (IX ) introduced in §3, For 1 = 0, 1, 2, these sheaves may be

S ¢]
viewed respectively as the sheaf of automorphisms of any object X of P

(understood: automorphisms inducing the identity on X') , the sheaf of indeter~
minacy of isomorphism classes of loecal solutions to the flat deformation problem,
and the sheaf of obstructions to the existence of local solutions, On the other
hand, the standart spectral sequence gives us
¥* DP,Q P a
Ext*(X, L.,IXO) « Ep’C = H(X,, p_XO(IXO)) s

which yields the well-known isomorphism

~ 10 0 ~ 0 1 1
Aut(x/X') = H(X,,D; (I, )) = H (X.,Hom( sI. ) = Hom( LI )
[ . 0 ——-on/so %y —Xo/85" %,

and the exact sequence in low degrees

0 - 1 (x,,00 ) - Extt - 8O(x 0t ) - 2 (x,00 ) - Bxt?
9] —XO O’ 07=X
(¢} 0
This shows in particular that if H2(XO,2§ ) = 0 , and if there exists any local
0

flat deformation X of X'/S' , then there exists a flat global deformation which
corresponds to given local deformations, More precisely and generally, for a given
local deformations {i.e. 2 section of the ‘'sheaf of isomorphism classes of local
flat deformations” ), the argument 4,10 shows that the obstruction to finding a

global flat deformation compatible with these is in H?(X 5 Qg } , hence such
0

a global flat deformation exists if HE(XO, 22 ) = 0 : this is essentially 4.10.
0

112



- 82 - VI

On the other hand, the spectral sequence shows that the Ext2 is zero whenever

we have the relations

() B, 05 =0, H(X, D) =0 , B, Dy) =0 .

0’ =X =X 0” —X

0 0 0
The first relation is always satisfied if XO is a relative complete intersection
over SO {as then 2§ =0 for any module M on XO ), the second is satisfied
0
provided the support of Qi is discrete, as is the case if XO is smooth over
0

SO except on a discrete subset of XO over SO . When the previous three rela-

tiens (¥) are all satisfied, then by (c) above, F is non empty, which generalizes

h.12(p).

More geometrically, and without using the global theory of the relative

cotangentcomplex {but only the globalizing of the functors 2;
0

), one can get

a simple geometric interpretation of the three successive obstructions to defor-

ming flatly X' to X , lying in the three left hand terms of (¥). Namely by

the local theory, the first obstruction ey in HO(X R Q; ) can be defined as .
(0]

the obstruction to finding local solutions, when this obstruction vanishes, the

sheaf F of isomorphism classes of local solutions of the problem is {by the

local theory) in a canonical way a torsor under Q; , and the second obstruction
[¢]

02 » lying in Hl(X » Q} } , is *he obstruction to finding a section of this

X
(6}
torsor, i.e, of finding a "coherent system of isomorphism classes of local

solutions"” ; if this second obstruction also vanishes, then, choosing arbitrarily

a section of F , one gets, as noted above, an obstructlon 03 in HZ(XO, 2; )
0

to finding a global solution corresponding to the given system of {isomorphism

classes of) local solutions. Using the fact that the section of F is determined

up to adding a section of Dk , we get a map d : HO(X R DL ) - HE(X ’ 0 o,
—XO —XO 0 —XO
and a solution to the deformation problem exists if and only if ¢, =0 , ¢, =0,

1

and c3 is zero as an element of Coker d (each ¢ being defined when the pre-

i
0] 2 g. 1
vious ones are zero). Of course, the groups H (Xy, Dy ) , H (X, Dy ) and
&) 8]
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1,1 2,0

HZ(X R DO }J/Im & are just the initizl terms EO’2 s E27 , and E3 of
0 *XO 2 2

the spectral sequence above, d being the differential (up to sign ?)

. 501 4 52,0

d2 2 2 *

5. Formal Jacobian subschemes

Let XO be a scheme of finite type over a field k , and let (R, X)
be a formal versal deformation of XO . Then L is not an ordinary scheme over R
but an R-adic formal scheme. The purpose of this section is to clarify "the

non-smooth locus of X over R ",

We fistly recall the definition of Fitting ideals associated to a module
of finite type: ILet A be a commutative ring and E an A-module of finite type.
Choose a presentation

K=F2E"C0
where P 1is locally-~free of constant rank n , We define

P

Ia

(E) = In("AP x @ UAP F# - ) for p=0, 1, 2, ...

The ideals Ii{E) thus defined does not depend on the choice of a presentation
and therefore are invariants of A-module E , called the Fitting ideals of

A-module E . The following properties readily follow from the definition.

5.1. (a) Por any ring homomorphism A - B , the canonical map

B % A/:{i(E) = B/IE(B & E)

is an isomorphism for all P ., In particular we have

p -1 -1.p
I (87°E) = 8" T3 (E)
sia A

for any multiplicative subset S 1in A .
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(b) We have IO(E) CIN(E) cI2(E) € ... , and, for each point
A A A
x € Spec(a) , Ii(E)X = Ax for all p =2 dimK(X)E(x) , where E{(x) = nu{x) f E .
(c) x € Spec(A) - Supp A/IE(E) if and only if, for any (or for some)
presentation

K»FE=2Q

where F ~ A" B Kx contains A?c-p which is isomorphic to a direct summand of

Fx , In particular, we have that
Supp A/Ig{E) =Supp E .
()
r -~ p . 79
I,(E 9Ey) = p+§=r I, (8)) ~ T, (Ey)

(e) If A is a noetherian adic ring, then

A/Ii(E) = 1im A/IE (&)
v v

where l\::t;i.\;ml-\V and EvnE%AV .

In view of the property 5.1(a), our definition of Fitting ideals is readily
globalized, Thus let X be any scheme, and E a quasi-coherent X-module of
finite presentation. We then obtain a sequence of quasi-ccherent ideal sheaves

li(@_) for p 2z 0 defined by

T, E) ¥Ry, o ) TW E)
==

for every affine open subset U CX .,

Now let X 2 Y be a morphism of schemes, The relative Kihler-differentials
QX‘Y(“ f&gY) is a quasi-coherent X-module, If the morphism X =Y is of essential-
ly finite presentation, then —Q—X{Y is a quasi-coherent X-module of finite presen-

tation, and in turn we may consider the ideal sheaves Ip(ﬁ ) ..
=Xy

Definition 5.2, Let X - Y be a morphism of essentially finite presentation,

Por each integer p 2 0 , we define J§(X{Y) to be the closed subscheme of X
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