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INTRODUCTION 

Soient S un schema et f : X > S un morphisme de schemas. Si f est 

propre et lisse, et que le hombre premier £ est inversible sur S , les groupes de 

cohomologie £-adique HI(X~ ,~Zz) des fibres g~om@triques de f forment un syst~me 

local Z-adique sur S . Pour f seulement suppose propre, ces groupes sont les fi- 

bres d'un faisceau Z-adique Rif~z sur S . La th~orie des cycles Evanescents met 

en relation la ramification de ce faisceau sur S et les singularitEs de f . 

Nous ne considErerons que le cas o5 S est un trait hensElien (= spectre d'un 

anneau de valuation discrete hens~lien). C'est en pratique le cas essentiel. Je ren- 

voie ~ (I 2.1) pour une descriptionheuristiquede la th~orie. Soient S=Spec(V), k(~ 

une clSture alggbrique du corps des fractions k(n) de V et k(~) la cl$ture alg~- 

brique correspondante du corps r~siduel k(s) (k(s) est le corps rgsiduel du norma- 

lis~ V de V dans k(~) ). Dans le cas particulier oO X est propre et plat sur 

S , de dimension relative n , et oO f ne pr~sente qu'un point de non lissit~ 

x E X , on d~finit des Gal(~/n)-modul6s i , de nature purement locale au voisi- 
S 

nage de x , nuls pour i ~ [O,n] (I 4.2), et on construit une suite exacte longue 

de Gal(~/~)-modules 

... > Hi(x~ ~£) sp > HI(X~,ZZ) ....... ~ ~i .> Hi+I(Xs,E£) > ... 

(le Gal(~,s)-module HI(X~,Zz) est regard@ comme un Gal(~/n)-module avec action 

triviale de l'inertie ; sp est la fl~che de sp@cialisation). 

On donne aussi des crit~res, valables pour l'instant seulement en caract~ristique 

0 , pour que les ~i pour i petits soients nuls (par exemple, si X est de plus 

i 
localement d'intersection eompl~te, ~ = 0 pour i # n (I. 4.5)). 



VI 

Le thgor~me de monodromie affirme que l'action du sous-groupe d'inertie I 

de Gal(~/n) est quasi-unipotente : pour T E I , il existe des entiers N > 0 , 

tels que l'endomorphisme (T M - I) N de Hi(x_,~) soit nul. On donne de ce M > 0 
n 

th~or~me deux d~monstrations. La premiere (I.l.2), de nature arithm~tique, s'applique 

d~s que les groupes de cohomologie consid~rgs ont des propri~t~s de finitude raison- 

nables. Le point clef est que, lorsque k(s) est de type fini sur son sous-corps 

premier, l'action de I est quasi-unipotente pour toute representation ~-adique de 

Gal(~/~) . La seconde dgmonstration, plus g~omgtrique, requiert la puretg et la r~so- 

lution des singularit~s : elle n'est pour l'instant valable qu'en caractgristique 0 

H I ou pour un . Elle apporte de pr~cieuses informations sur l'exposant de nilpotence 

N ( N ~ i+l pour un H i ). Ainsi qu'on le verra ultgrieurement, elle se prate bien, 

sur C , ~ la comparaison avec la th~orie transcendante. 

H l Ces rgsultats, appliqugs au des vari~t~s abgliennes, i.e. g leur module 

de Tate, permettent d'~tudier la r~duction mod p de celles-ci. On donne ainsi deux 

d~monstrations du th~or~me de r~duction stable des varigtgs abgliennes selon lequel, 

apr~s ramification, la fibre sp~ciale connexe du module de N~ron est extension d'une 

varigt~ abglienne par un tore. La premiere (I. 6) reprend la mgthode de la d~monstra- 

tion arithm~tique du th~or~me de monodromie. La seconde (IX 3.6) s'appuie sur une 

analyse beaucoup plus fine du modgle de N~ron, et de ses propri~t~s de polarisation. 

Les exposgs I ~ V de Grothendieck n'ont pas ~t~ r~diggs. Ils ont ~t~ r~sum~s 

dans un exposg I . Les r~sultats ~nonc~s y sont d~montr~s de fa~on succinte, mais 

essentiellement compl~te. 

L'expos~ II applique la m~thode des pinceaux de Lefschetz et (I 5.3) 

l'~tude du groupe fondamental. Pour S une surface sur un corps alg~briquement clos 

k d'exposant caract~ristique p , on montre que le groupe profini ~(P)(s s) com- 

pl~t~ en dehors de p du groupe fondamental, est de pro-(p)-pr~sentation finie. 

Comme expliqu~ plus haut, les exposes III ~ V n'existent pas. 



VII 

L'exposg VI contient, avec quelques compl@ments, la th@orie des d~formations 

de Schlessinger. On y prend soin de tenir compte des automorphismes infinit@simaux 

des objets qu'on classifie,et de ne pas passer trop brutalement au foncteur des clas- 

ses d'isomorphie d'objets. On y donne aussi une nouvelle construction des 

i 
Ext (Lx/S, -) ( LX/S complexe cotangent relatif de X/S ). Cet expos@ sert dans le 

reste du s@minaire surtout via l'@tude qui y est faite des d@formations des singula- 

rit@s quadratiques ordinaires. 

Les expos@s VII et VIII sont consacr@s ~ la th~orie des biextensions. Cette 

th@orie joue un rSle essentiel dans l'expos~ IX, pour exprimer ce qu'il advient d'une 

polarisation quand on passe d'une vari@t~ ab@lienne ~ un module de N@ron de celle-ci. 

Cet exposg IX contient la d@monstration du th@or~me de r@duction stable des vari@t@s 

ab@liennes, et diverses applications. 

La suite de ce s@minaire : SGA 7 II, par P. Deligne et N. Katz, paraltra 

ult@rieurement. 

Bures sur Yvette, mai 1972, 

P. DELIGNE 
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SGA 7 

Expos@ I 

Rgsum@ des premiers expos@s de A. Grothendieck 

r~dig~ par P. Deligne 

Sommaire 

O. Pr~liminaires 

]. Dgmonstration arithm~tique du th~or~me de monodromie 

2. Cycles ~vanescents 

3. D~monstration g~om~trique du th~or~me de monodromie 

4. Crit~res de nullit~ pour les faisceaux de cycles ~vanescents 

5. Action de la monodromie sur les ~I 

6. Appendice par P. Deligne : d~monstration arithm~tique du 
th~or~me de r~duction stable 

O. Pr~liminaires 

0.0. Terminologie. Rappelons les d~finitions suivantes : 

(0.0.]) trait : spectre d'un anneau de valuation discrete. On note souvent n et s 

les points g~n~riques et fermgs d'un trait. 

(0.0.2) strictement local : pour un anneau : local hensglien ~ corps r~siduel s~pa- 

rablement clos. Pour un schema : spectre d'un tel anneau. 

(0.0.3) point g~om~trique de S (dans cet expose) : morphisme x : Spec(k) > S 

d'image x.'~S , k(x) = dfn ~ ~tant une clSture s~parable de k(x) . Pour un trait 

hensglien S = Spec(V) , on note souvent n un point g~om~trique g~n~rique (i.e. 

d'image ~ ) de S . Le corps r~siduel de l'anneau de valuation V clSture intggrale 

de V dans k(~) est une extension alg~brique s~parablement close de k(s) et d~fi- 

nit un point g~om~trique s de S localis~ en s . 
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(0.0.4) localis~ strict de X en le point ggomgtrique x : SGA 4 Vlll 4.4. 

(0.0.5) essentiellement de type fini sur S : pour un S-schema local (resp. local 

hens~lien, resp. strictement local) : spectre d'un anneau local (resp. de l'hens~lis~ 

d'un anneau local, resp. localis~ strict) d'un schgma de type fini sur S . 

(0.0.6) F i > F(n) : twist ~ la Tate, 

(0.0.7) Un endomorphisme T d'un espace vectoriel de dimension finie est quasi- 

unipotent si ses valeurs propres sont des racines de l'unit~, i.e. s'il existe N ~ I , 

M > I tels que (T N - I) M = 0 . 

0.|. Rappels sur la cohomologie ~-adique 

Soit X un schema de type fini sur un corps alg~briquement clos k d'expo- 

sant caract~ristique p et % un nombre premier premier g p . 

SGA 5. 

Les groupes de cohomologie ~-adique de X ont gt~ d~finis dans SGA 4 et 

a) Hi(x,z/% n) est le i time groupe de cohomologie du site gtale Xet de X 

valeurs dans Z/% n ; 

Hi(x,z~) b) par dfifinition, = ~im HI(X,Z/~ n) ; 

i Hi c) par dfifinition, H (X,Q~) = (X,Z~) @Z~ ~ 

Les groupes de eohomologie %-adique ~ supports propres de 

de m~me ~ partir des HI(X,Z/% n) de SGA 4 XVII. 
C 

X sont d~finis 

H6(X) ont Dans chacun des cas suivants, on sait prouver que ces groupes 

des proprigtgs de finitude raisonnables : 

(0.1.1) en cohomologie ~ support propre ; 

(0.1.2) pour X propre sur k ; 

(0.1.3) pour X lisse sur k (grace ~ a) et g la dualit~ de Poincar~ SGA 4 XVlII) ; 

(0.1.4) lorsqu'on dispose de la rSsolution des singularit~s g la Hironoka pour les 

sch6mas de type fini sur k , de dimension 4 dim(X) ; 

(0.1.5) pour i = 0, I . 
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Dans tous ces cas, les Hi(x,z/~ n) sont finis, les Hi(x,Z~) de type fini, 

les Hi(x,~) de dimension finie et (sauf peut-~tre pour (0.1.5)) on dispose de suites 

exactes courtes scindfies 

O ~Hi(X,Z~) @ Z/~ n ~ Hi(x,z/~ n) > TorI(Hi+I(x,z~),z/~n) ~ O . 

De plus, la dgmonstration du th~orgme de finitude fournit chaque fois une d~monstra- 

tion d'un thgorgme de constructibilit~ ggngrique : si k est le corps des fractions 

d'un schema nogthgrien int~gre S et que X est la fibre g~n~rique de fl : XI • ~ S 

(de type fini), il existe un ouvert non vide Uc S tel que, sur U , les 

R1f Z/~ n soient localement constants de formation compatible ~ tout changement de 

base. 

0.2. Ne supposons plus k alg~briquement clos, et soit k une clSture alg~brique 

(ou sgparable, cela reviendrait au m~me) de k . Nous consid~rerons les groupes de coho- 
i 

mologie "ggomgtriques" H (X~) (X~ est le schgma d~duit de X par extension des 

scalaires de k g k ). Par transport de structure, le groupe de Galois Gal(k/k) 

agit sur ces groupes. En Q%-cohomologie, lorsqu'on est dans l'un des cas (0.l.l) 

(0.1.5), on obtient ainsi des representations continues de Gal(k/k) dans un groupe 

lin~aire GL(n,~%) . 

0.3. Rappels sur les traits (0,0.1) 

Pour les d~monstrations, on renvoie g [4]. Soient S un trait hensglienj 

, s , V , V , n , s comme en (0.0.I) (0.0.3). On note p l'exposant caract~ristique 

de k(s) et Gal(~/~) (resp. Gal(s/s) ) le groupe de Galois Gal(k(~)/k(n)) (resp. 

...). Par transport de structure, Gal(~/~) agit sur k(s) , d'o~ une application de 

Gal(~/n) dans (en fait sur) 

corps de k(~) d~fini par 

Le groupe profini 

p-groupe. Le quotient I/P 

I/P --~J lim ~ (k(~)) = 
n 

n 

Gal(s/s) , de noyau le groupe d'inertie I . Le sous- 

I est une extension non ramifige maximale de k(~) 

I admet un plus grand sous-groupe P qui soit un pro- 

est le groupe d'inertie modern. On a canoniquement 

dfn Z(1) (k(s)) 
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Si ~ est l'application canonique de I/P dans ~ (k) , et que u est un ~l~ment 
n n 

de V de valuation I/n , on a pour o ~ I 

O(u) ~ ~n(U).U (mod. ~l~ments de valuation > I/n), 

En r~sum~, on a : 

(0.3.1) Gal(~/q) ~ I ~ P , 

Gal(~/n)/I ---~GaI(7/s) , 
^ 

~/P "~ Z(1)(k(~)) , 

P : pro-p-groupe ( {e} si p = I ) , 

et l'action (par automorphismes intgrieurs dans Gal(]/n)) de GaI(~/D)/I sur I/P 
^ 

s'identifie ~ l'action naturelle de Gal(s/s) sur Z(1)(k(s)) 

0.4. Soit plus g~n~ralement S strictement local r~gulier, D un diviseur rggulier 

dans S et p' l'exposant caract~ristique du point g~n~rique de D . Soient ~ un 

point g~om~trique g~n~rique de S et s le point ggom~trique localis~ au point fermg 

s , qui s'en d~duit. D'apr~s le lemme d'Abhyankar, le groupe fondamental ~I(S-D,~) 

admet un d~vissage analogue ~ (0.3.1) : 

(0.4.]) ~I(S-D,~) ~ I ~ P 

~I(S-D,~)/I----GaI(7/s) 
^ 

i / v = Z(1)(k(~)) 

P : sans quotient d'ordre premier ~ p' 

L'action par automorphismes int~rieurs de KI(S-D,~)/I sur I/P s'identifie 
^ 

l'action naturelle de Gal(s/s) sur Z(1)(k(s)) 

0.5. La d~singularisation de N~ron 

La m~thode de d~singularisation de N~ron fournit le r~sultat suivant : 

Lemme 0.5.1. Soit S > S un morphisme de traits hens~liens, avec S = Spec(V) , 
O 

S = Spec(V o) et ~ une uniformisante de V . On suppose que K est une uniformi- 
O - -  O 

sante de V , et que les extensions k(s)/k(s o) e t k(n)/k(no) sont s~parables. 

A l o r s ,  V e s t  l i m i t e  i n d u c t i v e  de V - a l g f i b r e s  h e n s f i l i e n n e s  l i s s e s  e t  e s s e n t i e l l e m e n t  
0 

de type fini B. sur V 
i O 
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Pour construire les V -alg~bres voulues, on prend V C B CV 
O o 

type fini, et on d~singularise Spec(B) ~ la N~ron (~I] § 4). 

avec B de 

Soit S = Spec(V) un trait hens~lien. 

(0.5.2) Si S est d'~gale caractgristique, d'uniformisante ~ , on peut appliquer 

(0.5.1) pour So = Fp~](~) . L'extension s/so est s~parable car Ep est parfait, 

l'extension n/n l'est car ~ , gtant une uniformisante, n'est pas une puissance 
o 

leme 
p (si p # 1 )donc fait partie d'une p-base. On trouve que S est limite de 

speetres de Ep[~](~)-alg~bre~_ hens~liennes lisses essentiellement de type fini. 

(0.5.3) Si S est complet, d'inggale caract~ristique, g corps rgsiduel parfait k , 

V est une extension d'Eisenstein de l'anneau des vecteurs de Witt ( = anneau de 

Cohen) W(k) 

V ~ W(k) E~.~ /( n + 
n-I 

a i ~) 
0 

Si on perturbe un peu les 
L 

ser les a.. dans W(k') , avec k' de type fini sur F 
i 

faite de k' dans k et 

a. , on trouve une extension isomorphe. On peut donc suppo- 

• Soit k la cl$ture par- 
p o 

n-I 
V = W(k ) E~]/(~ n + ~ a. l) 
o O i 

O 

Le lemme 0.5.1 s'applique ~ V/V , et le corps r@siduel de V est une extension 
O o 

radicielle d'un corps de type fini sur F 
P 

I. D@monstration arithm@tique du th@orgme de monodromie 

Le lecteur trouvera dans [5], Appendice, une d@monstration du r@sultat suivant 

de A. Grothendieck. 

Proposition 1.1. Soient 

sant caract~ristique p 

S un trait hens~lien, % un nombre premier premier ~ l'expo- 

de k(s) et p une representation continue de Gal(~/~) 

dans GL(n,Q%) . On suppose remplie la condition suivante : 

(~) Aucune extension finie de k(s) ne contient toutes les racines de l'unit~ 

d'ordre une puissance de % . 
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Alors, il existe un sous-groupe ouvert 

p(o) soit unipotent pour o E 11 

11 d u groupe d'inertie I tel que 

La condition (~%) est automatiquement v~rifige pour k(s) de type fini sur 

le corps premier (ou radiciel sur un tel corps). 

Le thgor~me suivant r~sulte aussit3t de 1.1. 

Th~or~me de monodromie 1.2. Avec les notations prgc~dentes, soit X un sohgma de 

type fini sur n et H un espace de cohomologie de X- , g coefficients dans ~ , 
-- q 

de l'un des types (1.1.1) ~ (1.1.5). Si la condition (~%) est v~rifige, l'action 

d'un quelconque ~igment de I sur H est quasi-unipotente. 

Les r~sultats de passage g la limite O,5 permettent de se d~barasser de 

l'hypothgse (±~). 

Variante 1.3, La condition (X%) dans 1.2 est superflue. 

Soit H' un espace de Z%-cohomologie de X- qui donne naissance ~ H 
0 r] 

et Ho = H'/torsiOn.o On a par hypoth~se H = H ° @Z Q~ , et l'action de Gal(~/q) 

dgduit de 

se 

P : Gal(~/n) .... GL(Ho) 

Soit I%, le plus grand sous-groupe premier g % de I . Son image dans GL(H ) 
o 

un groupe de Lie ~-adique premier  ~ ~ , d o n c  e s t  f i n i e .  

est 

Proc~dons g une extension de trait S' > S • Ceci ne change pas H 
o 

(SGA 4 XVI 6.6) et p(l') est d'indice fini dans 0(I) , car I'/P' est d'indice 

fini dans I/P et ce qui prgc~de. II suffit donc de prouver le thgor~me sur S' : 

on peut supposer que 

a) Gal(~/~) agit trivialement sur H /~H 
o o 

b) s i  S es t  d ' in f iga le  c a r a c t ~ r i s t i q u e ,  S 

p a r f a i t  (EGA OiI I 10 .3 .1) .  

est complet g corps r~siduel 

Posons S = Spec(V) , d~finissons 

quons (0.5.1). On a 

V comme en (0.5.2) et (0.5.3) et appli- 
o 

V = li~ B i 
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avec S. = Spec(B.) essentiellement lisse de type fini sur V . Soit D.C_ S. 
1 1 0 i I 

d'fiquation ~ = 0 . Pour i assez grand, H ° provient d'un Z -faisceau constant 

tordu ~i sur S. - D. (d'apr~s la "construetibilit~ gfinfirique" (0.I)) et ~i/~i 
I i 

est constant. 

(1.3.1) 

Les d~vissages (0.3.1) et (0.4.1) donnent lieu g des diagrammes con~nutatifs : 

A 

Gal(~/~) ~ I ~ P I/P ~'~ Z(1) 

1 I I I !I 
EI(Si-Di,~) ~ I. ~ P. l./e. ~.s Z(1) i i i i 

et la representation H de Gal(~/~) se d~duit d'une action de ~l(Si-Di,~) sur 
o 

H , t r i v i a l e  s u r  H / ~ H  , L e  g r o u p e  K e r ( G L ( H )  ~ G L ( H / ~ H ) )  e s t  u n  p r o - ~ - g r o u p e  ; 
o o o 

P. agit donc trivialement, et on applique la variante suivante de i.I. 
i 

Variante 1.4. Reprenons les notations de 0.4 et soit 0 une representation continue 

de Gal(-D/n) dans Gal(n,~%) . On suppose que k(s) v~rifie (~%) et que p(P) 

est fini. Alors, l'action de I est quasi-unipotente. 

2. Cycles ~vanescents 

2.1. Soit S un trait strictement local, et reprenons les notations de 0.3. Par 

hypoth~se, on a ici s = ~ . Soit f : X ~ S un schema de type fini sur S . Le 

formalisme des cycles ~vanescents est un outil pour ~tudier la relation entre les 

cohomologies de X et de X- , et l'action du groupe d'inertie sur celle de X- , 
s ~ 

g partir d'informations locales (sur X ) sur le morphisme f . 

Un r~sultat clef de ce type est le th~orgme de sp~cialisation SGA 4 XVI 2.2, 

selon lequel pour f propre et lisse X 
s 

Dans la thgorie transcendante, si 

d'un espace analytique X dans le disque 

comme suit : 

a) Quitte ~ rapetisser 

que au-dessus du disque ~point~ 

et X- ont mSme cohomologie. 

f : X > D est un morphisme propre 

D , les cycles ~vanescents apparaissent 

D , on peut supposer que X est un fibrg topologi- 

D ~ (th~or~me d'isotopie de Thom). Les fibres 
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X ( t ~ D ~ ) sont en particulier toutes isomorphes. 
t 

b) II n'est pas d~raisonnable de se representer la fibre spgciale X comme 
S 

d g d u i t e  de  " l a "  f i b r e  g g n f i r a l e  X p a r  c o n t r a c t i o n  de p o l y g d r e s  d a n s  X : on a u r a i t  
t t 

: X t .... ~ Xs . La m~thode des cycles 6vanescents consiste alors ~ 6tudier la diffe- 

rence entre les cohomologies de X et X ~ l'aide de la suite spectrale de Leray 
s t 

de 

La th~orie g6om~trique expliqu6e ci-dessous est tr&s proche de cette thgorie 

transcendante ; il faut remplacer le point g6n6ral tED par q , le point g6om&trique 

g6n6rique de S . Inversement, on peut calquer la th6orie transcendance sur la th6orie 

g6om6trique, en rempla£ant t ou n par le revStement universel ~ de D ~ , et 

X t ou X- par X x D ~ . Ce faisant, on se d~barasse de nombreux E et q , mais 

on perd parfois de l'information. 

2.2. Fixons un anneau de torsion A dans lequel p soit inversible (par exemple 

A = z/~nz , ~ premier & p ). Soient les morphismes : 

i 
X ) X < 
S 

s ~ S~ n ~ 

X- 
n 

f~ 

n 

Les faisceaux de cycles 6vanescents ~i sur X s 

(2.2.1) i = i • R i ]~ A 

Si f est propre, on a (SGA 4 XII 5.5) 

sont les 

(2.2.2) i ~ t,J HP(Xs,i~Rq : HP(x,R q ]~ A) , j± A) 

et la suite spectrale de Leray pour ] se r~crit 

(2.2.3) HP(Xs,~q) ~ HP+q(X~,A) 

Lorsque rien ne se passe ~ l'infini, on peut parfois obtenir cette suite 

spectrale sans hypoth~se de propret6. Qu'il faille quelque hypoth~se ~ l'infini se 

voit d6j~ sur le cas trivial X = @ • 
S 



- 9 - I 

On tire aussitSt des d@finitions : 

Proposition 2.3. Soient x un point g@om@trique de X s (par exemple un point ferm@) 

X(~) l'henselis@ strict de X e__n_n R e t X(R)~ la fibre g~om@trique g@n@rique de 

la projection de X(~) sur S . On a 

@i i A = H ( X ( ~ ) ~ , )  

Corollaire 2.4. Lg oO f est lisse, ~i = 0 p0ur i > 0 et 4 ° = A 

C'est SGA 4 XV 2.1. 

Le groupe Gal(~/n) 

i 
port de structure sur les 

[@gal par hypoth~se au groupe d'inertie) agit par trans- 

, et 

Scholie 2.5. La suite spectrale 2.2.3 est Gal(~/n)-@quivariante. 

Variante 2.6. Soient S = Spec(V) et X = X ×S ~ " X~ est le compl@ment de 

X = X- dans X . Posons 
S S 

i i+I 
, =H x (~ ,A) 

S 

(faisceaux de cohomologie ~ support). On a une suite exacte de faisceaux 

et, pour 

-1 0 > 4 > A  

i 
i > 0 , des isomorphismes 

> o > 4 ° .... > 0 

> i . Pour f lisse, les 4 i sont 

nuls. 

i i (~ 
Posons ~gl  = HX 

S 

suite spectrale 

, A) (analogue global des ~i ). On dispose d'une 

(2.6.1) HP(Xs,~q ) -  --~ ~gl q 

et d'une suite exacte longue de cohomologie qui, pour f propre, se r@crit 

H i (2 6.2) HI(Xs A ) ~ A ) . . . .  > , (x~ , gl ~ .... 

Variante 2.7. Soit K l'extension mod@r@ment ramifi@e maximale de K dans K . 
t 

On pose X t = X x S Spec(Kt) . Soit ~t la projection de X t dans X . On d@finit 

des variantes mod@r@es ("tame") des ~i en posant 
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i = R i v A 

est un pro-p-groupe, avec Utilisant que P 

trouve que 

(2.7.1) H~(Xt,A) = H~(X~,A) P 

~i = ~iP 
(2.7.2) ~t 

Pour f propre, la suite spectrale de Leray de 

aux P-invariants : 

(2.7.3) HP(Xs,~ ) -- ~ HP+q(xt,A) 

p inversible dans fi , on 

~t se d~duit de 2.2.3 par passage 

= HP+q(X~,A) P . 

3. D~monstration g~om~trique du th~orgme de monodromie 

Soit fi comme en 2.2. 

Conjecture 3.1 (puret~). Soient A un anneau excellent strictement local (0.2) 

r~gulier et D un diviseur rggulier de Spec(A) d~fini par un param~tre x . Soit 

U = Spec(A) - D = Spec(A[I/X] ). On a 

(3.1.I) Hq(U,A) 

I A pour q = 0 

= A(-l) pour q = | (notation (0. 0.6)) 

0 pour q m l 

Voici des cas o~ £ette conjecture est connue (SGA 4 XIX) : 

pour q = 0 ou | , pour A de caract~ristique 0 , pour A d'~gale earac- 

t~ristique p lorsqu'on dispose de la r~solution des singularit~s en dimension 

dim(A) et en caract~ristique p , ou pour (Spec(A),D) un couple lisse (th~or~me 

de puret~ relatif SGA 4 XVI 3.7). 

Lorsqu'on dispose de la puret~, et que D = [ D. est un diviseur ~ croi- 
i 

sements normaux dans Spec A , d~fini par une partie d'un syst~me r~gulier de para- 

m~tre, la cohomologie de U = Spec(A) - D est donnge par 

10 
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(3. I .2) 

H°(U,A) = A 

HI(U,A) = A(-I) B 

Hq(u,A) = q HI(U,A) (donnfi par le cup-produit) 

Ces formules sont identiques ~ celles qui, sur ¢ , donnent la cohomologie de 

D ~B x D k . 

3.2. Soit S un trait strictement local. On garde les notations (0.0.1) (0.0.3). 

Soit f : X ~ S un morphisme de type fini. On suppose que X est r~gulier, 

que X est lisse et que X est un diviseur g croisements normaux dans X . On 
s 

supposera que ce diviseur est (globalement, et non seulement localement pour la topo- 

= Z D. (le cas g@n~ral peut logie ~tale) somme de diviseurs r~guliers : (Xs)re d iEB i 

se r~cup~rer par localisation). Notons m. leurs multiplicit@s : X = Z m.D. 
l s i~B l £ 

Soient 

x (par exemple 

en degrgs 0 et 

x un point de Xs , x un point g@omfitrique de X localis@ en 

x ferm~, x = x ) , C = {i]x ~ Di} et K le complexe concentr~ 

-I 

Z : d((nj)) = E m. n. 
j J J  

K : %C d > 

i Thgorgme 3.3. (utilise la puret~). Les sroupes de cycles ~vanescents mod~rgs @tx 

sont les suivants : 

(i) On a un isomorphisme Canonique de A-alg~bres graduges 

~t ~ ~ --~'J A(HI(K)~ A(_l))~ A ~otE 

o est une A-alg~bre A E ( i i )  ~ t  ~ , pour  E un ensemble  sur  l e q u e l  l e  
^ 

groupe d'inertie mod@r~ I = I/P = ~(1)(k(s)) agit transitivement, de nombre d'~l~- 
~ t 

ments l e  p l u s  grand d i v i s e u r  p r emie r  ~ p de ~ H (K) 
- -  0 

Voici la m~thode de d@monstration. 

, - (le a) Soient X(~) le localis@ strict de X en x U = X(~) X(~)s 

complgment d'un diviseur ~ croisements normaux), t. une @quation locale de D. , 
J J 

Xtx~[(t!/n)] (pour (n,p) = l ; c'est un schema r~gulier) et U l'image rgci- X 
n k ) J n q 

proque de U dans X . D'apr~s 3.1.2, on a Hq(Un,A) =/~(A(-l) C) ; pour m = x d 

l'application "image r~eiproque" de Hq(Un,A) dans Hq(Um,A) est la multiplication 

11 
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par d q . Posant ~ = ~ U , on a donc 
(n,p)= | n 

(3.3.1) 
H°(~,A)= A 

q ~ 
H (u,A) = li~ Hq(Un,A) = 0 pour q # 0 

n 

% 

b)  U e s t  un p r o r e v S t e m e n t  de U de g r o u p e  i ~ ( t ) ( k ( s ) )  C . P a r  d f f i n i t i o n ,  

^ 

= H~(Ut on a ~t x ,A) ; U est un prorev~tement de groupe HI(K) @ Z(1)(k(s)) de 

chacune des composantes connexes de U , et celles-ci sont permut6es transitivement 
~t 

par le groupe d'inertie mod6r@. De (3.3.]) et de la suite spectrale d'Hochschild-Se~re, 

on tire alors les formules 3.3. 

En termes imag6s, on peut dire que U- est la fibre d'un morphisme ~ d'un 

K(Z(1)(k(s))C,I) cohomologique U dans le K(Z(1)(k(s)),l) cohomologique ~ , ce 

morphisme 6 induisant d = E m. n. : Z(1)(k(s)) C > Z(])(k(s)) . 
3 J 

Corollaire 3.4. (utilise la purer6). Supposons f propre. Soit N le plus petit 

commun multiple des multiplicit6s m. (jEB% Soit q ~ O , et q' la borne inf@rieure 
j 

de q et du nombre maximum de diviseurs D. passant pa__r, un m~me point. Pour T dans 
-- j 

le groupe d'inertie mod6r6 I =I/P , on a 
t 

(T N - I) q' = O sur Hq(x~ ,A )P 

R6sulte aussitSt de 3.3 et de la variante 2.7 de 2.5. 

Les r6sultats de puret6 requis sont disponibles pour les H l , en caract6- 

ristique 0 , ou pour S essentiellement de type fini sur un corps. 

Th@or~me 3.5. Soit C une courbe projective et lisse sur le corps des fractions 

k(n) d'un anneau de valuation discrete V . Le groupe d'inertie I ~agit sur 

HI(C~,~) par automorphismes quasi-unipotents d'6chelon 2 : il existe N tel que, 

pour T ~ I , on air 

(T N - I) 2 = O sur HI(c~,Q%) 

On se ramgne h supposer V strictement local. L'assertion est qu'il existe 

= H I un sous-groupe ouvert I l de I tel que (T - I) 2 0 sur pour T ~ I l 

12 
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Ii nous est loisible d'~tendre les scalaires de k(~) ~ une extension finie (rempla- 

cer V par son normalis~ dans cette extension). Puisque l'image du pro-p-groupe P 

dans un groupe de Lie £-adique GL(n,Q£) 

que P agit trivialement. 

Soit C un module minimal de C sur V 
o 

sur le thgor~me d'Abhyankar, cf. la discussion dans 

est finie, on peut en particulier supposer 

(pour l'existence de C , bas~e 
o 

[~ § 2, p. 87 ; on pourrait ici 

se ramener au cas V excellent en passant au compl~t~ de V : invoquer SGA 4 XVI 1.6). 

Soit C I un modgle r~gulier de C , dgduit de Co par ~clatements, de fibre spgciale 

o 
un diviseur g croisements normaux. Les arguments 3.3, 3.4 s'appliquent ~ C I ' ~t ' 

~ et HI(c~ ,~ /~n)  p H I ( c ~ , ~ / ~  n) = avec N ind~pendant  de n , e t  3.5 en r ~ s u l t e .  

Remarque 3 .6 .  So i t  A une v a r i ~ t g  a b ~ l i e n n e  sur  k(n)  Puisque  A e s t  q u o t i e n t  

H i d'une jacobienne, on trouve encore que l'action de I sur (A ,Q~) ou T£(A) est 

quasi-unipotente d'~chelon 2. 

H I Remarque 3.7. L'action de I sur (X~,Q) est en fait quasi-unipotente d'gchelon 

2 pour tout schgma X de type fini sur n • 

Le th~or~me 3.5 (ou 3.6) est g la base de la d~monstration du th~or~me de 

r~duction stable pour les vari~t~s ab~liennes qui sera donngedans l'expos~ IX § 3 . 

3.8. II est clair que lorsqu'on dispose de la puret~ et de la rgsolution des singu- 

larit~s (par exemple en caract~ristique 0 ) la m~thode pr~cgdente d~montre le thgor~me 

de monodromie, et fournit des bornes pour l'exposant de nilpotenee. Ainsi, en ~gale 

caract~ristique 0 , on trouve que pour X propre et lisse sur ~ et T dans un 

sous-groupe ouvert de I , on a 

(T- I) q+l = 0 sur Hq(X~ , Z~) ( r e I 1 C I ) 

4. Crit~res de nullit~ pour les faisceaux de cycles ~vaneseents 

4.1. Soient S 

sur S . Posons 

Si X' 

a) Sur X - X' 
s s 

un trait strictement local et f : X 

n = dim(XT]) . 

est l'adh~rence sch~matique de X dans 

-I i 
, ~ = A et les autres ~ sont nuls ; 

13 

> S un schema de type fini 

X,ona: 
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b) sur X' , les i 
S 

Puisque X' 

X est plat sur S . 

et @i relatifs g X/S ou ~ X'/S coincident, et #-I = 0 . 

est plat sur S , ceci permet souvent de se remener au cas o~ 

Thgorgme 4.2. 

(i) On a ~i = 0 pour i > n . 

(ii) Plus pr~cis~ment, pour x un point de X dont l'adh~rence soit de 
S 

dimension k ( k = deg tr(k(x)/k(s)) ) et pour x un point g~om~trique localis~ en 

x , on a 

~i_ = 0 pour 

X 

d(# i) $ n-i 

i > n-k , i.e. 

(notation de SGA 4 XIV 2.1). 

~i i 
On a _ = H (X(])~ , A) , et X(~)~ est limite projective de schemas 

X 

affines de dimension ~ n sur k(~) . L'assertion (i) ~sulte donc du th~or~me de 

Lefschetz affine (SGA 4 XIV 3.2) par passage ~ la limite. 

Pour prouver (ii), on peut supposer que X est plat sur S (4.1) et qu'il 

k tel que g(x) soit le point existe un S-morphisme quasi-fini et plat g : X > ~S 

k 
g~n~rique de ~ . Soit S' le trait localis~ strict de A S en x . On a 

a) S i est le spectre d'un corps, et Gal _--r , (~ /s ~) est un p-groupe Q . 

i 
b) D'apr~s (i) pour g , on a H (X(x)~-r,A) = 0 pour i > n-k . 

i i Q d' c) On a H (X(x)~,A) = H (X(x)~-F,A) , o3 le th~or~me. 

Corollaire 4.3. Si 

de f dans X est 
-- S 

un isomorphisme pour 

4.4, Pour prouver, dans certains cas, que les i pour i petit sont nuls, on 

s'appuyera sur la th~orie de la dualitg locale (directement ou via des thgor~mes de 

Lefschetz locaux de SGA 2 XIV). Cet outil n'est disponible qu'en caractgristique 0 

(ou en ~gale caractgristique p lorsqu'on dispose de la r~solution des singularit~s 

la Hironaka dans les dimensions consid~r~es). 

f est propre et plat et que la dimension du lieu de non lissit~ 

d , le morphisme de spgcialisation HI(Xs ) • > HI(X~) 

i > n+d+l et un ~pimorphisme pour i = n+d+l . 

14 
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Th~orgme 4.5. Supposons S de caractEristique 0 . Soient f : X 

phisme de type fini et x un point fermE de X . On suppose que 
S 

• S un mor- 

(a) x est un point de non lissitg isolE dans sa fibre 

(b) X est de profondeur sEomEtrique relative ~ n e n x : au voisinage de 

x , X s'identifie ~ un sous-schEma dEfini par k Equations dans un schema lisse de 

dimension relative N en x , avec n 4 N-k . 

i = Alors ~x 0 pour i < n . 

Soit X le localisE strict de X en x et V = X - {x} . Pour tout 
X X 

, S' . Pour S le S soient de m~me X'x = Xx ×S S' et V' = V ×S 

n , soient X = X x S V = V × S On a 
x x S ' S " 

x darts X ) 
S 

(X) (i.e. en toute gEnErisation de 
X S  

trait S' fini sur 

normalisg de S dans 

(1) Si i = 0 sur 

pour i ~ m , alors 

Hi-l(Xx) = 

{x} 
~i(~]) = +i 

~i(~) ~ ~ H pour i ,< m . 

i 
Les ~ sont en effet des faisceaux de cohomologie ~ support dans 

; sous les hypotheses de 4.5, (a) est d'application pour m = 

V de 
S 

(SGA 4 XV 2.|). 

(2) L'hypothgse (b) de 4.5 est stable par changement de base. D'apr~s SGA 2 

XIV 5.6, elle implique que 

~i(v') = H i-I (X') = 0 pour i < n ; 
{x} x 

on eonclut en notant que ~i(~) est limite inductive des ~i(v') 

D'aprgs 4.2. et 4.5, on a 

Corollaire 4.6. Pour S un trait hensglien de caractEristique 

section complgte relative de dimension relative n et x ~ X 
- -  S 

i = isolE darts sa fibre, on a ~x 0 pour i # n . 

0 , X/S une inter- 

un point de non lissitE 

n 
Corollaire 4.7. Sous les hypotheses de 4.6, #x est un A-module plat. 

Pour A' une A-alg~bre finie, un general non sense (SGA 4 XVII 5.2.11) 

i 
fournit en effet, pour les ~A ' relatifs g A' , 

15 



- 1 6 -  I 

n i 
~A' = Tor (A',~) 

et on applique 4,6 ~ A' . 

Variante 4.8. Dans 4.5, suppr~mons la condition (a) et soit Z le lieu de non 

de f . On peut encore conclure 

i = ~x 0 pour i < n dim Z s 

On proc~de par r~currence descendante sur dim {x} . L'hypoth~se de r~currence permet 

d'appliquer 4.5 (I) avec m = n - dim Z , et on achgve la d~monstration comme pr~c~- 
S 

demment. 

4.9. Ii est possible d'obtenir un crit~re de nullit~ utilisant seulement des infor- 

mations sur les fibres g~om~triques de f .Dans le eas des intersections eompl~tes, 

le r~sultat est toutefois d'une unit~ moins bon que 4.5. 

Proposition 4.10. Sous les hypothgses g~n~reles de 4.5, supposons que 

(a) x est un point de nonlissit~ isol~ dans sa fibre. 

(b) Pour tout point y de X- , d'adh~rence dens X- de dimension 

d(y) , qui soit une g~ngrisation de x , on a prof ety(X~)_ >, n - d(g) , i.e. 

H~ .(X_) = 0 pour i ,< n - d(g) 
lY# D 

(c) prof et (X) > n , 
X S 

i= 
Alors, ~x 0 pour i < n-I . 

Gardons les notations de 4.5 ; on peut appliquer 4.5 (I) avec m = ~ . 

D'apr~s le th~or~me de Lefschetz local (SGA 2 XIV), l'hypoth~se (b) fournit 

et on conclut par (c) que 

Hi(v ' ) % > Hi(Vs ) ( i < n-I ) 

i H i H (V') ~ > (Vs) ( i = n-I ) 

Hi(v) = lim Hi(V ' ) = O pour i ~ n-I , d'oO 4.10. 
> 

4 . 1 1 .  Comme en 4.8, on peut donner de 4.10 une variante ne supposant pas (a). 
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5. Action de la monodromie sur les ~] 

Dans cet § ( = expos~ de Grothendieck du 19/II/1968), nous ferons usage du 

thEor~me de r~duction semi-stable pour les courbes. Artin et Winters [~ ont donne 

une d~monstration directe de ce thEorgme, qu'on peut aussi d~duire E~ du thEor~me 

analogue pour les variEt~s ab~liennes (IX § 3, utilisant 3.6). Nous utiliserons aussi 

la th~orie de Schlessinger (expos~ Vl de Rim). 

5.1. Soient k un corps algEbriquement clos, C une courbe projective sur k et 

x ... x un ensemble fini de points fermgs de 
l n 

est stable si 

C . On dit que X = (C ; Xl,.. , x n) 

(a) C est rgduite et ses seules singularit~s sont des points doubles ~ tan- 

gentes distinctes ; 

(b) les x. sont distincts, et des points lisses de C ; 
l 

(c) si C 1 est une composanteirrEductible de C , et que E est l'ensemble 

des points de la normalis~e C' de C au-dessus d'un point singulier de C l ou 
1 I 

' est de genre 0 (resp• I) E a au moins 3 (resp l) d'un des x i , alors, si C I 

ElEments. 

La condition (c) Equivaut g chacune des suivantes : 

(c') X n'a pas d'automorphismes infinitEsimaux non triviaux. 

(c") Si m est le faisceau inversible dualisant, le faisceau inversible 

~' = ~(E x.) est ample. 
Z 

• est une courbe stable sur Un S-schEma C , muni de sections x I, .., x n 

S si ses fibres gEomEtriques sont des courbes stables. Dans [3] §§ 1,2, seul le cas 

n = 0 est considErS. L'extension des r~sultats de loc. cit. au cas g~n~ral est tri- 

viale : 

(I) Pour X/k stable, 

ample pour n ~ 3 (cf. [3] 1.2). 

(2) Le schema formel M des modules de X est lisse, et 

gulier au-dessus d'un diviseur ~ croisements normaux de M . 

HI(c,w, On) = 0 pour n ~ 2 et ~,0n est trgs 

C reste sin- 
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sur S 

(3) Pour X et Y stables sur S , Isoms(X,Y) est fini et non ramifi~ 

(isomorphismes compatibles aux points marquis). 

(4) Pour X/k stable, AUtk(X) ..... > Aut k Pic°(C) est injectif. 

On a enfin 

Proposition 5.].I. Soit Xn = (C n ; xl, ..., Xn ) stable sur ......... le point ggn~rique q 

d'un trait S , avec C lisse. Ii existe une extension finie s~parable q' de n 

et une courbe stable X' sur le normalis~ S' de S dans q telle que 

X' 8S, ~' = X 8 n' • 
N 

Cela r6sulte du th6or~me de r6duction semi-stable habituel qui permet de 

prendre q' tel que la fibre sp6ciale g~om6trique du module minimal C" de C , 

sur S' v6rifie (a). On 6clare ensuite, de faGon it6r6e s'il le faut, des points 

lisses de C" pour que (b) soit v6rifi~e. On contracte alors les cha~nes de compo- 

santes rationelles lisses de self intersection deux ne contenant aucun x. de la fi- 
I 

bre sp6ciale et on obtient C' (cf. [3], preuve de 2.3 p. 88), 

de C 
n 

On peut v6rifier eomme dans loc. cit. que C' existe d~s que la jacobienne 

a r6duction stable. L'hypoth~se de l~sit6 sur C est par ailleurs superflue~ 

5.2. Soit Xq un schema g~omgtriquement connexe de type fini sur le corps des frac- 

tions d'un trait strictement local S . Pour ~ un point g~om~trique de X- on a une 
q 

suite exacte 

(5.2.1) 0 --zI(X~,~) -- > ~I(X,¢) > Gal(~/n) > 0 , 

d'o8 un homomorphisme de Gal(~/n) dans le groupe des automorphismes ext6rieurs de 

-(P) (x~) de ~1(X~) on ~I(X~) . Passant au plus grand quotient premier ~ p ~] 

trouve 

(5.2.2) Gal(~/n) > Aut ext (~I p) (X~)) . 

S u p p o s o n s  q u e  X a i t  u n  p o i n t  r a t i o n n e l  x , e t  s o i t  x l e  p o i n t  g f iomf i -  
n 

X - -  

trique ~ ~ n > X . Pour ~ = x , la suite exacte (5.2.2) splitte canonique- 
n 

ment, d'o~ 
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(5..2 3) Ix] : Gal(~/~) > Aut (~](X-,x))~ > Aut i |'~(P)(x~,x)) 

Th~or~me 5.3. L'image de P par 5.2.2 (ou 5.2.3, cela revient au m~me) est finie. 

5.3.1. R~duction au cas o3 X est g~om@triquement normal et int~gre. 

Soient X' le normalisg de X (X~ )i la famille des composantes con- 

nexes de X'q , X"n = X'~ ×X X'q et (X"jn )~j les composantes connexes de X"n " Quitte 

passer ~ une extension finie de k(n), on peut supposer que les X! sont g~om~- 

triquement normaux et int~gres, avec un point rationnel x. , et que les X" sont 
l 3n 

g~om@triquement connexes, avec un point rationnel yj . Pour k = | ou 2 et 

k(Yj) ~ X~in , choisissons une classe de chemins ~kij de Prk(Y j) ~ x.l : c'est P 

un gl~ment d'un torseur sous Kl (X'-'x')l~, l . Soit -~kij le chemin "premier g p " 

correspondant (le m~me modulo Ker(~ > K(P)) . On peut prendre £kij invariant 

par P : l'ensemble des chemins premiers g p est lim d'ensembles finis d'ordre pre- 

mier ~ p sur lesquels le pro-p-groupe P agit. 

D~s lors, si un sous-groupe d'indiee fini P' de P agit trivialement sur 

K(|P)(x;~,x i) , il r@sulte des formules de Van Kampen (i.e. de ce les que 

X~- ) X.- est de descente effective pour les rev~tements @tales) que P' agit 

trivialement sur ~:I p) (X~,x)  

5.3.2. 

supposer 

remplace 

d'un ~k S) 

Pour X- normal et U un ouvert, ~l(U) s'envoie sur K](X~) ; on peut donc 

X- lisse et affine. Coupant par les sections h y p e r p l a n e s  g~nf i r iques  ( c e c i  
n 

S par  l e  l o c a l i s g  s t r i c t  de S au p o i n t  gfinfirique de l a  f i b r e  s p g c i a l e  

e t  a p p l i q u a n t  B e r t i n i ,  on se ramgne ~ supposer  que X e s t  l i s s e ,  
n 

sgomgtriquement connexe et de dimension un. Quitte g passer ~ une extension finie de 

k(~) , on peut supposer que X est le complfiment dans une courbe projective et 

lisse Xn d'un ensemble fini de points rationnels xiJ(dont il nous est l~sible 

d'augmenter le nombre. Appliquant le th~or~me de r~duction semi-stable (5.].I), 

on se ram~ne g supposer qu'il existe une courbe stable X = (C ; x! .... , Xn) sur 

- {x I x } . On applique alors le r~sultat suivant S telle que X n = C ''''' n 
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ThEor~me 5.4. Soient S un schema strictement local, f : X > S un morphisme 

propre et plat, de fibre spEciale une courbe dont les seuls points de non lissitE sont 

des points doubles ordinaires et Y un sous-schEma de X , reunion d'un nombre fini de 

sections disjointes contenues dans l'ouvert de lissitE. Soit x un point rationnel de 

X = X - Y . Soit U l'ouvert de S au-dessus duquel X est lisse, et ~ un point 

gEom~trique de U . Alors l'image de ~I(U,~) dans Aut(~IP)(x~, x~)) est ab~lienne 

et premiere g p . 

-(P)(x~,x~) que On prendra garde qu'on ne peut faire agir ~l(U,~) sur ~I 

-(P) vgrifient le th~or~me de spEcialisation. parce que les ~I 

On se ram~ne au cas S complet, puis au cas universel o~ S est un schema 

formel de modules pour la fibre spEciale, munie de ses sections. S est alors un 

anneau de series formelles sur un anneau de Cohen : S = Spec(W[[t I ... tn] ] ) et U 

est le complement d'un diviseur g croisements normaux d'Equation t 1 ... tm = 0 .Dans 

ce cas universel, d'apr~s le lemme d'Abhyankar, KI(U,~) est abElien et premier 

p , d'oO le thEorgme. 

Remarque 5.5. On peut d~montrer un rEsultat analogue ~ 5.4 en dimension relative 

quelconque en considfirant une section plane gEn~rique de dimension un et en appliquant 

Bertini. 

6. Appendice : demonstration arithmEtique du thEor~me de reduction stable 

(par P. Deligne) 

Soient S un trait et A une variEtE abElienne sur 

d # 0 . Pour S' ~ S un morphisme local de traits, on note 

lienne sur k(n') d~duite de A par extension des scalaires. 

, MS,s, sa f i b re  spEciale  e t  &S 's '  de NEron de A , sur S' o 

de ~S's' . Le thEor~me de r~duction stable est le suivant. 

k(n) , de dimension 

A , la vari~tE abE- 
n 

Soient MS, le module 

la composante neutre 
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Th~or~me 6.1. Pour S' convenable, A , a r~duction stable, i.e. sA~,s, est exten- 
n 

sion d'une vari~tg ab~lienne par un tore. 

II r~sulte assez facilement de 6.1. qu'on peut prendre S' tel que k(n') 

soit une extension s~parable finie de k(~) . Supposons tout d'abord que le corps r~- 

siduel de S est de type fini sur le corps premier (le m~me argument marcherait pour 

k(s) radieiel sur un tel corps). 

Soient £ un nombre premier premier ~ l'exposant caract~ristique r~siduel p , 

T£(A) le module de Tare, V£(A) = T£(A) 8 Q£ et P : Gal(~/~) ~ GL(T£(A)) la 

representation naturelle. Une extension des scalaires pr~liminaire nous ram~ne au cas 

o~ le groupe d'inertie I agit de fa~on unipotente (|.2) donc ~ travers son plus 

grand pro-£-groupe quotient Z£(1) (0.3). Soient T l'image dans GL(T£(A)) d'un 

g~n~rateur de Z£(1) et r le plus grand entier > 0 tel que (T-I) r # 0 . On a : 

Lemme 6.2. L'application 

o E I , v E V£(A) I > (p(o)-l) r (v) 

induit des morphisme et isomorphisme 

(6.2.1) 

V£(A) I ~ Q£(r) M ~ V£(A) I 

% 
V£(A)/Ker(T-I) r ® ~£(r) ............... > Im(T-l) r 

V£(A) I et V£(A) I sont des Gal(]/s)-modules et M est galoisien. 

> GL(V) est de poids 6.3. On dit qu'une representation £-adique T : Gal(s/s) 

n (n ~ Z ) si la condition suivante est v~rifi~e : 

(~) Pour un module convenable X de k(s) (X = une vari~t~ irr~ductible de type fini 

le corps premier, avec k(s) = k(X)), ~ se factorise par ~l(X,s) et pour x sur 

un point ferm~ de X , les valeurs propres de T(F ) sont des hombres alg~briques 
X 

dont les eonjugu~s complexes sont tous de valeur absolue Ik(x) l n/2 (F x d~signe le 

-I 
Frobenius g~om~trique ~x )" 
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si V (resp. W ) est de poids n (resp. m ) et que n # m , on a 

HOmGaI(V,W) = 0 . 

o 

6.4. Ii rgsulte de la propri~t~ universelle du module de N~ron que V/(A) I = V/~S, s) 

o Si a e s t  l a  d i m e n s i o n  du p l u s  g rand  q u o t i e n t  a b g l i e n  de & S , s  e t  m l a  d i m e n s i o n  

de l a  p a r t i e  m u l t i p l i c a t i v e  de &° d ' a p r ~ s  W e i l ,  V/(A) I S , s  ' e s t  done e x t e n s i o n  d ' u n e  

r e p r f i s e n t a t i o n  de d i m e n s i o n  2a e t  p o i d s  - I  pa r  une r e p r g s e n t a t i o n  de d i m e n s i o n  

m e t  p o i d s  - 2  . 

6.5. Soit A ± la vari~t~ ab~lienne duale de A . Rappelons que VI(AX) et VI(A) 

(donc VI(A~)I et VI(A) I sont en dualit~ g valeurs Hans %(I). Si a et m 

sont d~finis pour A ~ VI(A) I cormne a et m pour A , il rgsulte de 6.4 que est 

x 
extension d'une representation de dimension m et de poids 0 par une representation 

de dimension 2a x et de poids -I . 

6.6. Le module galoisien Q/(r) est de poids -2r . Puisque Im(T-l) r # 0 , on 

d~duit de 6.4, 6.5 et de l'isomorphisme 6.2 que r ~ I . Si r = 0 , on a 

{ a + m ~ d  

2 a + m = 2 d ,  

donc m = 0 , a = d et A a bonne r~duction. Supposons que r = I . On tire alors 

I 
de 6.2 que Im(T-1) est de poids -2 et que VI(A)/VI(A) est de poids 0 ; ces 

espaces ont m~me dimension m I ~ m . 

On a alors 

I 
dim V/(A)_ _ = 2d - m.l = 2a + m 

2 dimes, s ~> 2 (a + m) >I 2 a + m + m! = 2 d = 2 dim~As, s , 

de sorte que An a rgduction stable (dim~s,s = a + m) . On a obtenu en m~me temps 

que m I = m , i.e. que Im(T-l) c VI(A) I~ V/(~, s) est le V£ de la partie multi- 

plicative de A ° 
S,s 

6.7. Pour traiter le cas g~n~ral, nous utiliserons (0.5) (cf. 1.3). On se ram~ne 

supposer que 
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(a) les conditions de (0.5.2) ou (0.5.3) sent v~rifiges ; 

(b) Gal(~/n) agit trivialement sur A l ; 

(c) l'aetion de I sur TI(A) est unipotente. 

Sous ces hypotheses, nous prouverons que A a r~duction stable. L'hypo- 
n 

thgse (a) permet d'appliquer (0.5.1) pour avoir S = $im S i eomme en 1.3, dent nous 

reprenens les notations. Soit s. le point ferm~ de S, 
i i 

Pour i assez grand, la composante neutre ~o du modgle de Ngron ~S 

provient d'un schema en greupe lisse ~ fibres connexes ~i sur S.l , et (~i)l est 

constant sur S.l - D . Le groupe KI(SI - D i , ~) agit sur TI(A) , et agit trivia- 

lement sur Tl(A)/l TI(A) ~A l . Comme en 1.3, on voit que e'1 agit trivialement. 

On a alors par ~1.3.1) : 

TI(A) I = T/(A) Ii ' Tl(~i'si ) = T°(~°)£ s = TI(A) I = Tl (All)" 

et (6.2.1) est un diagramme de Gal(s./s.)-modules auquel on peut appliquer les argu- 
I i  

ments 6.4 g 6.6. 
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SGA 7 

Expos@ II 

Propri@t@s de finitude du groupe fondamental 

par Mich~le RAYNAUD 

Soient k un corps s@parablement clos de caract@ristique p ~ 0 , X un 

connexe de type fini sur k et HIP)(x) le plus grand quotient "premier sch@ma 

p " de ~I(X). On montre, dans cet exposE, que, si X est une surface, N(P)(x)! est 

topologiquement de pr@sentation finie et qu'il en est de m~me pour X quelconque si 

l'on admet la r~solution des singularit@s. 

Dans le cas d'une surface, la m@thode de d@monstration, due ~ J.P. Murre, 

consiste g se ramener au cas o~ l'on a une fibration au-dessus de P! ayant les 

propri~t@s (i), (ii) et (iii) de la proposition ci-dessous. 

Proposition 2.1. Soient k 

ve, irr@ductible, lisse sur 

o~ S ' 

un corps al$~briquement clos, S une surface projecti- 

k . Alors on peut trouver un ~clatement 

g : S' ) S , 

est une surface rfisuli~re , munie d'une fibration 

1 
f : S' > P , 

tels que f air une section o , et que les conditions suivantes soient satisfaites : 

(i) f est lisse aux points de o(P I) . 

(ii) les fibres de f sont des courbes g~om~triquement int~gres n'ay.ant 

que des singularit~s ordinaires. 

(iii) il existe un ouvert non vide U de p1 tel que les fibres de f aux 

points de U soient lisses. 

La proposition r~sulte de l'existence d'un plongement projectif S > pr 

tel qu'on puisse trouver un pinceau de Lefschetz par rapport ~ ce plongement (XVII 

2.5). Soit en effet D = {H t} tEP; un tel pinceau d'hyperplans ; rappelons que l'on 
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ales propri~tgs suivantes (loc. cit. 2.2) : 

a) l'axe A de D coupe transversalement S ; le sous-sch~ma ferm~ & ~S 

est done r~duit et form~ d'un ensemble fini de points ferm~s de S , x|,...,x n . 

b) il existe un ouvert non vide U de P| tel que, pour tout point t ~ U , 

H t coupe transversalement S . 

c) pour tout point t 6 PI-U , H t coupe transversalement 

point qui est un point singulier quadratique ordinaire. 

S sauf en un 

Par chaque point x de S n'appartenant pas ~ A passe un unique hyper- 

p l a n  H , e t  l ' a p p l i c a t i o n  q u i ,  g x , a s s o c i e  t E p1 , e s t  une a p p l i c a t i o n  r a t i o n -  
t 

n e l l e  a de S dans  p1 de domaine  de d f i f i n i t i o n  S-(& ~ S) 

On e o n s i d ~ r e  l ' f i e l a t e m e n t  g : S'  > S du s o u s - s c h g m a  fermfi S / '~& de 

S . Le sch~ma S' e s t  r f i g u l i e r  e t  l a  f i b r e  S'  a u - d e s s u s  d ' u n  p o i n t  x i s ' i d e n -  
X .  

1 

t i f i e  au f i b r ~  p r o j e c t i f  d f i f i n i  p a r  l ' e s p a c e  t a n g e n t  g S en x. , done e s t  i s o m o r -  1 

phe ~ p1 (EGA IV 1 9 . 4 . 2 ,  1 9 . 4 . 4 ) .  De p l u s  l ' a p p t i c a t i o n  r a t i o n n e i t e  f = ag e s t  

p a r t o u t  d ~ f i n i e  ( X V I I I  3 . 1 ) .  E n f i n ,  on p e u t  a s s o c i e r  g chaque  p o i n t  x.  l a  s e c t i o n  1 

de f qui, ~ un point t 6 pl , fait correspondre le vecteur tangent en x i 

H AS . 
t 

V~rifions les conditions (i), (ii) et (iii). On note que, pour chaque 

t E P| , les eourbes S' et S = H £% S sont isomorphes ; le morphisme 
t t t 

S' > S est en effet un isomorphisme sauf peut-~tre en les points x° , points 
t t l 

o~ S t est r~guli~re ; comme de plus S' est intersection compl~te dans S' S' 
t t 

est int~gre, done isomorphe ~ S 
t 

Les conditions (i) et (ii) ne sont autres que les conditions a) et b). Enfin 

' sont g~om~tri- f est lisse aux points de o car f est plat et car les fibres S t 

quement r~guli~res aux points o(t) . 

26 



3 II 

Corollaire 2.2. Les notations ~tant celles de 2.1, soit Y un diviseur ~ croisements 

= S' . Alors on peut choisir f , g , U tels que Y'× 1U normaux dans S , Y' Y ×S p 

soit un diviseur ~ croisements normaux relativement g U . 

On sait que, s'il existe un pinceau de Lefschetz pour un plongement 

S > pr , les pinceaux de Lefschetz forment un ouvert de la varigt~ des droites de 

pr (XVII 3.2.1). Ii en est de m~me de l'ensemble des pinceaux de Lefschetz dont l'axe 

1 
ne rencontre pas Y et tels qu'il existe un ouvert non vide U 1 de P tel que 

l'intersection de Y et H t soit lisse si t 6 U 1 • Ii suffit alors de construire 

f et g ~ partir d'un pinceau satisfaisant ~ ces deux conditions et de remplacer 

par U N U 1 

2.3.0. Soit G un groupe profini. Rappelons que 

g~ngration finie s'il existe un entier n tel que 

du pro-groupe libre ~ n ggn~rateurs F(n) ; soit 

G est dit topologiquement de 

G soit isomorphe gun quotient 

K = Ker(F(n) > G) ; on dit 

que G est topologiquement de presentation finie si, de plus, on peut trouver un nom- 

bre fini d'~l~ments k! ..... k r de K tels que le plus petit sous-groupe invariant 

ferm~ de K , contenant kl,...,k , soit ~gal ~ K . 
r 

Th~or~me 2.3.1. Soient k un corps s~parablement clos de caract~ristique p > 0 , 

X un schema connexe de type fini sur k . On suppose que les schgmas de type fini et 

de dimension < dim(X) sur une clSture alg~brique de k sont fortement d~singulari- 

sables (SGA 5 1 3.1.5) (condition r~alis~e si dim X = 2 d'apr~s Eli ou si k = 0 

d'aprgs [2]). Alors le groupe fondamental NIP)(x) est topologiquement de presen- 

tation finie. 

On peut supposer k alggbriquement clos d'apr~s SGA I IX 4.10. 

I) Rgduction au cas oO X est une surface r~guligre. 

Si f : X' > X est un morphisme de type fini, on pose X" = X'×xS' et 

on note (X~) a~ A et (X~) bE B l'ensemble des composantes connexes de X' et X" 

respectivement. Lorsque f est un morphisme de descente effective pour la categoric 

des rev~tements gtales, le groupe fondamental HI(X) peut se calculer explicitement 
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en terme des groupes fondamentaux ~](X' a) et ~l(Xb) ; il en r~sulte (SGA I IX 5.2, 

5.3) que, si les NI(X'a) sont topologiquement de g@n~ration finie, il enest de m~me 

de ~I(X) ; si les Nl(X'a) sont topologiquement de pr@sentation finie et les N](~) 

topologiquement de g~n~ration finie, NI(X) est topologiquement de pr@sentation 

finie. 

Comme X est d~singularisable, on peut trouver un sch@ma r@gulier X' et 

un morphisme propre birationnel f : X' > X ; comme f est un morphisme de 

descente effective pour la cat~gorie des rev~tements ~tales, il suffit de prouver le 

th~or~me lorsqu'on fait l'hypoth~se suppl~mentaire que X est r~gulier. On en d~duit 

en effet que ~I(X) est topologiquement de g~n~ration finie ; sachant que HI(X') 

est topologiquement de presentation finie et les u (X") topologiquement de ggn~ra- 

tion finie, on en d@duit que ~l(X) est topologiquement de presentation finie. 

Soit maintenant (Ui) i El un recouvrement fini de X par des ouverts affi- 

nes et soit f :I I U. ~ X le morphisme canonique. Comme f est un morphisme de 
1 

descente effective pour la cat@gorie des revgtements gtales, on voit qu'il suffit de 

prouver le th~or~me pour les 

lisse. 

On suppose d~sormais 

U. ; on est donc rameng au cas o~ X est affine et 
i 

X affine, lisse sur k , et dim X > 2 . On peut alors 

appliquer le thgor~me de Lefschetz pour les schgmas quasi-projectifs ([3] V 7.4) ; 

si Y est une section hyperplane "assez g~n@rale" de X , on a un isomorphisme 

n:(Y) ~ nl(X) 

Ii'suffit donc de prouver le th~or~me pour Y , ce qui nous ram[he au cas o~ 

dim X = 2 . 

2) Cas oO X est une surface lisse sur k 

D'apr~s le th~or~me de dgsingularisation forte des surfaces, on peut trouver 

une surface S lisse, int~gre, projective et une immersion ouverte i : X > S 

telle que le diviseur Y = S - X soit g croisements normauxo On applique le corol- 

laire 2.2 dont on reprend les notations. 
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Montrons qu'il suffit de prouver que le groupe fondamental de X' = X×sS' 

est topologiquement de presentation finie. Comme X et X' sont rEguliers et comme 

on a 

~ {xi},X) ~ 2 codim(X- 
l~i~n 

tout rev~tement Etale de X' induit sur X- __L3{x i} un revStement gtale qui se pro- 
l ~ i ~ n  

longe de fa~on unique en un rev~tement ~tale de X (SGA 2 I.II) ; ceci montre que l'on 

a un isomorphisme 

II I ( X '  ) -~.~ 7I I (X)  

On consid@re le diagramme cartEsien 

X' 4 

1 
1 P ~ 

X U 

h U 

U 

o~ h = fiX' . On note L l'ensemble des hombres premiers distincts de p et 

un point gEomEtrique au-dessus du point g~nErique ~ de pl . VErifions que les 

hypotheses de SGA I XIII 4.8 sont satisfaites. Le morphisme h a une section o 

car il enest ainsi de f . Prouvons la condition a) de SGA I XIII 4.7 ; les fibres 

de h Etant gEomEtriquement int~gres, le morphisme h est 0-acyclique et locale- 

ment 0-acyclique (SGA 4 XV 4.1, 1.16) ; il reste g montrer que, pour tout faisceau 

d'ensembles localement constant F sur X' , (F,h) est cohomologiquement propre en 

dimension ~ 0 . Si ~ est un point fermE de pl et si Z dEsigne la fermeture intE- 

grale de Spec ~pl dans ~ le schema X~ = X'× IZ v~rifie la condition (S 2) 
,$ P 

aux points fermEs de X' et est rEgulier en tout autre point, donc est normal ; 

' dont la restriction ~ X' est connexe est n~- par suite un rev~tement Etale de X Z 

cessairement connexe. Ceci dEmontre notre assertion, d'oO a). Comme ~ est le com- 

T pl~mentaire darts S U d'un diviseur g croisements normaux relativement ~ U , h U est 

localement l-asphErique pour L (SGA 4 XV 2.1) et, pour tout faisceau de L-groupes 

constant fini F sur ~ , (F,h U) est cohomologiquement propre en dimension ~ 1 

(SGA I XIII 2.4), d'o~ la condition b). Comme pl est normal et T = pl _ U de 
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codimension I , on a 

prof ~tT(S) > 2 , 

d'o~ la condition c). La condition 

prof hoPx(X') > 3 

est valable en tout point fermg de X' d'aprgs le th~or~me de puret~, d'o6 la condi- 

1 
tion e). Enfin, pour tout point t ~ P , h est lisse en o(t) ,donc est localement 

l-asph~rique pour L en o(t) , d'o~ la condition d). 

D'apr~s SGA 1 XIII 4.7, si 

suite exacte 

1 > ~(P)(x',a) 
1 

et le choix de la section o 

a est un point ggomgtrique de 

" ~ ~ ! ( X ~ , a ) l  U > ~ l ( U , a )  > 1 

X' , on a une 
n 

d~finit un scindage de cette suite exacte. Notons K 

l'image de ~l(U,a) dans 

(P)(xi,a) K est le quotient de ~I 

engendr~ par les ~l~ments du type 

cit. (4.7.4), on a un isomorphisme 

; le groupe des coinvariants sous K , 

H(P)(xJ,a) par le sous-groupe invariant ferm~ I n 
x-lqx , o~ x ~ ~1~(P)(x''a)- , q ~ K . D'apr~s loc. 

A 

Aut (N (IP)(~,a)) 

• ( P ) ( x ' , a )  "~¢~(P)(x',a) 
1 - - ~ 1  - 

S o i t  p l  _ U = ] [ { t . }  e t ,  p o u r  c h a q u e  i , s o i t  T.  l e  l o c a l i s ~  s t r i c t  
l~i~n z I 

de pl en un point ggom~trique 7. au-dessus de t. et s. le point g~ngrique de 
i i I 

T. . Un rev~tement ~tale de U , dont la restriction ~ chaque s. est triviale, se 
i i 

prolonge en un rev~tement ~ale de pl ,donc est trivial. Pour chaque i , soit 

k(s i) la clSture alg~brique de k(s.) ; l'assertion ci-dessus revient ~ dire que 
i 

Hl(U,a) est ~gal au sous-groupe invariant fermg engendr~ par les images des groupes 

de Galois, Gal(k(si),k(si) ) ,dans ~](U,a) . D'apr~s 1 5.3, l'image K.z de 

Gal(k(si),k(si)) dans Aut(HIP)(xJ,a)) est finie. Comme K est le plus petit sous- 
n 

groupe invariant ferm~ contenant tousles K. , et comme H(P) I~, a ~ l 1 ~' ~ est topologique- 

ment de presentation finie (SGA I Xlll 3.2), ceci prouve que Y~IP)(~,a)K , donc 

aussi ~IP)(x) qui lui est isomorphe, est topologiquement de presentation finie. 
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Remarque 2.3.2. La r~solution des singularitgs n'est pas n~cessaire pour dgmontrer 

le thgor~me 2.3.1 dans le cas o3 X est l'ouvert compl~mentaire d'un diviseur ~ croi- 

sements normaux d'un schgma projectif, lisse sur k . 
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S GA 7 

Expos@ Vi 

FORMAL DEFORMATION THEORY 

by D. S. RiM 

I. Formal existence theorem 

We recall the notion of cofibered category (S.G.A.I.IV). 

Let C be a fixed category. A cofibered category A over C is, by definition, 

a category A together with a functor P : A ~ C such that 

Ax.l. For any map f in C and any object a in A with P(a) = the 

source of f , there exists an f-morphism & : a ~ b which is cocartesian (i.e. 

for any f-morphism ~' : a ~ b' there exists a unique T-morphism T : b ~ b' 

in A such that ~' = T-& where T = the target of f ). 

Ax.2. A composit of cocartesian morphism in A is again cocartesian. 

The following properties of a cofibered category P : A ~ C follow 

immediately from the definitions: 

(cancellation) Let a ~ a' be any two coeartesian maps such that 

Y 
P(&) = P(~) . If there exists a cocartesian map b ~ a such that &Y = ~y , 

then ~ = 

(factorization) Given cooartesian maps a ~ a' , a ~ a'' , there 

exists a cocartesian map a' ~ a'' such that ~ = ~ if and only if there exists 

f : P(a') ~ P(a'') in C such that foP(&) = P(~) . F11rthermore y is unique. 

Let A be a cofibered category over C . For each object S in 

we demote by ~(S) the subcategory of ~ whose objects are the objects a 

A such that P(a) = S , and HomA(s)(a,a') = [&EHomA(a,a')IP(~) = id S] 

A cofibered groupoid over C is a cofibered category A over C such that 

C 

in 

A(S) 
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is a groupoid for every object S in C . We recall that a groupoid is a cate- 

gory in which every morphism is an isomorphism. Thus, a cofibered groupoid over 

C is a cofibered category P : A ~ C such that every map in A is cocartesian. 

Furthermore, for every map ~ E F~(~) , a is an isomorphism in ~ if and only 

if p(a) is an isomorphism. 

Throughout the rest of this section, we fix a complete noetherian local 

ring A with the residue field k , and we set ~a to be the category of 

artinian local A-algebras with the same residue field k , where the maps are 

local homomorphisms over A . From 1.2 on, a cofibered groupold ~ over 

is always assumed to have the property that A(k) = [e} , where [e} denotes the 

category in which Hom[e](a, b) consists of one and only one element for any two 

objects a, b in [e] . A map a' ~ ~ a in ~ will be called simply a 

~A-map if p(a') = p(a) and p(~) = ip(a) . A map a' ~ ~ a on A will be 

called surjective, by abuse of language, if p(~) : P(a') • p(a) is surjective 

in 

Ex.l.l.(a) Let F : ~--~(categories) be a funetor. Define the category 

as follows: an object in ~ is a pair (S,a) where S E ob(~) and 

a E obF(S) , and a map (S,a) ~ (S',a') is a pair (f,u') where f : S ~ S' is 

a map in C and u' : F(f)a ~a' is a map in F(S') . Composition of two maps 

(S,a) (f,u') ~ (S',a') (g,u'') ~ (S",a") is given by 

(gf, u".(F(g)u')) : (S,a) ~ (S",a") . With respect to the functor P : F ~ C 

given by (S,a) ~ S , F becomes a cofibered category over C . If F(S) is a 

groupoid for every S E ob(~) , then ~ is a cofibered groupoid over ~ . In 

particular, a functor F : C ~ (groups) yields a cofibered group, and a functor 

F : C ~ (Ens) yields a cofibered discrete groupoid. We also note that a natural 

transformation @ : F ~ G , where F,G : C ~ (categories) are functors, induces 

a cocartesian functor ~ : F ~ G over C 

Ex.l.l.(b) Let X , Y be schemes over A together with a fixed 
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X ®k~ :~ Y ®k . Then the functor iSOmx, Y : _C A ~ (groupoids) isomorphism 
A A 

given by !SOmX, y(S ) = the set of isemorphisms X ® $4~--~ ~ Y ® S such that 
a A 

®A k = T yields a cofibered groupoid P : IS°mX,y ~A 

Ex.I.I.(c) Let X 0 be a fixed scheme over k , and let MX0 be the 

category consisting of deformations of X 0 over --CA (see §4). ~l~us an object in 

MX 0 is a pair (R,X) where R is in --CA and X is a deformation of X 0 to 

R . Then the f~etor P : ~0 ~C--A given by (R,X) ~ R  defines a cofibered 

groupoid over 

ExLI.I.(d ) For any groupoid X we denote by [X] the discrete groupoid 

consisting of the isomorphism classes of objects in X . If P : F ~ qA is a 

eofibered groupoid, we obtain a functor [[] : C_~ ~ (Ens) given by 

Eli(S) = [~(S)] , and in turn a cofibered discrete groupoid, which is, by abuse 

of notation, denoted by [[] 

Definition 1.2. A cofibered ~roupoid ~ over CA is called semi-homogeneous if 

the followi~@ properties hold: 

(I) every diasram a" ...... ~ ~ ' 

I 
a 7 .... - a 

of solid arrows in A where a' ~ a is surjective can be completed 

into a commutative diagram including dotted arrows. 

k[¢]~, r ~ the projection where k[~] is the (2) Le___t R X ~ k L C J  De maos. 
k 

a ' ~  a be ~l-maps rin~ of dual n~mbers over k , and let b' ~ ~ -- 

i_nn A . Then there exists a C_~ -map y : a' ~ b' with ~ = ~.y 

i f  and on l y  i f  (TT2). (a ' )  ~, (TT2) . (b ' )  

Remark l.~.(a) A reformulation of the notion in terms of 2-categories will be 

given later in 2.6(b). We note that if ~ is semi-homogeneous. Then so is [~] 

and in particular 1.2(2) entails the canonical map 
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to be bijective. 

[A(R ~ kiwi) ] r..A(R) ] x [A.(k[~]) ] 

Remark 1.3.(b) Consider a commutative diagram 

a a<a a 
in a cofibered category ~ over C__ A . Set R = P(a) , R' = P(a') and 

R i = P(a i) for i = i, 2 . If we set a" to be the "direct image" 

map (P(Vl),P(v2)) : R' ~B I ~ R 2 , we obtain a commutative diagram 

a 

a 2 

under the 

Thus 1.2(1) cam be replaced by 

(i)': every diagram 

R 1 R 2 in A above ,.. / in C , where 

R 2 ~R is surjective can be completed to a conm~utative diagram 

a ' RI~R 
a ~ ~ a  above Wl/ R~2 

where ~i (i = 1,2) are projections. 

Remark 1.3.(c) If ~ is a semi-homogeneous cofibered groupoid over ~A " then 

~(k [¢])] is canonically provided with a vector space structure over k , where 

k [¢] is the ring of dual numbers over k . Indeed, let V be the category of 
= 
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finite-dimensional vector spaces over k . Then any functor 

preserving the product is canonically factored through 

H 
v ~ CE~s) 

= 

H : V ~ tens) 

where V ~ (Ens) is the forgetful functor. On the other hand, the functor 
= 

G : ~ ~ ~A given by W! ~k[W] = k • W , with W 2 = 0 , transforms 

products in ~ into fibre products over k in ~A . If ~ is a semi-homo- 

geneous cofibered groupoid over C~ , then [A(kEV] xk[W])] -~[A(~EV];]x[A(k[W]; 3 
k 

is bijective by 1.3(a), and the fiunctor V I ~[~(k[V])] commutes with products, 

hence the result. 

Definition 1.4. (i) Let R E ob(C_A ) . A small extension of R i_m C_A is a 

sur,~ective may R' f ~ R i__nn CA such that (Ker f)2 = 0 and Kerf ~---k 

In other words, R' f . R i__~n C_~ is a small extension of R if 

0 ~ k t ~ R' f ,R ~ 0 

is exact for some t 6R' with t 2 = 0 

(2) Let A be a cofibered ~roupoid over C_~ , and let a be an object 

in A , A small prolor~ation of a is an arrow a' G • a in A such that 

P(~) is a small extension in ~A . An arrow a' ~ ~ a in A will be called 

"versal for small prolor~ations of a " if~ for every small prolongation 

v a I ~ a i__nn ~ , there exists a commutative diagram 

a 

Proposition 1.5. Le___t ~ be a semi-homogeneous cofibered groupoid over 

k ~ 2  k [ ¢ ]  be p r o j e c t i o n  maps in ~A " and let a '  , t  a 

36 



- 6 - VI 

(2) 

be a ~l-map. Then there exists a map a ~ P a' such that ~ 8 = I a 

if and only if there exists a map a ~ (~2),a' . 

Let R' 

diagra m 

R be a small extension in ~A , and consider a commutative 

a" R'×R' 

</ .ov. .\/, 

, T , , 
Define the canonical map ~ : R'×R' • k[Ker f] by f(r l, r~) = rl(0)+(rl-r2) . 

If there exists a map a' P (~).(a") , then there exists a map Y: a' --~ a 

such that ~= ~I'7 • 

Proof (I) The part "only if" is clear. Now assume that there exists a map 

: a ~ (~2) .a' . If we set h : R ~R X k[¢] by h = i X P(~0) , then the 
k 

composite map R h R × kiwi ~I ; R is the identity, and therefore we get 
h 

maps a~l~f.a such that ~.7= I a where P(y) = h and P(~) = ~I 

On the other hand, ~2" h = P(~) and hence there exists a ~2 -map 

h~ ~ (~2).a' . This means that (W2).(h.a) = (~2).a' , and therefore 

by 1.2(2) we have a C A -map u : h.a • a' such that ~-u = ~ . Define 

: a • a' by ~ = u.y . Then ~ = ~,u. y =~y = i a 

(2) The map i Xf : R' Xh' ~ R' Xk[Ker f] 
R k 

compatible with the projections on the first factor, and 

TT 2 : R' Xk[Ker f] 
k 

k[Ker f]--~ k[~] 

exists a map a' 

exists a map y,: a' m a" 

by Y = ~'Y' . We then have ~y = ~ . 

is an isomorphism 

~i u×~) = ~ where 

• k[Ker f] is the projeetlon map. We note that 

since R ' f ......... ~ R is a small extension. Therefore, if there 

(f)~a" = (~2) . [(i f).a"] , then by (i) above there 

such that ~'. y' = i , . Define y : a' ~ a 
a 
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Corollary 1.6. Let A 

and consider a diagram 

be a semi-homogeneous cofibered groupoid over ~A 

a' a I 

in A where G I is a small prolongation. Assume that a 

prolongations of e . Then there exists a map a' P 
a I 

in A if and only if there exists a map f : P(a') ~ P(al) 

P(~)  : P(c t l ) .  f i n  C_~ 

is versal for small 

such that a = ~i p 

such that 

Proof: Assume that P(~) = P{~l)-f where f : P(a') ~ P(al) . Replacing a' 

by its direct image under f , we may and shall assume that P(a) = P(~I ) . 

Set R' = P(al) , R = P(a) . Since ~ is semi-homogeneous, we get a commutative 

diagram 
R'XR' 

a~k /al above R ~  / 

a R 

Since a is versal for small prolongations of e , so is a' and therefore 

our statement follows from 1.5{2). 

- 

Definition 1.7. For each object R in C we put % =M/(m ) where m A 

M are the maximal ideals of A , R respectively. It is a finite-dimensional 

vector space over k , and R I >% defines a fumctor ~ : C ~ V where 

V is the category of finite-dimensional vector spaces over k . If A is a 

coflbered category over C A , then the composite functor _A P _CA ~ =V __is, 

abuse of notation denoted by ~ again. 

Proposition 1.8. Let A 

Then, given an object a 

exists a' ~ a such that 

be a semi-homogeneous cofibered groupoid over C 
--A 

in A versal for small prol0ngations of e , there 
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(i) 

{ii) 

(iii) 

a' is versal for small prolongations of a 

p~a') > p~a) is surjeetive; and the kernel is annihilated 

by the maximal ideal of p(a) 

Qa' ---->% is an isomorphism. 

Proof: Set R = P(a) and consider an exact sequence 0 ~ J ~ S ~ R ~ 0 where 

S is a formal power-series ring over A in a finite number of variables, and 

J C M 2 where M is the maximal ideal of S . Let Z be the set of ideals Jl 

in S such that (i) J D Jlm MJ and (ii) there exists ~l-morphism a I ~ a in 

where Wl : S/JI ~ R is the canonical map. The property 1.2(i) of ~ together 

with the fact that J/MJ is a finite dimensional vector space over k entails 

that there exists a smallest ideal in the family ~ . Let it be J' and choose 

a ~'-morphism a' ~ a where 4' : S/J' ~ R is the canonical map. Note that 

~a' ~ ~a is an isomorphism since J' c J c M 2 . We claim that a' ~ a is versal 

for small prolongations of a . Indeed, let al~ a be a small prolongation. If 

we put R 1 = P[a I) , we obtain an exact commutative diagram 

0 -~ J/MJ ~ S/MJ ~ R ~ 0 

0 ~ k -~ R1 ~ R ~ 0 

If h = 0 , then Wl : RI ~ R admits a cross-section so that h I induces 

f : S/J' ~ R I . If h ~ 0 , then h I : S/MJ ~ R I is surjective and hence h I 

induces f : S/J' ~ R I by the definiton of the ideal J' . Therefore in either 

cases we obtain a commutative diagram 

, f RI s/J 

R 

Since a is versal for small prolongations of e , it follows from 

1.6 that we obtain a commutative diagram 
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0 
a t . . . . .  ~ a 

Let P : ~ ~ C_~ be a cofibered category (in groupoids). It is then clear 

that we obtain a eofibered category prcCP) : pro(~) ~ pro(CA) (in groupoids) 

(pour la d@flnitlon de la cat@gorie de pro-objets pro(A) , voir A. Grothendleck, 

S~m. Bourbaki 195). 

! ~ Pr°(A) 

C ....... > proCC A)~ 

A 

Now let U be the full subcategory of pro-C in which 
--A --A 

ob~C_ A) = [(Ri)i~ , R i E oh(CA) I ~i : Ri ~ Ri-i is surjeetive for all i and 

Induces isomorp io s for su fioiently large i 

where N stands for the ordered category of natural numbers, and m. is the 

m a x i m a l  i d e a l  o f  R i . We s e t  _A t o  be  t h e  f u l l  s u b c a t e g o r y  o f  pro-A_ i n  w h i c h  

obC!) = {a ~ obCpro~!))t pro~P) Ca) ~ obC~A)? 

We then obtain a cofibered category 

diagram 

: ~ ~ ~ (in groupoids) with a commutative 

Ac ~ 

C c , ~ 
- -A  / - - A  

We note that the category ~ is canonically equivalent to the category of complete 
--A 

local A-algebras of formally finite type over A with the fixed residue field k 

Henceforth we shall make such identification. 

Definition 1.9. Let A be a cofibered groupoid over C An object ~ in 

is called a quasi-initial object of ~ if for every object a in ~ there 

exists a map ~ -~ a in ~ . A quasl-initial object ~ of ~ is called minimal 
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if the moryhism ~ : h R ~ [~ induces a bi~ectio D 

~(k[¢]): HOmA_alg(R,kEc]) ~ [A(k[c])] , where R = P(~) . An object ~ in A is 

called a versal formal object of ~ if every surjective map a : a' ~ a in 

induces a sur.iective map Hom~(~,a') ~ Hom~(~,a) 

A versal formal object ~ of A is called minimal if the morphism ~ : h R ~ [~] 

induces a bijection ~(k[c]) : HOmA_alg(R,k[c ]) ~ [A(k[g])] where R = P(~) 

Proposition i.I0. Let A be a cofibered ~roupoid over C 
--A 

(i) every (minimally) versal formal object of ~ is a quasi-initial (minimal) 

Qbject of 

(ii) If ~ is an object in ~ such that ~(k[c]): HOmA_alg(R,k[c])~ [A(k[¢3)] 

is injective, where P([) = R , then every endomorphism of ~ in ~ is an auto- 

~orphism. In particular a quasi-initial minimal object of _~ , if it exists, is 

unique up to (non-canonical) isomorphism. 

Proof: (i) let ~ be a versal formal object of A . We must show that, for any 

object a in ~ , we have a map ~ ~ ~ . By the definition of _~ , there 

~n ~z 
exists a sequence of surjective maps in _A : --- ~ an --~ an-i ~ --- ~ al- 

such that a = lima Assume that there exists maps ~'i : ~ ~ a. such that 
-- n " i 

~i~i = ~0i-i for all i < n . Since ~ is a versal formal object of A and 

~n : an ~ an-i is surjective in _A , we obtain a map ~ ~ an such that 

CanOn = ~n-i . If we set cp = ~ ~D n , we have ~0 : ~ ~ a 
n 

(ii) Let ~ ~> ~ be a map in ~ . Then for every X 6 HOmA_alg(R,k[e]) we 

have X,~ = X,ct~ ~ (X'P(a)).~ and hence by the hypothesis on ~ we have that 

= X'P(~) for all ~ E HOmA_alg(R,k[e]) , and therefore P((~) : R -~ R is sur- 

jective. However it is trivial to see that every surjective endomorphism of a 

noetherian ring is always an automorphism and hence P(~) is an automorphism 

of R and therefore ~ is an automorphism of 

a 0 

Theorem i. Ii. (SchleBsinger) Let A be a cofibered groupoid over C Then A 
--A" 
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admits a minimally-versal formal object if and only if 

(i) ~ is semi-homoseneous 

(ii) [~(k[c])] is a finite-dimensional vector space over k (of. 1.3(c)). 

Proof; (Necessity) Let ~ in _ ~ be a minlmally-versal formal object of ~ , 

and consider a diagram 

a\jf 
in ~ where ~ is surjective. Since ~ is a quasi-initial object of _~ , there 

exists a map ~ ~ a I . Since ~ is s~arjective, the composit map ~ ~ a I ~ a 

can be lifted to a 2 i.e., we obtain a commutative diagram 

l\ai2 
which proves the condition 1.2(1). We now prove the condition 1.2(2). Let 

be the projections, 

and let 

be wl-maps in 

and in particular we have 

( ~ 2 ) , a '  ~ ( ~ 2 ) , b  ~ 

Wl S 

~2 

a T b T 

• By the definition of g 

uj ,, ;+ 
a ~ b '  

r r f  p(u) = ~l" P(v) 

We t h e n  have rr2.P(u]. .  = rr2" P(v)  e 

, we obtain a commutative diagram 

• Assume now that 

because of the minimality of 
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, and hence P(u) = WlP(U)× ~2P(u) = ~IP(V)× w2P(v) = P(v) 

Since A is a cofibered groupoid, we obtain a unique isomorphism a' ~ b' in 

!(Sxk[c]) such that ou = v . Then ~cu = ~u entails that ~a= ~ since £ 

is a cofibered category. 

(Sufficiency) Let Cl,C 2 ..... c n be objects in ~(k[e]) which form a 

k-basis of the vector space [A(k[¢])] , and choose a I in i(k[e]×j..xk[c]) 
k k 

such that (wj),a I ~ cj . Then ~(k[£]) : I{omA_alg(Rl,k[c ~) ~ [A(k[c])] is bi- 

jective, where R 1 = P(al) . In particular a I ~ e is versal for small prolonga- 

tions of e . Choose a 2 ~ a I which is versal for small prolongations of a 1 

~a2~ is bijective. We then choose a 9 ~ a 2 , versal for small such that ~a 1 

prolongations of a 2 such that ~a 9 ~ ~a 2 , is bijective etc., and set 

= Lima We claim that ~ is a minimally-versal formal object of A . Indeed, 
n 

since ~n-~ %n-i is bijeetive for all n , % ~ ~I is bijective so that 

{(k[e]) : HOmA_alg(R,k[c ] -~ [A(k[s])] is bijeetive. Now consider a diagram 

t a 

g_~$a 
where ~ is surjective in A . We must show that h can be lifted to a' . For 

this, one may assume, by induction, that a' is a small prolongation of 

Since P(a) is an artinian ring, h : ~ ~ a is factored as a composit map 

~ aq --v~ a for some q . Since A is semi-homogeneous, we get a diagram 

where 

a" ..... > a ' 

? a .... ~a 
q 

T C~ is also a small prolongation. We then obtain a commutative diagram 

and therefore we are done. 

a" 

• a 
) aq+ I i q 

t 

Remark 1.12. Let 
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) a n --~an_ I -- ) ... ~-~a 2 --> a I --~ a 0 = e 

be an infinite sequences of arrows in A such that 

l a i is versal for small prolongations of 

P(a i) --~ P(ai_l) is surjeetive 

~i--~ail i s b i j e e t i v e f o r  i ~ O  

ai_ I 

Then the above proof shows that Lima. is a versal formal object of A 

Remark 1.13. Let A be a coflbered groupoid over C . If A has the property 
-- --A -- 

l.ll(i) and (ii), then so does [A~ , an~ .~ E ob(~)_ is a minimally-versal formal 

object of A if and only if it is so for [A] by 1.10(ii). 

Remark 1.14. Let A be a cofibered groupoid over C 
-- --i 

versal formal object ~ . Then an invariant of R = P(~ 

• admitting a minimally- 

, which is a complete 

local A-algebra of formally finite type over A , is automatically an invariant 

of A over C . Therefore, for example, we shall say that A is (formally) 
-- --A 

smooth over C if R is (formally) smooth over A i.e., a formal power-series 
--A 

algebra over A , or we say that A is irreducible over C if Spec(R) is 
-- --A 

irreducible etc. In the next section we introduce the notion of "smoothness" of 

a functor A ~ B over C , where A, B are cofibered categories in groupoids 
--A 

over C . It turns out (cf. 2.4) that "A is (formally) smooth over C " is 
--A -- --A 

equivalent to " P : A ~ C is a smooth functor" , and theref'ore no confusion 
-- --A 

arises. We also define the dimension of A over C by dim C A = dim k ® R 
-- --A -- 

--A A 

For this we note the following fact: Let C_k be the category of artinian local 

k-algebras with the same residue field k . Then C~ ~ C is a fully~faithful --K --A 

imbedding, whose (left) adjoint functor C ~ C~ is given by R ~ k ® R . Let 
--A --K A 

AIC~ ~ be the pull-back of P : A ~ A  ~znder C~ ~C a . Then it is trivial to see 

that if ~ is a minimally-versal formal object for A over C , then k ® 
-- --A 

A 

is a minimally-versal formal object for AIC_~ over ~C-~ , where ~ ~ k ® ~ is a 
A 

cocartesian arrow above R ~ k ® R . It follows [,hat d i m  C A = d i m ~  ( A [ C ~ )  
A _ ~  - -  2k , -~  
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1.15. In the remaining of this paragraph, we biefly explain how to modify the 

preaeeding theory in order to allow for residue field extensions. 

Let A and K be complete noetherian local rings, with K a A-algebra. 

We assume that 

(a) the natural map from A to K is a local homomorphism; 

(b) the residue field K' of K is an extension of finite type of the residue 

field k of A 

The most interesting case is when K = K' and K is a finite inseparable 

extension of k 

We denote by C~, K the category whose objects are the complete noethe- 

rian local rings R , provided with a structure of A-algebra and with a A-epi- 

morphism s : R ~ K , 

We denote by CA, K the subcategory of C^ A,K consisting of the (R, s) such that 

Ker(s) is a R-module of finite length, rl~ne category C~, K can be identified with 

a full subcategory of PrO(CA,K) 

If K is artinian, so is any object in CA, K . 

For any finite dimensional vector space V over K' we denote by 

Dv(K ) the algebra of dual numbers over ~ defined by V ; its elements are of 

2 
the form k + v ¢ (with k E K , v E V and c = O : 

(k + v ¢) (k' + v' ¢) = (k k') + (k v' + k' v)e ). The map s : DV(K) ~ K : 

s(k + v ¢) = k , turns Dv(K ) into an object of CA, K . The role played before 

by k[¢] will be played here by DK,(K ) 

As explained in 1.8, any eofibered groupoid ~ over CA, K extends in 

a natural way to a eofibered category A ~ over C~, K . A map in A or ~_~ will 

be called surjeetive if the corresponding homomorphism of algebras in CA, k 

or in C ̂ is. 
A,K 
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We assume that A(K) = [e} 

Definition 1.16. A cofibered iroupo~d 

if the following properties hold: 

(I) every diagram 

a ,T .... > a T 

' 1  t 
i 

i 
i 

a I > a 

A over CA, K is called semi-homoseneous 

of solid arrows in ~ , where a' > a is surjective, can be completed into 

a commutative diairam including dotted arrows; 

(Ii) For any R , the natural map 

[i(Rx K DK,(K))] ~ [i(R) X i (DK'(K))] ~ [i (R)] X [i(DK,(K))] 

is bijeetive. 

If ~ is semi-homogeneous, so is [~] . 

1.17. Let us first consider the restriction of A to the full subcategory of 

CA, K whose objects are the Dv(K ) . Let ~ be the vector space ~Iy~A@ K K' 

and d : K ~ Q the derivative. A map f : Dv(K) ~ Dw(K ) can be written: 

f(k+v c) =~+ (u(v) +Ddk) 

with u 6 HomK,(V, W) and D 6 HomK,(Q, W) . If we identify f with (u, D) 

the composition law is 

(II') 

(u, D) o (u', D') = (uu', D + u D') 

The condition (!I) entails 

the functor from K'-veetor spaces to sets 

V t > [ A ( D v ( K ) ) ]  

commutes with products. 

Len~a 1.18. Assume condition (II') is satisfied by A . Then 
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(1) 

[A(Dv(K))] ~ V ~ , [ A ( D K , ( K ) ) ]  as a func to r  in  V 

(2) There i s  a l i n e a r  map y : Hom(O,K') ~ [A(DK,(K))] 

D E Hom(O, K') , 

[A((k,  n ) ) ]  : [A(DK,(K))] * [A(DK,(K))] is 

(3) For any (u, D) : Dv(K) > Dw(K ) , the map 

(u, D) : [A(Dv(K))] * [A(Dw(K))] i.e. 

(u, D) : V ® [A(DK,(K))] * W ® [A(DK,(K))] i s  

x J,,, > u(x) + ~(D) 

[~(DK,(K))] carries a unique vector space structur% such that 

such that, for any 

x , • x+ ¥(D) 

Let us introduce the notations 

F(V) = [A(Dv(K))] 

A = F(K') 

F(u,D) : F(V) ~ F(W) 

F(D) : F(V) ~ F(V) 

By (II ~ ) and the fact that K' 

K'-vector spaces, F(K') is a 

and (I) is clear. Let us now identify 

= the map induced by (u,D) : Dv(K) ~Dw(K) 

: F(D) = F(I, D) 

is a K'-vector space object in the category of 

K'-vector space in (Ens), hence a K'-vector space, 

F(V) and V ® A 

We deduce from the identity 

(u, D) = (i, D) o (u, 0) that 

F(u, D) =F(D) o (u®l A) 

The functoriality of F amounts to 

r(O) = Id 

F(D) o ~(D')  = F(D + D')  

( u ~ l )  oF(D)  = F ( u D )  o ( u ® l  A) 

For any D : ~ -~ V and any n 6 N , if i and' p are the maps 

i ; V <-----> V~K 'n p : V~)K 'n >K n , 
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then p i D = 0 and the following diagra~m is commutative 

V (9 A > (V (9 K 'n) (9 A .> K'n@ A 

i 
V(9 A > (V(gK' ) ® A ....... >K' A 

Let 

of 

x : K m ~ V be a map, x i = x(ei) , and let a.]_ be a family of elements 

A . We have (i V + x) o i o D = D . Hence, if 

F(i D) (Z e i ai) = Z e. a. + a (a E V @ H) , then 
I 1 

F(D) (g x i ai) = g x i a i + a 

and a does not depend on the x. . Hence, 
1 

F(D) (y) = y + G(D) , with 

~(D+D) =a(n) +o(n) 

u G(D) = F(u D) (for any 

One easily checks that any such G 

formula 

G(n) = n (9 Z A (¥) 

as  promised  i n  (2) (3) .  

u : V~W) 

is defined, for some y E ~ ® A , by the 

Definition 1.19. (I) An object ~ i~n ~ is called versal formal ob,iect if 

every surjective map ~ : a' ........ > a in A induces a surjective map 

Hom^(~, a') > Hom^ (~, a) 
A A 

(2) A formal versal ob,iect ~ i__n A , with image (R, s) i_~n C~, K 

c a l l e d  minimal  i f  f o r  ar~- two maps ~ t  " ~2 : R ~ DK,(K) , i_f ~ l ( ~ )  

morphi 9 to ~2([) , then there exists a derivation D of K into K' 

(1 ,  D) (~1) = ~2 , i . e .  ~2-~2 = D s 

, is 

is iso- 

such that 

Theorem 1.20. I~ ~ is semi-homogeneous and if 

di~ K, (EA(DX,(X))]) <. , 

then A admits a minimally versal formal object, and any two of them are 
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isomorphic. 

With the notations of 1.18, let H* be a subspace of [~(DK,(K))] , 

supplementary to the image of y , and let H be the dtm, l of H* . We define 

R ° = DH(K ) . Let ~o be an object in ~(R o) , whose image in 

[i(Ro)] : H ® [i(DK,(K))] m Hom(H*[A(DK,(K))] ) is the inclusion of H* in 

[A(DK,(K))] . Then 

(I) The maps Hom C (DH(K), Dv(K)) > [!(Dv(K))] are surjeetive . 
A,K 

(2) The minimality condition 1.19(2) is valid for (Ro, {o) 

Choose now some S E C~, K 

t : S, > R such that 
O 

, formally smooth over 

~o/A ® K' ~ > fls/a ® K' 

A , and an epimorphism 

If M is the maximal ideal of S , we inductively define, for n ~ i , 

R n = S/I n and ~n 60b(~(Rn)) by the properties that 

(a) In+ I is the intersection of the ideals I : InM c I c I n 

extends to an object { in ~(S/I) . 

(b) ~n+l is an extension of ~n 

, such that ~n 

If R = lim R and ~ = lim {n , then one checks that (R, ~) is 
< n < 

a minimally-versal formal object, and the only one up to isomorphism. 

2. ~./qrepresentable cofibered groupoids 

Let ~ be a cofibered groupoid over C_C a , admitting a minimally-versal 

formal object ~ . In general we can not recover ~ (up to Ca-equivalence ) out 

of ~ alone.°0ne has to know when two maps R---~f ~ S yield a C__A-isomorphism 
g 

~(f) ----} ~(g) , where R = P(~) . As an application of i.ii and 1.12 we now 

consider the question of "recovering ~ " up to CA-equivalence. Indeed, we 
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shall have a quite satisfactory answer applicable to a wide class of cofibered 

groupoids. 

A number of cofibered groupoids which usually occur in practice enjoy 

a slightly stronger property than those of semi-homogeneous ones, as it will be 

defined explicitly in 2.5. To investigate them it is convenient to reph~'ase what 

we ~ve done so far in terms of "smooth functors" . All the notations and termi- 

nologies in the previous section remain in force throughout in this section. 

Definiti~on 2.1. ~e% ~ : ~ >~ b~ a gV~ctor of cofibered £rouooids over C~ 

We #ay that @ .is smooth if every sur,ieetive map ~ : b' > ~0(a) in B can 

be....completed to a commutative..dia~ram 

(*) 

¢(a') .> b' 

e(a) 

for some & : a' > a i_~m ~ . We...say tha.t 

smooth and ~(k[¢]) : [i(k[¢])] > [£(k[~])] 

is minimall~ smooth..i.f it is 

is bi,iective. 

Remark 2.2(a) Let ~ : ~ >~ be a functor of cofibered groupoids over C_C A 

We note that " @ is smooth" ~ "every surjective map ~ : b' > @(a) in B 

can be completed into a commutative diagram (~) such that ~(a') > b' is a 

C_~-isomorphism" ~ "every small prolongation ~ : b' ..... > ~(a) in [ can be 

completed into a commutative diagram (~) " 

Remark 2.2(b) For any eofibered groupoid ~ over C_A , the natural functor 

A > [A] is minimally smooth. 

A 

Remark 2 . 2 ( 0 )  F o r  each  o b j e c t  R i n  CA , we s e t  h R : CA .... > (Ens)  t o  be t h e  

functor defined by ~(S) = HOmA_alg(R , S) for all S in C_~ . It associates 

a eofibered discrete groupoid ~ over C_A , and a map R > S in 
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induces a functor ~ ~ of eofibered groupoids. ~Tle f~nctor ~ >~ 

induced by a map R > S in CA is smooth if and only if S is a formal 

power-series ring over R 

Remark 2.2(d) Given an object R in C--A , let us denote by (R, CA) the cate- 
^ 

gory of arrows in C_A with the source R and a target in ~A . Let ~ be a 

cofibered groupoid over C_A . Given ~ 6 ob ~ with P(~) = R , let 

m' ~ (R, ~A ) be the pull-back of A > C A under the canonical functor 

(R, C_A ) >C A and choose a section {# such that ~#(IR) = ~ . (This simply 

means that we choose, for each map R ,,,,f > S , a f-map ~ > ~(f) ). We then 

obtain a funetor ~@ : ~ ............ >~ over CA by sitting (R f > S)i,,, > ~(f) . 

Of course this functor does not depend on the choice of {# up to natural equi- 

valence of functors. Now " {# : ~ >  ~ is (minimally) smooth" means that 

every surjective map a'- ~ > {(f) in A can be complete~ into a commutative 

diagram 

$(f') . . . . . . . . . .  > a' 

~(f) 

(and ~(kEc]) .... > i(k[e]) is bijective), which means precisely that { is 

a (minimally) versal formal object of ~ over --CA . Thus we conclude that the 

existence of a (minimally) versal formal object of A is equivalent to the 

existence of a (minimally) smooth funotor ~ > i over CA for some 

R ~ ob(C_~) 

The following general properties on smoothness are trivial to verify. 

Proposition 2.3. Let ~ ,, ~ >~ .... ~ >~ be functors of cofibered 

~roupoids over 

(a) If ~, @ are both smooth , then so is ~o@ 

(b) If @.@ is smooth and @ is sur~ective on isomorphism classes of objects, 
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then ~ is smooth. 

Remark 2.4. Let ~ be a cofibered groupoids over ~A , admitting a versal formal 

object ~ . This means, by 2.2(d), that ~ : ~R ~A is smooth, where R = P(~) 

Therefore we have, " ~ is (formally) smooth o~er ~A (c.f. 1.13) i.e., R is a 

formal power-series algebra over A " ~ "the composite functor 

~ A ~ (= ~A) is smooth" * " A~ ~A is a smooth funetor" by 2.3(b). 

We now consider a stronger property than being semi-homogeneous. 

Definition 2.5. Let A be a cofibered ~roupoid over ~A . It is called homo- 

geneous if every diagram 

a T 

1 
b' >a 

where a' ~ a is sta~jective admits a fibre-product a' × b' 
a 

P(a '  Xb') = P ( a ' )  ×P(b ')  
P(a) 

in A such that 

Remark 2,6(a) Let A 

a ! 

be a cofibered groupold over 

in A above the diagram 

C~ , and consider a diagram 

R1 ~2 
R 

R R 2 

R 

in C_~ where ~i are the projections. If a fibre-product a I × a 2 exists in 
a 

we obtain a unique map ~ : a' ~ a I × a 2 compatible with the projections. If 
a 

P(a I × a 2) = R I × R 2 , then P(~) is the identity map on R I × R 2 and therefore 
a R R 

is a C_~-isomorphism i.e., a' = a I × a 2 . In other words, if ~ is a homo- 
a 

geneous cofibered groupoid over CA , every diagram (*) defines a fibre-product 

a I X a 2 provided R 1 ~ R is surjective in CA . This fact entails immediately 
a 
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that a homogeneous cofibered groupoid is, afortiori, semi-homogeneous. 

Remark 2.6(b) Consider a diagram 

X Y 

of categories and functors. The ordinary fibre-product X × Y is a category in 
Z 

which an object is a pair (x,y) such that @(x) = 9(y) , and a map 

(x,y) ~ (x', y') consists of a pair ~ : x ~ x' , ~ : y ~ y' such that 
2 

~(~) = @(~) . The fibre-product X × Y in the sense of 2-categories is a cate- 
Z 

gory in which an object is a triple (x,y; y) , where ~(x) ~ }(y) is an isomor- 

phism, and a map (x,y; y) ~ (x',y'; y') consists of a pair x ~ x' y ~ y' 

with a commutative diagram 

~(x) ~(a) > ~(x') 

Y ! Y' 

~( ) ~(~) > ~ ') 

One can rephrase the notions of (semi)homogeneous cofibered groupoid or 

smooth functor in terms of fibre-product of categories (in the sense of 2-cate- 

gory). Now let P : ~ ~ CA be a cofibered category, and consider an object 

R I ~ R 2 in ~A " If we choose a direct image functor (~i),: A(RI ~ R 2) ~ A(Ri ) , 

where wi : RI ~ R2 ~ Ri is the projection for i = 1,2, we obtain a functor 

A(R I ~ R2) ~ A(R~) ~ A(R~) . It is clear from the definition of cofibered category 
- - ~ A(RT ~ 
that this functor, up to canonical natural equivalence, does not depend on the 

choice of direct image functors. It is now clear from the definition that a cofibe- 

red groupoid A over C__ A is homogeneous over --CA if and only if 

2 
_ ~ A(R 7) X A(R~) A(R1 ~R2) _ ~A(RT 

surjective in _CA , and 

[A(R ~ R2)] 

is an equivalence of categories whenever R I ~ R is 

is semi-homogeneous if and only if 

2 
> [A(R1 ) x A(R2 )] 

A(R) 
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is surjective whenever R I > R is surjective in ~ , and is bijective when- 

ever R = k and R I = k[¢] . Now let ~ : A ~ B be a functor of cofibered 

groupoids over ~A . For each map R' ~ R in ~ , @ induces a funetor 
2 

~(R') ~(R) X B(R') uniquely determined up to a (canonical) natural equivalence. 
s(RT 

It is again~rivial to see that ~ is smooth if and only if the functor 

2 
A(R') ~(R) × B(R') is surjective on isomorphism classes of objects, whenever 

[(R7 

R' ~ R is surjective. 

Remark 2.6(c). If ~ is a homogeneous cofibered groupoid over ~A , the functor 

A(k[V × W]) ~ A(k[V])X A(k[W]) is an equivalence of categories for any 

finite-dlmensional vector spaces V, W over k (We recall our convention 

A(k) = [e] ). In particular, we have 

Aut!(k[VXW])(Ivx w) ~ Auti(k[V])(Iv)XAuti(k[W])(l W) 

where 1V is the direct image of e under the unique map k ~ k[V] in ~A " 

It follows that if ! is homogeneous over ~A , Aut(ic) as well as [!(k[s])] 

are canonieal!y provided with vector space structures over k . 

A 

Remark 2.6(d). For any object R in ~A , the cofibered (discrete) groupoid 

~R over --CA is homogeneous. 

If ~ is semi-homogeneous, then so is [~] . However, the homogeneity 

of ~ does not imply in general the homogeneity of [~] . Indeed we have 

Proposition 2. 7 . Let A be a homogeneous cofibered groupoid over ~A . The 

following statements are equivalent. 

( i )  [A] i s  homogeneous i , e .  [A(R' X S)] > [A(R')] × [A(S)] i s  bi0ective 
R [i(R)]- 

for every small extension R' ~ R 

(ii) For every small prolongation a' ~ a in A , the map 

A u t A ( R , ) ( a '  ) ............. > AutA(R)(a)  
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is surjeetive~ where R' = P(a') , R = P(a) 

Proof. 

be a f-map in A 

where a' > a 
T 

[A(R' X R')~ 
R 

(i) = (ii) Let R' f > R be a small extension in & and let a' ~ a 

. Given T 6 AutA(R)(a ) , we consider a'X a' and a'× a' 
-- a a T 

denotes the composite map a' .............. > a T > a . Since 

A ! > [A(R')] X [ (R)] is bijective, we conclude the existence 
[A(R) ] -- 

of an isomorphism a'Xa' u > a'X a' , and u 
a a T 

the second factor, an isomorphism a' T'> a' 

induces, via the projection on 

which is a lifting of T 

(ii) = (i) Let a'.'l (i=1,2) be objects in _A(R'~ S) wMich have the 

same image under [A(R'X S)] -~ [A(R')] × [A(S)] . We then obtain a diagram 
R [A(R) ] -- 

of solid arrows 

ai<N >22 above 

R'×S 

R' 

where ~ ; a I ~ a 2 is the induced isomorphism from T so that the square box on 

the lower right corner is commutative. If the condition (ii) is verified, one can 

' ~ ' so that the square box on the left always replace the given isomorphism a I a 2 

corner is also commutative. Since a~ = a~ × b. for i = I, 2 by 2.6(a), we 
1 !ai~ 

" Z " . This proves that obtain the isomorphism a I a 2 

[i(R'× S)] --> [A(R')] × [A(S)] is injective, and hence is bijective since A 
R [A(R) ] - 

is homogeneous by hypothesis. 

R' 

Now let ~ be a homogeneous cofibered groupoid over £A , and let 

> R be a small extension in £A . We have a canonical map 
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: R'~ R' > k[Ker f] given by (r~ , r~) > r~(O) + (r~ - r~) , and 

lff:R'~'-->R'~[Ker f] is an isomorphism. Given any two f-maps a i ~ a (i=1,2) 

in A , a I X a 2 is an object over R'X R' and in turn we may consider 
-- a R 

T(al, a2) = (?).(a I X a2) which is an object in ~(k[Ker f]) . Since 
a 

i × ~ : R'X R' > R'× k[Ker f] is an isomorphism, we have the isomorphism 
R k 

a 1 X a 2 ~ a lX  T (a  t ,  a 2)  c o m p a t i b l e  w i t h  t h e  p r o j e c t i o n s  on  t h e  f i r s t  f a c t o r .  
a 

The statement 1.5(2) takes a more definite form for a homogeneous groupoid. 

Lemma 2.8. Let A be a homogeneous cofibered sroupoid over C_A , and 

1 
a i - - ~  a (i = i, 2) f-ma~s in ~ . Then 

(1) There exists p : a I ~ a 2 in A with ~2" p = ~l if and only if 

there exists an arrow a I ~ T(a l, a2) in A 

(2) There exists p : a I ~ a 2 with ~2 ~ p = ~I such that P(p) = id R, 

if and only if T(a I, a2) = 0 in [A~(k[Ker f])] . 

Proof: We prove both at the same time. There exists p : a I ~ a 2 in ~ with 

~2 "p = ~i (such that P(p) = i~,) ~ there exists h : al~ a I X a 2 in a 

with pr I o h = idal (such that P(h) = diagonal map) ~ there exists 

g : a I ~ a I × T(a I, a2) in ~ with pr I o g = idal (such that 

P(g) : R' ~ R'X k[Ker f] is given by r' ~ (r', r'(O)) ~ there exists an arrow 
k 

y : a I ~ T(al, a2) in ~ (such that P(y) : R' ~ k[Ker f] is given by 

r' ~ r'(0)) . However, there exists an arrow y : a I ~ T(a I. a2) in ~ such 

that P(y) : R' ~ k[Ker f] is factored through R' ~ k ~ k[Ker f] if and only 

if T(a I, a2) = 0 . 

Proposition 2.9. (a) Let A ~ >~ ~ be functors of cofibered groupoids 

over C~ . Assume that 

(i) ~ i~ semi-homogeneous and ~ is h0mo~eneou @ 

(ii) ~(k[e]) : [~(k[e])] > [~(k[c])] is injective. 

Then the composite functor @ o @ is smooth if and only if @ and ~ are both 
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smooth. 

( b )  L e t  ~ : ~ "  > ~ ,~9,,a s m o o t h  f u n c t o r  o f  c o f i b e r e d  ~ r o u , p o i d s  o v e r  

C_A . I__f ~ i s  s e m i - h o m o g e n e o u s  a n d  ~ i s  h o m o s e n e o u s  ~ t h e n  ~ : A ~ B i s  

smooth (i.e., for any sur,ieetive map b' '~' > ~(a) i_nn ~ , there exists 

: a' ~ a in A and a C~-isomorphism p : ~(a') ~ > b' such that ~.p = @(~)). 

Proof: (a) Assume that the composite functor ¢ o ~ is smooth. If ~ is smooth, 

then so is ~ by 2.3(b), and therefore it suffices to show that ~ is smooth. Let 

a small prolongation b' ~ > @(a) in B be given. Since the composite functor 

o ~ is smooth, there exists an arrow a' a > a in ~ and a CA-isomorphism 

p : ~(b') > ~ ~(a') with a commutative diagram 

~ ( b ' )  ........ P > ¢ ~(a') 

\" / 4  ¢(~) ~ ~(a) 
¢ ~(a) 

Since B is semi-homogeneous, we can choose a commutative diagram 

b t~ 

b' ~(a') 

R'× R' 

above R ' R ' \ /  
R 

where R = P(a) , R' = P(b') = P(a') . Since C is homogeneous, 

~(b") = ~(b') X ~(a') by 2.6(a), and it follows from 2.8(2) that ~(a) 
0 = T(¢ @(a'), ~(b')) = (~),@(b") , and hence (~),(b") = 0 be the hypothesis (ii). 

It follows from 1.5(2) that there exists a map y : b' > ~(a') such that 

(b) Let a surjective map ~ : b' ~ ~(a) in 

we are given a sequence of commutative diagrams 

be given. This means that 
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~2 ' ~1 ' 
> b 3 ' .> b 2 ' ........ > b I ' 

- - . > ~  ) . . . . . . . . . . . . . . . . . . . . . .  > ~  ) . . . . . . . .  > ~  ) 
~ ( ~ 2  ) ~ ( ~ l  ) 

in B , where ~ ~v ~v' are surjective for all v , such that ~ = lim ~v 

To show that ~0 is smooth, it suffices to prove that a commutative diagram below 

of solid arrows in which ~n " ~n " ~n+l ' ~n are surjective can be completed into a 

commutative diagram including dotted arrows. 

~ ( a ~ +  l )  . . . . . . . . . . . . . . . . . . . . . . . .  _~!__> . . . . . . . . . . . . . . . . . . . . . . .  > ~ ( a ~ )  < -  

\ -.. ~, n,~//. / \~ "9 b' ...... n '>b 
% ~ n+l 

\ ~ ~n+l Sn ~O(a 

~(a i ) > ~( ) 
~ ( ~ n  ) 

Now A is, by hypotheses, semi-homogeneous and ~ : a' ~ a 
-- n n n 

therefore there exists a eomLmutative diagram 

is surjective, and 

a' Rn+iX R n 

an+ I a' in A over Rn+ I 

n n n R 
n 

in 

The hypothesis that B is homogeneous entails that 

@(a') 

~(a n) 

g~(a n) 
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is a diagram of a fibre-product in B , and therefore we obtain a unique map 

b : b'n+l ~ ~(a') in _B with an appropriate commutativity. Since ~n+l ' ~n 

are both surjective, so is 6 and therefore, since ~ is smooth, there exists 
6' 

a' in A and a C_A-isomorphism @(a~+ I) ~ b' such that a ~ 

n+l -- ~ n+l 

6 • 9 = ~(~') . We then obtain the commutative diagram 

! 

cP(an+ 1 ) 

~ ( y - a ' )  

...... 'P(~' ,"  ~.,,i) 

(an!  1 

, > ~ ( a ~ )  

/ / /  

Corollary 2.10. (a) ,L~ @ : A ~ B 

.over C_A ° Let [ be a versal formal object of ~ , an__d 

formal ob.ject of ~ . If ~ is homo~eneous~ then for any map 

B , P([) is a formal power-series rin,~ over 

be a smooth functor of eofibered ~roupg!ds 

a minimally-versal 

: ~ ~ ~(~)  in  

P(~) : P(~) ~ P(~(~)) = P(~) ° 

P(~I) through 

(b) Let ~ be a homogeneous cofibered sroupoid over ~ , and let 

, ~ be versal formal objects of A . If D is minimal, then for any map 
A 

: ~ ~ ~ in A , P(~) is a formal power-series ring over P(~) through 

Proof: (a) A map ~ : ~ ~ @(~) 

Since ~ , 

induces a commutative diagram 

A .>B 

are smooth, ~.~ = @.~ is smooth, On the other hand, 

59 



29 - w 

~(k[e]) : ~p(~)(k[¢]) ~ [~(k[e])] is an isomorphism and therefore 

by 2.9(a), which means that P(~) is a formal power-series ring over 

(b) follows from (a) by setting A = B . 

is smooth 

P(n) 

Finally we consider the question of "representability" of a cofibered 

groupoid. Let C be a fixed category. Each object R in C defines a functor 

: ~ (Ems) given by ~(S) = HOmc(R,S ) , and in turn we obtain a functor 

h : C O ~ Hom(C,(Ens)) which is fully-faithful. A "cocartegory in C " is a 

diagram 

S 

hRl ~ ~i hRl~> ~0 - ¢ = identity for i = 1,2 ............. > with s~. 

0 
s 2 

(where hRl ~R 0 IIRI = (hRl)s 1%0 s2 (hRl)) 
such that 

(i) c is associative and is compatible with s. for i = 1,2 
1 

are both 

identities. 

If (R0, RI, Sl, s2, e, c) is a cocategory in ~ , then for an object 

S in ~ , we can define a category h(R0, RI .... )(S) by setting 

ob h(R0,  R1 . . . .  ) (S)  : Hom~(R0, S) , and F1 h(R0,  R1 . . . .  ) (S)  = Hom~(R1,S) i n  

P~I b~l" hRl . Then which the composition rule of arrows is given by c : %0 

h(R0, RI,...): ~ (categories) is a f~nctor and in turn defines a eofibered 

category ~(R0" R1 .... ) over ! . For instance, any object R in ! defines 

a discrete coeategor~£ ~ = ~(R, R, s I, s 2, e, c) by set%ing Sl, s2, e, c to 
! 

be all equal to the identity map. A homomorphism (R O, RI,...) ~ (RO', R I .... ) 
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of eocategories  in ~ i s  a pair  of maps ~ ~hR, , ~ ~ ' 1  in 
0 0 1 

the induced map 

h(R0. R! . . . .  )(S) ~ h(R0," R1, . . . ) (S)  

such that 

is a functor for every object S in C . For instance, each cocategory 

(R 0, RI,...) is provided with a homomorphism : ~ 0  *h(Ro" al . . . .  ) o f  c o -  

categories. A eogroupoid in ~ is by definition a eoeategory (R0, R I .... ) in 

such that h(Ro, RI .... )(S) is a groupoid for every object S in ~ . In 

other words, a cogroupoid in ~ is a eocategory (R O, R I .... ) 

~(R0" RI .... ) is a eofibered category in groupoids over ~ . 

in C such that 

In practice, a cocategory or cogroupoid occur in a following fashion: 

Let P : F ~ C be a cofibered category, and let ~ be a fixed object in F 

Set R 0 = P(~) and let (R O, C) be the category of arrows in C with the source 

• Let P : F' -~ (R O, C) be the pull-back of F under the canonical funetor 

such 

&s 

R 0 _ w 

(R O, C) ~ C , and choose a cocarteslan section ~# of F_' over (R0, C) 

that ~"(i~0 ) = ~ . (This simply means that we choose, for each arrow R 0 

in C , a cocartesian f-map ~ ~ ~(f) ). Define the functor 

Hom # : (R 0~ R0, C) ~ (Ens) given by 

(fl" f2 )i > H°~_(s)(~#(fl)' ~#(f2 )) X where 

S = the target of fl ( = the target of f2 )" We note that this functor does not 

depend on the choice of ~ up to (canonical) natural equivalence. Henceforth, 

by abuse of notation, we shall simply write ~ for ~# . If this functor is re- 

s I 
presentable by an object X 0 = (R 0 R I) in (R 0 R 0, C) i.e. if there 

s 2 

exists R0-ma p @ : ~(Sl) ~ ~(s2) in ~ such that the induced map 

: Hom(R0• R0" ~) (Xo, X) * Hom{(X) is  b i j e c t i v e  for  a l l  X in (RO~ R 0, ~) 

then the object X 0 defines a eoeategory (Ro, R I .... ) in ~ in a natural way. 

Indeed, a triple of arrows 
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U 
> 

V 
R o > S 

) 
W 

in C defines a composition 

~o~_(s)({(v). {(w)) × Ho,~_(s)({(~). {(v)) , xo~_(s)({(u). {(w)) 

and in turn yields the composition rule 

hRl(S) ~o(S) h~I(S) "~i (s) 

depending functerially on S . Consequently the functor Hom~ defines the 

cocategory (R 0, R I .... ) in ~ and in turn defines a cofibered category 

~(R0 ' RI .... ) in ~ . By definition, ob ~(R0" RI .... ) = J~S Hom~(R0 , S) 

(disjoint union for S E ob(~) ), and an arrow (R 0 ~ S) ~ (R 0 

pair S ~ S' and R I ~ S' in ~ such that u~s I = h.f and 

the structural f~nctor P : ~(Ro ' RI .... ) ~ ~ is given by (R 0 

Now the pair (~, ~) defines the functor 

(~, ~) : ~(R0 ' RI .... ) ~ ~ over ~ by 

fT 
> S') is a 

u-s 2 = f' , and 

(R o ~ s )  J > ~ ( f )  

[(R 0 ~ S) (h,u) > (R 0 ~ S ' ) ] ,  > the eomposit map 
h .  u(~) > 

{(f)  > {(hf) ¢ ( f ' )  

We note that, for each object S in C , the functor 

(~,~)(S) ~(R0,R I .... )(S) ~ ~(S) is fully-faithful by virtue of the definition 

of (R 0 ~ RI) coming from the representability of the fumctor Hom~ . Consequent- 

ly the functor (~,@) : ~(R0,R I .... ) ~ F is an C-equivalence if and only if 

is a quasi-initial object of F over C i.e., for every object a in F there 

exists a eoeartesian arrow [ ~ a . Instead of this funetor Hom~ one may also 

consider the funetor 

Isom[ : (Ro]]_R O, ~) ~ (Ens) 
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given by X = (fl,f2) I > IsomF_(S)({(fl),{(f2)) where S is the target of fl 

( = the target of f2 )" If this funotor is representable by an object (R 0 ~ RI) 

in (R0J]R0, ~) , then it defines a cogroupoid (R0,R I .... ) in ~ together 

with the functor ({,~) : ~(R0,R I .... ) ~ ~ , which is, when ~ is a cofibered 

groupoid, a C_-equivalence if and only if { is a quasi-initial object of [ over 

C 

A 

Definition and proposition 2.11. Acogroupoid (R0,R I .... ) in C A 

smooth if any one of the following equivalent conditions holds: 

(i) R I i~ a formal power-series rin~ over R 0 vi____a s I (and s 2 ) 

> ~( is smooth over C_A 
(ii) ~ : ~o ROml .... ) 

A 

A minimally smooth eogroupoid or a normalized smooth oogroupoid in 0~\ 
A 

cogroupoid (R0,R I .... ) in C_A such that 

neeted i.e., Sl(k[e]) = s2(k[e] ) 

is called 

h(R0ml .... )(~[c]) 

is a smooth 

is totally discon- 

Proof: ¢ : ~R 0 ~ h(R0,RI .... ) is smooth over C_A ~ given any surjective map 

(S',f') (h,u) > (S, f) in h(R0,RI .... ) , there exists a lifting f" of f 

' (s) to S' together with an isomorphism (S',f") (l,u') .> (S',f) ~ given u E bRl 

and a lifting f' or Sl(U) to S' , there exists a lifting u' of u to S' 

such that Sl(U') = f' , where S' -~ S is an arbitrary surjective map in 

C--A ~ Sl : ~I -~0 is smooth over C_A 

A 

Proposition 2.12. ~gt (R0,R I .... ) be a co~roupoid in C A . 

(a) If (R0,R I .... ) is smooth~ then h(R0,R I .... ) is homoseneous. 

(b) If Sl(k[c]) = s2(k[e]) , then the followin~ statements are equivalent 

(i) (R0,R I .... ) is smooth 

(ii) ~(R0,R I .... ) is homogeneous 

(iii) h is semi-homozeneous 
--(R0m I .... ) 
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(c) l__f ~(R0,R I .... ) is semi-homogeneous, then it is equivalent 

to ~(S0, S I .... ) for some minimally smooth eo~rOupoi~ S. 

~oo~: (a) Consider a diagram 

(Sl,~l) 

(h I, u I 

(S2,f 2) 

(s,f) 

in ~(R0,R I .... ) where h 2 : S 2 > S is surjeetive in ~A .Sinee 

-i >~ is smooth by hypothes~s, u I u 2 can be lifted to some 
Sl : ~I 0 

v E hRI(S2) such that Sl(V) = f2 . Since h2" s2(v) = hl" fl ' 

fl × s2(v) E ~0(SI ~ $2) is defined and we obtain the commutative diagram 

(Sl ~ s2" f l  x s2(v)) 

(Sl,f 1) (S2,f 2) 

(s,f) 

We claim that the above diagram defines a fibre-product (Sl,fl) × (So,fo) in 

~(Ro,R I -  .... ) . Indeed, for any object (T, g) in ~(RO,R I -  .... ) we have 

T I w X H°m((T'g)'(SZ~S2"flx~2(v)))={(hiXh2 ' 1 ~2 )~ (SaxS2Px~  (S~XS2)Isz(wlXW2):(h~X~) g 
8 1 S 

s2(wlxw2)=flxs2(v)] = {(a~Xh~,Wl,W 2) ~ ~(SI~S 2) X~z(Sl)X~z(S2)thlW l = a2w 2, 

Sl(W I )  = h~ g, Sl(W 2) = h~ g, s2(~ l )  = f l"  s2(w2) = s2(~)~ = 

{(h~X~,Wl,~ ~) ~ ~ , ( ~ l ~ ) ~ l ( ~ l ) X ~ l { ~ ) l  u~ 1 u~ h~{v-lw~)=hl w~, Sl(W l) = ~ g, 

64 



- 3 4  - V t  

• ~> t ~ w' s2(Wl)=f l, s~.(v-l~2):h~g, s2(v-lw2)=f 2} {(hl×h2, h, 2)~(Sl~S2)X~I(Sl)Xh~I(S2)I 

' : h' ' ' ' u2 h2 w2 Ul hi Wl" Sl(Wl) = i g" s2(wl)= fl' Sl(W2) = h2g" s2(w2) : f2 ] = 

Hom((T, Z), (S 1, Hom((T,g), (S,f))  fl  ) x ~om((T, g), (s 2, f2)) 

(b) It suffices to show (iii) ~ (i) . Since ~(R0,R I .... ) is semi-homogeneous 

and dim[~(R0,Rl .... )(k[c])] = dim D~0(k[c]) < ~ , ~(R0,R I .... ) admits a mini- 

mally versal formal object. 0n the other hand, (R 0, IR0) is a quasi-initial 

minimal object of h(Ro,R 1 .... ) since ~o(k[¢]) ~ [~(Ro,R 1 ..... )(k[e])] is 

bijective, and therefore (R 0, IRo) is a minimally versal formal object of 

h(~Oml, > h(ROml, ...) by 1.10(ii), which means that ¢ : ~R 0 ...) is mini- 

mally smooth. 

(c) Let (S O , ~0 ) be a minimally versal formal object for ~(R0,R I .... ) (i.ii). 

For any object ~ : R 0 ~ T in ~(Ro" RI .... )(T) , the functor Isom(~,~) from 

CA/T ~A T to (sets)which to any R associates the sets of isomorphisms between 

the two images of ~ on R : R0 ~> T--~ T ~T > i~ , is represented by 

R ! ~RO~Ro(T-~A T) . By a passage to limit, one get that Isom(%. ~0 ) is pro- 

represented by some S 1 , and h(Ro,R I .... ) is equivalent to ~(So,S 1 .... ) 

By (b), S. is minimally smooth. 

Definition 9.13. A cofibered groupoid A 

representable if it is C~-e~uivalent to 

eogroupoid (Ro, ~ .... ) in 

over C_~ is called (minimally) pro< 

~(Ro,R I .... ) for some (normalized) 

Proposition 2.!4. If (R 0, R 1 .... ) is a normalized cogroupoid in ~ , t~.9_n - 

ever homomorphism (~o,ol) : ..~ ___~ ~ (R0,R1,...) ~ (R0,RI,. j which induces c qA-equi- 

valence h(~o,~l) : h(Ro,R I .... ) ---> ~(Ro ' RI .... ) is an isomorphism. I_n_n 
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particular, for an_yy cofibered g2oupoid A over C A 

tion, if it exists., is unique up to an isomorphism. 

, a normalized prorepresenta- 

Proof: Consider the commutative diagram 

h(~o,R i . . . .  ) 

i 

L(%,a I ) 
. . . . . . .  > h(RO,R1 . . . .  ) 

. . . . . . .  - - >  _.~=R 0 h 
-"q'O 

where 

connected, 

h (k[~])  
---~z 0 

h(c.O,~l) is a CA-equivalence. Since 

[h,  c~ ,~(kEc]) and [ c ( k [ c ] ) ]  
--k~ O, i j 

Consequently, CO 

an automorphism. It then follows that 

h(RO,R I .... )(k[C]) is totally dis- 

are both bijections, and hence so is 

: R 0 ~ R 0 is a surjective endomorphism and hence is 

~l is also an automorphism of R I . 

Lemma 2.15. Let A, B be discrete groupoids over CA and ~ : A -~ B a mini- 

mally smooth functor, if A, B are homogeneous, then ~0 is a C~-equ_ ivalence. - 

Proof: We must show that ~0(S) : A(S) > B(S) is bijective for all 

S ~ ob(C~) . We note that ~0(S) is surJective for all S ~ ob(C A) and bijective 

for S = k[¢] . We argue by induction on the length of S . Let S' f- > S 

be a small extension in C A . Since A, B are homogeneous discrete groupoids, 

the canonical isomorphism I x ~ : S' × S' .... > S'× k[Ker f] induces the co~u- 
S k 

tative diagram 
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A ( S ' )  × A ( S ' )  ~ . . . . . . . . . . . . . .  > A ( S ' )  X A ( k [ K e r  f ] )  
A(s) 

1 
B ( S ' )  × B ( S ' )  . . . . . . . . . . . . . . .  ~--- . . . . . . . . . . . . . . .  - - >  B ( S ' )  × B ( k [ K e r  f ] )  

B(S) 

Therefore A(S') , B(S') are principal homogeneous sets over A(S) , B(S) with 

the structural group A(k[Ker f]) --~-->B(k[Ker f]) . Consequently if ~(S) is 

bijective, then @(S') is injective and hence is bijective. 

Corollary 2.16. Let A be a hompgene%~usgroupoid over C A such that 

AU~(k[c])(lc) is of finite-dimensional. Then for any C% oh(A) , the functor 

Isom~ : ~ -->(Ens) is prorepresentable, where R = P(~) 

Proof: Assume tb~t Isom~ is homogeneous. We then have, by I.II, a minimally 

Isom~ , which is a ~-equivalence by 2.15 i.e., smooth functor ~ : ~I ---- 

Isom~ is prorepresentable. Therefore it suffices to show that Isom~ is homo- 

geneous. Consider a diagram 

T 1 T 2 

T 

C ~ in ~ where T 2 ----> T 
A 

~i(T1) × ~i(T2) exists in _ 

~i (T) 

× T2) --~ ~i(Tl) × ~i(T2) for i = 1,2 ~i(Tl T ~i(T) 

!s°m~(Tl ~ ~2 ) --> Isom~(~ l) × (~som~(T 2) 
Isom~ - 

is s~rjective. Since A is homogeneous, 

A , and we have a canonical isomorphism 

(cf. 2.6(a)). It follows that 

is an isomorphism. 

Theorem 2.17. Let A be a cofibere@ groupoid over --CA 

table by_a~normalized) smooth cogroupoid if and only if 

• Then it is prorepresen- 
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(I) A is homogeneous 

( 2 )  [ i ( k [ c ' ! ) ] .  . . __and [ A u t ( ~  ) 3 _  c. " 

spaces over k 

are both finite-dimensional vector 

Proof: Assume that A is prorepresentable by a smooth cogroupoid i.e., A is 

^ C_A-equivalent to h = h(R0,RI .... ) for some smooth cogroupoid (Ro,RI,...) in 

~A . Since h is homogeneous by 2.k2(a), and 

S 

(H°mA-alg _ i > HomA_alg(R0,k[o~)) as well as r h(k[ c]) ~ = Coker (R l,kr ~] ..... > 
s 2 

= gc ~ Auth(l ¢) Ker(HomA_alg(Rl,k[¢]) f~---> HOmA_alg(R0,k. J)) 

s 2 
= Ker(HomA_alg. (R.,k[¢])± .... w HomA_alg (R0,k[¢])). are both finite-dimen- 

sional vector spaces over k , we must have the same properties on A . Conver- 

• We claim that A is prorepresentable by a norma- 

is homogeneous and t~(kLe])] is a finite- 

k , A admits a minimally versal formal object { . 

se!y assume (I) and (2) on A 

lized smooth co~oupoid. Since 

dimensional vector space over 

Set P(~) = R 0 and consider the functor Isom~ : C-B0~RO ~ (Ens) given by 

T ~-----> Isomi(T)({l(T),{2(T)) 

where ~i(T) = {(fi ) and fi : RO ~ T denotes the composlt maps 

s I 
R 0 . . . . . .  .... >> RO~ A R 0 . . . . . .  > T 

s 2 

i 
This funetor is pro-representable by 2.16, i.e. there exists RI ~ °b(~R ~R ) 

~ Isom~ is an isomorphism and an isomorphism {I(RI) --~-> [2(RI) such that ~ : hRl ^ 

over C_~ ~ . Then (Ro, R I .... ) defines a cogroupoid in C\ and the functor 
0 

(~,~) : h(R ,Rl, 0 "'" ) ~ A is a CA-equivalence. Since ~ is a minimally versal 

c 
formal object of A , the composit functor h(Ro,R0 .... ) .~ h(R0,R 1 .... ) i~_,.~)_> A 

is, by definition, minimally smooth and therefore so is c since (~,~0) is a 
^ 

C v\-equivalence i.e., (R0,R I .... ) is a normalized smooth cogroupoid in C_A 
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Coro!lary 2.18. A functor F : CA ~ >  (h~us) 

if it is homo6eneous and dim F(k[g]) < ~ . 

is_~oTFepresentableifand only 

^ 

Corollary 2.19. E ver~ smooth co6roupoid in C_~ c an..be normalized up to isomor- 

~_~_~. 

Given a eogroupoid (Ro,R 1 .... ) in C_~ , we set R1 = R1/J where j 

is the ideal in R 1 generated by [sl(r ) - s2(r)Ir E RO} . Then (Ro,~ 1 .... ) de- 

fines a formal group scheme over R 0 with respect to the induced composition rule. 

Now let ~ be a cofibered groupoid over CA prorepresented by a normalized smooth 

cogroupoid (Ro,R I .... ) via (~,~) . Let ~-----> C ~R 0 >C~oA@RO ^ be the em- 

beddings corresponding to the surjective maps R0~AR 0 ----> R 0 ...... > k , and let 

Aut~ , Aut ° be the restriction functors of Isom~ on ~R 0 , ~ respectively. 

In other words, Auto(S) ~ the automorphlsm group of ~(S) for every S E ob(~o) , 

and Aut°(S) = the automorphism group of 1S for every S ~ ob(~) , where 

1S = the direct image of 1 E A(k) under the map k ~ S . Since R 1 prorepresents 

the functor Isom~ on ~Ro~Ro , it follows that R1 prorepresents the funetor 

Aut~ on ~R O , and k~o ~ ~orepresents Aut ° on ~k " Though ~ is prore- 

presented by a smooth cogroupoid (Ro,RI,...) , neither (Ro,R 1 .... ) nor 

(k, k~R 1 .... ) are in general smooth. Indeed we have 

Corollary 2.20. Let A be a homogeneous cogroupoid over C_A prorepresented b~ 

a___[~prmalized smoot ~ cogroupoid (Ro,R 1 .... ) via (~,~) 

(a) (Ro,R I .... ) and (k, k~R I .... ) p~grepresent the functors 

respectively. 

(b) Th@ following statements are e.quivalent 

(i) the formal group scheme ~(Ro,~ 1 .... ) is formally smooth over 

(ii) ~or every surjective arrow a' ~ a i_nn ~ , 

Autp(a,)(a') ~> Autp(a)(a) is surjectiYe ~ 

R 0 prorepresent s the funct0r [A] over C_A (iii) 

AutE and Aut ° 

R 0 ; 
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Proof: We have already noted (a). As for (b), 

(il) * (iii) follows from 2.7 and 2.15, since 

smooth. 

(i) * (ii) is clear whereas 

: ~h~ 0 > [i] is minimally 

Remark 2.21. Let A be a cofibered groupoid over C_A , and let Al~k be the 

pull-back of p : ~ ~> C_~ under C_ka----> CA . Then It is trivial to see that 

if ~ is prorepresented by (Ro,R I .... ) via (~,~) , then ~I~ is prorepresen- 

ted by (k ~R 0 , k ~ R I,.o.) via (k ~ ~ , k ~ ~) where k @A ~ = its direct 

image of ~ under the map R 0 > k @R 0 , k @ ~ = the image of ~ under 
A A 

iso%( k . = 

(R0,R ]_ .... ) is normalized, then so is (k ®A R0" k @ RI,...) , and the relative 

dimension of R 1 over R 0 is equal to the relative dimension of k @ R 1 over 
A 

k @ R 0 since ~ is smooth over R 0 
A 

Remark 2.22. Let ~ be prorepresented by smooth cogroupoid (R0,R1,...) and 

(R~, ~ .... ) where we assume that (R0,R 1 .... ) is normalized. We then obtain a 

t ! homomorphism (i0,il) : (R0, ~ .... ) > (R0, R 1 .... ) . Now R~ is a formal 

power-series ring over R 0 by 2.10(b), and the homomorphism (i0,i I) induces 

' ~0(R0,RI,. )----~--> (R~, R{, ) an isomorphism R 0 . . . . .  

3. The coherent sheaves D~ 

One of the nice functors which is usually not pro-representable but 

nevertheless a~mits a formal versal object is the deformation functor. To this end 

we recall a few basic facts on commutative ring extensions and Its obstruction 

theory. This section contains nothing new (possibly except in its systematic 

approach via Grothendieck cohomology on site). A purpose of this section is to 

make this expose as much self-contained. (Indeed we prove here more than we need 

later). The basic facts are stated in theorem 3.12. Throughout rings are meant to 

be commutative rings with unit. 
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Given a ring R we denote by ~ the category of R-algebras. For each 

object A in C_R we set 

Coy(A) = the set of all surJectlve arrows @ : A' * A in ~ with target A . 

It clearly defines a pretopology and in turn we obtain a site C_~ . For each object 

A in ~R ~ we shall denote by ~i R the category of arrows in ~R with target 

A . We may and shall provide the category ~I R with the topology induced from 

the forgetful functor JA : C-~IR ~ " We note that the category CAIR has a 

final object (I A : A ~A) and an initial object (i A : R ~A) , and admits a 

flbre-product as well as coproduct. Henceforth we shall denote the object (B * A) 

in ~i R , by abuse of notatlon~ simply by B in case when there is no possible 

confusion. Given an abellan category ~ , a C-valued sheaf on ~AIR is, by defi- 

~I ~ C such that~ for any surJeetlve arrow B' * B in nition, a functor F : R -- 

o ~ F(B) ~ F(B') ~ F(B' ~ B') 

is exact. The additive presheaves are those which preserve coproduct i.e., 

F(B I ~ B 2) = F(B l) • F(B2) . For example, an A-module M defines the functor 

OerR(-'M): -~b ~ (A-rood) 

given by B ~DerR(B,M) = R-linear derivations of B with values in M regarded 

as B-module via the structural map B ~ A , and it is clearly an additive sheaf 

0 
on ~i R , where (A-mod) denotes the category of A-modules. A presheaf F on 

~i R with values in (A-mod) is called "finite type" if F(B) is an A-module 

of finite type whenever B is an R-algebra of finite type. For example, if A is 

noetherlan and M is ariA-module of finite type, then DerR(-,M) is an additive 

sheaf of finite type on the site ~I R 

A few more words on notations and basic facts in homological algebra: 

v 
3.1(a) Throughout the rest of this section, we shall denote by __A~IR (or C~I R ) 

the category of sheaves (or presheaves) with values in (A-rood). We have the (left 

exact) injection functor iAIR: _A~R ~i R , and the associated-sheaf (exact) 
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functor GAIR: ~i R -~ _C~AIR which is adjoint to the functor 

B E ob(~iR) induces a continuous functor j : ~BIR * CAIR 

tative diagram 

(*) 

iAl R . An object 

and in turn a commu- 

where the restriction functor 7 (as well as jv ) is an exact functor, since 

the site CBIR is nothing but the category of arrows in ~i R having target B , 

with the induced topology. A ring homomorphlsm S ~ R induces a continuous functor 

: ~i R -~ C_AIS , and in turn a commutative diagram 

(**) 
iAIS 

S ~v 

L 
v > IR 

Note that ~ is not necessarily an exact functor. 

3.1(b) The right derived functor of the injection funetor iAIR: ~i R ~ LI B 

will be denoted by ~AIR . For each sheaf F on ~AIR , we set 

H°(AiR,F) = [H°AIR(F)](A) 

For any B' --B in Coy(B) , let us define the functor 

"~.~ F(B'~ B B')) . HO((B ' ~B),-) : ~i R ~ (A-rood) by H°((B'-~B),F) = Ker(F(B') 

The right derived functors of H°((B ' ~ B),-) will be denoted by H°((B '~ B),-) 
V 

One knows that the H°((B ' ~ B),F) are the cohomology groups of the (Cech) 
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semi-simpllclal module 

F(B') ~ F(B'X B 

The right derived funetor of 

where 

B') ~----> F(B' X B B' ~ B') > 

IR : ~AIR *~AIR will be denoted by ~i R 

llm H0([B' "* B],F) . 
[-~IR(F)](B) = [B"~B} E Cov(B) 

For each presheaf F on ~i R , we set 

V 
llm H~([A ' -~ A},F) ~'(AIR'F) = [HA!R(F)](A) : [A'-*A} E Cov(A) 

for any sheaf F on CAIR , we have the usual spectral sequence 

HP(AIR, A ~IR(F)) ~ H p+q(AIR,F) 

~here we note that ~O(AIR,_~(~)) : 0 for all q > 0 • 

In particular 

{ ~(AIR,F) = ~(AIR,F) 

3.1(c) If B is an object in ~i R , the commutative diagram (*) in 2.1(a) 

together with the fact that ~ as well as jv are exact functors yields the 

canonical isomorphism 

H'(BtR,~F) = [_~tR(F)~(B) 

On the other hand, a ring homomorph_ism S -* R induces the eo~nutative diagram (**) 

in 2.1(a). Now ~ is not necessarily an exact functor. However, 8 preserves a 

flbre-product, and thus we obtain a spectral sequence 

~i~(~ ~ o v 8H~fs(F) i . e . ,  HP(AIR,Rq~F) ~ HP+q(AIS,F) 

Since we have the canonical isomorphism ~ = c., o~.i , and ~A!R ~ AiS R~ is an 
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exact funetor, we have R'~ ~ ~ = 8 H AIs(F ) . Thus the spectral sequence above can 

now be written as 

HP(AIR, 8 s(F)) = HP+q(AIS,F) . 

Le~ 3.2. Given B E ob(CAl R) , choose a surJective arrow P ~ B in C_B!R 

where P is a pol~naomial al~ebra over R . Then for any F E ob(~i R) , the 

natural map H'([P ~ B3,F) -_ (F) (B) is an isomorphism. 

Proof: It suffice to see that the natural map 

HO([P ~B},F) ~O(F) (B) = lira HO([B ' ~B},F) 
{B"CB} ~ Cov(B) 

is an isomorphism, which is clear since, for any [B' ~ B} E Cov(B) 

an arrow [P-~B~ ~ [B ~ ~B~ . 

, there exists 

Corollary 3.3. 

(a) Assume that A is noetherian, l_~f F E ob(~iR) is of finite type, 

then Hn(F) is of finite type for all n . 

(b) Fo__r any pol~omial algebra P ore F R , we have Hn(pIR,F) = 0 

for all n > 0 and for all F E ob(%IR ) . 

(c) A diagram 0 ~F' ~ F ~ F ''~ 0 in CA! R is exact if and onl~ 

0 ~F'(P) ~ F(P) * F"(P) * 0 is exact for every P 6 ob(~AiR) which is a po~j- 

nomial algebra over R . 

Proof: 

(a) In view of the spectral sequence 

~P(B!R,~q(F)) = HP+q(BIR,F) 

together with the fact that ~O(Hq(F)) = 0 for all q > 0 , it suffices to 

show that Hn(G) is of finite type for all n and for all presheaf G of finite 

v l type. However H'(B.R~G) = H°([P ~ B},G) , where P is a polynomial algebra over 

R and [P ~ B} ~ Cov(B) , and furthermore H"([P ~ B},G) is simply the 
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cohomology gotten from the complex 

.............. G(~ ~ F ~ P) ~ a(F ~ p)g a(P) . 

If B is an R-algebra of finite type, then we may take P to be of finite type 

over R so that P~ .... ~P are all R-algebras of finite type. If G is of 

finite type, then G(P~ .... ~P) are all A-modules of finite type, so that 

H'([P * B},G) is an A-module of finite type since A is noetherian. 

(b) Let P be a polynomial algebra over R . If B * P is any sur- 

jective R-algebra map, then it amits a section and hence ~([B ~P},G) = 0 for 

all i > 0 , so that ~(P!R, G) = 0 for all i > 0 and for all presheaves G 

on Cpl R . It follows that the spectral sequence HP(PIR, ~pIR(F)) = HP+q(PIR, F) 

degenerates and hence ~O(pIR, ~(F)) ~ Hn(pIR, F) for all n . However 

HO(p!R, Rn(F)) = 0 for all n > 0 whenever F is a sheaf, and hence 

HU(pIR, F) = 0 for all n > 0 and for all F E ob(g!R ) . 

(c) If 0 ~ F' ~ F * F" * 0 is an exact sequence in C~I R , then 

0 ~ F'(B) * F(B) * F"(B) * H'(BIR, F') * H'(BIR, F) ~ .... 

is exact. If P E ob(~!R) is a polynomial algebra over R , then 

~(PIR, F') = 0 by 3.3(b) and hence 

O~F ' ~F~F '~ --0 

is exact. As for the other direction, let ~AIR be the full subcategory of CAIR 

in which 

ob(PAIR) = {P 6 ob(~A!R) I P is a polynomial algebra over R} , 

provided with the induced topology, and let p : &l R ~ &!R be the inclusion 

functor. Since every object in ~A!R can be covered by an object in PA!R ' it 

follows from a comparison lemma ( ) that ~ : ~!R "* ~iR is an equivalence 

of categories. Consequently, if 0 ~ F'(P) -~ F(P) "P F"(P) ~ 0 is exact for every 

P E ob(~iR) , then 0 * p~' ~ p~ ~ p~" ~ 0 is exact in _A~IR and hence 

0 -'F ' ~ F ~F'' -~ 0 is exact in ~!R " 
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Remark 3.4. Every surJective arrow in PAIR admits a section. It follows 

immediately that every presheaf on &l R is actually a sheaf i.e., PAiR =&l R 

Consequently we find that the restriction ftmctor C_AIR *~!R is an equivalence 

of categories. 

Lemma 3.5. Consider a diagram of R-algebras 

B' 

C 

i 
B 

surJective 

and let S be an R-algebra. 

(i) If Tor~(B,S) = 0 , then the canonical map 

(B ~{ S) 

is an ,i,somor2~s m. 

(ii) Assume t~hat 

and ToriR(B,S) = 0 for all 

0<i<n . 

B' is R-flat. If 

0 < i < n , then 

Tor~(C,S) = 0 for all 0 < i < n 

Tor~(B'~C, S) = 0 for all 

Proof: Let 0 ~ J " B' ~ B * 0 be exact. 

R 
(i) If Tori(B, S) = 0 , then 

O ~ B ' ~ ~ O  

is exact so t~hat 

o*~ 

is exact. We thus 

ti 
0 . . . . . . .  > J ~  

o 

obtain an exact commutative diagram 
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and therefore (B'~C)~S -* (B'~S)(~S)(C ~ S) is an isomorphism. 

R 
(ii) Since B' is R-flat and Tori(B, S) = 0 for all 0 < i ~ n by 

hypothesis, we have TorR(j, S) = 0 for all 0 < i < n . Then the exact sequence 

R 
0 ~ J ~ B'~C ~ C ~ 0 together with the hypothesis that Tori(C, S) = 0 for all 

0 < i < n entails that TorR(B'~C, S) = 0 for all 0 < i < n . 

Corollary 3.6. 

R 
(a) Let A, S be R-algebras. If TOrl(A, S) = 0 , th__en the canonical 

map H'( S, G) ~ (AIR, SO) is an isomorphism for anY G E oh( S) w_her_~e 

the functor S : ~AiR *~A~!S i--s--giv-en by X ~--> X~ . In particular if S 
WV V %" 

is R-flat, then the canonica! map_ SH'(G) -* H(SG) is an isomor~hls9 fo_r every 

G ~ ob(~l S) . 

(b) Let P ~ B be a sur~ective R-algebr.a map, ~ where P is a polynomial 

R al]{gbra over R . If Tori(B, S) = 0 for all 0 < i ~ n , the____n 

Tor?(P~P~ .~== .~P, s) = o for an 0 < i < n 

Proof: 

(a) Given B E ob(~iR ) , choose {P ~ B] 6 Coy(B) where P is a 
I 

R 
polynomial algebra over R . If TOrl(B, S) = 0 , the natural map 

-(Pi "'' ~I~)~ -~ (P~)'< "'" /,(~S) is an isomorphism for all n by 3.9(i), and 
"c~a} (gsn 

he~oe ~'(Bb, ~a) = H°{{P ~ ~}, ~G) = H'{{ W ~ W], G) = ~-{~s!s, G) 

R 
If S is R-flat, then TOrl(X, S) = 0 for every X 6 ob(G~lR) and hence 

i 

~'(~IS, G) -~ ~'(XIR, ~) is an isomorphism for every X E ob(_CAIR) i.e. 

VV V V 

SH~(G) -~ H'(SG) is an isomorphism. 
c~ 

(b) Set p,m, = p~ ... {P . If m = 0 there is nothing to prove 

_ R,_(m-l) since P is R-flat. Assume that Torit~ , S) = 0 for all 0 < i < n 

Since P ~ B is surjeetive and p(m)" " = p~p(m-l) , it follows from 3.5(ii) that 

R (m) 
Tori(P , S) = 0 for all 0 < i < n . 
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Proposition 3.7. 

(a) Let A, S 

then for ,any shea ! F o n_n ~i S 

is an is°m°rphism for all i g n 

X~ '>3~S . 

(b) 

sheaf F on 

R 
be R-algebras. If Tori(A, S) = 0 for all 0 < i g n , 

, the canonical map ~(~IS, F) ~ Hi(A!R, ~F) 

~AI " ~I is given by • where S : R S .... 

Le__~t P be a ~q.lynomial al~ebra 0Jet R . Then for any additive 

C~I R , the canonical map Hn(~AIR, F) * Hn(A!R, F) is an iso- 

mor~ism for all n > 0 

(c) Le__~t S * R ~ A be ring homomorphisms. Then for any additive . sheaf 

F on ~A!S • we have an exact seqpence 

o ~°(A1R, F R) ~HO(AIS, F) ~HO(R!S, F) ~ ( A t R ,  PR) ~ i (AiS ,  ~) ~HI(R!S, F) 

. . . . . . . .  ~tn(AlR,  F R) *HnCAIS, F) ~nncR!s,  m) ~Hn+i(A]R, F R) ~ . . . .  

There F R is a sheaf on CAIR defined by 

FR(X ) = Ker(F(X) ~ F(R)) 

for all X E ob(CAIR) via the forgetful,, functo F ~!R ~IS " 

Proof: 

(a) Consider the continuous functor 

s • - iR - '  -C Is 
where S(X) = ~ . Since the functor S sends a polynomial algebras over R to 

polynomial algebras over S ' ~ : ~IS * R is an exact functor by 3.3(c) 

and in turn we obtain the canonical map S~Is(F) * H_AIR(SF) , and in ~urn we 

obtain the con~nutatlve diagram of spectral sequences: 

E~'q(s(x)) 

E~q(X) = 

v 

= ~P(:~ s, is(F)) 

HP (XIR, H qIR(SF) ) 
t 

) HP~(XIR, S~) 

78 



- ~8 - VI 

Cq 
We note that EP~q(s(x)) ~ ~P(xlR, S~Is(F)) is an isomorphism whenever 

R 
TOrl(X , S) = 0 by 3.6(a). Assume now that 

[~H~Is(F)](X) ~ [~IR(~F)](X) is an isomorphism for all q < n and for all 

X E ob(CAIR) such that ToriR(x , S) = 0 for all 0 i n . It follows irm~ediate- 

ly from 3.6(b) that EP~q(s(x)) ~ ~'q(x) is an isomorphism for all q < n 

and for all p , provided TorR(x, S) = 0 for all O < i ~ n . Since 

E0'n(s(x)) -~ ~'n(x) is an isomorphism (since both sides are zero), we get that 

Hn(xRsis, F) ~ Hn(XIR, ~F) is an isomorphism whenever ToriR(x, S) = 0 for all 

0 < i ~ n i.e., s(F)](X) ~ R~F)](X) is an isomorphism for all 

i ~ n whenever TorR(x, S) = 0 for all 0 < i ~ n . 

(b) Let P be a polynomial algebra over R and let 

f : ~IR -~!R be the continuous functor given by fix) = X~ . Let P' * X 

be a surjective arrow in ~AIR where P' is a polynomial algebra over R . Then 

pr~-~X~P is a surjective arrow in ~i R • and P'~P is again a polynomial 

algebra over R . Since P is flat over R , it follows from 3.5(i) that 

~'(XIR, ~G)= H'([p' "¢ X}, ~G)= H ([P'~P "~X~P}, G)= H'(X~PIR, G) 

for every G E ob(~piR) . It follows that ~ : C~IR~I R sends acyclic 

ones to acyclic ones. On the other hand, f sends polynomial algebras over R to 

polynomial algebras over R , and hence ~ : ~P!R ~IR is an exact functor 

by 3.2(c). It follows that H ~ (~PIR, F) ~ H'(A!R, ~F) is an isomorphism for every 

F E ob(~pIR) . Now for each X E ob(CAIR) , we have canonical maps 

(~F) (X) = F()~P) "¢ F(X~F(P) , 

and hence a canonical map ~F -~ FcLg(P) where F(P) denotes a constant sheaf 

(and F on the right hand side denotes, strictly speaking, the restriction of F 

on C_AIR ) . If F is an additive sheaf, then (~F) (X) = F(N~P) -~ F(X~(P) 

is an isomorphism for every X £ ob(C~IR) and hence ~F ~ I~sF(P) is an isomorphism. 

Therefore 
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Hn(AIR, ~F) ~ Hn(AIR, F~(P)) = Hn(A]R, F) 

for all n > 0 since F(P) , being a constant sheaf, is flask. It follows that 

Hn(~pIR, F) ~ Hn(AIR, F) is an isomorphism for all n > 0 , provided F is an 

additive sheaf on ~piR 

(c) (communicated from Rinehart) Consider the forgetful functor 

: ~i R "~ CAIS . W e  have a spectral sequence 

E p'q = HP(AIR, 8#~Is(F)) =------~ HP+q(AIS, F) 

where 8# = GAIR°~ , GAIR : ~!R ~IR is "assoclated-sheaf" functor. Now 

let F be an additive sheaf. We claim that 6#~Is(F ) is a constant sheaf for 

all q > 0 . Indeed, if P is a polynomial algebra over R , then P = ~P' 

for a polynomial algebra P' over S and hence 

[~]S(F)](P) : ~(PIS, F) = Hq(~P ' IS, F) ~ ~(RiS. ~) 

is an isomorphism for all q > 0 by 3.7(b), and surJectlve for q = 0 . It 

follows from 3.3(0) that the canonical map 8#~Is(F) * Hq(RIS, F) = constant sheaf 

is an isomorphism for all q > 0 , and is surJective for q = 0 . It follows that 

= HP(AIR, ~IS(F)) = 0 for all p, q > 0 , and hence the above spectral EP,q 

sequence yields the exact sequence 

( * )  o .-, E 1 " °  - ,  H 1 - '  E ° ' l ' - ,  E 2 ' °  -,  R 2 -.  E ° ' 2  - '  E3"0~  H 3 - '  . . . .  

where we note that E O'q = [e#__A~!s(F)G(A) ~ h~(RIS, F) for all q > 0 and 

E p'O = HP(AiR, ~F) . On the other hand, the exact sequence 0 ~ F R ~F " F(R) * 0 

gives us the exact sequence 

( ** ) o ~ HO(AIR,F R) ~ HO(AIR,~F) ~ HO(AIR,F(R)) ~ ~(AIR,F~) ~ ~(AIR,~F) ~ 0 

LL il 
HO(AIS,F) HO(R!S,F) 

The exact sequences (*) and (~) combined gives the desired exact sequence. 
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Corolla~ 3.8. 

R (a) I__[f A, B are R-algebras such that Tori(A, B) = 0 for all 

0 < i g n , the.~ for any additive sheaf F £ ob(~iR ) , the canonical map 

Hi(A~IR, F) ~Hi(A!R, F) ~Hi(B!R, F) 

is a n isomorph%sm for all i g n . 

R (b) Let A be aD R-al~ebra such that Tori(A, A) = 0 for all 

l_~f ~A ~ A is an isomorphism• then for any additive shea f F 6 ob(~iR ) 

have ~(A!R• F) = 0 for all i 

i>O . 

• we 

Proof: 

(a) Let F 6 ob(C~iR ) be additive. By 3.7(c), the ring homomorphisms 

R ~ A *~B gives us the exact sequence 

(*) ... ~(ARC~B A, F A) ~ Hi(A~R, F) ~ Hi(AIR, F) ~ .... 

consider now the commutative diagram 

H~(~B!A, F A) > Hi(A~IR, Fl 

~(B!R, AFA) - > 

where the functor A : 41R-~ ~I A is given by X , > ~X • and the map 

Hi(BiR• ~A ) "~ Hi(B!R, F) is induced from the map ~F A -~ F , which is an iso- 

morphism since F is additive. Note that the commutativity of the above diagram, 

because of its funetoria! nature• is reduced to the case i = 0 

R ~B 1 i , If Tori(A, B) = 0 for all 0 < i ~ n , then Hi( A, FA) ~ H (BiR, AF A) is an 

isomorphism for all i ~ n by 3.7(a), and hence the composite map 

Hi(~iA• FA)* Hi(~!R, F)~ Hi(BI~, F) 

and (because of the symmetry) 
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~(~B]B, FB) " ~ ( ~ I R ,  F) ~ Hi(AiR, F) 

are isomorphisms for all i g n . This implies that the exact sequence (*) 

breaks up to short split-exact sequences 

0 "Hi(A~[A, FA) "~(A~IR,  F) " Hi(AiR, F) ~ 0 

for all i g n , and that 

HI(A~IR, F) - Hi(AIR, F) ~Hi(BIR, F) 

is an isomorphism for all i g n . 

(b) Since Tor~(A,A) = 0 for all i > 0 , it follows from 3.8(a) that 

Hi(~AIR, F) "Hi(AIR, F) ~(AIR, F) 

is an isomorphism for all i . On the other hand, ~A -- A is an isomorphism by 

hypothesis and hence ~(AIR , F) -~(~AIR, F) is an isomorphism for all i . 

This means that the diagonal map Hi(AIR, F) " Hi(AIR, F) • Hi(AIR, F) is an iso- 

morphism for all i i.e., Hi(AIR, F) = 0 for all i 

Cor011ar ~ 3.9: Let S be a multiplicative subset of an R-algebra A . If 

(--Cs~-IR ) is additive such that FA Is als° additive" then the can°nical F Cob 1A 

map 

is an isomorphism for all 

FA(X) = Ker(F(X) -- F(A)) 

Hi(s-lAIR, ~) * ~(AI~, F) 

(c:) i , where F A ~ ob -IAIA 

for all X E ob _lAl A 

is defined by 

R ~ A - S-1A gives us the Proof: Since F is additive, the ring homomorphisms 

exact sequence 

. . . .  ~n(S-IAI A" ~A) ~(S-IAIR" ~) ~(AIR, F) " . . . .  

On the other hand, since S-IA~S-1A ~ S-IA is an isomorphism and 

by hypothesis, it follows from 3.8(b) that Hn(S-IAIA, FA) = 0 

hence Hn(S-1AIR, F) --Hn(AiR, F) is an isomorphism for all n 

F A is additive 

for all n , and 
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Now let A be an R-algebra. An A-module M defines an additive sheaf 

DerR(-, M) C ob(CA!R) by X ~ DerR(X, M) . We now make the following definition: 

Definition 3.10: Let A be an R-algebra. For each A-module M we set 

Di(AIR, M) = ~(A!R, DerR(-, M)) . 

We want to make an explicit computation of low-dimensional ones i.e., 

DI(AIR, M) for i = l, 2 : Choose a surjectlve arrow P *A in ~i R where 

is a polynomial algebra over R , and let 0 ~ I ~ P* A ~ 0 be exact. Then 

Lemma 3.10: 

Proof: 

DI(AIR, M) = Coker(DerR(P, M) ~ Homp(l, M)) 

D2(AIR, M) = ~(AIR, ilR(DerR(-, M))) 

Consider the simpllcial algebra 

n+l 

p~n) = p~..°~p . For each n we have the exact sequence 

0 ~ I (n) ~ p~n) ~ A ~ 0 

I (n) = ~X~.°.Xl , and it is easy to see that 

(a): 

0 ~ HOmA(I(n)/A(I), M) ~DerR(P~n), M)Der(A" M) ~DerR(P, M) * 0 

is exact for all n , where I = I/I 2 and A stands for the diagonal map~ 

We also note the exact sequence 

(b): 

0 ~HOmA(I(n)/h(I), M) ~ HOmA(I(n), M) _Hom(A, M)~ HOmA(i" M) ~ 0 

The exact sequences (a) and (b) yield the respective exact sequences of simplicial 

A-modules. Since [I ~ 0] , [I * I] admits sections, we have 

Hi([I ~ 0], HOmA(-, M)) = Hi([l " I], HOmA(-, M)) = 0 

where 

where 
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for all i > 0 , and it follows readily that 

0 ~ DerR(A, M) * DerR(P, M) ~ HomA(I , N) * HI([P ~ A}, DerR(-, M)) * 0 

is exact 

I~({P ~ A}, DerR(- , M)) -- 0 for all i > i 

It follows from 3.1(b) that 

DI(AIR, M) = ~(AIR, DerR(-, M)) = ~({P -~ A}, DerR(-, M)) 

= Coker(DerR(P, M) ~ HOmA(I, M)) 

= Coker(DerR(P, M) ~ HOmp(I, M)) , 

DR(AIR, M)= HI(AIR, ilR(DerR(-, M))) 

Now choose a free P-module F and a P-linear map F ~ P such that 

y(F) = I . Associated to P-linear map y : F ~ P , there is a Koszul complex, 

which is simply denoted, by abuse of notation, by ~ . 

Lemma 3.11: D2(AIR, M) = Coker(~(~, M) ~ HOmA(~(~), M)) . 

Proof: We have 

D2(AIR, M) : ~(AiR, ~iRC~r~(-, M))) 

since [iiR(DerR(-, M))~(P O) = [ A~iR(DerR(-, M))](P) = 0 . 

Let 0 * K ~ F ~ I ~ 0 be exact. If we set P[F] to be the symmetric algebra 

over P generated by F , then P[F] and P[F]@P[F~ are polynomial algebras 

over R and we obtain the surJective arrows 

~F] ~ PA (I) = P~P given by X- (0, y(X)) 

P[F]~P[F] "~ PA (2) = P~P~P X@I -~ (0, y(X), 0), I®X -> (0, O, y(X)) 

where X E F . If we set J = Ker(~F] -~ p(1)) and 

J' = Ker(~F~l~F] -* p(2)) , then 
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J = (F) O (Fy) -- (K) + (F.Fv) 

j'= (F@l + Z~) n (Fy@l + Z@F) n (~Z + l~y) 

= (K@I + !@K) + (F.Fy@I + I$F'Fy) + (F@F) 

where Fy = the ideal generated by {X - y(X)iX 6 F} 

i = O, l, 2 can be lifted to 1~ i : ~F]~P[F~ -~ ~F] 

. NOW ~i : PA (2) -* p(1) 

where, for each X 6 F 

% :  ,-,l= -~2= 
l~O( "~ X I@X ~ X I~X ~ 0 

A trivial computation shows that ~0 - ~I + w2 sends k~ + I@K + I~F-F 7 to 

zero, whereas it sends (F~Fy~l + F~F) onto (F-Fy) . Now for any 

D C DerR(P[F~F] , M) , D(F~F¥~I + F@F) = 0 since I'M = 0 , and consequently 

D2(AIR, M) = Ker(DI(PA(1)iR, M) ~DI(p~2) iR, M)) 

= {If] 6 DI(PA(1)!R, M) If(F, Fy) = O] 

= Coker(DerR(P[F], M) ~ Hom~F~((F) N (Fy)/(FJFy), M)) 

= Coker(Oerp(P[F~, M) ~ Homp[F]((F) n (Fy)/(F),(Fy), M)) . 

Now 0~(F)~P[P] P[O] p.o 

o ~ (Fy) ~ P[F] ,,P,[Y] P * 0 , 

are exact and hence (F) A (F¥)/(F)-(Fy) = TorlP[F](P, Py) = ~(~) where ~ is 

the Koszul complex associated to the P-linear map F ~ I(c P) . We thus have 

D2(AIR, M)= Coker(Homp(F, M)~ Homp(~(~), M)) 

= Coker(~(E I, M) ~ HomA(I~(KI), M)) 

We can now state all the basic facts needed for our purpose, summarizing 

the various results we have already established. 
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Theorem 3.12. 

(i) If 

0 -* D0(AIR, M') -~ D0(AIR, M) ~ D0(A!R, M") ~ DI(AIR, M') 

DI(AIR, M) ~ DI(AIR, M") ~ ........ ~ Dn(AIIR, M') ~ 

Dn(AIR, M) -~ Dn(AIR, M") -> ... 

is exact. 

(2) Le___t S ~ R * A be rln~ homomorphisms. Then for an~ A-modul__ee M w_~e 

have the exact sequence 

0 ~ D0(A R, M) ~D0(A S, M) ~D0(R S, M) *DI(A R, M) 

DI(A S, M) "* DI(R S, M) -~ ........ -~ Dn(A R, M) -' 

Dn(A S, M) ~Dn(R S, M) ~ .... 

0 * M' * M * M" ~ 0 is an exact sequence of A-modules, then 

R (3) Le____t A, S be R-al~ebras such tha t Tori(A, S) = 0 for all i > 0 . 

Then for ar4v A~-module M , the canonical map D$(~SIS, M) -> Di(AIR, M) is an 

isomorphism for all i . In particuiar~ if A is R-flat we have 

Di(A~BIS, M)~ Di(AIR, M) 

for all i and for all R-algebras S 

(4) Let S be a multiplicative subset of A . Then for any S-IA-module 

N , the canonical map 

DI(S'IAIR, N) ~ DI(AIR, N) 
is an isomorphism for all i . Consequently ~ for any A-module M we have the 

canonical isomorphism 

mi(s-IAIR, S-IM) • S-IDi(AIR, M) 

for all i . 

R (5) If A, B are R-algebras such that Tor. (A, B) = 0 for all 

0 < i ~ n , then for any A~B-module M , the canonical map 

Oi(A~BiR, M)-~ Di(AIR, M)~ Di(B!R, M) 

R is an isomorphism for all i g n . In particular, if Tori(A, A) = 0 for all 
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i>0 and 

: Spec(A) ~ S~c(A) × S~e(A) 
Spec (R) 

is an open immersion (for instance A/R etale), then 

i > 0 and for all A-modules M . 

R 

Di(AIR, M) = 0 for all 

(6) Let A be an R-al6ebra of essentially finite type over R , where 

is noetherian~ and let E be a flat A-module• Then we have a canonical iso- 

mor~hism 
~i(AIR, M) ~ DI(A!R, ~M) 

for all i ~ 0 and for all A-modules M . 

(7) l__f R is noetherian and A is an R-algebra of essentially finit_e 

type, then Di(AiR, M) i_ss A~module of finit e type for all i , provided M i___S 

a___n A-module of finite type. 

(8) Let P be a polynomial al6ebra over 

be exact. Then DO(AIR, M) = DerR(A, M) , 

Proof: 

R and let 0 ~ I ~ P ~ A ~ 0 

DI(AIR, M) = Coker(DerR(P , M) ~ HOmA(I/I 2, M) 

= the set of isomorphism classes of 

R-algebra extensions of A b_2 M 

D2(AIR, M) = Coker(Hl(Ki , M) ~ HomA(HI(KI), M)) . 

(i) If 0 ~ M' ~ M ~ M" * 0 is an exact sequence of A-modules, then for 

any polynomial algebra P over R , 0 * DerR(P, M') ~ DerR(P, M) ~ DerR(P, M") ~ 0 

is exact and hence 0 * DerR(-, M') * DerR(-, M) * DerR(-, M") ~ 0 is an exact 

sequence of sheaves by3•3(c). 

(2) Ders(-, M) is an additlve sheaf on ~AIS , and 

DerR(B, M) = Ker(Ders(B, M) ~ Ders(R, M)) for every B E ob(CAIR) 

our assertion follows from 3•7(c). 

(3) Let S : CAIR ~ ~i S be the functor given by X$ ~> ~S 

S~Ders (-, M) = DerR(-, M) and hence our assertion follows from 3.7(a). 

• Therefore 

• Then 
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(4) Follows from 3.9. Indeed, F = DerR(-, N) is an additive sheaf on 

%_lAIR , and F A 6 ob(~;_lAiA ) is also additive since 

FA(X ) = Ker(F(X) ~ F(A)) = Ker(DerR(X , N) ~ DerR(A, N)) = DerA(X, N) i.e., 

F A = DerA(-, N) . 

(5) The first assertion follows from 3.8(a). Now assume that 

R 
Tori(A , A) = 0 for all i > 0 and that 

A : Spec(A) ~ Spec(A) × Spec(A) 
Spec(R) 

is an open immersion i.e., (~A) ~ A is an isomorphism for all maximal 
~-l(a) m 

ideals ~ of A , where ~ : ~A * A is the multiplication map. Then the first 

assertion combined with 3.12(4) entails that the diagonal map 

A m : Di(AIR, M) m ~ Di(A!R, M) m 6 Di(AIR, M)m 

is an isomorphism for every maximal ideal m of A and hence 

a : Ol(A]R, M) ~ Di(AIR, ~) • D~(A1R, M) 

is an isomorphism, which entails that Di(A!R, M) = 0 for all i . 

(6) In view of 3.12(4), we may assume that A is an R-algebra of finite 

type. Now consider the map 

~I . Since E is A-flat, we have an isomorphism in R 

E~DerR(D , M)~DerR(B , E~M) 

whenever B 6 ob(~IR ) is of finite type over R . It follows from 3.3(b) that 

oiCALR, ~ e r R ( - ,  M)) ~ DiCAi~, ~ )  

is an isomorphism. On the other hand, the functor ~- : (A-mod) *(A-mod) is exact, 

and therefore we have 

~Di(AIR, M) = Di(A!R, ~DerR(- , M)) , 

and hence our assertion. 

(7) follows from 3.3(a). 
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(8) In view of 3.10 and 3.11, it suffices to show that 

Coker(DerR(P, M) ~ HOmA(I/I 2, M)) = Exalcomm(AiR, M) , where Exalcomm(AiR, M) 

denotes the set of isomorphism classes of R-algebra extensions of A by M . Let 

0 ~ M~ A' ~ A ~ 0 be an R-algebra extension of A by M . Since P is a poly- 

nomial algebra over R , we obtain a commutative diagram 

0 >I ,>P ,>A >0 

0 ...... >M >A' .... >A ......... >0 

where I ~ M is uniquely determined by the extensions A' up to 

We thus obtain a map 

: Exalcomm(AiR, M) ~ Coker(DerR(P~ M) ~ }~mA(I/I 2, M)) 

Conversely a P-llnear map I * M yieids an extension by push-out 

DerR(P, M) 

0 ........... >I >P >A >0 

; ; II 
0 .......... ~ M - > A' > A . . . . . . . . . .  > 0 

Two P-linear maps I ~ M which differ by DerR(P, M) is trivially seen to yield 

isomorphic extensions and therefore we obtain a map 

Y : Coker(DerR(P, M) ~ HOmA(I/I 2, M)) ~Exaleomm(AIR, M) . 

It is straightforward to verify that ~, Y are inverse process to each other. 

C oro!lary 3.13. (a) R-alsebra A is formally smooth over R if and only if 

Dl(A!R, M) = 0 for every A-module M . 

(b) I~__t R be noetherian and A an R-al6ebra of finite type. Then A 

is a relative complete-intersection over R if and only if D2(AIR, M) = 0 

every A-mod~e M 

(c) Let R be n0etherian and A a_nn R-algebra of finite type, Then for 

any multiplicative subset S i_nn A , we have a canonlcal isomorphis~ 

Di(S-1AIR, S-1M) % S'IDi(AIR, M) for all i ~ 0 . 
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(d) Let R be noetherlan and A a local R-algebra of essentially finite 

type. We denote by A th__e m--adic completion of A where m = the maximal ideal o~ 

A . Then for any A-module E of finite type we have a canonical isomorphism 

.Proof: (a) follows immediately from DI(AIR, M) = Exalcomm(AIR, M) . 

(b) Let P be a polynomial algebra over R in a finite number of variab- 

les and let 0 ~ I ~ P ~ A - 0 be exact. Localizing if necessary, we may assume 

that I is generated by a P-regular sequence which would imply that ~(~) = 0 

and therefore DP(AiR, M) = Coker(~(~, M) " HomA(~(KT), M)) = 0 . Conversely 

assume that DP(AiR, M) = 0 for every A-module M 

Let 0 ~ I ~ P ~ A ~ 0 be exact where P is a polynomial algebra over 

R in a finite number of variables. We have 

0 -- D2(AiR, M) = Coker(~(~, M) ~ HomA(~(~), M)) 

~(~, M) ~ HOmA(~(~), M) is surjective for all A-module M . Choose i.e., 

an exact sequence 0 ~ K ~ F ~ I ~ 0 where F is a free P-module of finite type. 

2 1 
We note that ~(~) = K/K 0 where K 0 = Im(A F ~ A F) . The fact that 

D2(AIR, ~(~)) = 0 i.e., 

is s jeoti e 

entails that 0 ~ K/K 0 w F/IF ~ I/I 2 ~ 0 is exact and splits as A-modules alqd in 

particular I/I 2 is projective as A-module. Therefore, localizing A if necessary, 

we may assume that 1/12 is A-free, and that F/IF ~ I/12 is an isomorphism. 

Then the fact that 0 ~ K/K 0 * F/IF ~ I/I 2 ~ 0 is exact and splits as A-modules 

entails that Hl(~) = K/K 0 = 0 . This means that I is generated by a P-regular 

sequence i.e., A is a relative complete intersection over R . 

(c) follows immediately from 3.12(4) and (6). 

(d) Firstly it follows from 3.12(6) that 

DI(A R, A~) -~ A~DI(AIR, E) 

is an isomorphism for all i , and therefore it suffices to show that 

90 



- 6O - vl 

DI(AiR, A~) ~ DI(AIR, A~) is an isomorphism. Our proof is based on the descrip- 

tion of D 1 in terms of algebra extensions. Let 0 ~A~E~ A' --~--> A * 0 be an 

R-algebra extension. The fact that is an A-module of finite type entails 

readily that A' is a local R-algebra, complete with respect to m'-adic topology 

where m' = the maximal ideal of A' . ~nerefore if there is an R-algebra map 

: A -* A' such that @ ~ ~ = id A , then ~ extends uniquely to : A -~ A' 

such that ~0 o ~ = id~ . This proves zhat 

DI(,~iR, ) "-' DI(AIR, A~B) 
~< >A.+ 0 is inJective. Now let 0 ~ A ~ B  

we claim that the topology on 

coincides with the topology on 

be an R-algebra extension. Firstly 

E = induced from mB-adic topology on B 

E as A-module. Indeed, since A is essentially 

of finite type over R , one can find a subalgebra B 0 of B such that B 0 

is a local R-algebra of essentially finite type over R and that ~c(B0) = A 

Set E 0 : E O B 0 and denote by ~B " ~0 " m the maximal ideals of B , B 0 , 

^ n+l m~ for all n A respectively. Then ~B = ~0 + E and hence ~+l = ~0 + -- 

Since B 0 is noetherian, there exists an integer r > 0 by Artin-Rees Theorem 

such that 
A 

^ n+l-r- r c ran+l-rE = rune + m_ (]~o n ~ )  

for all n z r , which proves our assertion about the two topologies on E . 
A A 

In particular E = A~ is complete with respect to the topology induced from 

~B-adic topology on B , and hence we obtain the exact commutative diagram 

A 

0 > E  > B  > A  .... > 0  

[i l ' 
j - ,  

0 , > E  ........ > B  . . . .  > A  ............. > 0  

A 

where B stands for mB-adic completion of B . This proves that D I 

^ ^ D I (A ^ DI(AIR, E) ~ !R, E) is surjective and hence we are done. 
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C oro!!ar]!3.14. Le___t R be noetherian and A an R-alsebra of finite type, smooth 

everywhere except at one closed point x 6 S!~c(A) . We then have isomorphisms 

DI(AIR, A) --~'~DI(AxIR , AX) --'~JDI(Ax!R , AX) . 

Proof: Since A is smooth over R except at x 6 Spec(A) , DI(AIR, A) is an 

A-module of finite type with its support on the set Ix] , and therefore we have 

DI(AIR, A) = DI(AIR, A)x = Dl(AiR, A)x 

Therefore our assertion follows from 3.13. 

Remark 3.15. Let R be topological ring and A a topological R-algebra. We then 

define, for any A-module M , 

Ditop(AIR, E) = l~m Di(A~!R(~, A~ ~@ E) 
c~ 

where A S = AIJs, R = R/I S , and Js' I~ are both open in A, R respectively. 

Then A is formally smooth topological R-algebra means that Dlop(AIR, E) = 0 for 

every A-module E 

Now let X be a scheme over a ring R and E a quasi-coherent X-module. 

We then define the sheaves DIIR(E ) = D2(XIR, E) on X via presheaves on X 

given by 

[D_~!R(E)](U) = Di(r(U, Ox)IR, rCU, E)) 

for every affine open set U c X . If R is noetherian and X is of finite 

type over R , then the property 3.13(a) shows that D_ilR(E) can actually be 

constructed canonically, as a quasl-coherent X-module. 

In case when there is no possible confusion we shall abreviate by setting 

i  -xl DXI R : R(Ox) . All the statements of 3.13 can now be translated in terms of 

these quasi-coherent sheaves DilR(E ) , which we leave to the readers. We list 

below a few properties which is most relevant to our purpose. 

Corollary 3.15. Le___t R be noetherian and X ann R-scheme of finite type. Then 
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is non-smooth over R at the point x ~ X} 

is flat over R , then for any R-alsebra S 

(a) For any coherent X-module E , ~IR(~) is a~ain a coherent X-module 

for all i , and furthermore SuppD~IR(E ) c~ ing for all i > 0 where 

xSi~= ~ ~ x l x 

(b) ~__f x 

canonical isomorphism 

• we have the 

for all i 

(c) l__f X is a relative complete intersection over R , then for every 

surJectlve ring homomorphism S * R we have the exact sequence 

o~i~(~ ~1~(~ ~o~<~/~x , ~ ~o 
where I = Ker(S * R) . If r furthermore, R is local with the residue field 

and X i_~sR-flat, then we have the exact sequence 

1 o ~olh(~Xo~ 1 

where X 0 = 

Proof: (a) Follows from 3.12(6) and (8) v~ereas (b) follows from 3.12(3). 

(c) Since X is a relative complete-lntersection over R , we have 

~IR(E) = 0 for all i ~ 2 by 3.12(10) and hence 

o ~°iR(~ ~i~(~) ~i~(~ ~IR(~) ~IS(~ ~I~(~ ~0 
~ Is(E) are quasi-coherent sheaves of 

= Di(RIS, E(U)) 

~is(~_) = o 

is exact by 3.12(2), where 

by 

[~!s(~)](u) 

X is R-flat, we l~ve 

for every afflne open subset U c X . In particular, 

is surJective, and 

by 3.12(7), and hence the first exact sequence. If 

X defined 

since S ~ R 
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~01k(E) ~D~IR(E) for all i and for all quasi-coherent X0-module E and in 

particular 

from which the second exact sequence follows. 

Remark 3.16: The quasl-coherent sheaves D~IR(E ) we have defined should appear 
L 

~0,i 
as ~2 of a spectral sequence relating the local ones and the global ones. 

L. Illusie has obtained such a theory (lecture Notes in ~thematics 239). His 

method is via "homotopical algebra" generalizing the methods of M. Andre and 

D. Quillen rather than "cohomological algebra" . It seems that the approach we 

have taken here can be globaiized via Grothendleck cohomology on the category of 

schemes with an appropriate topology generalizing the one on the affine category. 

4. Formal moduli of deformations 

One amongst the nice coflbered categories in which the isomorphism classes 

of objects are usually not prorepresentable, but nevertheless admit a formal versal 

object is the cofibered category of deformations. We now come back to the situations 

and notations of paragraph 1. Thus, throughout the section, A is a fixed complete 

local noetherian ring with the residue field k ~ and --CA is the category of 

artinian local A-algebras with the same residue field k . 

Let X 0 be a fixed scheme over the field k . By an (infinitesimal) 

deformation of X 0 , we mean a pair (R, X) where R ~ ob(C~) and X is a 

flat R-scheme together with a commutative diagram 

i X 
................ ~ X X 0 ~ 

Spec(!) ............ 
flat 

Spee(R) 
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such that the induced morphism X 0 ~ X Xspec(R ) Spec(k) is an isomorphism. We 

note that, since R is an artinian local ring, i X : X 0 ~ X is necessarily a 

closed in~nersion which is a homeomorphism on underlying topological spaces. If 

(R, X) , (R', X') are deformations of X 0 to R, R' respectively, we define an 

arrow (R', X') ~ (R, X) to consist of a map R' ~ >R in --CA and a 

morphism ~ : X * X' of schemes with a commutative diagram 

Spec( 

X .......... > 

Spec (k) 

R)~ Spec(~) ' ~  

X' 

> Spec (R') 

We thus obtain the category ~0 of (infinitesimal) deformations of X 0 in which 

the objects and the arrows are defined as above. The category L~ 0 is provided 

with a functor p : ~O~A defined by (R, X) ~ R . Now let (R, X) E ob(~O) 

and a map R ~ > S in -CA be given. We then obtain a commutative diagram 

X × Spee(S) Pl > X 
Spec(R) I 

flat I flat 

Spee(S) ~ Spec(R) 
Spec(~) 

and ~-arrow (~, pl ) : (R, X) ~ (S, X ×Spec(R) Spec(S)) is obviously cocartesian 

in ~0 . It follows that the category ~--~0 is a cofibered category over ~A 

via P : ~0 ~ . We observe the following facts: 
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4.1(a): Let (iR, 4) : (R, ~) @ (R, X2) be an arrow in MXO i.e., 

4 : X 2 ~X ! is a morphism over R such that X 2 @R k* ~ @R k is an isomorphism. 

Since R is artinian and X i is R-flat, it follows immediately that ~ is an 

isomorphism so that (I R, 4) : (R, ~) @ (R, X 2) is an isomorphism in ~0 " 

'~ is a cofibered category in groupoids over ~ . Consequently, ~0 

4.1(b): Suppose that X 0 is affine, say X 0 = Spec(A0) . Then for any 

object (R, X) E ob(~o ) , X is also affine. Consequently, for any R E ob(C_A) , 

the category ~o(R) is canonically equivalent, via the sections, to the category 

in which an object is a flat algebra A over R together withanR-algebra map 

JA : A ~ A 0 inducing an isomorphism A @ R k ~ > A 0 , and a map ~ : ~ ~ A 2 

is an R-algebra map with a commutative diagram 

4 

A I ~ > A 2 

E 
A 0 A 0 

A ^ 

4.1(c): Consider the cofibered category MXo in groupoids over C A . 

A ^ 

By definition, the category ~o(R) for any R Eob(CA) is canonically equivalent 

to the category of formal schemes • )adic over the formal spectrum Spf(R) ~ such 

that ~ = ~ @R R/m-~n+l is flat over R/m2 +l for every n ~ 0 (or what amounts 

to the same, if X 0 is noetherian, such that Z is flat over Spf(R)) . Con- 
A 

is canonically ~A-equivalent to the cate- sequently, if X 0 is noetherian, MXo ^ 

gory of deformations of X 0 over the objects in --CA , in the sense of formal 

s c h e m e s .  

4.1(d): Let (R, X) ~ ob(~ 0) i.e., we have a commutative diagram 
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i X 

Spec (k) > Spec (R) 

such that X 0 ~X XSpee(R ) Spec(k) is an isomorphism. Now let U 0 c X 0 be a fixed 

open subscheme of X 0 . Since i X : X 0 ~ X is a closed immersion which is a 

homeomorphism on the underlying topological spaces, we obtain a commutative diagram 

ixIU 0 io f l a t  

Spee(k) > Spec(R) 

such that U 0 ~ (XIUo) MSpec(R ) Spec(k) = X® R klU 0 is an isomorphism, so that 

(R, XiUo) is a deformation of U 0 to R . Furthermore, for arD r arrow 

(~, ~) : (R, X) * (R', X') in h~ 0 , (~, ~IUo) : (R, X!U O) ~ (R', X'!U O) is an 

o=ow in % Oonoequentl~ we ~ve the re~tr~ctio~ f=~tor % ~ ~0 o~er 

~A . One may also consider a localization as well as a formalization at a point. 

Namely let x 0 be a fixed point in X 0 . If (R, X) 6 ob(_~0 ) , then 

Spec(~x,x0) is a deformation of Spec(~Xo,X0) to R and Spec(~X,xo ) is a de- 

formation of Spec(~Xo,Xo) over R , where ^ stands for the completion with 

respect to the linear topology given by the powers of the maximal ideal. We thus 

o~n ~=o~ors ~o ~ ~°(2Xo ~o> ~ ~°(~Xo ~o> 

Firstly we establish that ~0 is a homogeneous cofibered category over 

C--A • 

Lenm~a 4.2. Consider a diasram 

R 
surjective 

R ! 

in ~A , and let E, E' be flat modules over R, R' 

R'-homomorphism E' * E = E® R R , th e fibre-product 

R X R'-module 

respectively. Then for any 

E X2 E' is flat as 
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Proof: Let 0 * I *R * R ~ 0 be exact so that 0 * I ~R ×~ R' ~R' ~ 0 is 

exact. Since E is R-flat, 0 ~ I ®R E ~ E " ~. ~ 0 is exact and hence we obtain 

the exact sequence 

(*) 0~I®R E*E X2 E' ~E' *0 . 

Set S = R ~ R . Since I is nilpotent, E X~ E' is flat as an S-module if and 

only if (E X~ E') @S R' is flat as an R'-modu/e and Tor S (E X~ E', R') = 0 

However, we note that 1% E = I ®S (E x~ E') and E' = R' @s(E x~ E') and 

therefore the exact sequence (*) can be rewritten as 

o ~ Z ® S ( E ~ E ' )  ~ E × ~ E '  ~ R '~S  ( E × 2 E ' )  ~ o 

This means tha t  TOrl S (R',  E ~ E' )  = 0 and R' @S (E x~ E ' )  = E' 

R'-module, and therefore E X~ E' is S-flat. 

is flat as 

Corollar~.3. Given a diagram 

(~, x) (R', x') 

(~, ~)~ ~~" ~') 
(~, ~) 

inn ~ 0  " the amalgamated SUm X ~ X' ( i  n the sense of schemes) is a flat 

scheme over R ×~ R' , provided ~0 : R-~ R is sur.)ective. Consequently, ~--~0 

is a homogeneous cofibered catesory in sroupoids over C A . 

Proof: For each affine open U 0 c X 0 , we have by definition that 

X J~ X' IU 0 --NSpec(I'(Uo, X) ~(Uo,~ ) F(Uo, X')) . Consequently, if @ : R * 

is surjective, X~ X' is a flat scheme over R X~ R' by 4.2, and the morphism 

J~i- " X' JinX' ix X IX' : XO "~ X ~ induces an isomorphism X 0 ~ (X - ) ~S k , where 

S ~ R X~ R' . Therefore (R ~ R' , X~ X') 6 ob(/_~O) and we obviously have 

that (R ~ R', X-~ X') = (R, X) ×(~,~) (R', X ~) in the category ~O " which 
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means that ~0 i S  homogeneous over ~A " 

Le~ma 4.4. For any scheme X 0 over k , we have a canonical exact sequence 

where D i r_X0 are as defined in paragraph 3. 

Proof: (Special case) Assume that X O is affine and let F(X O, ~X O) = A O . 

Then as It was noted in 4.1(b), the category _Mx0(k[c]) is canonically equivalent 

to the category E , where 

ob(E) : object in ~ is a flat algebra A over k[e] 

together with a k[e] -algebra map JA : A ~ A 0 inducing the isomorphism 

k @k[c] JA : k®k[¢] A ....... ~ A 0 . Alternatively, an object in ~ is a k-algebra 
JA 

A together with an exact sequence 0 ~ A0 c--~A A 0 ~ 0 in which 

e(A0 )2 0 as an ideal in A = . 

F$(~) : An arrow A 1 * A 2 in ~ with respect to first description of 

the object in _E is a k[¢]-algebra map ~ : A 1 ~ A 2 such that JA1 = JA2O ~ . 

Therefore, an arrow A 1 ~ A 2 in E ~th respect to the alternative description 

of objects In E is a k-algebra map ~ : A 1 ~ A 2 yielding a commutative diagram 

¢ JA I 
0 > AO >~l ........ > A o - - >  0 

j! ~ jA 2 i [ 
0 > > A 2 ..... > ~ - - >  0 . 

It follows that [--~0 (k[e])] is canonically isomorphic, via r(X O, -) , to 

the set of isomorphism classes of k-algebra extensions of A 0 by A 0 . In other 

words, we have a canonical biJectlon [_MXo (k[e])] N H0(X0, D~O) via F(X O, -), 

which is trivially seen to respect the vector space structures on both sides. 
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(General case) For each affine open U 0 c X 0 , we get a canonical map 

(k[c])] @HO(Uo, D~O) defined as the composite map 

(k[c])] ~ [~0 (k[¢])] ~ HO(Uo , D~O) and hence we obtain a canonical map 

(k[¢])] *HO(Xo , D~O ) . Its kernel is the set of isomorphism classes of 

locally-trivial deformations of X O to k[¢] , i.e., the set of isomorphism 

classes of deformations of X 0 to k[c] , locally (on X ) isomorphic to 

. D O = Derk (~Xo , ~Xo) = Aut(Xo@ k k[c]IXo) = the sheaf of Xo~kk[C] Since =X ° 

germs of automorphisms of Xo@ k k[¢] inducing the identity on the subscheme 

X O , it is canonically isomorphic to ~(Xo, D~O ) , so that we obtain the desired 

exact sequence. 

Theorem 4.5. Le__t X O ~e a scheme of finite tFoe over k for which e lther 

(i) X O is proper over k or (li) X O is affine but ~0 ing = Ix E XoIX O 

is non-smooth over k at the point x } is a finite set. Then 

(a) ~O admits a formal versal object (called a formal versal deformation of 

over C~ . If (R, ~) is a formal versal deformation of X O , then for any 

(S, ~) ~ ob(MXo) , there is a map ~0 such that the 

diagram below is cartesian 

(~,~) : (R,~) -, (s,~) i_qn 

..>~ 

i L 
Spf  (S) . . . . . . . . . . .  ~ Spf  (R) 

Spf (~O) 

%) 

Furthermore a formal versal deformation (R,]C) of X 0 

K Nxo] if and only if a for every surjective map R' ~ R 

(R', X') of X O to R' , the homomorphism 

Aut R, (X' IXo) -' AutR(X' ~,RIXo) 

prorepresents the functor 

in ~A and a deformation 

is surJeetlve. 

_ _  is smoothly pseudo-representable (b) If X O is proper over k , then MXo . . . . . .  
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qvgr ~ • 

Proof: (a) Since ~0 is a homogeneous eofibered category in groupoids over 

~A by 4.3, it suffices to see that [~(k[g~)] is a finite-dimensional vector 

space over k by i.Ii and 2.9(b). 

Now consider the exact sequence 

( * )  o ) 

If X 0 is proper over k , then ~(Xo, D~O) and 

D i dimensional since ~X 0 are coherent for all i ~ 0 

X 0 is affine such that ysing 
-0 

H0(X0, ~0 ) are both finite 

by 2.13(a). Now assume that 

is a finite set. Since ~0 is a coherent sheaf 

D 1  .sing H0(X0, D o) on X 0 such that Supp~x 0 ~0 by 2.13(a), we find that _ is a 

finite-dlmensional vector space over k , whereas ~(Xo, I~O ) = 0 since X 0 

is affine. Therefore, in either case, it follows from the exact sequence (*) that 

[L~0(k~c] ) ] is a finite dimensional vector space over k . The second statement 

of (a) follows from 2.7. 

(b) If X 0 is proper, Ant (X0® k k[e]IX0) = H0(X0 , DO0) is a finite 

dimensional vector space and hence our statement follows from 2.13. 

Re mar ~ 4.6(a): Let ~ be affine. Then a formal versal deformation of X 0 

exists if and only if D~ has its support on a finite number of points. However 

this does not imply that non-smooth points of X 0 are all isolated. There are 

D 1 affine schemes X 0 over k having a non-lsolated non-smooth point but supp~x 0 

is a finite set. 

Remark 4.6(b): Henceforth a deformation of X 0 is meant by an object in MX0 

In case when there is a possible confusion, an object in MX0 will be referred as 

an infinitesimal deformation of X 0 

Remark 4.6(0): Let X 0 be a scheme over k . We have fixed a complete local 

noetherian ring A with the residue field k , and considered the deformations 
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of X 0 over the category ~ . (In practice one usually takes h = k or W(k) 

if k is a perfect field of positive characteristic). Now ~kc~ is a fully 

faithful imbedding, and that ~oICk is simply the category of deformations of 

X 0 over S where S E ob(~) . Therefore if (R, ~) is a formal versal deforma- 

tion of X 0 over --CA " then (k®hR, k@h~) is a formal versal deformation of 

X 0 over ~ . It follows, for example, that dimch~0 dim k @h R does not 

depend on the choice of A but depends only on X 0 

One can generalize the above theorem in many ways. Let us for instance 

consider a pair YO ~Xo where X 0 is a scheme of finite type over k and YO 

a fixed closed subscheme of X 0 . For each R E ob(~) , a deformation of 

(X O, YO ) to R is meant to be a commutative diagram 

i . . . .  ............ ¸! 
S~c(k)  ~ p 

such that (Xo, YO) "~ (X XSpec(R ) 

flat 

Spec(k), Y NSpec(R ) Spec(k)) is an isomorphism. 

Defining a morphism (R'; X', Y') ~ (R; X, Y) of deformations of (Xo, YO) to 

MXo in groupoids over be the obvious ones, we obtain the eofibered category "Yo 

C A . (This is a process often used in rigidification of automorphisms in moduli 

problems of deformations. ) One sees immediately, by the same argument as in 4.3 

MXo is a homogeneous cofibered category in groupoids over based on 4.2, that "Yo 

c A 

Is exact~ where I is the ideal sheaf of OXo deflnin~ YO i.e. 
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0-~I *Ox0*~O "* 0 is exact~ 

Proof: Let B be the full subeategory of Mx0,Y0(k[c]) 

form (~e]; X XSpee(k ) Spec(k[c]), Y) . We then have 

[B] = Ker ([k~0,Y0(kEe])] ~ [k~0(k[e])] ) 

deformations of Y0 to k[¢] "inside X 0 

in B is a commutative diagram 

whose objects are of the 

. The category B is the groupoid of 

XSpec(k ) Spec(k[s]) ", i.e., an object 

4 
Y ' ">  X 0 Xspec(k) Spee(k[e]) 

Spec (k[ e ] ) 

such that Spec(k)spec(k[X e]iY) = 40 , and an arrow (YI" 41 ) ~ (Y2" iy2) is a 

k[e]-morphism ~ : YI ~ Y2 (necessarily an isomorphism) such that 

Spec(k) X ~ = idy and iy o ~ = iy . Alternatively, an object in B is a 
s~c (~[ c]) o 2 1 

pair (Y, Jy) , where Y is a deformation of Y0 to k[¢] and Jy : Y ~ X 0 
Jy 

is a morphism over k such that the composite morphism Y0 "* Y > X 0 is 

iY0 , and an arrow (YI" JYI ) ~ (Y2" JY2 ) is a morphism ~ : Yl ~ Y2 such that 

k~c]~ = idY0 and JY2 o ~ = JYI . Therefore the association 

0 >I > ->OY0 

(Y, Jy): ---> ~ ~Y 

l e > Oy > ---> 0 
0 ~ --~0 0 

gives rise to an isomorphism 

[B] J i~ 
. 7- > Hom O_~X0 (I, OY0) = Hom__Oy0 (I/12" --OY0) = H0(Yo' HOmO~Yo(1--/12' OYb)) 
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Remark 4.8. For a more general formula implying the above lemma, see SGA3 III 4.~. 

One may also note the following fact. One can define for any S-scheme X and a 

quasi-coherent X-module E a quasi-coherent X-module DIIs(E ) for all i ~ 0 t 

generalizing the case when S is affine. As usual we simply write 

=~IS . We then have 

H°(Yo , Ho~0(I/I_2, _%o )) : H°(YO , 2~olX) 

where 0 ~!~X0 ~Y0 * 0 is exact. 

Theorem ~.9. Let X 0 be k-scheme of finitgoty2_eand, YO a closed subscheme of 

X 0 . Assume that either (i) X 0 is ro er over k o_~r (ii) X 0 is affine and 

smooth over k outside a finite number of points and YO is proper ove_r_r k . We_ 

then have 

(a) £XO, Yo admits a formal versal deformation over CA , and it pr_.oo- 

represents the functor [[~0' Y0 ] if and only if, for every surjectiye map 

R' ~ R in CA and a deformation (R'; X', Y') , 

AutR,((X', Y')iX 0) ~ AUtR(X' ~, R, Y', ~, R)IX 0) 

is sur~ecti,yp. 

(b) If furthermore HO(x O, 0 0 2~oLk 0 ×. 2~ Ik) 

'then ~o" Y0 is smoothlTpseudo-representable. 

is finite dimensional, 

Proof: It iS obvious from 4.4 and 4.6 together with i.ii, 2.7, and 2.13. 

We now consider the passage to localization and completion in the deformation 

theory of schemes. Firstly on a notation: Let X 0 be a k-scheme of finite 

type. Given a fixed point x 0 6 X 0 , we have natural functors 

- '  o ,  ) ' o ,  ) 
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and in turn we obtain the functors 

-% °" x o  . 

As it was remarked in 4.1(c), ~0 is canonically equivalent to the category 

in which an object is a pair (R, ~) where R E ob(CA ) and ~ is a flat R-adic 

formal scheme together with a fixed isomorphism ~O<--~Xo . Henceforth we shall 

write, when there is no possible confusion, the images of (R, ~) under 

~Xo *~O(~xo. %) and ~0 * ~ C ( ! x  o, %) by (~. ~(%)) a.d (R, ~(Xo)) 

respectively. Therefore if X c'~m v+!~ = 1;m ~v where ~v = ~Spf(R) Spe {R/ ) then 
v 

x(~0) : lim s~c([~, %) 
v 

Theorem 4.10. 

(a) 

over C~ 

(b) 
over k . Then 

Let X 0 be an affine scheme of finite t yEe pye ~ k 

I__ff X 0 ,iS locally a cqm~!ete-intersection, then L~ i s  smooth 
0 

Assume that, for a fixed closed point x EX 0 , X O - Ix} is smooth 

are both mini~l!y smooth functors. In particular, if (R, ~) is a formal versal 

deformation of X 0 , then (R, ~(x)) and (R, ~(~)) are formal versal deforma- 

tions of Spec(~Xo ' x) an__dd Spec(~xo ' x) respectively. 

Proof: In this proof we go back to the notations of the cohomology of commutative 

algebras defined in the paragraph 3. We set X 0 = Spec(Ao) 
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(a) I t  suffices to Show that P : [__MXo] o C_A iS smooth. 

Let (R, Spec(A)) be a deformation of Spec(A 0) to R , where R E ob(C~) . 

Given a small extension R' *R in C_A (i.e., 0 ~ k ~R' *R ~ O is exact), 

we must show that (R, Spec(A)) can be lifted to R' . The exact sequence of 

D i with coefficient A 0 applied to the ring homomorphlsms R' * R ~ A gives us 

the exact sequence 

... ~DI(AIR, A O) *DI(AIR ', A O) --DI(RIR ', k) ~A 0 ~D2(AIR, A O) * ... 

Since R' ~ R is a small extension, DI(R'!R, k) is 1-dimensional vector space 

over k generated by the element (denoted by [R']) represented by the extension 

0 * k ~R' ~ R * 0 . On the other hand, A is R-flat and hence 

I = Di Di(AIR, A 0) (A0~k,Ao) for all i > 0 and in particular D2(AIR, A0) = 0 

by 3.12(11) since A 0 is locally a complete-intersectlon. Consequently we get 

the exact sequence 

DI(AIR ' * DI(RIR ', k) A 0 o DI(AoIk, AO ) , AO) ~ ~ 0 

This means that there exists an R'-algebra extension of A by A 0 , denoted by 

A' , such that [A'] ~ [R'] ® 1 under the map Dl(AIR ', AO) ~ D!(R!R ', k) A o 

which means that the deformation (R, Spec(A)) can be lifted to a deformation 

(R', Spec(A')) 

(b) By 3.14 we have the isomorphisms 

D!(AoIk, A O) ~--Dl((Ao)xik , (Ao) x) ~--Dl((Ao)x~k , (Ao) x) 

i.e., [~tXo(k[e])] -~ [~pec(Oxo, x)(k[e]) ' ]  ~- [~pec(~'Xo" x ) (k [e ] ) ]  . 

It suffices to show, by 2.7(a), that 

x E  OC o" 
are both smooth functors .  Let (R, Spec(A)) be a deformation of X 0 = Speo(A O) 

and let 0 ~ k -*R' -~R -* O be a small extension in C v k . As above, the ring 

homomorphisms R' ~ R -* A gives us the exact commutative diagram 
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~ i i) *D2(Ao]k,Ao) ~ ... 
DI(Aoik,Ao) DI(AI ',A O) ~ DI(RIR ', ~A 0 

d ;" 
~ DI(AoIk,(~O) x) DI(AIR',(Ao) x) ~ DI(R1R',k)~(Ao) x ~ D2(AoIk,(Ao) x) ~ . . .  

DI((Ao)xtk,(Ao)x) [ l  1- T. Px 1 1 D (A x R ,(Ao)x) > D (R!R',k)~(Ao) x ~ D ((Ao)xlk,(Ao)x)~... 

where the indicated isomorphism comes from the fact that A 0 is smooth over k 

except at one closed point x so that 

Di(Aolk, (Ao) x) = Di(Aoik , AO) x = Di(Aoik , A 0) 

for all i > 0 . Now suppose that we are given an arrow 

(R', Spec(B)) * (R, Spec(Ax)) in [~pec((Ao)x)] . It means that we are given 

a class [B] E Dl(Ax!R', (Ao)x) such that px([B]) = [R'] . Then a trivial 

diagram chasing shows that there exists [A'] 6 DI(A!R ', A0) such that 

p([A']) = [R'] and A x = B i.e., (R', Spec(A')) is a deformation of Spec(A O) 

to R' such that Spec(A') x = Spec(B) . This proves tl-mt [~ ~JSpec 
- 0/.. (2x o, x ) 

is smooth. The smoothness of the functor ~pec((Ao)x ) ~Mspec((A0)x) 

comes from the similar diagram together with the fact that 

Di((Ao)xlk, (Ao/"]x) =D'~((AO)xlk, (Ao) ~) = D~((AO)~Ik, (AO~ ~) 

for all I > 0 since x is an only possible non-smooth point. 

Theorem 4.11. Let X 0 be a (separated) k-scheme of finite type, smooth outside 

a finite closed set ~oing = {x I ..... Xr} o__f X 0 . Le___t_t ~0 ..... ~0 be affine 

i n ~o ing {x i} if open nei~hbourhoods of x I, .... x r such that U 0 = . _ 

H2(X0" DO0 ) : 0 , then the na tura l  functor  ~--%0 -~ MU01 )Z.. .  )< --~0M is  smooth. 

Proof: We can complete UIo , .... ~0 into an affine open covering of X 0 by 

choosing ~0 +I ..... ~0 such that UJo{]~oing =~ for all j >r . Now let 

R' -~ R be a small extension in C_A , and let (R', U 'I) ..... (R', U 'r) be 

deformations of U/O ..... ~0 to R' such that U 'i ~,R = XIU i , I & i &r , for 
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some deformation (R, X) of X 0 to R . We must show that there exists a defor- 

mation (R', X') of X 0 to R' such that X' ~,R = X and X'I% = U 'i for 

i g i ~ r . Since ~0 for j >r is smooth over k , XI~ can be lifted, by 

4.9(a), to a deformation (R', U 'j) i.e., there exist deformations (R', U 'j) 

of uJ 0 to R' SUCh that U 'j ~,R = xIuJ 0 for all j > r . Since, for any pair 

i ~ J , % (] i is affine and smooth over k , we obtain an isomorphism 

such that Tij ~, R = idxu0f]ui J0 " and in turn defines a cohomology class in 

" --1 
H2(X0 -__x0)D O given by U 0i(] Ug N ~0 ~ Tij~jkTik . Since ~(X 0, _DO0) = 0 by 

hypothesis, the obstruction for glueing these to obtain a global deformation 

vanishes, and hence we get a deformation (R', X') of X 0 to R' such that 

X' ~.R = X and X' iuJ0 ~ U 'j . This completes our proof. 

Remark 4.12. The previous proof assumes X 0 to be separated, which is unnecessary. 

In fact, for a fixed deformation (R, X) of X 0 and deformations (R', U 'j) of 

U~ , the deformations (R', V') of open set V of X to R' compatible with 

the deformation (R', U 'j) already given, form a "gerbe" (in Giraud's terminology) 

D O . Hence the obstruction to the existence of a whose structure sheaf is ~X 0 

section of this "gerbe" (i.e., a global deformation (R', X') of X compatible 

with the given datum (R', U'J)) is in ~(X 0, E~0 ) which is zero by assumption. 

CorollarF 4.13. 

subset XSo ing = 
Let X 0 be a k-scheme of finite type s smooth outside a finite 

Ix I ..... x r} of X 0 such that H2(X0 , D~O ) = 0 . Then 

(a) ~0 "~peo(~0%,X1) ~'*" ~ r -~pec(~_%,xr) is  smooth. 

r 
In ~ticul~, dim ½0 dim ~(X o, O ° o'Xo ) : %) + c:lZ dlm pec 

(b) If furthermore X 0 is loca!l F a complete-intersection s then L~ 0 

IS smooth. 
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Proof: 

(a) The first statement follows from 4.10 and 4.9(b). Now let (R, ~) 

and (RI, ~) ..... (R r, %) be formal versal deformations of X 0 and 

Spee(Ov "Xl)--~O ..... Spec(Ov "xr)--~O respectively. We then obtain a commutative diagram 

....... 

"" > ~ l ~  . . .  ~ r  

> ~ e ( t : o , x l )  ~ . . .  ~ ~peOtOXo,~ j 

Since the composite functor 

-~ -~ M~ - ^  ) X . . .  X ~ e (  
-~pec { "Xl 

is smooth whereas 

~R1 ~ . . .  ,~ Rr ~pec(_OXo,Xl ) x . . . .  )< ,M_spec(OXo,Xr ) 
is minimally smooth, it follows from 2.7(a) that 

~ ~i ~ ~ Rr is smooth i.e., R is a formal power-series ring over 
"'" A 

A 

~ l ~ . - . ~ ,  % . Sinee 

is exact by 4.8 i.e., 

% ^ 
0 ~ ~(X O, -- ) ~ HomA_alg(R , k[e]) -~ HomA_alg(R 1 ~ ... ~ ~, k[g]) 

is exact, it follows that R is a formal power-series ring over 

in d-variables where d = dimk~(XO, _~O ) • 
v 

Therefore 

dim ~ o  = dim ~ ~ R -- d + dim k ~ (~l ~ "'" Rr) 

r r 
^ 

: d + i~ l  dim k 9, a i : d + i:IZ dim ~peo  (__OXo,X ~) 

• "" -~pecku x . ) 
-- O,~r 
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(b) follows from 4.10 and 4.9(a). 

4.14. We close this paragraph with an explicit construction of a formal versal 

deformation in a simple situation. In fact, if X 0 is affine and is a complete- 

intersection, it is trivial to write down explicitely. Thus let 

A 0 = k[x I ..... Xn]/(f I ..... fr ) S/J 

where S = k[x I ..... x n] " J = (fl ..... fr ) , and fl' .... fr is an S-regular 

sequence. We then obtain the exact sequence 

° . .  * Derk(S , A0) ~ HOmAo(J/~ , A0 ) ~ DI(A01k , A0) ~ 0 

We note that J/~ is A0-free module of rank r generated by 

fl(mOd ~) ..... fr(mod ~) , since fl ..... fr is an S-regular sequence. We now 

assume that DI(Ao!k, A 0) is a finite-dimensional vector space over k , say 

has isolated non-smooth points only. Let d = dimkDl(Aolk, A 0) and choose 

pj : J/~ ~ A 0 (J = i, 2 ..... d) which form a k-basis of DI(A01k , AO) . Now 

choose Pjk E A[X 1 ..... x n] such that Pj(fi ) = Pji (m°d-m4~ + J) where m_4 \ is 

the maximal ideal of A . We then consider 

d 
where Gj = Fj - 

i--i 

R = A[Et I ..... td]] 

B = R[x I ..... Xn]/(G 1 ..... %) 

tiPji and Fj is a polynomial with coefficients in A 

gotten from f. by lifting the coefficients from k to A ° Since 
J 

R[Xl, .... Xn] is R-flat and G 1 ..... G r modulo ~R (which becomes fl ..... fr ) 

is a regular sequence in k ~ R[Xl,...,x n] , it follows that B is R-flat, and 

k ~ B = A 0 . Furthermore, 

HOmA_alg(R, k[c]) ~ DI(AoLk, AO) = [~c(A0)(k[¢])] 

is bijective by our construction of B . Therefore, if we set 

1 1 0  
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Spf(S) = 1Am Spec(R/m_ v÷l ~ B )  

V 

then (R, Spf(B)) is an object in "~pec(A0) and the functor _h E *~Bpec(A0 ) 

induced by (R, Spf(B)) is smooth by 1.6, since R is a formal power-series 

ring over A . In other words, (R, Spf(B)) is a formal versal object of 

~-~pec(A0) 

then 

A 0 = 

We note, by 4.10(b), that if we set 

s = R[[x 1 . . . . .  XnB/(~ 1 . . . . .  %) 

(R, Spf(B)) is a formal versal deformation of 

k[[X I ..... X]]/(f I ..... %) 

spec(%) where 

Remark 4.15. Let X 0 be a k-scheme of finite type with isolated non-smooth points 

only, and let (R, ~) be a formal versal deformation of X 0 . The above construc- 

tion shows that if X 0 is affine and locally a complete-intersection, then 

is a formalization of an R-scheme of finite type. This fact can easily be genera- 

lized to the case when X 0 is not necessarily affine but ~(X0, ~0 ) = 0 

Remark 4.16. The ~lobal theory of the relative cotangent complex (the latter 

theory being reduced to the truncated complex of length 1 , which is sufficient 

however for many purposes of deformation theory) allows to generalize and simpli- 

fy certain results, such as 4.10. Namely let S be a scheme, SO c S' c S two 

subschemes of S defined by ideals J OI such that JI = 0 , X' a scheme 
X~S 0 

flat over S' L. L the relative cotangent complex of X 0 over S O , 

which is an element of the derived category D(Xo, ~X ) . We consider the category 

F of all flat schemes X over S which extend X'/S' , i.e. together with an 

S'-isomorphism X ~ S' ~ X' . Then 

(a) For an object X' 

isomorphic to ExtO(x0; L.,Ix0 ) 

as a module on S O , on XO) 

of F , the group of automorphisms is canonically 

(where IX0 is the inverse image of I , viewed 
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(b) The set of isomorphism classes of objects of F is empty or a 

torsor (= a principal homogeneous space) under the group Extl(Xo~ L.,Ix) @ 

v 

(c) One can define a canonical element c E Ext2(~; L.,Ix~ ) whose 
k ~  

vanishing is necessary and sufficient for F to be non empty. 

In order to study the Exti(Xo; L.,Ix ) , it is often convenient to 
v 

write 

Exti(X0;L.,IXo ) = Hi(Xo , RHqm(L.,IXo)) • 

and to notice that the complex RHom(L.,Ix0) has as cohomology sheaves the 

i 
sheaves D~o(IX )~ introduced in § 3. For i = 0, l, 2, these sheaves may be 

viewed respectively as the sheaf of automorphisms of any object X of F 

(understood: automorphisms inducing the identity on X') , the sheaf of indeter- 

minacy of isomorphism classes of local solutions to the flat deformation problem, 

and the sheaf of obstructions to the existence of local solutions. On the other 

hand, the standart spectral sequence gives us 

Ext*(X 0 L.,IXo) ~- E~ "q = HP(Xo, ~o(IXo ) ) 

which yields the well-known isomorphism 

 O<xo,O o%o> , 

and the exact sequence in low degrees 

0- HI(Xo,D~0)- Extl- HO(x0,D_~o)- ~(Xo,D~0)- Ext 2 

This shows in particular that if ~(X0,D~ O) = 0 , and if there exists any local 

flat deformation X of X'/S' , then there exists a flat global deformation which 

corresponds to given local deformations. More precisely and generally, for a given 

local deformations (i.e. a section of the "sheaf of isomorphism classes of local 

flat deformations" ), the argument 4.10 shows that the obstruction to finding a 

global flat deformation compatible with these is in 

a global flat deformation exists if H2(Xo, ~$0 ) = 0 

I12 

~a(×o" Do ~Xo) , hence such 

: this is essentially 4.10. 
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On the other hand, the spectral sequence shows that the Ext 2 

we have the relations 

1 
(*) H°(Xo ,~o )=o , Hi(X o,~o )=o 

The first relation is always satisfied if 

is zero whenever 

~(X O, D O ) = 0 
" ~X0 

X 0 is a relative complete intersection 

D 2 over S 0 (as then ~X O = 0 for any module M on X 0 ), the second is satisfied 

provided the support of D 1 ~X 0 is discrete, as is the case if X O is smooth over 

S O except on a discrete subset of X 0 over S O . When the previous three rela- 

tions (*) are all satisfied, then by (c) above, F is non empty, which generalizes 

4.12(b). 

More geometrically, and without using the global theory of the relative 

D i ), one can get cotangentcomplex (but only the globalizing of the functors ~X 0 

a simple geometric interpretation of the three successive obstructions to defor- 

mlng flatly X' to X , lying in the three left hand terms of (*). Namely by 

the local theory, the first obstruction c I in HO(Xo , D~ ) can be defined as 

the obstruction to finding local solutions, when this obstruction vanishes, the 

sheaf F of isomorphism classes of local solutions of the problem is (by the 

D 1 local theory) in a canonical way a torsor under ~X 0 , and the second obstruction 

lying in ~(Xo, D~O ) , is the obstruction to finding a section of this C 2 

torsor, i.e. of finding a "coherent system of isomorphism classes of local 

solutions" ; if this second obstruction also vanishes, then, choosing arbitrarily 

_ • c3 ~2 D O a section of F one ge%s, as noted above, an obstruction in .~ (X O, ~X0) 

to finding a global solution corresponding to the given system of (isomorphism 

classes of) local solutions. Using the fact that the section of F is determined 

"  (Xo" up to adding a section of 1 we get a map d : HO(x0 , ~X 0) ~ 

and a solution to the deformation problem exists if and only if c I = 0 , c 2 = 0 , 

and c 3 is zero as an element of Coker d (each c i being defined when the pre- 

vlous ones are zero). Of course, the groups H O(X O, ~O ) " }~ (X0" ~0 ) and 
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~0)/i m _0,2 _l,1 and ~,0 H2(X0 , d are Just the initial terms ~2 " ~2 " 

the spectral sequence above, d being the differential (up to sign ?) 

_0,i ~ _2,0 
d2 : ~2 ~2 " 

of 

5. Formal Jaeobian subschemes 

Let X 0 be a scheme of finite type over a field k , and let (R, Z) 

be a formal versal deformation of X 0 . Then • is not an ordinary scheme over 

but an R-adic formal scheme. The purpose of this section is to clarify "the 

non-smooth locus of Z over R m. 

We fistly recall the definition of Fitting ideals associated to a module 

of finite type: Let A be a commutative ring and E an A-module of finite type. 

Choose a ~resentation 

K~F~E*0 

where F is locally-free of constant rank n . We define 

IAP(E) = Im(n~ p K ® nT~P F* ~ A) for p = 0, I, 2 .... 

The ideals IAP(E) thus defined does not depend on the choice of a presentation 

and therefore are invariants of A-module E , called the Fitting ideals of 

A-module E . The following properties readily follow from the definition. 

5.1. (a) For any ring homomorphism A ~ B , the canonical map 

is an isomorphism for all P . In particular we have 

~'P_~ (S-iE) = S'IIAP(E) 
8~A 

for any multiplicative subset S in A 
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(b) 

x 6 Spec(A) 

(c) 

presentation 

where F ~A n 

F x 

We have I~(E) c I~(E) cI~(E) c .... and, for each point 

, I~(E) x = A x for all p ~ dim~(x)E(x) , where E(x) = ~(x) ~ E 

x £ Spec(A) - Supp A/I~(E) if and only if, for any (or for some) 

K ~ F * E ~ 0 

K x contains A~ -p which is isomorphic to a direct summand of J 

• In particular, we have that 

SuppA/I~(E) = Supp E 

(d) 

= z I~(E1) . I~(E 2) I~(EI ~ E2) p+q=r 

(e) If A is a noetherian adic ring, then 

where A = lim A and E = E a @ Av 
V V 

V 

In view of the property 5.1(a), our definition of Fitting ideals is readily 

globalized. Thus let X be any scheme, and E a quasi-coherent X-module of 

finite presentation. We then obtain a sequence of quasi-coherent ideal sheaves 

~(E) for p ~ 0 defined by 

r(u. i_~(~)) ~ i~(u, o)(r(~, ~)) 

for every affine open subset U c X 

Now let X ~ Y be a morphlsm of schemes. The relative }C~hler-differentials 

_Xiy(= !y) is a quasi-coherent X-module. If the morphism X ~ Y is of essential- 

ly finite presentation, then _~iy is a quasi-coherent X-module of finite presen- 

tation, and in turn we may consider the ideal sheaves I~(n_Xly) .. 

Definition 5.2. Let X ~ Y be a morphlsm of esseDtiallY fSnite presentation, 

0 , we define JP(xIY) to be the closed subscheme of X i~ Or each integer P A ' 
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qlefined by the ideal sheaf ]P(xIY ) = _IP(_f~XIy) , called the Jacobian subscheme s 

o__ff X over Y . For each point x E X , we set X x = Spec(Ox, x) . 

Theorem 5.3. Let X ~ Y be  a morphism of essentially finite presentatioD. Then 

(i) For any base chan~e Y~ Y' , the canonical map 

JP, (X' IY') ~ J~(XIY) ~ Y' is an isomorphism for all p where X' = X ~ Y' 

(2) For each point x 6 X , we have the canonical isomorphism 

p , J~ (x!Y) ~ J~(XiY)x 
x 

(3) j0(XIY) DjI(xIY)DJ2x(XIY)~ . . . .  a n d  x ~ JP(xiY) for all 

of 

(4) X ~ J~(X!Y) if and only i f  there exists an open nei~hbQurhoD~ U 

x which admits a closed immersion into a Y-scheme U' such that U' i~s 

smooth over Y at x' an__dd dimx,U'f(x) = p where x' is the image of x under 

U - ~ U  T 

(5) ~*I p (Y * q I_~ ~ x2(~ ~ x21Y) : z l=~ ~tY) ~ 2 (x21Y) 
p+q=r  

where Wi : ~ ~ X2 ~Xi is th9 projection. 

Proof: 

* ~X' is an isomorphism where P : X ~ Y' ~ X fact that P ~Xiy iy , 

Jection. (2) also follows from 5.1(a) since ~X,x ~X ~XIY ~XxIY 

morphism (5) follows from 5.1(d) and the isomorphism 

(3) follows from 5.1(b) whereas (I) follows from 5.1(a) together with ~le 

is the pro- 

is an iso- 

(4) Assume the existence of a diagram 

U ~ i U' 

Y 
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